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1. INTRODUCTION

We encounter phenomena or events which are associated with uncertainty. Uncertainty
emerges since we have less information than the total information required to describe a
system and its environment. Uncertainty and information are closely associated. Since in an
experiment the information provided is equal to the amount of uncertainty removed. Entropy
which is a measure of uncertainty was first introduced by Shannon (1948) in communication
theory. It is useful to estimate the probabilities of rare events (large deviation theory) and in
the study of likelihood-based inference principles. Shannon entropy is defined as the average
amount of information that we receive per event and was the first defined entropy. For
continuous case, it is given by

H(X) = — /0 rx(@) log fx (2) d,

where X is a non-negative absolutely continuous random variable with probability density
function (pdf) fx, cumulative distribution function (cdf) Fy and survival function (sf) Fx =
1 — F'x. Shannon entropy has various applications in communication theory, mathematical,
physical, engineering, biological and social sciences as well. For further details on entropy
one may refer Ash (1990) and Cover and Thomas (2006).

Rao et al. (2004) introduced the notion of cumulative residual entropy (CRE) as:
w_ —
E(X) = —/ Fx(z)log Fx(x) dx.
0

Some general results regarding this measure have been studied by Drissi et al. (2008) and
Rao (2005). CRE finds applications in image alignment and in the measurement of similarity
between images. Di Crescenzo and Longobardi (2009) proposed an entropy called cumulative
past entropy (or cumulative entropy) i.e. CPE (or CE) as:

CE(X) = — /0 Py () log Fy () da.

Asadi and Zohrevand (2007), Di Crescenzo and Longobardi (2013), Khorashadizadeh et al.
(2013) and Navarro et al. (2010) investigated many aspects of CRE (CPE).

Lad et al. (2015) defined an alternative measure of the uncertainty of a random variable
called extropy. For continuous non-negative random variable X the extropy is defined as:

(11) 1) = =5 [ @) de = ~5 B (0)).

Some results and properties of the extropy of order statistics and record values are given
by Qiu (2017). Qiu and Jia (2018) derived some of the results of the residual extropy of
order statistics. Yang et al. (2018) studied the bounds on extropy with a variational distance
constraint. Qiu et al. (2019) examined certain extropy properties of mixed systems. To find
out more about extropy, one may refer to Krishnan et al. (2020), Noughabi and Jarrahiferiz
(2019) and Ragab and Qiu (2019).
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Jahanshahi et al. (2020) introduced the cumulative residual extropy (CRJ). For con-
tinuous non-negative random variable X the cumulative residual extropy (CRJ) as:

(1.2) EJ(X) = —1/OOF§(x) dz.

2Jo
Kundu (2023) proposed an extropy called cumulative past extropy (CPJ). For continuous
non-negative random variable X the cumulative past extropy (CPJ) is defined as:

o
(1.3) EI(X) = ;/ F2(2) da.

0
The idea behind this is to replace the density function by distribution function in extropy
(1.1). Onme can only define the cumulative past extropy for random variables that have a
limited range of possible values, as this measure would be infinitely negative for any random
variable with an unlimited range of values. Kundu (2023) studied extreme order statistics on
cumulative residual (past) extropy.

Hashempour et al. (2022) proposed a new measure called weighted cumulative residual
extropy. Mohammadi and Hashempour (2022) studied a new measure called interval weighted
cumulative residual extropy. For continuous non-negative random variable X the weighted
cumulative residual extropy (WCRJ) is defined as:

1 o0

(1.4) gI(x) = —2/0 rF%(z) dr.

Tahmasebi and Toomaj (2022) introduced negative cumulative extropy. For continuous
non-negative random variable X the negative cumulative extropy (NCEX) can be defined as:

(1.5) CT(X) = ;/000(1 ~ F2(2) da.

Chaudhary et al. (2023) proposed a new measure on general weighted negative cumulative
extropy. For absolutely continuous non-negative random variable X, with weight w(z) > 0,
the general weighted negative cumulative extropy (GWNCJ) is defined as:

(1.6) 7 T(X) = ;/Ooow(x)u _ F2(x)) da.

This paper is organized in the following manner. In Section 2 we introduce the gen-
eralised weighted cumulative past extropy (m-WCPJ) and study some of its properties. In
Section 3 some bounds and inequalities are derived. In Section 4, we study the characteri-
zation of m-WCPJ based on the largest-order statistic. Conditional WCPJ and some of its
properties are discussed in Section 5. Section 6, provides the empirical estimator of GWCPJ.
Application of empirical estimator was discussed in Section 7. In Section 8 a statistical hy-
pothesis testing procedure is performed to assess the goodness of fit of a sample dataset to a
standard uniform distribution. Power of test is observed in Section 9. In Section 10 we in-
troduce the weighted negative cumulative extropy and relationship of symmetric distribution
with weighted negative cumulative extropy (WNCEX) and weighted cumulative past extropy
(WCPJ) was derived. Application of estimator for symmetric test of dataset was discussed
in Section 11. In the end, Section 12 concludes this paper.



118 P.K. Sahu and N. Gupta

2. WEIGHTED CUMULATIVE PAST EXTROPY

Balakrishnan et al. (2020) and Bansal and Gupta (2021) independently introduced
the weighted extropy. Mohammadi and Hashempour (2022) studied a new measure called
interval weighted cumulative past extropy. Weighted cumulative past extropy (WCPJ) is an
information measure, which is a generalization of cumulative past extropy. In this section,
we study the properties of WCPJ.

Definition 2.1. Let X be a non-negative absolutely continuous random variable with
cdf Fx. We define the m-WCPJ of X by

[o.9]

(2.1) EmJ(X) = _21/0 e F%(z) da.

The introduction explains that, like the cumulative past extropy (CPJ), the weighted
cumulative past extropy (WCPJ) also has a value of negative infinity for any random variable
with an unbounded range of possible values. Therefore, we must limit the definition of WCPJ
to random variables with a limited range of values. If we consider a non-negative random
variable X with a bounded range of possible values denoted by B, then the WCPJ of X is
defined as follows:

sup B

(2.2) FmI(X) = _71 /0 2" F2(z) da.

Let us consider some examples.

Example 2.1. Let X has Ula,b] distribution. Then CRJ and WCRJ of the uniform
distribution are

b— —b
e1(X)= -2, and,  €JX) =L (Ba+),
6 24
respectively. Then CPJ and m-WCPJ of the uniform distribution are
E1(x) = "%, and,

EMJ(X) = — (bm“ (b= a)?m? + ™ (b— a) (3b — 5a)m
+ 20 (b2 — 3ab + 3a2) — 2am+3)/(2(b @) (m+1)(m+2)(m + 3)),

respectively. Note that for m =1,

e = () o = (F5 ) o

1f ZE 5 1 then £LJ(X) < EJ(X), and if ZEE < 1) then £1J(X) > £J(X).

Example 2.2. Let X follow power-law distribution with pdf fx(z) = Az*~!, 2 € (0,1),
A > 1. The CRJ and WCRJ of the distribution are

)\2
A+1)2A+1)’

)\2
A+1)(A+2)’

CI(X) = - and,  EL(X) = —
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respectively. Note that

000 = (g ) 000 = (PEREDE e,

4N+ 2 4(N+2)
For A = —I, ¢'J(X)=¢J(X). The CPJ and WCPJ of the distribution are
EJX) = —— 1 and, (X)) = -
o220+ 1)’ ’ AN+ 2m 42

We conclude that for m =1, 1J(X) = % EJ(X). Also, £'J(X) = —%E(XQ).

Theorem 2.1. Let X be a non-negative continuous random variable with bounded
support B for m-WCPJ, £™J(X). Then we have

—1

Ena(x) = -

where Gp(t) = f:uprmFX(x) dx.

Proof: Using equation (2.2) and Fubini’s theorem, we have

FmJ(X) = /SupB " (a /SHPB " Fy(x (/ 0 )
_ ;/OsuprX@) </supB "y (a )d:v> it — /SupB () Gr(t) dt

= S B(GR(X)). a

Now we see the effect of linear transformation on WCPJ in the following proposition.

Proposition 2.1. Let X be a non-negative random variable. If Y = aX + b, a > 0,
b >0, then

EMJY) = Zm: (T) al b EM=1 (X)),

=0

Proof: The proof holds using (2.2) and noting that Fy(y) = Fx (nyb), y > b. O

Here we provide an upper bound for WCPJ in terms of extropy.

Theorem 2.2. Let X be a random variable with pdf fx(-) and extropy J(X), with
bounded support B. Then

(2.3) EmJ(X) < C*exp{2J(X)},

where C* = 2! exp{E (log(X™F%(X)))}, and exp{z} := e®.
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Proof: Using the log-sum inequality, we have

/0 SuprX(a;) 1og<$%> dr > —log< /0 SumemF)%(;v) d;v).

Then it follows that

sup B sup B
| tx@ogsx@)de — [ fx(@)log(a" i (@) da
0 0

Note that log f < f, hence
sup B sup B
— /O 2 (x) dx + /0 fx(z)log(z"F%(2)) de = 2J(X) + E(log(X"F%(X)))
(2.4) < log(—2£"J(X)).
Exponentiating both sides of (2.4), we have
- -1
§rIX) < — exp{2J(X) + E(log(X"F%(X)))}

Hence the result. O

Theorem 2.3. X is degenerate, if and only if, €™ J(X) = 0.

Proof: Suppose X be degenerate at point ¢, then by using the definition of degenerate
function and £™.J(X), we have {™J(X) = 0. Now consider £"J(X) =0, i.e., [[“2"F%(z)dx
= 0. Noting that the integrand in the above integral is non—negatlve we have Fy(z) =0, for
almost all x € S, where S denotes the support of random variable X, i.e., it is 0 in inf S and
then 1. O

3. SOME INEQUALITIES

This section deals with obtaining the lower and upper bounds for WCPJ.

Remark 3.1. Consider X to be a non-negative random variable. Then

(3.1) EmI(X) > _21/0 2" P (2) da

Proposition 3.1. Consider a non-negative continuous random variable X having cdf
Fx(+) and support [a,sup B), a > 0. Then

(3.2) gMI(X) < a™EJ(X).
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Proof: Note that

Corollary 3.1. Let X be a continuous random variable with cdf F that takes values
on [0,b] where b is finite. Then,

1. ng(X) < 2(7;1#1) (bm—i—l _ E(Xm+1)) [10g<%) — 1]7

2. &mJ(X) > bmEJ(X).

Proof: Using log-sum inequality, we have

b N b " Jo Pty dt
/OFX(t)t log(Fx (t)) dt > /OFx(t)t dt log<f(§’tmdt>

_ <bm+1 — E(Xm+1)> lOg(bmH - E(Xm“))

m+1 prmtl

Also note that log Fx(t) < Fx(t) — 1, then

/bFX(t) t"log Fx(t)dt < —2&mJ(X) —/bthX(t) dt
0 0

bm+1 _ E(Xm+1)
m+1

= -2"J(X) - <

Now, using the above two inequalities, the first part follows. The second part can be verified
easily. O

Consider two random variables X and Y having cdfs F' and G, respectively. Then
X <4 Y whenever F(z) > G(z), Vx € R, where the notation X <g Y means that X is less
than or equal to Y in usual stochastic order. One may refer Shaked and Shanthikumar (2007)
for detail of stochastic ordering. In the following proposition, we show the ordering of WCPJ
is implied by the usual stochastic order.

Proposition 3.2. Let X; and Xo be non-negative continuous random variables.
If X1 < Xo, then £mJ(X1) < EMJ(Xs).

Proof: Using X; <4 X5 and (2.2), the result follows. O
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4. WCPJ BASED ON LARGEST-ORDER STATISTIC

Let X1,..., X, be a random sample from a random variable X having absolutely con-
tinuous cdf Fx(z) and pdf fx(z). Then Xi., < Xo, <--- < X,,., be the ordered statistics
to random sample Xi,...,X,. In the following, we obtain the WCPJ of the largest-order
statistic. The WCPJ of the n-th-order statistic is

B sup B
(4.1) E"J(Xpm) = —= /0 2" F% (z)dx,

where F)%nn (z) = F2*(z). Using transformation u = Fx (z) i

)
1,4,2n -1 w)]™
» sty - -} [,

where F;'(x) is the inverse function of F (z).

Example 4.1. Let X have the uniform distribution on (0,1) with pdf fx(x) =
z € (0,1). Then Fi'(u) =u, u € (0,1) and fx(Fyx'(u)) =1, u € (0,1), hence £™J(Xp.p)
—1
22n+m+1)

L

Example 4.2. Let X follow power-law distribution with pdf fy(z) = Az*1, A > 1,
z€(0,1). Then Fy'(u)=ux, ue (0,1) and fx(Fyg'(w))=Mu"x, ue (0,1), hence
—1

ng(Xn:n) =

2(2nA +m+ 1)

Remark 4.1. Consider A = £™J(Xy.p) —EMJ(X). Since F2(x) < F%(x), hence A>0.

For the proof of Theorem 4.1, we need the following lemma.

Lemma 4.1 (Lemma 4.1 of Hashempour et al., 2022). Let g be a continuous func-
tion with support [0, 1], such that fol g(y)y™dy =0, for m > 0, then g(y) =0, ¥V y € [0, 1].

Theorem 4.1. Let X1,...,X, and Yi,...,Y,, be two non negative random samples
from continuous cdfs F(x) and G(x), respectively with common bounded support. Then

F(z) = G(z) if and only if £™J(Xp.p) = E™J (Y., for all n.

Proof: The necessary condition is trivial. Hence, it remains to prove the sufficient part.
If EmJ(Xnm) = ﬁ_’mJ(Ynm), then we have

RN O W A
2[1 <ﬂF‘%uD mc~%u»>d =0

By using Lemma 4.1, it follows that

P )" G ()" W) dGT W)
i dF~ u) = 1 ence it follows F~1(u) = G~ 1(u), u us the proo
since ———— = FFET) H t follows F~'(u) = G~ (u), u € [0,1]. Thus the proof

is completed. ]
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5. CONDITIONAL WEIGHTED PAST EXTROPY

Now we consider the conditional weighted cumulative past extropy (CWCPJ). Consider
a random variable Z on probability space (2, A, P) such that F|Z| < co. The conditional
expectation of Z given sub o-field G, where G C A, is denoted by E(Z|G). For the random
variable [(z<.y, we denote E([(z<)|G) by Fz(z|G).

Definition 5.1. For a non-negative random variable X with bounded support B, given
o-field G, the CWCPJ ™ J(X|G) is defined as

_ -1 sup B
(5.1) EmJ(X|G) = 2/ " F%(2|G) d.
0
Now we assume that the random variables are continuous and non-negative.

Lemma 5.1. IfG is a trivial o-field, then {™J(X|G) = £mJ(X).

Proof: Since here Fx(z|G) = Fx(x), then the proof follows. O

Proposition 5.1. If X € LP for some p > 2, then E[¢™J(X|G)|G*] < £m™J(X|G*),
provided that G* C G.

Proof: Consider

. sup B
E[EmJ(X|G)|G"] 21/0 " B([P(X < 2/G)]|G°) da

1 sup B 2
< 2/ 2" [B(P(X < 2|G)|G")) da
0
-1 sup B w112
— 2/0 xm[E(E(I(ng)|G)|G )]” da
o sup B 2
=5 /. 2™ E(I(x<q)|G")]" dx
-1 sup B
2 2" F(2]G") dx
0
= £MJ(X|G),

where the second step follows using the Jensen’s inequality for convex function ¢(z) = z2.

Hence the result. O

In the following theorem, we investigate the relationship between conditional extropy
and M J(X|G).

Theorem 5.1. Let £™J(X|G) be conditional past extropy. Then we have
(5.2) §"J(X|G) < B"exp{2J(X|G)},

where B* = 2} exp{ E(log(X™F%(X))|G)}.
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Proof: The proof is on the similar lines as of Theorem 2.2, hence omitted. O

Theorem 5.2. For a random variable X with bounded support B and o-field G, we
have

(5.3) E(£™J(X|G)) < £"J(X),

and the equality holds if and only if X is independent of G.

Proof: If in Proposition 5.1, G* is trivial o-field, then (5.3) can be easily obtained.
Now assume that X is independent of G, then
Fx(#|G) = Fx(x)
(5.4) = "J(X|G) = £mJ(X).
On taking expectation to both sides of (5.4), we get equality in (5.3). Conversely, assume that
equality in (5.3) holds. It is sufficient to show that F'x(z|G) = Fx(z), to prove independence

between X and o-field G. Take U = Fx(x|G), and since the function ¢(u) = u? is convex
hence E(U?) > E%(U) = F%(x), and also due to equality in (5.3), we have

sup B sup B sup B
/ e™E(U?) dx = / e F%(z) de = / e E*(U) da.
0 0 0

Hence E(U?) = E?(U). Now using the Corollary 8.1 of Hashempour et al. (2022), we have
Fx(z|G) = Fx(x). Hence the proof. O

For the Markov property for non-negative random variables X, Y and Z, we have the
following proposition.

Proposition 5.2. Let X — Y — Z be a Markov chain, then

(5.5) EmI(ZIX,Y) = EmJ(Z]Y)
and
(5.6) E(E™J(Z]Y)) < E(£"J(Z|X)).

Proof: By the definition of £™.J(Z|X,Y) and using the Markov property, (5.5) holds.
Now letting G* = 0(X), G = 0(X,Y) and X = Z in Proposition 5.1, we have

(5.7) EnJ(Z1X) > B(EJ(Z1X,V)|X).
Taking expectation on both sides of (5.7), we have

E(EmJ(Z|X)) = E(E(E™J(Z|X,Y)|X))
= E("J(Z|X,Y))
= B(EmJ(2]Y)),

where the last equality holds using (5.5). Hence the result (5.6) holds. O
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6. EMPIRICAL GWCPJ

We want to create an estimator for the general Weighted Cumulative Past Extropy
(WCPJ) using the empirical m-WCPJ. To do this, we assume that we have a random sample
of m non-negative, continuous, independent, and identically distributed random variables
X1, ..., Xy from a population with a cumulative distribution function (cdf) Fx(x). We will
use the “plug-in” method to define the estimator by replacing the unknown quantities in the
formula with their empirical counterparts based on the sample. Specifically, we will define
the empirical general weighted cumulative past extropy as

oo
(6.1) &) = 5 [ o) o

0
where F),(z) is the empirical distribution function. Suppose we have a random sample of
n observations, and let X., < Xs., < --- < X,,.,, be the ordered statistics to random sample
X1,...,Xn. We can express the value of the empirical general weighted cumulative past
extropy £7J(X) in terms of these ordered statistics. In other words, we can rewrite the
formula for £7.J(X) in a way that involves the ordered statistics of the sample.

The empirical measure of {™J(X) = 3t [[°2™F%(z)dz is obtained as

EMJ(X) = —;/ ™ F2(x) dx
0
n—1 Xiiq. -\2
1 /' H—Ln<2>
= —- — ) 2™ dx
2 ; Xiin n
R i\
_ m+1 _ ym+1) [ L
(6.2) - 2(m+ 1) Z(Xz+1:n Xz:n )<n> :

i=1

7. APPLICATION

To test the uniformity of a random sample X1, Xo, ..., X,,, we use the empirical weighted
cumulative past extropy £™.J(X) obtained in equation (6.2) as a test statistic. Before dis-
cussing this test statistic, we first need to understand a property of the uniform distribution,
which is defined on the interval (0,1). For any random variable X with a cumulative distribu-
tion function F', and for any probability value p in the interval (0, 1), we define the function
¢yt J(F) as

1 [P
(7.1) oy I(F) = —Q/meQ(x) dr,  m>0.
0
Example 7.1. If I is cdf of uniform random variable on interval (0, 1), then ¢7'.J (Fp) =
—21(927:;) and in particular, when m = 1, qﬁzl,J(Fo) = —% and when m = 0, qng(FO) = —%d.

In view of Lemma 4.1 and Example 7.1, the following proposition is obtained.

Proposition 7.1. Let Fy be cdf of uniform random variable on interval (0,1). Sup-
pose that for a cdf F in the class of cdfs defined on interval (0,1), ¢p*J(F) = ¢;*J(Fo). Then
F(z) = Fy(z), almost everywhere.
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Proof: Let ¢;'J(F) = ¢,'J(Fp), using (7.1) we get

P
/mm(FQ(x)—FOQ(x)) dr = 0, vV pe(0,1).
0
It is known that the (0, p) generate the Borel o-algebra of 2 = (0, 1]. Therefore, we can write
/mm(FQ(az)—FOQ(:L‘)) dx = 0, vV B C (0,1].
B

By Lemma 4.1, we conclude that F(z) = Fy(z), almost everywhere.

Thus, ¢p*J(F) for p € (0,1) is uniquely determined by the uniform distribution in the

sense that for some cdfs defined on (0,1), they take a value less than —27(’27:33) and for some

of them, they take more than —%, and only for the standard uniform distribution, we
m-+3

have ¢, J(Fp) = —m. O

8. THE TEST OF UNIFORMITY

We aim to develop a non-parametric test for the uniform goodness of fit problem based
on the GWCPJ measure. Specifically, we want to test if a random sample of size n from an
unknown distribution F' is uniformly distributed on the interval (0,1). Our test statistic is
£€mJ(X), which is computed using the empirical quantiles of the sample. We choose m = 1 for
computational simplicity, but the procedure is the same for other values of m. To determine
the critical region, we need to calculate G1(«) and Ga(«), which are the lower and upper
bounds for the test statistic, respectively, based on the empirical distribution of £™J(X)
under the standard uniform distribution. If £7.J(X) falls outside this interval, we reject the
null hypothesis Hy : F' = Fy in favor of the alternative hypothesis Hy: F' # Fy. We estimate
G1(a) and Ga(«) using the 0.025-th and 0.975-th quantiles of the empirical distribution of
€mJ(X), respectively, based on 100,000 replications. We report the values of G1(a) and
G2 () for different sample sizes in Table 1 at a significance level of 5% (a = 0.05).

Table 1: Values of G (a) and Go(«), for a = 0.05.

’ n ‘ 20 30 40 50 ‘
G1(o) —0.144891 —0.144001 —0.143339 —0.142433
Ga(a) —0.066024 —0.078560 —0.085851 —0.090792

Similarly we can obtain for m = 2. We report the values of Gi(«) and Ga(a) for
different sample sizes in Table 2 at a significance level of 5% (a = 0.05).

Table 2: Values of G;(a) and Ga(«), for a = 0.05.

’ n ‘ 20 30 40 50 ‘

Gi(a) —0.109538 —0.110579 —0.110441 —0.110317
Ga(a) —0.047356 —0.059339 —0.066270 —0.070851




On general weighted cumulative past extropy 127

9. POWER OF THE TEST

This section discusses the power of the proposed test statistic against alternative
Beta(1.5,1.5) and Beta(1.0, 1.0) distributions at the significance level of a = 0.05 and m = 1,
for different sample sizes. The Beta distribution is chosen as an alternative because it has
support (0, 1) like the standard uniform distribution. Previous researchers have also examined
the power of the WCPJ test against the Beta(1.5, 1.5) distribution for testing uniformity. The
proposed test is found to be more powerful for large sample sizes, and the power increases as
the sample size increases. As Beta(1,1) is equivalent to a standard uniform distribution, the
power of the test is equivalent to the size of the test. The power against Beta(1.5,1.5) and
Beta(1.0,1.0) for sample sizes of 40, 50, 100 and 150 are presented in Table 3.

Table 3: Power of test against different alternative for « = 0.05 and m = 1.

n 40 50 100 150

Beta(1.5,1.5) 0.08527 0.08509 0.08363 0.09927
Beta(1.0, 1.0) 0.05046 0.05131 0.051 0.04934

10. WEIGHTED NEGATIVE CUMULATIVE EXTROPY

Tahmasebi and Toomaj (2022) defined negative cumulative extropy and Chaudhary
et al. (2023) defined general weighted negative cumulative extropy.

Definition 10.1. Let X be a non-negative absolutely continuous random variable with
cdf F'x. We define the WNCEX of X by

(10.1) £ J(X) = ;/Ooow(x)u ~ F(2)) da.

If w(z) = 2™, m > 0, then we represent £*J(X) as {™J(X).

The Lemma from Fashandi and Ahmadi (2012) serves as a foundational tool for creating
various descriptions of symmetric distributions.

Lemma 10.1 (Fashandi and Ahmadi, 2012). Let X be a continuous random variable
with pdf fx and cdf Fx with support Sx. Then, the identity

Fx(Fgt(u) = fx(Fy'(1 - ),

for almost allu € (0, §) if and only if there exists a constant k such that Fx (k—xz)+ Fx (k+z)
=1 for all x € Sx.
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Let C denote the class of all continuous pdf fx, having cdf Fx such that

Fx(Ft (1 —w) > (<) fx(Fxt(w),

for all u € (0, 5) It can be observed using Lemma 10.1 that F' is symmetric if and only
if fx(Fy'(w) = fx(Fx'(1—u)) for almost all u € (0,2). The class C is non-empty and

includes various dlstrlbutlons.

For any random variable X with an absolute continuous distribution function (df) F'(-)
and the Lebesgue probability density function (pdf) f(-). Let lx = inf{z € R: F(z) > 0},
ux =sup{zr € R: F(z) < 1} and Sx = (Ix,ux), we can define WNCEX and WCPJ with
support Sx as

(10.2) e I(X) = 5 [ wile) (1= Fy(a) da,
and
(10.3) g I(X) = — /S ws () F2(z) da,

respectively. The following theorem gives a relationship of symmetric distribution with
WNCEX and WCPJ.

Theorem 10.1. Let wi(xz) = Fx(x) in (10.2) and wy(x) = Ex(@(+Fx(@) 4, (10.3),

Fx(x)
then the following two statements are equivalent for any Fy € C:
(i) random variable X has a symmetric distribution;
(if) €7J(X)=—£"J(X).
Proof: From (10.2), the WNCEX can be written as
104 e = 5 [ w@- e / =) g,
2 Jsx Sx(Fx ™ (u))
and from (10.3) the WCPJ can be written as
(10.5) £vz J( / du
fx(Ft(1 - U))
When £¥1.J(X) = —£¥2.J(X) holds then from (10.4) and (10.5), we have
1
(10.6) / u(1 — u?) n(u) du = 0,
0
where
1 1
(10.7) n(u) = -

Then as (1 — u) = —n(u), we can write (10.6) as

N|=

(10.8) /0 n(uw) u(l —u)(2u — 1) du = 0.

Note that u(1 — u)(2u —1) <0 for all 0 < u < i. Since by assumption Fy € C, hence from
(10.8) we have fx(Fy'(u)) = fx(Fx'(1 —u)), so Lemma 10.1 completes the proof. O
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Example 10.1. Let X have the uniform distribution on (a, b) with pdf fx(z) = 2,

€ (a,b). For u € (a, b) Fl(u) = (b—a)u+a, F_l(l—u)—(b—a)(l—u)+a, and

Fx(F'(w) = 5o, fx(Fx'(1—u)) = 1. Then fx(Fy'(w) = fx(Fx" (1~ u)). The cqual
ity is true in C. It is symmetrlc.

Example 10.2. Let X follow power-law distribution with pdf fX( ) =AM A > 1,
€ (0,1). Then Fy'(u) —ux, ue (0,1) and fx(Fx'(w)) = , Ix(Ft(1— ) =

A1 —w) >, ue(0,1).

If A > 1 then fx(Fy'(u) < fx(Fyx'(1—u)) for u € (0, 3).

If A < 1 then fx(Fyx'(u) < fx(Fx' (1 —w)) for u € (0,3).

If A =1 then fy(Fy'(u)) = fx(Fyx' (1 —u)) for u € (0, 3).

Thus, power distribution belongs to class C and for u € (0, %), it is symmetric for A = 1.

11. APPLICATION

Assume that X7, Xo,..., Xy is a random sample of size N taken from a population
with pdf fx and cdf Fx. As discussed in Section 10, for wi(x) = Fx(z) in (10.2) and

we(z) = M%(i—w in (10.3), the £“1.J(X) and £“2.J(X) can be written as

w u an s 1 Lu(l —u)(2 —u) "
S /hfyw “ ! SJ“%‘ZA @)

We note from Theorem 10.1 that £¥'J(X) + £¥2J(X) =0 if and only if X is symmetric
distribution. This motivates us that

A =g J(X) + £ (X)

can be used to test whether X is symmetric distribution. We can write:

1 Hul —u?) —u(l —u)(2 — ) "
a-3), [ 7 (Fy () ]d
1

= 3 /01(—2u3 + 3u® — u) LZLF)}l(u)] du.

Small or large values of A can be indicative of asymmetry, prompting the rejection of the
null hypothesis of symmetry. Therefore, we introduce a symmetry test relying on the sample
estimator of A. Drawing inspiration from Vasicek (1976) and adopting a methodology akin
to Vasicek (1976), Park (1999), Xiong et al. (2021), and Jose and Sathar (2022), we formulate
an estimator for A in the following manner:

~ 1 & i\ i \2 i\
A= oN - 2<N+1>_3<N+1>7L <N+1)

Here window size m is a positive integer less than % and X,.n denotes r-th order statistics
from sample X1, X, ..., Xn. If i +m > N then we consider X; .y = Xny.ny and if t +m < 1
then we consider X;_,,.n = X1.N.

Xier:N - Xifm:N
2m/N
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Dataset 1, sourced from Montgomery et al. (2021), conforms to a normal distribution,
representing a symmetric model. The dataset, consists of values such as:

15.5, 23.75, 8.0, 17.0, 5.5, 19.0, 24.0, 2.5, 7.5, 11.0, 13.0,
3.75, 25.0, 9.75, 22.0, 18.0, 6.0, 12.5, 2.0, 21.5.

The data set was also utilized by Jose and Sathar (2022) and Gupta and Chaudhary (2024)
in their proposed symmetry test, affirming its normal distribution and symmetry. This fact
is verified by our test. The absolute value of the test statistics A is 0.03246 with an estimated
p-value 0.1054 when window size m = 2 and sample size N = 20. Remarkably, our symmetry
test based on A does not lead to the rejection of the null hypothesis. This outcome aligns
with the dataset’s adherence to a normal distribution, establishing it as a suitable model for
the data.

Dataset 2, sourced from Qiu and Jia (2018), represents active repair times (in hours)
for an airborne communication transceiver. The dataset comprises values such as:

0.2, 0.3, 0.5, 0.5, 0.5, 0.5, 0.6, 0.6, 0.7, 0.7, 0.7, 0.8, 0.8, 1.0, 1.0, 1.0,
1.0, 1.1, 1.3, 1.5, 1.5, 1.5, 1.5, 2.0, 2.0, 2.2, 2.5, 3.0, 3.0, 3.3, 3.3,
4.0, 4.0, 4.5, 4.7, 5.0, 5.4, 5.4, 7.0, 7.5, 8.8, 9.0, 10.3, 22.0, 24.5.

It has been employed by Xiong et al. (2021) in their proposed test of symmetry. As per Qiu
and Jia (2018), Dataset 2 can be adequately modeled by the inverse Gaussian (IG) distri-
bution. It’s worth noting that the IG distribution is inherently asymmetric, as highlighted
by Xiong et al. (2021) and Qiu and Jia (2018). Our conducted test affirms this asymmetry,
revealing an absolute value of the test statistic A as 0.5679, along with an estimated p-value
of 0.0. These computations were conducted under the conditions of a window size m = 2
and a sample size N of 45. Remarkably, our symmetry test based on A successfully rejects
the null hypothesis. This rejection aligns with the inherent asymmetry of the dataset, as
indicated by its fit to the inverse Gaussian distribution.

Now consider the Dataset 3, from Lawless (2011), which represents the quantity of 1000
cycles to failure for electrical appliances in a life test, with values such as:

0.014, 0.034, 0.059, 0.061, 0.069, 0.080, 0.123, 0.142, 0.165, 0.210, 0.381, 0.464, 0.479,
0.556, 0.574, 0.839, 0.917, 0.969, 0.991, 1.064, 1.088, 1.091, 1.174, 1.270, 1.275, 1.355,
1.397, 1.477, 1.578, 1.649, 1.702, 1.893, 1.932, 2.001, 2.161, 2.292, 2.326, 2.337,
2.628, 2.785, 2.811, 2.886, 2.993, 3.122, 3.248, 3.715, 3.790, 3.857, 3.912, 4.100.

Xiong et al. (2021) used this dataset for their proposed test of symmetry. The absolute value
of the test statistics A is 0.0486 with an estimated p-value 0.0034 when window size m = 2
and sample size N = 50. Our test based on A succeeds in rejecting the null hypothesis that
the dataset does not follow symmetry.

See Table 4 for the value of test statistics and p-value for different datasets based on
the specific window size and sample size of each dataset.
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Table 4: Description of models fitted.

Dataset N A p-value

Dataset 2 45 0.5679 0.0
Dataset 3 50 0.0486 0.0034

m
Dataset 1 20 2 0.0343 0.1054
2
2

When conducting tests at a 5% significance level, a p-value below 0.05 signals an asym-
metric nature, while a p-value above 0.05 suggests symmetry in the data. Table 4 confirms
that the newly proposed test effectively discerns the symmetry or asymmetry of the distribu-
tion within random samples. The observed p-values, at the 5% significance level, indicate that
Datasets 2 and 3 exhibit asymmetries in the distribution of their random samples. Conversely,
Dataset 1 presents moderate p-values, implying acceptance of symmetry in its distributions.
Consequently, we can affirm that the test statistic accurately identifies the presence or absence
of symmetry in the distribution of the random variable.

12. CONCLUSION

The introduction section of the paper highlights the various studies and generalizations
of the concept of extropy. The paper then proceeds to define and analyze GWCPJ, and con-
ditional WCPJ. To estimate GWCPJ, non-parametric estimators and empirical distribution
functions have been proposed. Additionally, upper and lower bounds for WCPJ have been
derived, and several results pertaining to WCPJ have been presented.

Furthermore, a new test of uniformity has also been proposed based on GWCPJ, which
can be used to determine whether a given dataset follows a uniform distribution. Also we have
studied the relationship of symmetric distribution with weighted negative cumulative extropy
(WNCEX) and weighted cumulative past extropy (WCPJ) and formulated an estimator for
symmetry test of data set.
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1. INTRODUCTION

Regression analysis is a versatile statistical tool that can be used to model the relation-
ship between a dependent variable and one or more independent variables. It is one of the
most widely used statistical analyses due to its simplicity and effectiveness. Multiple linear
regression model in matrix form is given by

(1.1) y=XpB+e.

In equation (1.1), y is an n x 1 response vector, X is an n X p design matrix of known constants,
B is a px 1 unknown parameters vector and € is an n x 1 stochastic error vector such that
E(e) =0 and Cov(e) = 0%I. The ordinary least squares (OLS) method is widely used for
estimation of 8. OLS aims to minimize the sum of squares of the error terms. The objective
function and OLS estimates are given by respectively

(1.2) B = argmin(Ze?) = argmin (Z (yi —mzﬂ)2>,
B \im1

B i=1
(1.3) B=(X'X)"'X"y.

The covariance matrix of OLS estimator is 0?(X’X)~!. The OLS estimator has the
minimum variance property among all linear unbiased estimators under the model assump-
tions. However, the high correlations between columns of X or the nonexistence of the full
rank property can result multicollinearity problem. In the presence of multicollinearity, the
OLS estimator loses its minimum variance property. The ridge estimator is a widely used
alternative to the OLS estimator in the presence of the multicollinearity problem. The ridge
estimator proposed by Hoerl and Kennard (1970) is biased but has lower variance than OLS
estimator. The normality of the error terms is another important assumption that must be
met in the multiple linear regression model for statistical significance testing of the model.
Under the normality assumption, the ML and OLS estimators of 3 are equal. Outliers are
one of the factors that can lead to a violation of the normality assumption. M-estimators
are commonly used as an alternative to OLS estimators when the normality assumption is
violated. Huber (1964) proposed M-estimators, which are a generalization of ML estimators
and are robust to departures from the normality assumption. Many M-estimators have been
proposed in the literature (see for example De Menezes et al., 2021).

In multiple linear regression analysis, outliers and multicollinearity problems can be
encountered simultaneously. In the presence of both outliers and multicollinearity problems
in the model, The ridge estimator based on M-estimator Ridge-M (RM) is proposed by
Silvapulle (1991) and Ertas (2018). The RM is given by

(1.4) Brm = (X'X + k)™ X' X B,

where BM denotes OLS based M-estimator. The use of OLS estimators in RM may adversely
affect the performance of the estimator. From this point of view, we propose M-estimators
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based on ridge estimation instead of OLS estimation when outlier and multicollinearity prob-
lems coexist. The proposed M-estimator based on ridge estimation is obtained by rearrang-
ing the Iteratively Reweighted Least Squares (IRLS) algorithm. The proposed approach
also provides a solution to the problem of the optimal ridge estimator selection with M-type
estimators.

This paper is organized as follows. The proposed M-estimators based on ridge esti-
mation are defined after examining the ridge and M-estimators. The performance of the
proposed estimator is examined through by a simulation study and a real data application.
In the simulation study, the mean square error (MSE) is used as a comparison criterion.
The proposed estimators are compared with the ridge and classical M-estimators, consider-
ing different sample sizes, outlier rates, and correlation structures. The performance of the
proposed estimators is also compared in the simulation study for lognormal distributed er-
rors. In the real data application, the Tobacco dataset, which has both multicollinearity and
outlier problems, is used. Iterative k-fold cross validation is used the comparison criterion in
the real data application.

2. MATERIAL AND METHOD

2.1. Ridge estimators

The ridge estimator of unknown parameter vector is given by
(2.1) Br = (X'X +kI) "' X'y,

where k is known as ridge (shrinkage, bias) parameter which tunes the variance-bias trade
off.

The canonical form of equation (1.1) with Z = XD and e = Df3 is given as
(2.2) y=Zo+e,

with D defined as an orthogonal eigenvector matrix such that D'(X’'X)D = A where A =
diag(A1, A2, ..., \p) is eigenvalues of X’X. The ridge estimator of « is given by

(2.3) ar=(2Z+kl)"'Zy.

The scalar MSE of the ridge estimator is equal to

p
(2.4) SMSE (8r) Z S+ K2E(X'X + k)8
=1
or
P P k2a?
2.5 SMSE a + — .
(2:3) ®) ;A+k) 2 iy

The first term on the right-hand side of the equations (2.4)—(2.5) is the contribution of the
total variance to the MSE. The second term on the right-hand side of the equations (2.4)—(2.5)
is the contribution of the sum of the square of the bias to the MSE.
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Figure 1 shows the MSE values as a function of k for ridge estimation, and the com-
parison of MSE values between ridge and OLS. The choice of the ridge parameter has a vital
role in ridge regression, so there are different ridge estimators proposed by many authors in
the literature (see Kibria, 2022, and Kibria and Banik, 2016, for instance). Table 1 provides
a summary of the ridge estimators investigated in this study.

— MSE
- - Variance
Bias

Figure 1: (a) The components of MSE for ridge estimator.
(b) The MSE comparisons of ridge and OLS estimators.

Table 1: Selected ridge parameter estimators from the literature.

Estimators Reference
A ~2
kuk = = Hoerl and Kennard (1970)
~ pa—‘Q
knkp = S a2 Hoerl et al. (1975)

i=1 %%
kow = S a2 Lawless and Wang (1976)

i=1 QG
- o 20 (Ndi)® .
kpsp, = o2 ==L Hocking et al. (1976
T a2 g et al (1970
~ 1 52
hav = d = Kibria (2003)
i=1 ¢
~ 52
kem = —— Kibria (2003)
(II-ad)r
~2

EmeD = Median{%}, i=1,..p Kibria (2003)
N Amaxb'\2
krs = =5 + i Khalaf and Shukur (2005)
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2.2. Me-estimators

The M-estimators are a class of robust estimators used as an alternative to OLS esti-
mators for outlier or non-normality problems in regression analysis. M-estimators were first
described by Huber (1964) as a generalization of MLE. Huber (1973) extended the idea of
using M-estimators for solution of regression problems. In regression analysis, M-estimates
are obtained by minimizing a certain objective function in equation (2.6), such as the sum of
the squared error terms:

(2.6) By = argmin (Z p(ei)>.
B i=1

In M-estimators, the objective function is the negative form of the natural logarithm of the
likelihood function of the distribution of errors. The objective functions p(-) have properties
following below (Martin and Yohai, 2006):

ok ® b
)
A~ A~~~

The influence function first described by Hampel (1968) is a measure of the qualitative ro-
bustness. The influence function measures the marginal effect of the data on the parameter
estimator. The influence function is defined by

(2.7) P(e) =

The influence function #(-) has the following properties (Bell, 1980):
Y(e) >0 for e > 0;

P(=e) = —1(e);

W(0) = 1;

¥"(0) = 0;

$"(0) < 0;

¥(e) is continuous and partially differentiable.

S Uk W b=

Another important function in the M-estimator is the weight function obtained by
dividing the influence function by e:

(2.8) w(e) = 2,

Commonly used objective functions, influence functions, and weight functions for selected
M-estimators are given in Tables 2—-3.
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Table 2: Objective and influence functions for the selected M-Estimators from literature.
Estimators Objective Function Influence Function
2
< —k<e<k 2 —k<e<k
Huber 2 2 T
k‘|6|—?, e<—kore>k ksign(e), e < —k or € > k
Fair k%ln(Lﬂfln<1+Lil)), le] < o0 %
i 19 1+
62 ( <
- lel <a & el <a
2
ale] % a<le| <b| | asign(e), a<lel<b
Hampel a2 CL(C b) c ‘€| 2 asi
- - gn(e)(c — [e])
b— — 1-— b < _— <
a 3 3 [ (c—b) , b<le| <ec b , b<lel <ec
2 —
ab77%+a(02 6)7 |€‘>C \07 |E|>C
k2. 213 kr)?)> <k
F(1f{17(5/z€T)}), le| < kr e(1—(e/kr)?)", lel < kr
Tukey 12
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k241 — cos( = s lel <k kasin( — <k
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Table 3: Weight functions and tuning parameters for the selected M-Estimators from literature.
Estimators ‘ Weight Function Tuning Parameter Reference
1, —k<e<k
Huber k k=1.50, 0 =1.4826 MAD | Birkes and Dodge (2011)
—, e<—=kore>k
lel .
Fair A kr = 1.3998 Ozyurt and Pike (2004)
1+ s
1, le] <a
%, a<le|<b
Hampel a=135b=27 ¢c=54 Ozyurt and Pike (2004)
a(cf‘gD b<\5|<c
lel(c—b)’ -
0, le] > ¢
9 2
€
1- (7> ’ |€| S kT
Tukey kr kr=2 Beaton and Tukey (1974)
07 |6| >kt
k sin (ﬁ)
———, lel < kam -
Andrew c ka = 1.339 Rey (1983)
0, le| > kam
e 2
Welsch e (=%) kw = 2.9846 Rey (1983)
1 ..
Cauchy —_— kc = 2.3849 Ozyurt and Pike (2004)
1+ ()
17 ‘€| S kTW
Talwar krw = 2.7955 Holland and Welsch (1977)
0, ‘8| > krw
Ramsay e~ krlel kr = 0.3569 De Menezes et al. (2021)
2k
Geman-McClure e 52 kam = 3.787376 De Menezes et al. (2021)
(k& +€2)

Iteratively reweighted least squares (IRLS) algorithm is widely used for parameter

estimations in M regression. IRLS algorithm is given below:

Step 1: Initial estimates of the parameters vector 50 is obtained by OLS

Step 2:

Step 3:

where W = diag(1).

The estimates of stochastic error vector € is calculated by

B = (X'WX) ' X'Wy,

g=y— X"

The weights denoted by W™V are updated based on the weight function of
selected M-estimator by using €.
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Step 4: The estimates of the parameters vector are updated by
Bnew _ (X/WnewX) —1X/Wnewy'

Step 5: The convergence condition is examined for the termination of the algorithm.
The convergence condition can be used as

BM = Bnew and stop algorithm  if Y7

o ] < o

B = %%  and repeat Step 2-5 if P, an W — BZO

> tol,

where tol is tolerance value and set to 10~ in this study.

2.3. Proposed M-Ridge estimators

In this study, we propose a novel M-estimators based on ridge estimators when mul-
ticollinearity and outlier problems coexist in the multiple linear regression model. Equation
(1.4) is a common approach for dealing with multicollinearity and non-normality. In many
studies, the IRLS algorithm is used to obtain estimates by using equation (1.4). M-estimators
are typically obtained by IRLS algorithm using OLS errors. However, it is clear that OLS
estimators are unreliable in case of multicollinearity problem. Therefore, we propose to mod-
ify the IRLS algorithm by obtaining M-estimators using the errors from ridge estimators
instead of OLS. OLS method gives equal weights (w; = 1) to each observation vector. On the
other hand, M-estimators provide more robust estimates in case of outlier or non-normality
by weighting the observation vectors according to the size of the errors. M-estimates using
weights based on the errors of OLS can adversely affect the performance of RM estimators
since OLS estimates are unstable in existence of multicollinearity. Based on this idea ob-
taining M-estimates from ridge estimates instead of OLS can increase the performance of the
estimator in cases where both multicollinearity and outlier problems coexist.

In this study, M-estimators based on ridge estimators (M-Ridge) are proposed to ad-
dress the coexistence of outliers and multicollinearity problems in multiple linear regression
models. The estimates of the stochastic error vector are computed based on ridge estimates
in the proposed approach. The IRLS algorithm is arranged as follows to obtain the proposed
M-Ridge estimates:

Step 1: Initial estimates of the parameter vector B\R/I—Ridge is obtained based on ridge
estimator with the selected ridge parameter estimate

~ —~ —1
ﬂﬂM@:<XWX+kO X'Wy,

where W = diag(1).

Step 2: The estimates of stochastic error vector (&) is calculated by
E=vy— XB% ridue-
Y M-Ridge

Step 3: The weights are updated based on the weight function of selected M-estimator
by using € and denoted by WV,
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Step 4: The estimates of the parameter vector is updated by

~

~ -1
ﬂf\lfj}l‘:’{idge = (X,WnewX + kI) X/Wnewy‘

Step 5: The convergence condition for termination of the algorithm can be used as

BM-Ridge = 181(\)/[—Ridge and stop algorithm  if Y% ,Blr\‘/f_vﬁidge — 181(\]/[—Ridge < tol,
30 _ @ : P |3 30
BM_Ridge = ,Bf\‘/f_vlv{idge and repeat Step 2-5 if Y7 Bf\‘/f_vﬁidge — ,@M_Ridge > tol,

where tol represents tolerance value and set to 10~* in this study.

3. SIMULATION STUDY

In the simulation study, the performance of the proposed method for artificial data sets
that contain outliers and multicollinearity problems is examined. The explanatory variables
in the artificial dataset are generated as

1/

2
(3.1) zij = (1= p°) "2 + p2ipr1),

fori=1,..,nand j =1, ..., p, where p? denotes the correlation between explanatory variables
and z;;’s are random numbers from standard normal distribution (McDonald and Galarneau,
1975). Coefficient vector 3 in equation (3.2) is selected as the normalized eigenvector corre-
sponding to the largest eigenvalue of X’X so that 3’3 = 1. The dependent variable vector is
determined by

(3.2) Yi = Prxii + Patiz + ... + Bpaip + &,

where ¢; generated from two component mixture normal distribution in order to create an
outlier problem. According to the selected outlier observation rate (OOR), the errors cor-
responding outlier observations are produced from the normal distribution with N(5,0.1)
while rest of are from a standard normal distribution. Some selected box plots of dependent
variables for different OOR’s are shown in Figure 2.

n=20 + n=100
5 - H 5 ¥ i
o 3 4 |
4 |
|
3 : |
T |
— 2
2 T | 1
! 1
1
0
0 1 |
| - | |
-1 T | | I
I [ =2 il |
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Figure 2: Box-plots of the dependent variable for a selection of artificial data sets
with different sample sizes and outlier rates.
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Condition index (CI) is a measure of multicollinearity and values of CI greater than 30
are indicative of strong multicollinearity (Kim, 2019). In the simulation study, CI’s are
computed as 41.728 and 39.844 for n = 20, p? = 0.99 and 0.999 respectively. For n = 100,
p? = 0.99 and 0.999, CI's are 130.174 and 127.231 respectively.

The performance of the proposed estimator is evaluated according to the selected values
of parameters for p? = 0.99 and 0.99, n =20 and 100, OOR = 10% and 20% and p = 4.
A Monte Carlo simulation with 5000 replications is performed to show the performance of
the proposed estimator. M-Ridge is compared to OLS, ridge, M, and RM estimators in terms
of the estimated MSE. Monte Carlo simulation results are given in Tables 4-11.

N 1 5000 p . 2
(3.3) MSE(B) = w55 > - (Bue—61) -
t=1 i=1

According to simulation results for OOR = 10%, n = 20 and p? = 0.99, the proposed M-Ridge
estimators are generally more successful than others. Cauchy M-Ridge estimator with kam
ridge parameter is the best estimator with the smallest estimated MSE value of 0.3469.
The M-Ridge estimators are successful 79 out of 80 comparisons against the RM estimators.
Among the selected ridge parameters in robust estimators, the proposed kan ridge parameter
by Kibria (2003) is the most successful ridge parameter with smaller estimated MSE. The
M-Ridge estimators are successful 9 out of 10 comparisons against the RM estimators for
kawm ridge parameter.

When the simulation results for OOR = 20%, n = 20 and p? = 0.99 is analyzed, it is
observed that the estimated MSE values are increased when the OOR’s are increased as
expected. Talwar M-Ridge estimator with kan ridge parameter is the best estimator with
the smallest estimated MSE value of 0.400. The M-Ridge estimators are successfull 78 out of
the 80 comparisons against the RM estimators.

According to results of the simulation for OOR = 10%, n = 100 and p? = 0.99, the pro-
posed M-Ridge estimators are found more successful than RM estimators in all comparisons
with RM estimators. Geman-McClure M-Ridge estimator with kay ridge parameter is the
best estimator with the smallest estimated MSE value of 0.293.

According to results of the simulation for OOR = 20%, n = 100 and p? = 0.99, the pro-
posed M-Ridge estimators are found more successful than RM estimators in all comparisons
with RM estimators. Geman-McClure M-Ridge estimator with kpgr, ridge parameter is the
best estimator with the smallest estimated MSE value of 0.198.

When the simulation results for OOR = 10%, n = 20 and p? = 0.999 are analyzed, it is
observed that the estimated MSE values increase as expected when p? increases. The proposed
M-Ridge estimators are generally more successful than others. The M-Ridge estimators are
successful 72 out of the 80 comparisons against the RM estimators. According to results of
the simulation for OOR = 20%, n = 20 and p? = 0.999, the proposed M-Ridge estimators are
successful 76 out of the 80 comparisons against the RM estimators.

According to results of the simulation for OOR = 10%, n = 100 and p? = 0.999, the
proposed M-Ridge estimators are found more successful than RM estimators in all compar-
isons with RM estimators. Geman-McClure M-Ridge estimator with kpsr, ridge parameter is
the best estimator with the smallest estimated MSE value of 0.224.
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According to results of the simulation performed for OOR = 20%, n = 100 and p? =
0.999, the proposed M-Ridge estimators are found more successful than RM estimators in
all comparisons with RM estimators. Geman-McClure M-Ridge estimator with kpgr, ridge
parameter is the best estimator with the smallest estimated MSE value of 0.186. Among
the selected ridge parameters in M-Ridge estimators, the proposed kygr, ridge parameter by
Hocking et al. (1976) is the most successful ridge parameter with smaller estimated MSE

values.
Table 4: Scalar MSE values of the estimators for OOR = 10%, n = 20 and p? = 0.99 (Case 1).
OLS 1507.06 Ridge EHK EHKB ELVV EHSL /];AM EGM EMED /EKS
117.891 203.820 175.044 | 8.077 0.389 14.856 | 55.152 121.791
M Robust krk kuks krw kmst, kam kam kmED kks
Huber 893.860 M-Ridge 65.026 105.234 92.032 4.379 0.353 7.331 27.022 67.014
RM 76.065 124.456 | 107.344 | 5.159 0.362 9.094 32.482 78.446
Fair 943.136 M-Ridge 38.283 57.969 53.438 2.584 0.355 3.023 14.198 39.404
RM 79.520 132.394 | 114.473 | 5.438 0.366 9.708 34.836 82.030
Hampel 836.801 M-Ridge 54.173 82.300 73.597 3.397 0.349 5.069 19.628 55.864
RM 67.543 105.384 91.648 4.259 0.361 7.597 25.959 69.763
Tukey 1725.782 | M-Ridge 22.249 30.281 30.816 1.812 0.478 1.482 6.477 22.991
RM 113.010 | 179.605 | 158.260 | 7.309 0.547 12.915 | 44.879 | 117.495
Andrew 796.919 M-Ridge 34.516 49.614 46.638 2.183 0.350 2.647 11.226 35.558
RM 62.959 96.741 84.938 3.931 0.356 6.884 23.387 65.036
Welsch 823.663 M-Ridge 48.872 73.823 66.670 3.091 | 0.3471 4.369 17.552 50.371
RM 67.208 105.509 91.881 4.288 0.359 7.621 26.180 69.392
Cauchy 883.687 M-Ridge 58.091 92.384 81.816 3.817 | 0.3469 5.739 23.240 59.837
RM 75.384 123.741 106.886 | 5.054 0.361 9.069 32.235 77.746
Talwar 798.563 M-Ridge 58.062 88.502 78.570 3.723 0.349 5.993 21.085 59.900
RM 63.332 97.581 85.610 4.462 0.356 6.962 23.633 65.399
Ramsay 873.291 M-Ridge 42.236 64.156 58.646 2.781 0.350 3.506 15.571 43.483
RM 73.695 119.985 | 103.895 | 4.921 0.363 8.779 31.011 76.031
G-Mc 838.096 M-Ridge 3.511 4.043 4.623 0.620 0.533 0.365 1.089 3.496
RM 69.923 111.871 97.097 4.574 0.360 8.140 28.382 72.158
Table 5: Scalar MSE values of the estimators for OOR = 20%, n = 20 and p? = 0.99 (Case 2).
OLS 4694.981 Ridge /I;HK EHKB ELW EHSL EAM EGM EMED EKS
3023.756 | 1657.074 | 676.982 | 327.444 | 0.458 | 106.551 | 443.482 | 3031.023
M Robust krk kuks krw kusn | kam kam kEmED kks
Huber 3499.616 | M-Ridge | 1599.733 | 637.071 | 251.808 | 128.696 | 0.435 | 28.668 | 147.896 | 1605.432
RM 2215.030 | 1208.167 | 513.362 | 251.770 | 0.446 | 75.058 | 320.177 | 2220.244
Fair 3013.929 | M-Ridge | 1002.236 | 337.370 | 121.444 | 69.689 | 0.459 | 10.292 68.019 | 1006.376
RM 1907.099 | 1045.375 | 452.743 | 211.948 | 0.432 | 66.114 | 275.936 | 1911.399
Hampel | 1905.393 | M-Ridge | 706.030 247.065 104.786 | 41.117 | 0.487 8.286 53.669 708.909
RM 1133.244 | 611.446 | 292.873 | 111.803 | 0.685 | 38.936 | 159.321 | 1136.115
Tukey 2541.135 | M-Ridge | 286.908 68.632 27.276 15.501 | 0.574 2.080 13.644 288.771
RM 1369.543 | 689.342 | 306.027 | 123.549 | 0.691 | 42.663 | 180.762 | 1373.767
Andrew | 1689.642 | M-Ridge | 418.640 116.646 50.478 22.527 | 0.432 3.639 25.613 420.770
RM 983.336 525.215 | 258.749 | 96.927 | 0.622 | 33.425 | 138.235 | 985.961
Welsch 1903.509 | M-Ridge | 665.134 223.833 93.211 39.497 | 0.468 7.313 47.753 667.858
RM 1141.321 | 619.021 296.636 | 116.229 | 0.645 | 39.414 161.378 | 1144.114
Cauchy | 2760.425 | M-Ridge | 1191.597 | 464.814 | 179.835 | 88.974 | 0.449 | 17.053 | 100.373 | 1195.715
RM 1744.399 | 958.343 | 424.448 | 195.682 | 0.469 | 60.379 | 251.544 | 1748.220
Talwar 2636.496 | M-Ridge | 1110.995 | 316.013 | 125.896 | 53.185 | 0.400 8.258 55.988 | 1114.771
RM 1602.653 | 856.312 | 392.798 | 192.809 | 0.700 | 51.032 | 224.708 | 1606.681
Ramsay | 2493.603 | M-Ridge | 857.939 289.901 | 109.017 | 56.928 | 0.469 8.972 58.796 861.333
RM 1562.552 | 857.858 | 385.871 | 173.938 | 0.491 | 54.120 | 224.474 | 1565.977
G-Mc 2105.865 | M-Ridge 86.130 13.987 4.905 4.436 0.722 0.614 2.669 86.714
RM 1297.936 | 711.442 | 332.535 | 139.783 | 0.552 | 45.168 | 185.207 | 1300.832
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Table 6: Scalar MSE values of the estimators for OOR = 10%, n = 100 and p? = 0.99 (Case 3).

OLS 1900.100 | Ridge kux kuxs krw kust | kawm kam kmED kxs
258.580 | 486.807 | 407.134 | 6.339 | 3.333 107.302 222.727 | 321.897

M Robust kuk kHKB kLw kusL | kam koM kMED kks
Huber 891.006 M-Ridge 93.567 181.536 154.375 2.118 | 0.968 33.451 75.540 114.005
RM 113.235 219.419 185.531 2.959 1.308 44.842 93.393 138.377
Fair 988.946 M-Ridge 59.672 114.154 99.039 1.018 | 0.568 16.256 45.757 72.816
RM 128.024 | 247.708 | 209.377 | 3.323 1.502 51.467 107.126 156.737
Hampel 772.782 M-Ridge 54.855 107.133 93.165 1.088 | 0.581 16.220 37.948 67.716
RM 77.652 152.433 130.182 1.912 | 0.911 27.604 56.031 96.922
Tukey 1492.272 | M-Ridge 25.028 48.464 46.163 0.591 0.513 5.186 16.207 31.567
RM 129.960 251.541 216.397 | 2.900 1.676 46.762 98.990 167.889
Andrew 662.853 M-Ridge 33.579 63.891 57.262 0.624 0.403 8.336 21.429 41.319
RM 63.863 123.986 106.262 1.512 | 0.767 21.807 44.028 80.121
‘Welsch 744.195 M-Ridge 50.271 97.880 85.458 0.979 | 0.526 14.488 35.122 61.654
RM 77.018 151.056 128.898 1.927 | 0.892 27.679 56.528 95.555

Cauchy 885.819 M-Ridge 78.338 152.276 130.334 1.580 | 0.758 25.550 61.696 95.331
RM 110.798 215.614 182.538 2.901 1.274 43.720 90.783 135.441
Talwar 660.464 M-Ridge 54.922 106.275 91.784 1.178 | 0.633 17.414 37.127 68.444
RM 63.666 123.667 105.832 1.516 | 0.771 21.831 44.165 79.918
Ramsay 856.196 M-Ridge 55.031 106.159 92.334 0.992 | 0.531 15.402 41.355 66.862
RM 103.387 201.764 171.137 2.703 1.183 40.237 83.454 126.539

G-Mc 777.916 M-Ridge 4.829 8.354 8.553 0.247 | 0.293 0.832 2.949 5.822
RM 87.590 171.532 145.969 | 2.259 | 0.999 32.884 67.883 107.598

Table 7: Scalar MSE values of the estimators for OOR = 20%, n = 100 and p? = 0.99 (Case 4).

OLS 3140.552 | Ridge EHK EHKB ELW EHSL EAM EGM EMED EKS
226.692 811.123 874.977 | 9.332 7.970 181.913 294.674 359.045
M Robust kuk kukB krw kasL | kaMm kam kMED kks
Huber 1474.408 M-Ridge 75.450 283.226 310.723 2.560 2.013 51.429 96.867 114.645
RM 114.687 | 385.839 410.733 | 4.178 3.159 85.005 143.605 171.957
Fair 1507.492 M-Ridge 35.669 152.533 178.194 1.234 1.104 20.904 46.666 54.648
RM 114.665 391.136 418.459 | 4.239 3.249 85.926 144.340 172.800
Hampel 1189.339 M-Ridge 29.586 111.818 128.957 | 0.825 0.704 15.732 34.737 43.583
RM 63.598 221.697 | 240.768 2.063 1.565 42.226 74.015 95.084
Tukey 1790.016 M-Ridge 9.576 41.978 54.622 0.552 0.565 4.569 11.537 14.676
RM 75.537 289.926 323.985 2.523 2.201 53.629 92.767 121.165
Andrew 783.499 M-Ridge 15.158 56.914 67.810 0.465 0.440 7.418 17.193 22.266
RM 38.859 137.467 150.653 1.236 1.005 25.053 44.108 58.605
Welsch 1070.609 M-Ridge 26.181 99.490 114.792 0.736 0.628 13.944 31.093 38.397
RM 60.273 206.505 223.232 1.974 1.452 39.910 70.273 88.976
Cauchy 1352.270 M-Ridge 50.324 196.219 219.783 1.574 1.280 31.148 64.321 75.687
RM 101.800 338.651 360.149 3.611 2.653 73.538 125.615 150.779
Talwar 778.506 M-Ridge 27.514 99.066 111.324 0.802 0.689 15.950 31.236 40.935
RM 38.689 136.494 149.389 1.230 1.002 24.974 44.057 58.376
Ramsay 1287.711 M-Ridge 31.230 127.685 147.766 0.970 0.842 17.486 39.782 46.736
RM 92.675 308.265 328.386 3.238 2.349 65.859 113.328 136.630
G-Mc 1120.644 M-Ridge 1.808 7.754 11.174 0.198 0.269 0.910 2.177 2.587
RM 72.654 243.053 260.381 2.461 1.758 49.745 86.907 106.340
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Table 8: Scalar MSE values of the estimators for OOR = 10%, n = 20 and p? = 0.999 (Case 5).
OLS 14807.131 | Ridge Tenk TnKs TLw kust | Eam | kem | EmED FKs
2068.689 | 1999.721 | 706.270 | 21.945 | 0.300 | 56.045 | 543.728 | 2073.417
M Robust knk kuks kLw kusL | kawm kam kMED kks
Huber 8764.191 M-Ridge | 1111.019 | 1031.415 | 439.101 | 11.680 | 0.303 | 27.145 | 264.628 | 1113.431
RM 1292.304 | 1221.216 | 520.768 | 13.549 | 0.302 | 34.240 | 319.383 | 1295.113
Fair 9249.708 M-Ridge 688.926 566.519 221.816 7.872 0.320 9.988 138.747 690.468
RM 1366.085 | 1299.036 | 532.820 | 13.916 | 0.303 | 36.592 | 342.872 | 1369.059
Hampel 8199.155 M-Ridge 911.395 806.542 397.144 9.601 0.309 | 17.856 | 191.799 913.506
RM 1124.288 | 1033.059 | 507.277 | 11.099 | 0.306 | 28.453 | 254.572 | 1126.910
Tukey 16930.813 | M-Ridge | 400.689 292.637 133.467 4.608 0.453 3.838 60.458 401.800
RM 1939.736 | 1760.914 | 763.987 | 16.661 | 0.470 | 47.636 | 437.201 | 1945.317
Andrew 7813.175 M-Ridge 588.172 484.797 243.485 6.487 0.318 8.721 108.747 589.560
RM 1035.535 948.363 490.190 | 10.272 | 0.305 | 25.642 | 228.576 | 1038.009
‘Welsch 8071.554 M-Ridge 830.188 723.092 348.570 8.912 0.310 | 15.163 | 171.399 832.089
RM 1121.485 | 1034.472 | 501.415 | 11.180 | 0.305 | 28.555 | 256.846 | 1124.063
Cauchy 8662.866 M-Ridge | 1006.607 905.638 380.991 | 10.934 | 0.305 | 20.375 | 228.035 | 1008.800
RM 1285.447 | 1213.984 | 516.863 | 13.268 | 0.301 | 34.186 | 317.189 | 1288.227
Talwar 7831.714 M-Ridge 957.074 867.037 | 449.919 9.688 0.302 | 21.840 | 205.884 959.290
RM 1039.385 956.961 483.800 | 11.357 | 0.304 | 25.956 | 230.884 | 1041.855
Ramsay 8559.872 M-Ridge 744.164 627.712 266.277 8.316 0.316 | 11.811 | 152.213 745.821
RM 1252.891 | 1177.020 | 514.515 | 12.637 | 0.304 | 33.048 | 304.977 | 1255.644
G-Mc 8213.268 M-Ridge 62.305 37.282 16.202 1.275 0.485 0.608 8.142 62.445
RM 1177.158 | 1097.163 | 504.450 | 11.864 | 0.304 | 30.579 | 278.798 | 1179.791
Table 9: Scalar MSE values of the estimators for OOR = 20%, n = 20 and p? = 0.999 (Case 6).
OLS 47401.887 | Ridge Tk FHKB Frw kust | kam | kom | kmEp ks
31219.846 | 16777.823 | 21574.414 | 510.123 | 0.297 | 387.819 | 3709.695 | 31226.605
M Robust knk kuks krw kusy | kam | keMm kMED kks
Huber 35046.937 | M-Ridge | 16614.515 | 6433.902 | 9701.346 | 203.245 | 0.383 | 100.656 | 1201.710 | 16620.019
RM 22737.765 | 12175.911 | 15828.326 | 398.921 | 0.357 | 270.606 | 2655.248 | 22742.587
Fair 30145.911 | M-Ridge | 10515.510 | 3417.909 5621.556 | 120.061 | 0.411 | 32.969 542.742 | 10519.477
RM 19559.568 | 10531.888 | 13638.694 | 332.774 | 0.350 | 238.470 | 2283.153 | 19563.543
Hampel | 18720.207 | M-Ridge | 7303.376 | 2496.267 | 3983.442 | 64.521 | 0.470 | 26.347 | 428.332 | 7306.089
RM 11468.182 | 6084.823 | 7868.771 | 166.890 | 0.685 | 136.012 | 1282.201 | 11470.814
Tukey 25115.230 | M-Ridge | 3072.891 694.490 1377.559 | 29.169 | 0.546 | 5.185 102.614 | 3074.634
RM 14038.131 | 6925.769 | 9098.242 | 191.214 | 0.664 | 150.676 | 1473.750 | 14042.051
Andrew | 16616.234 | M-Ridge | 4398.887 | 1184.785 | 2131.911 | 37.422 | 0.403 | 11.202 | 203.191 | 4400.891
RM 9958.532 5222.772 6792.274 | 159.023 | 0.616 | 116.154 | 1105.293 | 9960.951
Welsch | 18732.179 | M-Ridge | 6903.999 | 2264.845 | 3692.730 | 62.878 | 0.446 | 23.223 | 380.758 | 6906.578
RM 11563.878 | 6168.397 7977.234 | 176.626 | 0.637 | 138.219 | 1301.755 | 11566.440
Cauchy | 27512.585 | M-Ridge | 12372.348 | 4701.652 | 7178.307 | 146.249 | 0.411 | 56.566 | 809.476 | 12376.232
RM 17835.668 | 9632.454 | 12482.338 | 305.635 | 0.408 | 216.826 | 2071.882 | 17839.191
Talwar | 26024.879 | M-Ridge | 11460.867 | 3189.382 5901.231 90.671 | 0.374 | 28.123 | 442.991 | 11463.500
RM 16231.667 | 8519.122 | 11150.957 | 344.609 | 0.711 | 177.636 | 1815.415 | 16235.367
Ramsay | 24797.853 | M-Ridge | 8964.764 | 2935.818 | 4811.464 | 95.923 | 0.434 | 28.542 | 468.760 | 8967.998
RM 15955.039 | 8613.469 | 11160.167 | 270.261 | 0.441 | 193.793 | 1843.388 | 15958.193
G-Mc 20833.458 | M-Ridge | 943.263 138.798 339.125 7.597 | 0.684 1.123 17.713 943.858
RM 13200.980 | 7118.483 | 9213.394 | 214.553 | 0.524 | 160.277 | 1507.855 | 13203.641
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Table 10: Scalar MSE values of the estimators for OOR = 10%, n = 100 and p? = 0.999 (Case 7).

OLS 18517.999 | Ridge EHK %HKB ELW EHSL EAM EGM EMED EKS
2504.533 | 4706.645 | 4097.869 | 1.899 | 1.235 | 467.179 | 2140.604 | 2560.969
M Robust kuk kukBs krw kusr | kawm koM kMED kks
Huber 8890.015 | M-Ridge | 910.818 1762.354 | 1564.003 | 0.669 | 0.443 | 139.555 729.165 928.705
RM 1104.600 | 2134.951 | 1877.057 | 0.880 | 0.497 | 196.037 | 903.696 1126.708
Fair 9836.618 | M-Ridge 577.118 1101.013 | 1006.757 | 0.419 | 0.386 | 60.238 438.211 588.751
RM 1247.491 | 2407.877 | 2116.585 | 0.964 | 0.562 | 225.078 | 1035.408 | 1272.883
Hampel 7803.645 M-Ridge 536.871 1042.389 949.718 0.405 | 0.333 64.471 368.317 547.574
RM 763.262 1490.965 | 1325.432 | 0.604 | 0.386 | 118.841 546.865 779.340
Tukey 15075.198 | M-Ridge 239.013 462.022 470.656 0.438 | 0.458 16.656 152.421 244.621
RM 1272.080 | 2454.062 | 2210.714 | 0.957 | 0.732 | 196.359 960.346 1304.124
Andrew 6695.389 | M-Ridge | 327.636 619.131 584.560 | 0.303 | 0.283 | 31.200 207.327 334.089
RM 628.710 1213.243 | 1082.776 | 0.499 | 0.343 | 93.179 430.567 642.018
‘Welsch 7511.262 M-Ridge | 491.194 951.042 870.874 | 0.379 | 0.316 56.855 340.229 500.762
RM 756.604 1476.726 | 1311.232 | 0.600 | 0.377 | 119.490 551.231 772.158
Cauchy 8855.387 | M-Ridge 761.912 1476.605 | 1322.699 | 0.532 | 0.398 | 102.518 594.711 776.775
RM 1081.718 | 2099.460 | 1847.911 | 0.845 | 0.485 | 191.164 879.030 1103.333
Talwar 6670.480 | M-Ridge 539.118 1037.643 | 935.352 0.429 | 0.323 72.074 361.953 550.108
RM 626.080 1209.639 | 1078.217 | 0.522 | 0.345 | 93.196 431.408 639.413
Ramsay | 8581.543 | M-Ridge 534.111 1026.813 | 939.240 | 0.392 | 0.343 58.365 397.546 544.460
RM 1010.555 | 1966.145 | 1734.052 | 0.793 | 0.458 | 175.670 809.017 1030.735
G-Mc 7829.529 | M-Ridge 44.168 77.362 85.725 0.224 | 0.266 2.147 26.096 45.037
RM 858.215 1674.177 | 1481.715 | 0.679 | 0.404 | 142.978 659.846 875.358

Table 11: Scalar MSE values of the estimators for OOR = 20%, n = 100 and p? = 0.999 (Case 8).

OLS 30238.893 | Ridge EHK EHKB ELW EHSL EAM EGM EMED EKS
2118.929 | 7749.269 | 8724.782 | 3.342 | 3.450 | 749.439 | 2715.282 | 2227.345
M Robust knk knks krw kusr | kam kaMm kMED kks
Huber 14573.073 | M-Ridge | 704.728 | 2705.611 | 3119.209 | 1.042 | 1.078 | 196.682 | 891.648 736.316
RM 1082.727 | 3714.399 | 4123.085 | 1.172 | 1.176 | 354.481 | 1334.789 | 1130.734
Fair 14871.272 | M-Ridge | 327.168 1439.940 | 1792.199 | 0.771 | 0.860 | 70.318 421.709 342.186
RM 1081.582 | 3761.587 | 4197.642 | 1.224 | 1.234 | 357.826 | 1340.583 | 1130.142
Hampel | 12033.327 | M-Ridge 277.873 1066.741 | 1307.909 | 0.420 | 0.445 56.344 321.465 288.670
RM 604.230 | 2141.156 | 2440.996 | 0.590 | 0.591 | 173.613 | 693.384 629.139
Tukey 18102.683 | M-Ridge 85.479 389.947 552.495 | 0.474 | 0.511 13.505 101.956 89.391
RM 714.260 | 2790.553 | 3290.897 | 0.868 | 0.901 | 214.551 | 865.647 749.799
Andrew | 7924.098 | M-Ridge | 141.920 540.689 688.279 | 0.291 | 0.313 | 25.735 158.922 147.372
RM 369.850 1326.828 | 1528.770 | 0.399 | 0.411 | 102.101 | 414.734 384.879
Welsch 10821.232 | M-Ridge | 245.473 948.332 1162.733 | 0.378 | 0.406 | 49.678 287.261 254.978
RM 572.652 1994.584 | 2260.556 | 0.554 | 0.550 | 164.785 | 658.226 595.591
Cauchy | 13458.812 | M-Ridge | 468.079 1868.520 | 2210.937 | 0.752 | 0.801 | 112.682 | 589.157 488.358
RM 962.844 | 3264.931 | 3622.010 | 0.971 | 0.964 | 307.095 | 1169.258 | 1003.969
Talwar 7871.997 | M-Ridge | 260.574 950.086 1129.894 | 0.343 | 0.360 | 61.100 291.902 270.608
RM 368.039 1316.858 | 1515.506 | 0.398 | 0.410 | 101.647 | 413.844 383.041
Ramsay | 12868.287 | M-Ridge | 288.666 1209.728 | 1489.077 | 0.558 | 0.621 59.709 362.044 300.966
RM 877.358 | 2973.707 | 3306.614 | 0.862 | 0.851 | 274.816 | 1055.887 | 914.148
G-Mc 11272.675 | M-Ridge 13.782 67.987 109.560 | 0.186 | 0.243 2.080 16.860 14.357
RM 689.126 | 2346.527 | 2628.418 | 0.657 | 0.646 | 206.975 | 811.716 716.889

The results from Tables 4-11 can be summarized as follows. In most cases, MSE values
increased with increasing OOR and p?, while controlling for other factors. The M-Ridge
and RM estimators are found to be more successful than the OLS, ridge, and M-estimators
according to the MSE criteria. The M-Ridge estimator is found to be superior to the RM
estimator according to the MSE criteria.
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Box plots of MSE values for M-Ridge and RM estimators with different ridge parameters
given in Figure 3 shows that the M-Ridge estimators are more robust to the changes in ridge
parameter than the RM estimators, and have smaller MSE values. When the average MSE
values obtained with different ridge parameters are examined, the M-Ridge estimates are
found to be more successful than the RM estimates in all cases.
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Figure 3: Box plots of MSE values for M-Ridge and RM estimators with different ridge estimators
(Cases 1-8).

The proposed estimator M-Ridge has smaller MSE than the RM estimator in all cases
examined except for the bias parameter kanr. In comparison of M-Ridge and RM estimators with
ridge parameter kan, the proposed M-Ridge estimator has smaller MSE than the RM estimator
in 65 of the 80 cases. Box plot of MSE values for M-Ridge and RM estimators with ridge para-
meter kan is given in Figure 4. As evident from Figure 4, the proposed M-Ridge estimator out-
performs the RM estimator in terms of mean squared error (MSE) for the bias parameter ka.
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Figure 4: Box plots of MSE values for M-Ridge and RM estimators with ridge estimator kayp.
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In the second stage of the simulation study, the performance of the estimators is
examined for the errors from log-normal distribution with parameters g =0 and o2 = 1.
The simulation study involves specific parameter settings, including p? = 0.99 and 0.999,
n = 20 and 100, and p = 4. Monte Carlo simulation results based on 5000 replications are
presented in Tables 12-15.

Table 12: Scalar MSE of the estimators for lognormal distributed errors, n = 20 and p? = 0.99

(Case 9).
OLS 3394.857 | Ridge ko krukB FLw kust | kam | kem | FmeD ks
916.252 603.731 599.784 37.128 | 1.277 | 41.289 | 114.869 923.979
M Robust kuk kuks krw kasL | kam kam kMED kks
Huber 1162.188 | M-Ridge 192.488 89.897 98.023 8.009 0.442 4.535 16.129 194.639
RM 278.480 167.505 164.175 12.759 | 0.562 | 11.868 33.977 281.253
Fair 870.719 M-Ridge 56.820 19.709 23.938 2.026 0.435 0.941 3.327 57.369
RM 211.251 128.710 128.574 9.966 0.494 9.090 25.274 213.322
Hampel | 1569.666 | M-Ridge 65.604 25.721 30.567 2.646 0.397 1.206 4.050 66.543
RM 248.562 139.487 144.229 9.720 0.552 8.410 24.123 252.698
Tukey 7023.009 | M-Ridge 53.023 14.939 19.346 2.260 0.693 0.975 2.382 53.898
RM 1563.448 | 1014.971 | 1070.368 | 63.501 | 1.962 | 61.597 | 150.988 | 1579.596
Andrew | 1857.532 | M-Ridge 49.237 16.610 21.006 1.975 0.448 0.765 2.504 49.894
RM 296.768 171.919 179.478 10.872 | 0.631 | 10.951 31.587 301.625
Welsch 1449.204 | M-Ridge 55.090 20.680 25.154 2.233 0.404 0.961 3.236 55.842
RM 235.004 129.488 134.193 9.115 0.529 7.785 21.807 238.809
Cauchy 657.616 M-Ridge 53.355 23.447 25.361 2.451 0.381 1.237 4.320 54.083
RM 121.514 70.437 69.866 5.810 0.397 4.793 13.782 123.219
Talwar 1647.434 | M-Ridge 109.115 48.123 53.427 4.316 0.438 2.546 8.368 110.804
RM 307.538 196.182 187.911 14.753 | 0.696 | 12.769 39.202 311.609
Ramsay 720.429 M-Ridge 33.217 12.415 14.805 1.386 0.407 0.622 2.124 33.619
RM 126.110 73.255 75.165 5.622 0.405 4.944 13.988 127.997
G-Mc 924.968 M-Ridge 3.387 0.809 1.191 0.549 0.674 0.260 0.372 3.320
RM 148.018 84.571 88.603 6.265 0.438 5.548 15.472 150.460

Table 13: Scalar MSE of the estimators for lognormal distributed errors, n = 20 and p? = 0.999

(Case 10).

OLS 33306.964 | Ridge EHK EHKB ELW EHSL EAM %GM EMED EKS
8997.876 5948.933 | 4765.248 | 104.566 | 1.083 | 162.260 | 1206.539 | 9005.269

M Robust knk kHKB kLw kus. | kam | kcom kMED kks
Huber 11407.251 | M-Ridge | 1887.833 881.303 843.324 25.901 | 0.402 | 15.669 160.412 1889.963
RM 2740.443 1647.381 | 1379.774 | 40.759 | 0.472 | 45.442 346.777 2743.180

Fair 8550.317 | M-Ridge 550.887 191.837 194.284 5.752 0.405 2.707 31.811 551.423
RM 2081.149 1265.936 | 1050.649 | 31.524 | 0.420 | 34.752 257.867 2083.184

Hampel | 15477.152 | M-Ridge 637.706 250.228 252.280 8.641 0.362 3.724 39.164 638.621
RM 2394.337 1374.564 | 1225.932 | 30.642 | 0.476 | 31.099 251.450 2398.295

Tukey 70204.772 | M-Ridge 506.971 137.156 156.075 5.348 0.667 2.064 18.025 507.562
RM 15823.483 | 10261.280 | 7822.940 | 190.337 | 1.673 | 261.502 | 1878.946 | 15839.540

Andrew | 18307.094 | M-Ridge | 475.212 160.095 167.463 5.641 0.414 2.086 23.054 475.849
RM 2908.757 1689.845 | 1508.914 | 32.021 | 0.533 | 40.246 322.296 2913.510

Welsch | 14280.645 | M-Ridge 534.852 200.797 204.341 7.167 | 0.369 2.873 30.971 535.587
RM 2259.062 1275.468 | 1120.455 | 29.871 | 0.455 | 28.744 222.713 2262.735

Cauchy | 6459.583 | M-Ridge 514.559 228.322 238.338 7.214 | 0.347 | 3.905 41.604 515.262
RM 1188.789 691.444 614.623 19.014 | 0.340 | 17.444 136.780 1190.450
Talwar 16168.063 | M-Ridge | 1042.757 469.180 483.516 14.245 | 0.397 | 7.998 81.662 1044.302
RM 2932.190 1915.777 | 1739.678 | 45.062 | 0.599 | 48.285 | 404.205 2936.126

Ramsay | 7079.695 | M-Ridge 320.713 120.290 127.999 3.859 | 0.374 1.738 19.700 321.104
RM 1241.382 719.259 623.470 18.542 | 0.346 | 17.830 139.794 1243.242

G-Mc 9098.966 | M-Ridge 30.482 6.632 7.986 0.689 | 0.636 0.205 0.983 30.427
RM 1444.830 831.317 722.369 20.078 | 0.377 | 19.933 155.790 1447.224
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Table 14: Scalar MSE of the estimators for lognormal distributed errors, n = 100 and p? = 0.99

(Case 11).

OLS 2591.635 Rldge EHK EHKB ELW EHSL /k\:AI\/I EGIVI EMED EKS
573.003 | 448.774 | 413.554 102.524 1.180 26.348 | 88.479 629.044

M Robust kux kuks krw knsL kam kam kMED kks
Huber 551.834 M-Ridge 80.668 51.510 48.476 9.118 0.440 2.737 9.414 90.462
RM 98.618 69.915 63.961 12.238 0.455 4.278 13.492 111.049
Fair 397.395 M-Ridge 29.977 15.077 15.355 3.252 0.463 0.668 2.580 33.079
RM 75.175 53.887 49.261 9.928 0.412 3.331 10.552 84.039
Hampel 423.251 M-Ridge 29.755 17.699 18.068 3.317 0.422 0.846 2.862 34.648
RM 52.986 37.996 36.471 6.806 0.386 2.249 6.932 63.021
Tukey 3245.259 M-Ridge 36.679 13.949 16.491 3.707 0.790 0.907 2.166 40.897
RM 405.126 288.511 278.345 64.671 1.090 17.262 53.500 | 477.177
Andrew 513.681 M-Ridge 23.992 12.479 13.303 2.506 0.481 0.561 1.868 27.491
RM 65.498 46.550 44.483 8.062 0.406 2.733 8.438 77.534
‘Welsch 397.044 M-Ridge 24.905 14.398 14.920 2.771 0.430 0.673 2.276 28.891
RM 49.503 35.653 34.395 6.445 0.380 2.110 6.500 58.918
Cauchy 336.273 M-Ridge 30.534 17.975 17.966 3.347 0.406 0.897 3.131 34.839
RM 49.484 34.726 32.953 6.161 0.377 2.163 6.694 57.297
Talwar 742.333 M-Ridge 63.221 38.948 39.548 7.171 0.476 1.927 6.432 73.963
RM 95.081 67.508 64.573 11.798 0.476 4.040 12.171 112.141
Ramsay 298.564 M-Ridge 17.229 9.359 9.892 1.915 0.439 0.450 1.534 19.699
RM 39.871 28.284 27.394 5.229 0.361 1.740 5.398 46.880

G-Mc 314.456 M-Ridge 2.236 0.775 1.022 0.576 0.725 0.264 0.364 2.344
RM 39.419 28.255 27.378 5.192 0.361 1.709 5.291 46.883

Table 15: Scalar MSE of the estimators for lognormal distributed errors, n = 100 and p? = 0.999

(Case 12).
OLS 26187.711 Ridge EHK EHKB /lgLW EHSL EAM EGM EMED EKS
5765.011 | 4521.224 | 4171.784 | 363.889 | 1.006 | 100.677 | 886.798 | 5813.761
M Robust kak kukB kLw kHsL kan koM kMED kks
Huber 5573.883 | M-Ridge | 812.268 517.892 487.361 25.690 | 0.397 9.624 93.055 820.752
RM 992.387 702.943 643.330 33.857 | 0.395 | 15.928 | 134.248 | 1002.994
Fair 4014.625 | M-Ridge | 300.611 150.789 153.540 10.356 | 0.430 1.866 24.279 303.397
RM 756.714 541.853 495.544 30.149 | 0.359 | 12.483 | 104.993 | 764.332
Hampel | 4273.551 | M-Ridge | 297.335 177.075 180.812 9.781 0.382 2.597 27.063 301.513
RM 530.388 381.596 366.397 19.924 0.334 8.043 68.137 538.783
Tukey 32900.989 | M-Ridge | 362.298 133.322 160.017 11.241 | 0.772 1.675 15.586 366.051
RM 4065.108 | 2903.287 | 2800.391 | 286.532 | 0.901 | 62.973 | 530.283 | 4125.723
Andrew 5184.126 M-Ridge 238.865 124.184 132.466 7.460 0.441 1.471 16.755 241.894
RM 655.177 467.279 446.635 24.000 | 0.349 9.799 83.137 665.252
Welsch 4009.178 | M-Ridge | 248.654 143.897 149.126 7.927 0.391 1.976 21.212 252.068
RM 495.659 358.134 345.584 18.386 | 0.329 7.543 63.862 503.526
Cauchy 3398.437 M-Ridge 306.533 180.189 180.040 9.248 0.370 2.842 30.068 310.248
RM 497.619 349.030 331.268 16.575 | 0.329 7.888 66.151 504.205
Talwar 7500.811 | M-Ridge | 633.598 390.162 394.856 22.666 | 0.429 6.276 61.806 642.454
RM 953.262 678.261 648.862 34.612 | 0.405 | 14.541 119.698 | 967.474
Ramsay | 3017.670 | M-Ridge | 172.115 93.414 98.636 5.096 0.401 1.217 13.926 174.256
RM 400.455 284.226 275.344 13.882 | 0.315 6.269 53.136 406.326
G-Mc 3177.000 | M-Ridge 20.322 6.647 8.365 0.931 0.685 0.173 0.812 20.436
RM 395.365 283.874 275.088 14.118 | 0.315 6.112 51.940 401.605

Robust estimators are found more successful in the simulation study for the log-normal
distributed errors. Among the robust estimators, the proposed M-Ridge estimators generally
outperformed the RM estimators. Box plots of MSE values for M-Ridge and RM estimators
with different ridge parameters are given in Figure 5.
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Figure 5: Box plots of MSE values for M-Ridge and RM estimators with different ridge parameters

(Cases 9-12).

4.

REAL DATA APPLICATION

In this section, we consider Tobacco data (Myers, 1990), which contains both multi-
collinearity and outlier problems. In application, the dataset centralized and standardized by
proportioning the square root of the overall sum of squares. The scatter matrix for the inde-
pendent variables and the box-plot of the error terms for OLS estimates are given in Figure 6.
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Figure 6: The scatter matrix for the independent variables and the box-plot of the error terms

for the OLS estimates.



Novel robust estimators for linear regression model 153

According to Figure 6, it is clearly seen that the data set contains outlier and multi-
collinearity problems. The calculated CI value of 43.0758 for the Tobacco dataset indicates
the presence of a strong multicollinearity issue.

The performance of the proposed M-Ridge estimators evaluated with the k-fold cross
validation technique in the Tobacco dataset. The original data set is randomly partitioned
into k equal sized subgroups in k-fold cross validation. Of the k subgroups, a single subgroup
is retained as the validation data for testing the model, and the remaining k£ —1 subgroups
are used as training data. This process is then repeated k times, with each of the & subgroups
used exactly once as the validation data. In k-fold cross validation, the cross validation (CV)
as the mean of sum of errors for test data sets is given below:

(41) E; = Z(yj,test - Z/J\j,test)Qa
Jj=1
1 k
4.2 CV=—-)» F

The performances of the estimators are tested with k-fold cross validation by choosing k£ =10.
The k-fold cross validation results for the proposed estimator and other investigated estima-
tors in the Tobacco dataset are given in Table 16.

Table 16: Comparison of estimation methods with k-fold cross validation method
in Tobacco data set (x107%).

OLS 68.1432 | Ridge kuk kukB kLw kHSL kam kam kMED kks
68.0701 | 65.9109 | 68.7738 | 59.4768 60.2571 62.8117 | 60.8897 | 68.0576

M Robust kak kuks kLw kusL LINY koM kMED kks
Huber 63.1867 | M-Ridge | 60.6909 | 58.3774 | 64.6720 | 57.5810 | 56.3181 | 56.9301 | 56.9256 | 60.7143
RM 60.9831 | 60.5311 | 65.6347 | 57.4911 57.1628 58.6564 | 57.9275 | 60.9912
Fair 67.9456 | M-Ridge | 67.7549 | 65.6060 | 68.6012 | 59.3509 59.9869 62.4962 | 60.6256 | 67.7434
RM 67.7889 | 65.6930 | 68.6143 | 59.3478 60.1035 62.6280 | 60.7455 | 67.7773
Hampel | 68.1432 | M-Ridge | 68.0701 | 65.9109 | 68.7738 | 59.4768 60.2571 62.8117 | 60.8897 | 68.0576
RM 68.0701 | 65.9109 | 68.7738 | 59.4768 60.2571 62.8117 | 60.8897 | 68.0576
Tukey 68.1401 | M-Ridge | 68.0502 | 65.8924 | 68.7567 | 59.4634 60.2362 62.7901 | 60.8719 | 68.0379
RM 68.0540 | 65.9005 | 68.7632 | 59.4698 60.2493 62.8027 | 60.8843 | 68.0416
Andrew | 68.1426 | M-Ridge | 67.9074 | 65.5226 | 68.6910 | 59.8668 59.9523 62.2556 | 60.4219 | 67.8935
RM 68.0671 | 65.9089 | 68.7719 | 59.4755 60.2556 62.8100 | 60.8887 | 68.0546
Welsch 68.1425 | M-Ridge | 68.0656 | 65.9067 | 68.7700 | 59.4738 60.2524 62.8069 | 60.8857 | 68.0532
RM 68.0665 | 65.9085 | 68.7714 | 59.4753 60.2553 62.8097 | 60.8885 | 68.0540
Cauchy 68.1425 | M-Ridge | 68.0656 | 65.9067 | 68.7700 | 59.4738 60.2524 62.8069 | 60.8857 | 68.0532
RM 68.0665 | 65.9085 | 68.7714 | 59.4753 60.2553 62.8097 | 60.8885 | 68.0540
Talwar 68.1432 | M-Ridge | 68.0701 | 65.9109 | 68.7738 | 59.4768 60.2571 62.8117 | 60.8897 | 68.0576
RM 68.0701 | 65.9109 | 68.7738 | 59.4768 60.2571 62.8117 | 60.8897 | 68.0576
Ramsay | 68.0439 | M-Ridge | 67.9084 | 65.7540 | 68.6823 | 59.4092 60.1156 62.6480 | 60.7522 | 67.8964
RM 67.9261 | 65.7997 | 68.6917 | 59.4105 60.1784 62.7178 | 60.8162 | 67.9141
G-Mc 68.0172 | M-Ridge | 67.0976 | 64.8476 | 73.2344 | 65.1371 62.7903 63.0754 | 62.4144 | 67.0648
RM 68.0656 | 65.9080 | 68.7709 | 59.4749 60.2549 62.8092 | 60.8882 | 68.0532

According to results of k-fold cross validation, M-Ridge and RM estimators as robust
estimators are found more successful than OLS, ridge, and M-estimators. In most cases
M-Ridge is found superior to RM estimators in comparisons between the proposed M-Ridge
with RM estimators. The proposed Huber’s M-Ridge estimator by kanm bias parameter is
found the most successful estimator which has the smallest CV.
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5. CONCLUSIONS

In this study, new robust estimators which named by M-Ridge are improved in case
of coexistence of multicollinearity and outlier problems. The M-Ridge estimators are based
on the notion that rather than converting M-estimates derived from OLS estimates into
ridge estimates as proposed by Silvapulle (1991) and Ertag (2018), M-estimates are obtained
directly from errors based on ridge estimates. The performance of M-Ridge estimators is
examined according to estimated MSE and k-fold cross validation in simulations and real
data application, respectively. In the simulation study, M-Ridge estimators with generally
smaller estimated MSE values outperformed OLS, ridge, M, and RM estimators. In the
comparison of robust M-Ridge and RM estimators according to the MSE criterion, the success
rates of M-Ridge estimators for normal distributed errors are 95.3125% in the small sample
sizes and 100% in the large sample sizes. The success rates of M-Ridge estimators are found
96.875% in small sample sizes and 89.375% in large sample sizes for log-normal distributed
errors. In the real data application, the performances of the estimators are tested with k-fold
cross validation by choosing k=10. According to k-fold cross validation, Huber’s M-Ridge
estimator based on kay is found the best estimator. In future studies, new estimators can be
obtained by using different biased estimators instead of ridge estimators with the proposed
new approach.

ACKNOWLEDGMENTS

The authors received no financial support for this article.

REFERENCES

Beaton, A.E. and Tukey, J.W. (1974). The fitting of power series, meaning polynomials, illustrated
on band-spectroscopic data. Technometrics, 16(2):147-185.

Bell, R.M. (1980). An adaptive choice of the scale parameter for M-estimators. Stanford Univ. CA,
Dept. of Statistics.

Birkes, D. and Dodge, Y. (2011). Alternative Methods of Regression. John Wiley & Sons.

De Menezes, D., Prata, D.M., Secchi, A.R., and Pinto, J.C. (2021). A review on robust M-estimators
for regression analysis. Computers & Chemical Engineering, 147:107254.

Ertas, H. (2018). A modified ridge M-estimator for linear regression model with multicollinearity and
outliers. Communications in Statistics — Simulation and Computation, 47(4):1240-1250.

Hampel, F.R. (1968). Contributions to the theory of robust estimation. University of California,
Berkeley.

Hocking, R.R., Speed, F., and Lynn, M. (1976). A class of biased estimators in linear regression.
Technometrics, 18(4):425-437.



Novel robust estimators for linear regression model 155

Hoerl, A.E. and Kennard, R.W. (1970). Ridge regression: applications to nonorthogonal problems.
Technometrics, 12(1):69-82.

Hoerl, A.E., Kennard, R.W., and Baldwin, K.F. (1975). Ridge regression: some simulations. Com-
munications in Statistics — Theory and Methods, 4(2):105-123.

Holland, P.W. and Welsch, R.E. (1977). Robust regression using iteratively reweighted least-squares.
Communications in Statistics — Theory and Methods, 6(9):813-827.

Huber, P.J. (1964). Robust estimation of a location parameter. The Annals of Mathematical Statistics,
35(1):73-101.

Huber, P.J. (1973). Robust regression: asymptotics, conjectures and Monte Carlo. The Annals of
Statistics, 1(5):799-821.

Khalaf, G. and Shukur, G. (2005). Choosing ridge parameter for regression problems. Communications
in Statistics - Theory and Methods, 35(5):1177-1182.

Lawless, J. and Wang, P. (1976). A simulation study of ridge and other regression estimators. Com-
munications in Statistics — Theory and Methods, 5(4):307-323.

Kibria, B.M.G. (2003). Performance of some new ridge regression estimators, Communications in
Statistics — Simulation and Computation, 32(2):419-435.

Kibria, B.M.G. (2022). More than hundred(100) estimators for estimating the shrinkage parameter
in a linear and generalized linear ridge regression models. Journal of Econometrics and Statistics,
2(2):233-252.

Kibria, B.M.G. and Banik, S. (2016). Some ridge regression estimators and their performances. Journal
of Modern Applied Statistical Methods, 15(1):206—238.

Kim, J.H. (2019). Multicollinearity and misleading statistical results. Korean Journal of Anesthesiol-
ogy, 72(6):558-569.

Martin, R.D. and Yohai, V.J. (2006). Robust Statistics: Theory and Methods. John Wiley New York.

McDonald, G.C. and Galarneau, D.I. (1975). A Monte Carlo evaluation of some ridge-type estimators.
Journal of the American Statistical Association, 70(350):407-416.

Myers, R.H. (1990). Classical and Modern Regression with Applications. Duxbury press, Belmont,
CA.

Ozyurt, D.B. and Pike, R.W. (2004). Theory and practice of simultaneous data reconciliation and
gross error detection for chemical processes. Computers & Chemical Engineering, 28(3):381-402.

Rey, W.J. (1983). Introduction to Robust and Quasi-Robust Statistical Methods. Springer, 131-133.

Silvapulle, M.J. (1991). Robust ridge regression based on an M-estimator. Australian Journal of
Statistics, 33(3):319-333.






REVSTAT - Statistical Journal
Volume 24, Number 2, April 2026, 157-174

https://doi.org/10.57805/revstat.v24i2.671

Testing the Validity of Lindley Model Based on Nonparametric
Probability Density Functions of Entropy Estimators

Authors:  HADI ALIZADEH NOUGHABI (& X
— Department of Statistics, University of Birjand,
Birjand, Iran
alizadehhadi@birjand.ac.ir

MOHAMMAD SHAFAEI NOUGHABI

— Department of Mathematics and Statistics, University of Gonabad,
Gonabad, Iran
mohamad.shafaee@gmail.com

Received: August 2023 Revised: February 2024 Accepted: March 2024

Abstract:

e The Lindley distribution is one of the fundamental models applied for reliability models and in the
present article, we propose some test statistics for testing the validity of Lindley model based on
correcting moments of nonparametric probability density functions of entropy estimators. Critical
points and type I error of the tests are obtained and power values of the tests are computed by
Monte Carlo simulation. We show that the proposed tests are more powerful than competitor tests.
Finally, the proposed tests are illustrated by a real data example.

Keywords:

e Lindley distribution; entropy; Kullback-Leibler information; critical points; test power; Monte
Carlo simulation.

AMS Subject Classification:

e 62G10, 94A15.

™ Corresponding author


https://doi.org/10.57805/revstat.v24i2.671
https://orcid.org/0000-0002-7515-1896
mailto:alizadehhadi@birjand.ac.ir
https://orcid.org/0000-0001-5412-5560
mailto:mohamad.shafaee@gmail.com

158 H. Alizadeh Noughabi and M. Shafaei Noughabi

1. INTRODUCTION

Entropy, denoted as H, is a measure of uncertainty and information content associated
with a continuous random variable. It is a fundamental concept in information theory and
provides a measure of the average amount of information required to describe or predict the
outcomes of a random variable. Introduced by Shannon (1948), entropy has been a subject
of interest for many researchers in the field of statistics. In statistics, entropy estimation is
a method used to quantify the uncertainty or information content associated with a random
variable or a probability distribution. Entropy estimation is particularly useful when the
underlying probability distribution is unknown or when it deviates significantly from known
parametric distributions. Non-parametric entropy estimation methods offer a robust alter-
native for quantifying uncertainty in data without imposing restrictive assumptions. Various
estimators for entropy have been proposed, including those by Vasicek (1976), van Es (1992),
Ebrahimi et al. (1994), Correa (1995), Wieczorkowski and Grzegorzewsky (1999), and
Alizadeh (2010).

Entropy estimation has various applications in statistics and related fields. It is widely
used in information theory, machine learning, data compression, pattern recognition, and
data mining. In statistical analysis, entropy estimation can help identify the complexity or
variability of a dataset, assess the amount of information present in a random variable, and
compare the uncertainty between different datasets or probability distributions.

In summary, entropy estimation in statistics is a non-parametric method used to quan-
tify the uncertainty or information content associated with a random variable or a probability
distribution. It provides a measure of the average amount of information required to describe
or predict outcomes.

The entropy H(f), of a continuous random variable X with a density function f(x),
is defined as

() =~ [ 1) o @) do.

Consider a random sample X1, ..., X,, of size n, where the order statistics are denoted as
X1y < X(g) <+ < X(p)- Vasicek (1976) introduced an entropy estimator defined as:

1

where the window size m is a positive integer smaller than n/2, X ;) = X (1) if i <1, X(;) = X(5)
if i > n. He proved the consistency of HV,,,, as an estimator for the population entropy H(f).

In statistics, a probability density function (pdf) is a function that describes the proba-
bility distribution of a continuous random variable. It assigns probabilities to different values
or ranges of values that the random variable can take. Traditional parametric pdfs, such
as the normal (Gaussian) distribution or the exponential distribution, are defined by a fixed
set of parameters that determine their shape, location, and scale. On the other hand, non-
parametric pdfs are flexible alternatives that do not rely on specific parametric assumptions
about the underlying data distribution. Non-parametric pdf estimation methods aim to es-
timate the shape and characteristics of the pdf directly from the observed data, without
imposing a predefined functional form.
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Non-parametric pdf estimation provides several advantages. It allows for more flexibil-
ity in modeling complex and diverse data distributions, as it does not restrict the shape of the
pdf to a specific parametric form. It also provides a more data-driven approach, relying solely
on the observed data to estimate the pdf. This makes non-parametric pdf estimation suitable
for a wide range of applications, including exploratory data analysis, hypothesis testing, and
modeling in fields such as finance, ecology, and engineering.

Park and Park (2003

~—

derived the nonparametric pdf of Vasicek’s estimator as

0, x <& or x>&€h,

1

- ’ §i<$§§i+1> ’i:l,...,n,

N T(j+m) = L(i—m)

where &; = (l’(i_m) + x(i+m_1))/2m, and z(;) = z(q) if i < 1, x5 = x(py) if 7 > 1.

Ebrahimi et al. (1994) modified the Vasicek’s estimator as

1 & n
HEmn:* 1 7Xim_Xi—m )
n;;%{@m((+> ( ﬂ}

where -
1+°—, 1<i<m,
m
c =<K 2, m+1<i1<n—m,
n—1 .
1+—, n—-—m+1<i<n.
m

They proved that HE,,, — H(f) as n — oco,m — oo, m/n — 0.

The nonparametric pdf of Ebrahimi et al.’s estimator was derived by Park and Park
(2003) as:

0, T <M OF T > Npti,
ge(@)=9 1 1 .
I EE— N << N1, t=1,...,n,
nNi+1 — 7
where
i 1
Em+1 — kZ: m(x(mk) — ), if 1<i<m,
=1
Tii_ + + Tis _
S D) (i4m1) A l<icnomal
2m
! 1
En—mt1+ Z m(l’(n) —:):(k_m_l)), if n—m+2<i<n+1.
k=n—m+2

Alizadeh and Arghami (2010) proposed another entropy estimator as

1 — n
HAmn - E ;log{aim (X(ler) - X(me)) }7

where
1<t <m,

a; =<2, m+1<i<n—m,
1, n—-—m+4+1<1<n,
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and X(;_p) = X(q) for e <m and X(;,,,) = X(,) for i > n —m. They proved the consistency
of HA,y, as an estimator for H(f). The nonparametric pdf of their estimator was derived

as:
0, T <7 Or T > Ynti,
gal®) =9 1 1 ,
- —, % <T <741, t=1,..,n,
nNYi+1 — 7
where
4 1 m
Emt1 — ™ kZ: ($(m+k) — :E(l)), if 1<i<m,
=i
Tii ++x . _
= § L (), if m+l<i<n—m+l,
2m
1 i
En—m41 + E Z (CL“(n) — .T(k_m_l)), if n—m+2<i<n+1,
\ k=n—m+2

and & = (l‘(i_m) + -+ x(Hm_l))/Qm, T(i) = T(1) ifi <1, and T(i) = T(n) if i > n.

Park and Park (2003) applied the moments of the nonparametric pdfs of entropy estima-
tors proposed by Vasicek (1976) and Ebrahimi et al. (1994) to construct tests for normality
and exponentiality. Additionally, Alizadeh and Arghami (2013) introduced other tests for
normal and exponential distributions based on the moments of the nonparametric pdfs of
their estimators. In this study, we utilize the nonparametric pdfs of entropy estimators and
propose goodness-of-fit tests for the Lindley distribution.

The Lindley distribution is an important statistical model for analyzing reliability data
with positive support. This distribution was proposed by Lindley (1958) in the context of
Bayesian statistics, as a counter example of fiducial statistics. Its density is

2

9+1(1—|—$)€_0x, x>0, >0.

f(x;0) =

The mean and variance of this distribution are

0+2
=F(X)=
p=E(X) 1)

and

2

o2 = Var( )_0 +49+22’

62(6 + 1)

respectively.

Suppose X1, ..., X, is a random sample from the Lindley distribution, both the maxi-
mum likelihood estimate (MLE) and method of moments estimate of the parameter 6 coin-
cides and is

(X 1)+ /(X —1) 8% .
- ( ) \2/)(( ) , X >0.
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Ghitany et al. (2008) conducted a detailed study about various properties of Lindley
distribution including skewness, kurtosis, hazard rate function, mean residual life function,
stochastic ordering, stress-strength reliability, among other things; estimation of its parameter
and application to model waiting time data in a bank. They showed that the estimator
0 of 0 is positively biased: E(é) — 60 >0, and it is consistent and asymptotically normal

\/ﬁ(é —9) — N(0,1/02).

In the literature of survival analysis and reliability theory, the exponential distribution is
widely used as a model of lifetime data. However, the exponential distribution only provides a
reasonable fit for modeling phenomenon with constant failure rates. Distributions like gamma,
Weibull and lognormal have become suitable alternatives to the exponential distribution in
many practical situations. Ghitany et al. (2008) found that the Lindley distribution can be
a better model than one based on the exponential distribution.

Shanker et al. (2015) discussed a comparative study of Lindley and exponential dis-
tributions for modelling various lifetime data sets from biomedical science and engineering,
and concluded that even though there are lifetime data where exponential distribution gives
better fit than Lindley distribution and in majority of data sets Lindley distribution gives
better fit than exponential distribution.

In complete sample case, Ghitany et al. (2008) developed different distributional prop-
erties, reliability characteristics and some inferential procedures for the Lindley distribution.
Krishna and Kumar (2011) discussed reliability estimation in Lindley distribution with pro-
gressively type II right censored sample. Gupta and Singh (2013) gave parameter estimation
of Lindley distribution with hybrid censored data. Also, Al-Mutairi et al. (2013) studied infer-
ences on stress-strength reliability for Lindley distribution with complete sample information.
Kumar et al. (2015) discussed estimation of stress-strength reliability using progressively first
failure censoring. These studies suggest that in many real-life situations Lindley distribu-
tion serves as a better lifetime model than the so far popular distributions like exponential,
gamma, Rayleigh, Weibull etc. For more applications of the Lindley distribution one can see
Dey et al. (2019), Khan et al. (2020), Nadarajah and Chan (2020), Oliveira et al. (2021),
Al-Babtain et al. (2021), Ghitany and Wang (2022), Alrasheedi et al. (2022), Ahsan-ul-Haq
et al. (2022), and Wang and Weib (2023).

Constructing powerful goodness-of-fit tests for the Lindley distribution holds significant
importance. In line with this objective, we propose a set of distribution-free goodness-of-fit
tests based on the nonparametric pdfs of entropy estimators. In Section 2, we introduce
novel goodness-of-fit tests specifically designed for assessing the composite Lindley hypothesis.
We present the details of these tests, including their formulation and statistical properties.
Section 3 focuses on the critical values and power analysis of the newly developed tests. We
provide insights into the determination of critical values and evaluate the statistical power of
the tests under different scenarios. To demonstrate the practical efficacy of the proposed tests,
we present two real data examples in Section 4. Through these examples, we evaluate the
performance and effectiveness of the tests in practice. Finally, in Section 5, we summarize our
findings and conclusions drawn from the study. We discuss the implications of the proposed
tests and highlight their potential applications in assessing the goodness of fit for the Lindley
distribution.
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2. THE PROPOSED TESTS

The Kullback-Leibler (KL) divergence is a measure that quantifies how close a prob-
ability density f(z) is to a model density fo(x). For density functions f and fy, the KL
divergence of f from fy is defined (Kullback and Leibler, 1951) by

D(f, fo) = /f(m) log}i)((z))daz.

Note that D(f, fo) = 0 if and only if f(x) = fo(z) almost everywhere.

Let f represents the true density and Fy = {fo(.,0) : 6 € Q} represents a parametric
model for f, where € is a subset of RP. If f € Fj, the minimum value, Iemg D(f, fo(.,8)), of
€

the KL divergence is zero and if f ¢ Fj the minimum KL divergence is strictly positive.
Let Xq,..., X,, be a random sample from an unknown continuous cumulative density
function F'(x) with a density f(x). We want to test the hypothesis

2

0+1

Hy: f(x) = fo(x;0) = (1+z)e %, x>0, for some 6 € O,

where 6 is unspecified and © = RT. The alternative to Hy is
Hy: f(x) # fo(z;0) for any 0 € ©.

Here, we construct tests for the Lindley based on the KL information and the moments of
nonparametric pdfs of the entropy estimators as follows.

The asymmetric KL distance of f from fy is

D(f.f0) = [ o) og s o

= —H(f)—2log(0) +log(0 + 1) — E¢(log(1 + X)) + 0E¢(X),

D(f, fo) is minimum (zero) if and only if f = fy, where

D(f, fo) = —H(f) — 2log(f) + log(6 + 1) — Ef(log(1 + X)) + Zii
= log(6 +1) — 2log(f) — E¢(log(1 + X)) + Zii — H(f),
which can be estimated by
TVin = 10g(év +1)— 210g(év) — By, (log(1 + X)) + z:v ii _HV,,.

where

5 (B () = 1) /(B (X) ~ 1) 4 85y, (X)
o 25,,(X) |

and HV,,, is Vasicek entropy estimator. We reject Hy for large values of TV,,,.
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Based on the other entropy estimators, different test statistics can be obtained. We
have the following test statistics:

R . Je + 2
TEmy, =1log(0e + 1) — 2log(0.) — Ey, (log(1l + X)) + g i 1 HEyn,
e T
R R O + 2
T Ay =log(0, + 1) — 21og(6,) — Ey, (log(1+ X)) + = mn;
0, +1
where
B -1+ V(B 2 L 8E, (X)
< 2E,, (X) ’
Bl -1+ V(Ea 2 L 8E,, (X)
‘o 2E,, (X) ’

and HE,,, and HA,,, are Ebrahimi et al. (1994)’s and Alizadeh and Arghami (2010)’s
entropy estimator, respectively. We reject Hy for large values of test statistics.

Here, we obtain E(X) and E(log(1 + X)) under the distributions of g,, g. and g,.

Lemma 2.1. For the distribution of g., we have

Lim < Mn+1
Ege(X):n<2+Z77i+ n2 ;
=2

and for g, and g, n;’s replace with &;’s and ~;’s, respectively.

Proof: Consider the distribution g.:

NMn+1
B, (X) = / £g.(2)dx
1

- Nit1 1 l 771+1 _ 771)
Z;/m 7”7z+1 Z
n

i i1 n 2(ni+1 — i)
1 I (m Mn+1
_271, (771+1+771)_n<2+‘ ni + 9 .
=1 1=2
Similarly under other distributions E(X) can be computed. O

Lemma 2.2. For the distribution of g., we have

E, (log(1+ X)) = ~ 3 (i1 + Dlog(mir +1) = (0 + Dlog(ns + 1))
Je n Nit1 — Mi
i=1 ¢ ¢

and for g, and g, n;’s replace with &;’s and ~;’s, respectively.
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Proof: Consider the distribution g,

By, (og(1+)) = [
), 1

Mn+1
log(1 + x)ge(x)dx
n Ni+1 1 loo(1 n 1 Mi+1
/ 1log(1+z) -y — / log(1 + x)dx
1Jn i Ni+1 — N Jp,

n Ni+1 — N

=

1 n
B nzl Ni+1 —

(3
- (772‘

( Nit1 + 1) 1og(mit1 +1) — (Nis1 + 1)

1) log(n; + 1) + (mi + 1))
(mi +1)log(n; +1) 1}

_ 1 Z { Ni+1 +1)log(nit1 +1)
Ni+1 — 7
(mi + 1) log(n; + 1)} 1

Ni+1 + 1) log(nit1 + 1)
—
O

N Z{ Ni+1

Similar to the above argument, the others can be computed

Let F' be a distribution with a positive support and Fy be the Lindley

Theorem 2.1.
distribution, with the unspecified parameter. Then, under Hy,
in probability as n — oo, m — oo and m/n — 0

TVyn — 0,

and, under Hy, T'V,,, is a consistent test

[\)

_|_
b+ 1

0+2
Egy(log(1+ X)) + o = H(fo),

%)

Proof: We note that under Hy,
E, (log(1+ X))+

%>

log(f, + 1) — 2log(6,) —

— log(f# + 1) — 2log(h)

and from Vasicek (1976) when n — oo, m — oo, and m/n — 0, we have

HVn — H(fo).
So
TVn — O.
Also, under Hq,
HVin — H(f).
TanHH(fO) _H(f) > 0.

Thus
(All limits are in probability.)

The above theorem is indeed satisfied for the other tests
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Finally, we can write the proposed test statistics as follows:

0, + 1 1
TV = 2+log< vt >+

62 0, + 1
1 EH: { (§i+1 + 1) log(&iv1 +1) — (& + 1) log(& + 1) } v
n iv1 =& e
0+ 1 1
TEmn:Z—i-log( AJF )—i-A
62 0 +1
S { (141 + 1) log(nia +1) — (i + 1) log(n; + 1>} i

0, + 1 1
TA :2—|—log< = >+A
" 02 0, +1
1 En: { (Vit1 + 1) log(yit1 +1) — (7 + 1) log(y; + 1)
n-= Yi+l = i

b A,

3. CRITICAL VALUES AND POWER STUDY

The null hypothesis Hy, at the significance level « is rejected if

Tvmn(TEmnyTAmn) > C(Oé),

where the critical point C'(«) is determined by the a—quantile of the distribution of the test
statistics under the null hypothesis.

In order to obtain the critical points of the test statistics, 100,000 samples of size
n were generated from the Lindley distribution with the parameter one. For each sample
(n = 10, 20, 30, 40,50, 75,100) the test statistics was computed and by using these values
the critical points C(«), were determined. The following steps outline the methodology for
determining the critical values:

1. Generate a random sample, denoted as Xy, ..., X,,, of size n, drawn from the Lind-
ley(1) distribution.
Calculate the test statistic based on the sample X7, ..., X,,.

3. Repeat steps 1 and 2 a significant number of times, creating a large number of
simulated datasets and corresponding test statistic.

4. Determine the (1 — «)-th quantile of the test statistic obtained from the simulations.
This quantile represents the critical value for the test at the desired significance
level a.



166 H. Alizadeh Noughabi and M. Shafaei Noughabi

The critical points of the statistics TV, T Epmyn and T Ay, are presented in Table 1.

Table 1: Critical values of the proposed test statistics for aw = 0.05.

] n \ \ TVin  TEwn  TAmn

m

10 2 0.7007 0.5277 0.4824
20 3 0.4067 0.2999 0.2710
30 4 0.3012 0.2168 0.2009
40 5 0.2464 0.1729 0.1665
50 5 0.2109 0.1531 0.1497
75 6 0.1608 0.1176 0.1209
100 7 0.1330 0.0975 0.1053

Figures 1 and 2 show the empirical probability density functions of the test statistics
with Monte Carlo samples. From figures, T A,,, have closer values to 0 than the other
statistics. Then the bias of T'A,,,,, is smallest.

Denaity

Figure 1: Empirical densities of the test statistics based on 100,000 simulations
under the Lindley hypothesis and n = 20.

12
L

10

Density

Figure 2: Empirical densities of the test statistics based on 100,000 simulations
under the Lindley hypothesis and n = 50.
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We also evaluate in Table 2 the estimated type I error control using the 0.05 percentiles
of the proposed test (o = 0.05). We generated random samples from a spectrum of Lindley
populations and then obtained the actual sizes of the tests. The results are presented in Table 2.

Table 2: Type I error control of the tests for the nominal significance level o = 0.05.

Alternative ‘ n ‘ TVin TEmn TAmn

Lindley(0.5) 10 0.0515 0.0529 0.0517
20 0.0495 0.0517 0.0524
30 0.0496 0.0524 0.0517
50 0.0482 0.0506 0.0491

Lindley(2) 10 0.0514 0.0508 0.0504
20 0.0485 0.0482 0.0489
30 0.0473 0.0466 0.0460
50 0.0491 0.0488 0.0483

Lindley(4) 10 0.0498 0.0493 0.0485
20 0.0508 0.0491 0.0478
30 0.0502 0.0490 0.0465
50 0.0512 0.0506 0.0461

Lindley(4) 10 0.0515 0.0509 0.0491
20 0.0526 0.0511 0.0463
30 0.0515 0.0491 0.0428
50 0.0531 0.0508 0.0416

It is evident, from Table 2, that the actual sizes of the tests are approximately equal to
the nominal size 0.05. Therefore, we can conclude that the empirical percentiles presented in
Table 1 provides an excellent type I error control.

In practice, a general guide for the choice of m for a fixed n is valuable to the users.
Our simulations show that the optimal m (in terms of power) depends on the sample size and
the alternative hypothesis. In other hand, there is no a value m that is optimal against all
alternatives. Therefore, if one wants to guard against all alternatives a compromise should
be made. Based our power study, we recommend for all the test statistics m = 2 for n = 10,
m = 3 for n = 20, m = 4 for n = 30, and m = 5 for n = 50 as the optimal values which the
tests attain good (not best) power values against all alternatives. Generally, with increasing
n, an optimal choice of m also increases, while the ratio m/n tends to zero.

For power comparison, we consider the well-known tests based on the empirical distri-
bution function (EDF) that used widely in practice. These tests are Cramer von Mises W2,
Kolmogorov-Smirnov D, Anderson-Darling A%, Kuiper V, and Watson U?2. The test statis-
tics of the EDF-tests are briefly described as follows. For more details about these tests, see
D’Agostino and Stephens (1986). Let X (1) < X(9) < -+ < X(;,) are the order statistics based
on the random sample X7, ..., X,,.

1. The Cramer-von Mises statistic (1931):

n

WQ—LJFZ Qi_l—F(X"é) 2
~ 12n om 02 G) '

=1
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2. The Watson statistic (1961):
U2 =W?—n(P-05)
where P is the mean of FO(X(i);é), 1=1,..,n.
3. The Kolmogorov-Smirnov statistic (1933):
D = max(D", D7),

where

DT = max {l - FO(X(,-);é)}; D™ = max {FO(X(i);é) Spi }

1<i<n | N 1<i<n n

4. The Kuiper statistic (1960):
V=D"+D".

5. The Anderson-Darling statistic (1952):

1~ .. R R
A= —n—= z_; (2i — 1){1og Fo(X(;0) + log |1 — Fo(X(n_is1); 9)] } :

In the above test statistics, Fy(x) is the cumulative density distribution function of the
Lindley distribution and € is the maximum likelihood estimate of the parameter 6.

We compute the power of the considered tests and the proposed tests against various
distributions. In power comparison, we considered the following alternatives:

e the Weibull distribution with density 1 exp(—xe), denoted by W (#);

e the gamma distribution with density I'(#)~'2%~! exp(—=x), denoted by T'(6);

e the lognormal distribution LN (6) with density (fz)~(27)~ /2 exp (—(log x)2/(202)) ;
e the half-normal HN distribution with density I'(2/7)'/2 exp(—a?/2);

e the uniform distribution U with density 1, 0 <z < 1;

e the modified extreme value EV (6), with distribution function 1 —exp(67(1 — €*));
e the linear increasing failure rate law LF(6) with density (1 + 6z) exp(—z — 622 /2);

e Dhillon’s (1981) distribution with distribution function 1 — exp( (log(x + 1) 6+1>

e Chen’s (2000) distribution C'H (), with distribution function 1 — exp (2(1 —e” ))

These alternatives include densities f with decreasing failure rates (DFR), increasing
failure rates (IFR) as well as models with unimodal failure rate (UFR) functions and bathtub
failure rate (BFR) functions.

To assess the power values of the tests, we generate 100,000 random samples from the
alternative hypothesis for different choices of sample sizes and then the test statistics are
calculated. Then power of the corresponding test is computed by the frequency of the event
“the statistic is in the critical region”.
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Here’s our algorithm for calculating the power of tests:

1. Set the desired significance level («) for your hypothesis test.
Choose the alternative hypothesis you want to test against.
Specify the sample size (n) for the test.

Set the number of iterations (e.g., 100,000) for generating random samples.

ook W N

Initialize a counter for the number of times the test statistic falls into the critical
region.

6. For each iteration:

e Simulate a random sample from the alternative hypothesis distribution, with
the chosen sample size (n).

e Calculate the test statistic for the generated sample.

e Determine the critical value corresponding to the chosen significance level («)
and the null hypothesis distribution.

e If the test statistic falls into the critical region, increment the counter.

7. Calculate the power as the ratio of the counter to the total number of iterations.

8. Return the estimated power value.

By simulating random samples from the alternative hypothesis distribution and com-
paring the test statistic to the critical value, the algorithm determines the frequency at which
the test statistic falls into the critical region, allowing for the estimation of the power of the
test.

Tables 3 and 4 display and compares the power values of the tests for sample sizes
n = 10, 20, 30, 50 at the significance level a = 0.05.

Based on the power values in Table 3, it is seen that the tests based on W2 and TV,
statistics have the most power against IFR alternatives. Although for this type of alternatives
the tests W2 and TV, have the most power but the power differences of these tests with
each other are small and we can select one of the tests based on W2 or T'V,,, statistic as a
powerful test.

From Table 4, it is evident that the tests based on A? or T A,,,, statistics have the most
power against UFR alternatives and power differences between these tests and the other tests
are substantial.

Table 4 reveals a superiority of the test based on A? statistic to all other tests as we
can say that this test outperforms all other tests against DFR and BFR alternatives.

Although there is no uniformly most powerful test against all alternatives, the tests
based on W?2, A%, TV,,,, and T'A,,, statistics can be recommended in practice. Depending on
type of alternative, we can say that among EDF-based tests, the tests W2 and A? have the
most power and among entropy-based tests, the tests TV, T Epy and T Ay, have the most
power. In general, we can conclude that the tests W2, A%, TV,,, and TA,,, have a good
performance and therefore can be used in practice.
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Table 3: Empirical powers of the tests against IFR alternatives at significance level 5%.

Alternative ‘ n ‘ w? D 1% U? A2 TVin TEmn TAn

W(1.4) 10 0.1303 0.1174 0.1104 0.1170 0.0894 0.1445 0.1345 0.1183
20 0.2258 0.1966 0.1761 0.1884 0.1917 0.2171 0.1985 0.1456
30 0.3237 0.2691 0.2330 0.2635 0.2967 0.2920 0.2599 0.1486
50 0.5098 0.4231 0.3736 0.4167 0.5036 0.4088 0.3629 0.1786

I'(2) 10 0.1175 0.1028 0.1101 0.1188 0.0810 0.1486 0.1452 0.1315
20 0.2011 0.1754 0.1772 0.1935 0.1800 0.2323 0.2226 0.1790
30 0.2879 0.2412 0.2369 0.2687 0.2827 0.3233 0.3072 0.2078
50 0.4745 0.4014 0.3875 0.4408 0.5104 0.4654 0.4460 0.2727

HN 10 0.0952 0.0887 0.0844 0.0875 0.0678 0.0970 0.0896 0.0773
20 0.1364 0.1234 0.1084 0.1149 0.1076 0.1286 0.1125 0.0735
30 0.1835 0.1552 0.1340 0.1446 0.1492 0.1579 0.1298 0.0583
50 0.2839 0.2321 0.1960 0.2139 0.2445 0.2124 0.1667 0.0526

U 10 0.3386 0.2647 0.3088 0.2957 0.2615 0.4008 0.3658 0.3110
20 0.6318 0.4888 0.6071 0.5477 0.5793 0.7798 0.7317 0.5952
30 0.8309 0.6764 0.8143 0.7416 0.8056 0.9494 0.9236 0.7780
50 0.9756 0.9000 0.9777 0.9417 0.9756 0.9987 0.9971 0.9649

CH(1) 10 0.0937 0.0868 0.0772 0.0789 0.0673 0.0967 0.0883 0.0750
20 0.1364 0.1220 0.0998 0.1061 0.1074 0.1264 0.1095 0.0689
30 0.1826 0.1557 0.1230 0.1332 0.1477 0.1596 0.1290 0.0563
50 0.2796 0.2301 0.1810 0.1933 0.2379 0.2145 0.1654 0.0472

CH(1.5) 10 0.4268 0.3505 0.3359 0.3553 0.3348 0.3993 0.3714 0.3251
20 0.7600 0.6343 0.6239 0.6480 0.7160 0.7109 0.6684 0.5439
30 0.9200 0.8205 0.8176 0.8370 0.9071 0.8898 0.8544 0.6785
50 0.9943 0.9684 0.9736 0.9763 0.9943 0.9880 0.9796 0.8865

LF(2) 10 0.1386 0.1235 0.1113 0.1187 0.0972 0.1366 0.1253 0.1069
20 0.2282 0.1943 0.1706 0.1802 0.1851 0.1937 0.1697 0.1141
30 0.3292 0.2723 0.2327 0.2527 0.2828 0.0.2573 0.2161 0.1053
50 0.5133 0.4204 0.3663 0.3955 0.4662 0.3645 0.3026 0.1185

LF(4) 10 0.2056 0.1790 0.1594 0.1700 0.1469 0.1879 0.1732 0.1485
20 0.3777 0.3160 0.2752 0.2980 0.3192 0.3016 0.2675 0.1884
30 0.5308 0.4386 0.3864 0.4204 0.4758 0.4157 0.3630 0.2032
50 0.7680 0.6595 0.6067 0.6401 0.7313 0.5868 0.5207 0.2643

EV(0.5) 10 0.0923 0.0861 0.0749 0.0782 0.0670 0.0951 0.0872 0.0744
20 0.1384 0.1221 0.1020 0.1074 0.1068 0.1293 0.1115 0.0713
30 0.1833 0.1557 0.1242 0.1345 0.1467 0.1591 0.1285 0.0537
50 0.2779 0.2262 0.1803 0.1933 0.2378 0.2153 0.1658 0.0454

EV(1.5) 10 0.1681 0.1456 0.1420 0.1547 0.1170 0.1745 0.1594 0.1344
20 0.3359 0.2706 0.2529 0.2634 0.2658 0.3060 0.2696 0.1771
30 0.4612 0.3645 0.3618 0.3805 0.4152 0.4370 0.3734 0.1929
50 0.7218 0.5906 0.5811 0.5943 0.6880 0.6424 0.5659 0.2656
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Table 4: FEmpirical powers of the tests against UFR, DFR and BFR alternatives at sig-
nificance level 5%.

Alternative \ n \ w2 D v U? A2 TVin TEmn TAmn

LN(0.8) 10 0.1413 0.1302 0.1279 0.1403 0.1068 0.1592 0.1710 0.1823
20 0.2221 0.1968 0.2204 0.2448 0.2110 0.3197 0.3549 0.3806
30 0.3180 0.2720 0.3268 0.3652 0.3440 0.4968 0.5451 0.5404
50 0.5147 0.4436 0.5541 0.6054 0.6131 0.7713 0.8079 0.7577

LN(1.5) 10 0.5140 0.4823 0.3849 0.4001 0.5544 0.2743 0.3490 0.4208
20 0.8027 0.7664 0.6690 0.6869 0.8197 0.6437 0.7177 0.7922
30 0.9257 0.9020 0.8342 0.8489 0.9306 0.8459 0.8892 0.9265
50 0.9900 0.9842 0.9642 0.9697 0.9905 0.9775 0.9861 0.9904

DL(1) 10 0.0877 0.0813 0.0809 0.0862 0.0629 0.1033 0.1096 0.1132
20 0.1185 0.1064 0.1139 0.1236 0.1041 0.1503 0.1694 0.1878
30 0.1486 0.1274 0.1445 0.1619 0.1445 0.2112 0.2433 0.2564
50 0.2123 0.1771 0.2245 0.2533 0.2394 0.3284 0.3734 0.3649

DL(1.5) 10 0.1999 0.1735 0.1751 0.1937 0.1462 0.2305 0.2242 0.2063
20 0.3844 0.3271 0.3228 0.3634 0.3601 0.3950 0.3849 0.3254
30 0.5568 0.4783 0.4598 0.5241 0.5677 0.5569 0.5479 0.4206
50 0.8123 0.7363 0.7129 0.7832 0.8509 0.7780 0.7685 0.6043

W (0.8) 10 0.1960 0.1750 0.1288 0.1366 0.2748 0.0471 0.0703 0.1019
20 0.3570 0.3095 0.2295 0.2438 0.4417 0.1259 0.1818 0.2693
30 0.4933 0.4319 0.3201 0.3476 0.5752 0.2312 0.3076 0.4151
50 0.7062 0.6330 0.5093 0.5395 0.7720 0.4505 0.5335 0.6151

r'(0.4) 10 0.5137 0.4712 0.3701 0.3914 0.7163 0.1941 0.2425 0.2961
20 0.8109 0.7663 0.6579 0.6850 0.9222 0.5510 0.6146 0.6838
30 0.9354 0.9074 0.8310 0.8551 0.9810 0.7874 0.8304 0.8673
50 0.9943 0.9894 0.9697 0.9762 0.9990 0.9693 0.9766 0.9800

CH(0.5) 10 0.3912 0.3546 0.2711 0.2860 0.5728 0.1104 0.1449 0.1812
20 0.6670 0.6127 0.4979 0.5281 0.8141 0.3468 0.4061 0.4780
30 0.8331 0.7839 0.6733 0.7102 0.9251 0.5728 0.6320 0.6848
50 0.9669 0.9464 0.8924 0.9137 0.9903 0.8670 0.8927 0.8995

4. APPLICATIONS TO REAL DATA

In this section, to show the behavior of the proposed tests in real cases, two real data
sets are analyzed. In Figures 3 and 4, we depict the histogram of these data sets.

Example 4.1. The following data set gives data of the failure times of 25 ball bearings
in endurance test presented by (Caroni, 2002):

17.88, 28.92, 33.00, 41.52, 42.12, 45.60, 48.48, 51.84, 51.96,
54.12, 55.56, 67.80, 67.80, 67.80, 68.64, 86.64, 68.88, 84.12,
93.12, 98.64, 105.12, 105.84, 127.92, 128.04, 173.40.

Our procedures can be used to investigate whether the data come from a Lindley distribution.
The values of the proposed test statistics are

TVin = 0.2636, TE,,, = 0.1822, T A,,,, = 0.1409,

and the critical values at the 5% are 0.3492, 0.2651, 0.2449, respectively.



172 H. Alizadeh Noughabi and M. Shafaei Noughabi

Since the values of the test statistics are smaller than the corresponding critical values,

the Lindley assumption is not rejected at the significance level of 0.05. Therefore, the null
hypothesis that the failiire timea af hall hearinoa fallaw a T.indlev dictrihntion i not rejected.
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Figure 3: Histogram of failure times of ball bearings and a fitted Lindley density function.

Example 4.2. The following data set is derived from days between air-conditioning
failure in Boeing 720 aircraft. These data are presented by (Pearson and Hartley, 1972):

0.013, 0.052, 0.143, 0.208, 0.234, 0.234, 0.234, 0.312, 0.404,
0.508, 0.599, 0.664, 0.703, 0.820, 0.885, 1.002, 1.041, 1.067,
1.263, 1.380, 1.445, 1.836, 1.849, 2.122, 2.486, 2.682, 2.812.

The proposed tests can be used to investigate whether these data come from a Lindley
distribution. The values of the test statistics are computed as

TV, = 0.1842, TEypy = 0.0822, T Ay = 0.0311,

and the critical values at the significance level 5% are obtained as 0.3285, 0.2176, 0.1993,
respectively.

It is evident that the values of the test statistics are smaller than the corresponding
critical values and consequently the Lindley assumption is not rejected at the significance
level of 0.05. Therefore, the null hypothesm that the days between air-conditioning failure in
Boeing 720 a* -~ 7o o T Ao Attt fe ek e e

0.6

D ensity
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| 1

Figure 4: Histogram of days between air-conditioning failure in Boeing 720 aircraft
and a fitted Lindley density function.
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5. CONCLUSIONS

In this paper, we obtained the minimum discriminant information (MDI) loss estimator
for the unknown parameter of the Lindley distribution. Then, based on the nonparametric
distribution functions of the entropy estimators, we proposed goodness of fit test statistics for
the Lindley distribution. We obtained the power values of the proposed test statistics with
Monte Carlo simulation and compared them with the competing test statistics against various
alternatives. Generally, we concluded that among the proposed and competing test statistics,
the proposed tests have a good performance against different alternatives. Therefore, these
tests can be confidently recommended in practice. Finally, we illustrated the performance of
the new test statistics in real cases.
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1. INTRODUCTION

In data collection on sensitive characteristics such as illegal income, the number of
cigarettes consumed in a certain period, cheating in an examination, and the number of vio-
lation of rules by employees, refusals and incorrect responses by the respondents is a common
practice. The large number of refusals result in high rates of non-response which may badly
influence the estimates of population parameter. Attempting to get reliable information from
the respondents on sensitive variables, Warner (1965) devised a strategy commonly known as
the randomized response technique. The Warner (1971)’s procedure was limited to sample
surveys on binary sensitive variables. For estimation of the parameters of quantitative sen-
sitive variables, Warner (1971) presented another technique based on an additive scrambling
variable. Duncan (1970) studied the calculation methods for analyzing mutual information.
Eichhorn and Hayre (1983) proposed a quantitative scrambling strategy where multiplicative
noise is utilized in place of additive noise.

Gupta et al. (2002) presented a quantitative randomized response technique called op-
tional randomized response model. In the Gupta et al. (2002) technique, the respondents
are given the choice to either provide the true response or provide a random response. A
multiplicative-type optional scrambling technique was presented by Bar-Lev et al. (2004).
Pluim et al. (2003) reviewed the medical image processing literature using mutual-information
registration. Kraskpv et al. (2004) suggested two new classes of estimators for mutual infor-
mation. Yan et al. (2008) proposed a method for measuring the respondents’ privacy level in
a given quantitative randomized response model. Zamanzade and Arghami (2011) developed
a new estimator of entropy for continuous variables and proved its consistency. In another
study, Zamanzade and Mahdizadeh (2017) analyzed entropy estimators under ranked set sam-
pling design. Diana and Perri (2011) presented an efficient randomized response procedure
by utilizing both additive and multiplicative noises. An additive-cum-subtractive scrambling
technique was introduced by Al-Sobhi et al. (2016). Zamanzade and Mahdizadeh (2017)
studied goodness-of-fit tests under Phi-divergence.

Attempting to measure the overall quality of a given model, Gupta et al. (2018) pre-
sented a joint measure of privacy level and efficiency. Narjis and Shabbir (2021) introduced
an efficient quantitative scrambling version of the Gjestvang and Sing (2009) technique and
proved the improvement over the previous models. The research study of Khalil et al. (2021)
demonstrated the effect of measurement errors on the mean estimators. Gupta et al. (2024)
presented an efficient scrambling technique and proved its improvement over the Diana and
Perri (2011) model. Zhou et al. (2022) proposed a new mutual information-driven Pan-
sharpening framework. Other research studies related to various aspects of randomized re-
sponse techniques were conducted by Kalucha et al. (2016), Young et al. (2019), Murtaza
et al. (2021), Zhang et al. (2021), Azeem et al. (2024), and Azeem (2023), etc.

Recently, Azeem and Salam (2023) introduced an efficient randomized response tech-
nique which provides the following two options to the respondents:

(i) Report a direct response;
(ii) Report a scrambled response.

While the Azeem and Salam (2023) model achieved the improvement in efficiency
of the previous models, one drawback of the Azeem and Salam (2023) model was that
it forced all of the survey respondents to disclose to the researcher about their choice.



Incorporating direct responses into optional randomized response models... 177

The Azeem and Salam (2023) technique ignored a real-life situation where some of the respon-
dents may be willing to provide the true protected response. That is, some of the respondents
may not want to disclose to the researcher about their chosen option.

The proposed technique is more versatile in the sense that it gives the following two
options to each respondent:

(i) Report a direct response (unprotected true response);

(ii) Report a protected response, which further provides two options:

(a) true response,

(b) scrambled response.

In other words, the proposed procedure incorporates the option of true response for those
who opt for protected response, which was ignored by the Azeem and Salam (2023) model.

2.  Gupta et al. (2024) OPTIONAL RANDOMIZED RESPONSE MODEL

Let the population under consideration consists of N units and a simple random sample
of n units is obtained with replacement. Let the sensitive variable under study be denoted
by Y, and let the additive scrambling variable be denoted by S. Moreover, it is assumed

that E(Y;) = py, E(S) =0, V(Y;) = 0%, V(S) = o%. Further, let T denote a multiplicative

quantitative scrambling variable with E(T) = 1, and V(T) = o2, where 0%, 02 and o% are

the population variances of variables Y, T', and S, respectively, whereas p, denotes the mean
of the sensitive quantitative variable Y. Further, it is also assumed that all three variables
work independently of one another.

Gupta et al. (2024) presented the following quantitative model:

Y, with probability 1 — W,
(2.1) Z=<Y+S, with probability WA,
TY + S, with probability W (1 — A),

where W is the sensitivity level, and A is a constant, 0 < A < 1. An unbiased estimator of
the mean on using the Gupta et al. (2024) scrambling model can be written as:

N
(2:2) HG = " Z;Zz
1=

The variance of fig can be derived as:

. 1
(2:3) Var(fig) = —[W(1L = Aot (oy + py) + oy + Wagl.

The Gupta et al. (2024) optional model gives the following three options to the respondents:
(i) Report the true response (i.e., no scrambling),

(ii) Report the scrambled response using additive scrambling,

(iii) Report the scrambled response using additive and multiplicative scrambling.
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3. PROPOSED MODEL

Motivated by Gupta et al. (2024), a quantitative randomized response technique is
introduced. In the proposed technique, before asking the question on sensitive variable, the
interviewer first asks the respondent to select one of the two options — the direct response
and the protected response. The researcher records the choice of each response along with
the reported value of the quantitative sensitive variable. After the survey is finished, the
researcher knows the number of respondents opting for direct responses and the number
of those who chose to provide a protected response. Let nq out of n be the number of
respondents opting for direct response, and let ng = n — n; be the number of respondents
opting for protected response for privacy protection. Thus, each respondent belongs to one
of the two categories of the respondents:

(i) The n; respondents who choose to provide the direct response Y;

(ii) The ng respondents who choose to provide a protected response.

The second group further consists of the three types of respondents of the Gupta et al. (2024)
technique. It only differs in that the group size is ns in place of n.

The proposed model offers two options — unprotected /direct response, and randomized
response to each respondent before asking the sensitive question. The researcher notes the
option chosen by the respondent along with his response to the question being asked. In this
way, the values of n; and no are random as they vary from sample to sample. That is, the
number of respondents opting for the protected response varies from sample to sample. In one
sample, 30 out of 100 respondents may choose the direct response option, however, in another
sample from the same population, 40 out of 100 respondents may choose the direct response
option. As opposed to the existing randomized response models where the researcher doesn’t
know the exact number of respondents opting for a direct response, the values of n; and n; in
the proposed model are known to the researcher after the completion of the survey. Keeping
values of n1 and n; as random values are in line with the real-world situations.

The mean of the first group is:

1 &
(3.1) Y=—>".
=1

ni

The mean response based on the second group can be written as:
- 1
(3.2) Z=—> 7,

where Z; are the reported responses defined in equation (2.1).

The mean estimator can be expressed as the weighted mean of the two groups of
respondents. That is,

_ m)—/ + ngZ

3.3
(3:3) ny + n2

where ny + ng = n.
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4. MEAN AND SAMPLING VARIANCE

The mathematical proofs of the unbiasedness of the mean estimator and the derivation
of variances using the proposed model, are given in the following theorems.

Theorem 4.1. The mean estimator fi, is unbiased for the population mean.

Proof: Taking expectation on equation (3.3) gives:

. nY +noZ mE(Y) +nyE(Z)
4.1 E =F = )
(41) (7tp) ( ni + ng ) ni + ng

Taking expectation of equation (3.1) yields:
1 &
(12) B(Y) = B YY) = -
i=1

Taking expectation of equation (3.2) yields:

(4.3) E(Z) = E(;Zzi).
=1
Now,
E(Z)=0-W)EY)+ (WAEY +8)+W({1 - AE(TY +5),
(4.4) E(Z;) = (1= W)y + (WA) sy +0) + W (1= A) (1 +0) = pry

Using equation (4.4) in (4.3) yields:
_ 1 &
(4.5) E(Z) = ng Zﬂy = My
i=1

Using equation (4.2) and (4.5) in equation (4.1) yields:

R nipy + nipy
(4.6) B(jiy) = I 0

ni + n2

Theorem 4.2. The variance of the mean estimators i, is given by:

2
(4.7) Var(4i,) = %Y + %[Wu — A)od (0% + 02) + Wall.

Proof: Applying variance on equation (3.3) gives:

n2 Var(Y) + n3 Var(2)

(4.8) Var(ug) = (n1 + n2)2

9

_ 1 & 2
(4.9) Var(Y) = 5 Y Var(¥;) = 2X.
™Mo

ny
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Applying variance on both sides of equation (3.2) yields:

_ 1 X2
(4.10) Var(Z) = — Y Var(Z).
(e
By definition,
(4.11) Var(Z;) = E(Z?) — [E(Z)*.

E(Z?) can be simplified as:
E(Z)=1-W)EXYY) + (WA +8)2+W(1—A)(TY +5)?%,
E(Z}) =1 -W)E(Y?) + (WA)(Y? + 5% +2SY) + W(1 — A)(T?*Y? + S* + 2STY).

Using independence of variables, and the assumptions given in Section 2, the above equation
simplifies to:

E(Z]) = (1=W)(0y + i) + (WA) 0y + i +05) + [W(1 = A) (o7 + ) (0¥ + uy) + o7 +1].
On further simplification, the above equation reduces to:

(4.12) E(Z}) = W(1— Aot (o3 + py) + o3 + p3- + Wo.

Using equation (4.4) and (4.12) in equation (4.11) yields:

(4.13) Var(Z;) = W(1 — A)o7 (0% + py) + oy + Wog.

Using equation (4.13) in equation (4.10) yields:

1
(4.14) Var(Z;) = n—Q[W(l — A2 (0% + 1) + 0% + Wai].

Using equation (4.9) and (4.14) in (4.8) yields:

oy +me[W(l — Aot (0% + p3) + 03 + Wo]

Var(ji,) = (1 + o) 7
or,
Var(jy,) = " n2)oy +ne[W(1 — A)ot(of + i) + of + Wo]
g (77,1 + ng)Q ’
or,
~ 0'}2/ n9 9, 9 9 9 )
Var(jip) = X+ Z[W(1 = A)of(of + 1) + oF + Wi, -~

Remark: Clearly, the Var(/i,) is a function of ng, the number of respondents opting for
protected responses. This implies that the less the number of respondents going for protected
responses, the more efficient the model is.
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5. PERFORMANCE EVALUATION

The measure of respondent-privacy introduced by Yan et al. (2008) for evaluation of
model-performance can be written as:

(5.1) A=EFE[Z-Y]

A higher value of A translates to a higher the level of respondent-privacy contained in a given
model.

The combined measure under the Gupta et al. (2018) model as follows:

_ MSE

(5.2) 6= —

Equation (5.2) reveals that lower values of ¢ are preferable.

Based on the Gupta et al. (2024) quantitative technique, the measure of privacy is given
by:

(5.3) Ag = (1 — Aot (of + py) + o2

The combined measure of model-efficiency and respondent-privacy for the Gupta et al. (2024)
model can be obtained as:

_ Var(uig) 1| W(Q1 - A)o2 (0% +02) + Wo?

5.4 1)
(54) T TAc n| (A-A02(ed +u2) + o2

Since the proposed technique contains no respondents in the second group in place of
n, and since equation (5.3) is independent of the sample size n, so the measure of privacy for
the proposed model produces the same quantity as in the Gupta et al. (2024) method. That
is,

(5.5) Ap = (1— Aot (oy + py) + 0%

This means that although the proposed model gives the option of direct response, there is no
loss in the privacy protection level.

The joint measure of model-efficiency and respondent-privacy for the proposed tech-
nique is given as:

(5.6)

5p = Var(yip) 0% ny [W(1— A)o2(c% + o%) + Wos .

— + i
Ap n[(1— A)O'%(O‘?/ + ,u%,) + Ug] n2 (1- A)a%(o*%, + M2y) + 0?9

Equation (5.6) is a function of, the number of respondents opting for protected response. This
implies that the less the number of respondents going for protected responses, the better the
quality of the model is.
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6. A PRACTICAL DATA COLLECTION EXAMPLE

The suggested technique was used to estimate the true mean py of the Grade Point
Average (GPA) of students. The population under study consisted of the 175 students en-
rolled in the Department of Statistics of the University of Malakand, Pakistan. For selection
of the sample, the simple random sampling technique was applied to choose 40 students out
of the total 175 students of undergraduate level. Each of the 40 selected students was given
the choice to either provide the direct response or go for a protected response. In the case of
opting for a protected response, the student had the choice to either provide the true GPA or
report a scrambled GPA. If a respondent did not want to report the direct response, he/she
was provided with a deck consisting of 100 cards and a calculator. Each card carried two
random values — one each for variable T' and S. Keeping in view the situation at hand,
the random numbers for both of the scrambling variable S and T were generated by the
researcher by utilizing a normal distribution. For generation of random numbers for the ad-
ditive scrambling variable .S, a normal distribution was used having mean 0 and variance 0.5.
For generation of random numbers for the multiplicative scrambling variable T, a normal
distribution was used having mean 1 and variance 0.5. Those respondents who chose to pro-
vide a protected response were instructed not to show the card selected by him/her to the
interviewer, and hence it was ensured that the respondent’s privacy was protected. Out of
40 selected students, 14 students chose to provide the direct response, and the remaining
26 students chose to go for a protected response.

The values of W and A are decided by the researcher based on his/her prior knowledge
about proportion of people who feel that the question is of sensitive nature. In the absence
of prior information, a pilot survey may be carried out to get an estimate of W and A.
In this case, the researcher decided to choose W = 0.4 and A = 0.5, so that 1 — W = 0.6,
WA =0.2, and W(1 — A) =0.2. Converting these proportions into percentages, one of the
following three statements were recorded on each card:

(i) 60 of 100 cards carried the statement:
“Report your true GPA in last exam.”

(ii) 20 of 100 cards carried the statement:
“Add the value of S to your true GPA and report the result of the addition.”

(iii) 20 of 100 cards carried the statement:
“Multiply the value of T with your true GPA and then add the value of S and
report the result.”
The students who opted for protected responses were asked to draw one card at
random from the 100 cards and add or multiply the numbers as per the instruction
on the selected card.

The responses reported by the 40 sampled students are presented in Table 1.

In Table 1, it may be observed that some of the protected responses exceeded 4.0
despite the fact that the students’ actual GPA was based on the scale of 4.0. Any ob-
served response greater than 4.0 clearly indicates that the respondent used some sort of
scrambling, although the privacy of the respondent is protected. To estimate the true mean
GPA, one may calculate the weighted mean of the two types of responses given in Table 1.
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To see the accuracy of the estimator, one may collect the data of the results of all 175 students
from department office, calculate the value of population mean, and observe the difference
between the estimator and parameter.

Table 1: Observed Responses.

Direct Responses Protected Responses

3.76, 2.43, 2.73, 3.16, 1.9667, 4.3816, 3.7816, 3.3618, 3.5346,
3.15, 2.26, 2.69, 3.30, | 2.4980, 1.9408, 3.7091, 2.7870, 3.6079, 4.7927,
2.92, 3.68, 2.88, 1.76, | 3.8478, 1.3655, 2.9668, 4.5787, 1.5271, 2.1962,

2.51, 3.28 1.4274, 1.8135, 3.9360, 2.1973, 3.3528,
3.3941, 2.8133, 4.4831, 2.6674

7. EFFICIENCY COMPARISON

The variance of the mean estimator on the basis of the Gupta et al. (2024) model given
in equation (2.3) may be re-written in the form:

2

N o n
(7.1) Var(ic) = 2+ LWL - Aot (0F + 1) + Wod].

The proposed model will be more efficient than the model suggested by Gupta et al. (2024)
if:
Var(jip) < Var(jic),

or,

2

o? N9 o n
—E+ S = Aat(oy + py) + Wog] < == 4 5 [W(1 = A)og(oy + py) + W],

or,
(7.2) ny < n.

Condition (7.2) always holds. Thus, it is clear that the suggested model is more efficient than
the Gupta et al. (2024) model. An extreme case where the two models are equally efficient is
the situation in which none of the respondents opts for direct response. Otherwise, if at least
one respondent opts for direct response, then the suggested technique becomes more efficient
than the Gupta et al. (2024) model. Since the measure of privacy protection produces the
same value for both models, so the proposed model is better when the overall quality of both
models is taken into account.

8. GENERALIZATION OF THE FINDINGS TO OTHER MODELS

In addition to the Gupta et al. (2024) optional randomized response model, the direct
response option can be incorporated into any of the available optional models, and efficiency
condition will always hold with no loss in the level of respondent privacy. To see this, let us
consider two optional randomized response models: the Gupta et al. (2002) and the Bar-Lev
et al. (2004) technique.
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The observed response based on the Gupta et al. (2002) model is:
(8.1) P Y, W?th probab?l?ty P,
Y + .S, with probability 1 — p.

The mean estimator using the Gupta et al. (2002) model can be written as:
1 n
(8.2) a1 = - Zl Zi,
1=

where Z is defined in equation (8.1). The sampling variance of the mean can be derived as:

. oy m 2
(8.3) Var(fig1) = - T ?(1 —p)os-

If the option of direct responses is used, then the variance of the mean becomes:

0_2

N n2

(8.4) Var(fiy) = = + — (1 - p)og.
non

Comparing equation (8.3) and (8.4), since ng < n, therefore:
(8.5) fip < fica.
The measure of privacy for the Gupta et al. (2002) model is:
(8.6) Ag1 = (1 —p)og.
Since equation (8.6) is independent of the sample size n, so even if the option of direct

responses is given to the respondents, there will be no effect on the measure of privacy.

Now consider the Bar-Lev et al. (2004) model, the responses reported by the respon-

dents are as follows:
(8.7) ;_ {Y, with probability p,

TY, with probability 1 — p.

The mean estimator using the Bar-Lev et al. (2004) model can be expressed as:

1 n
/lB = nzlzla
1=

where Z is defined in equation (8.7). The sampling variance can be derived as:

0'2 n

(8.8) Var(jig) = % + ﬁ(l —p)oF + (03 + p3).

If the option of direct responses is used, then the variance of the mean becomes:
2

(8.9) Var(jips) = 22 + Z2(1 = p)ot + (o3 + ).
Comparing equation (8.8) and (8.9), since ng < n, therefore:

(8.10) Var(jip1) < Var(sip).

The measure of privacy based on the Bar-Lev et al. (2004) model is:
(8.11) Ap = (1 - p)od + (% + ).

Since equation (8.11) doesn’t depend on the sample size n, so even if the option of direct
responses is given to the respondents, there will be no effect on the measure of privacy.
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9. COMPARISON OF MODELS

Table 2 displays the variances of the mean for the proposed model with respect to the
Gupta et al. (2024) model for different values of n; and ny. The improvement in efficiency
can be clearly observed over the Gupta et al. (2024) model. The improvement in efficiency
can also be observed graphically in Figure 1, Figure 2, and Figure 3.

Table 2: Variances of the mean under different models
for py =20, 0% =3, n = 50.
o =0.8 os =2 i =3
w A ni n2 or =1 or =3 or =4

V(kic) V(ur) V(kic) V(iir) V(ke) V(kip)

0.2 0.3 10 40 1.1916 0.96528 3.4532 2.77456 4.5856 3.68048
20 30 1.1916 0.73896 3.4532 2.09592 4.5856 2.77536

30 20 1.1916 0.51264 3.4532 1.41728 4.5856 1.87024

40 10 1.1916 0.28632 3.4532 0.73864 4.5856 0.96512

0.7 10 40 0.5468 0.44944 1.5188 1.22704 2.0064 1.61712

20 30 0.5468 0.35208 1.5188 0.93528 2.0064 1.22784

30 20 0.5468 0.25472 1.5188 0.64352 2.0064 0.83856

40 10 0.5468 0.15736 1.5188 0.35176 2.0064 0.44928

0.5 0.3 10 40 2.889 2.3232 8.543 6.8464 11.374 9.1112
20 30 2.889 1.7574 8.543 5.1498 11.374 6.8484

30 20 2.889 1.1916 8.543 3.4532 11.374 4.5856

40 10 2.889 0.6258 8.543 1.7566 11.374 2.3228

0.7 10 40 1.277 1.0336 3.707 2.9776 4.926 3.9528

20 30 1.277 0.7902 3.707 2.2482 4.926 2.9796

30 20 1.277 0.5468 3.707 1.5188 4.926 2.0064

40 10 1.277 0.3034 3.707 0.7894 4.926 1.0332
0.8 0.3 10 40 4.5864 3.68112 13.6328 10.9182 18.1624 14.54192
20 30 4.5864 2.77584 13.6328 8.20368 18.1624 10.92144

30 20 4.5864 1.87056 13.6328 5.48912 18.1624 7.30096

40 10 4.5864 0.96528 13.6328 2.77456 18.1624 3.68048

0.7 10 40 2.0072 1.61776 5.8952 4.72816 7.8456 6.28848

20 30 2.0072 1.22832 5.8952 3.56112 7.8456 4.73136

30 20 2.0072 0.83888 5.8952 2.39408 7.8456 3.17424

40 10 2.0072 0.44944 5.8952 1.22704 7.8456 1.61712
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10. DISCUSSION AND CONCLUSION

A modified optional randomized response model using direct responses was presented
in Section 3. The current study found that the proposed model is more efficient than the
Gupta et al. (2024) quantitative technique, with the same level of respondent privacy as the
Gupta et al. (2024) model. Table 2 the improvement in efficiency over the Gupta et al. (2024)
technique. Table 2 also reveals that as ng, the number of respondents choosing to provide
a protected response, decreases, the efficiency of the proposed model increases. Thus, it is
recommended to the researchers to motivate the respondents to report direct responses as
far as possible. A larger number of direct responses in a given survey will result in a smaller
number of protected responses, which will result in getting efficient estimates of the mean.

In order to compare the overall quality of the proposed and the Gupta et al. (2024)
model, § values for both models were calculated and presented in Table 3 for various choices
of ny and ny. The ¢ values for the proposed model are smaller than the Gupta et al. (2024)
model which indicate that the suggested model is better than the Gupta et al. (2024) model.

Table 3: Variances of the mean under different models
for py =15, 0% =5, n = 50.
o5 =08 o5 =2 ol =
w A n1 no opr =1 o5 =3 oy =14
Je! ép oc op e} Sp

0.2 0.3 10 40 0.004212 0.003412 0.004071 0.003271 0.004053 0.003253
20 30 0.004212 0.002612 0.004071 0.002471 0.004053 0.002453
30 20 0.003412 0.001812 0.004071 0.001671 0.004053 0.001653
40 10 0.004212 0.001012 0.004071 0.000871 0.004053 0.000853
0.7 10 40 0.004493 0.003693 0.004165 0.003365 0.004123 0.003323
20 30 0.004493 0.002893 0.004165 0.002565 0.004123 0.002523
30 20 0.004493 0.002093 0.004165 0.001765 0.004123 0.001723
40 10 0.004493 0.001293 0.004165 0.000965 0.004123 0.000923
0.5 0.3 10 40 0.010212 0.008212 0.010071 0.008071 0.010053 0.008053
20 30 0.010212 0.006212 0.010071 0.006071 0.010053 0.006053
30 20 0.010212 0.004212 0.010071 0.004071 0.010053 0.004053
40 10 0.010212 0.002212 0.010071 0.002071 0.010053 0.002053
0.7 10 40 0.010493 0.008493 0.010165 0.008165 0.010123 0.008123
20 30 0.010493 0.006493 0.010165 0.006165 0.010123 0.006123
30 20 0.010493 0.004493 0.010165 0.004165 0.010123 0.004123
40 10 0.010493 0.002493 0.010165 0.002165 0.010123 0.002123
0.8 0.3 10 40 0.016212 0.013012 0.016071 0.012871 0.016053 0.012853
20 30 0.016212 0.009812 0.016071 0.009671 0.016053 0.009653
30 20 0.016212 0.006612 0.016071 0.006471 0.016053 0.006453
40 10 0.016212 0.003412 0.016071 0.003271 0.016053 0.003253
0.7 10 40 0.016493 0.013293 0.016165 0.012965 0.016123 0.012923
20 30 0.016493 0.010093 0.016165 0.009765 0.016123 0.009723
30 20 0.016493 0.006893 0.016165 0.006565 0.016123 0.006523
40 10 0.016493 0.003693 0.016165 0.003365 0.016123 0.003323
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Observing Table 3, it may also be observed that § value decreases as no decreases which
indicate that a survey with lesser number of protected responses, or equivalently, larger
number of direct responses, is desirable. In Section 9, it was also observed that the option
of direct responses can be incorporated in any of the existing optional randomized response
models and will always result in a more efficient model. It was also observed that giving the
respondents the option of direct responses doesn’t result in the value of A, the measure of
respondent privacy.

11. FUTURE RESEARCH

The present study analyzed the efficiency of the mean estimator when the option of
direct responses is given to the respondents. Further research studies on the estimation
of other parameters like population median, and variance can also be conducted under the
suggested technique. Moreover, in the current study, the properties of the proposed model
have been analyzed under simple random sampling design. Future researchers may use other
sampling designs to evaluate the efficiency of the estimators under the proposed model.
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1. INTRODUCTION

Let X1, X5,..., X,, be independent and identically distributed random variables with
a continuous distribution function F, where the density function f exists. This study
considers nonparametric density estimation of sample maximum of future m observation
Xn+1, Xn+42; -y Xntm- The sample maximum density (SMD) f(,,) := mfEF™ ! of the appro-
priately normalized random variables possibly converges to GEV. This study first surveys the
accuracy of the estimator fitted to the density of the generalized extreme distribution (GEV).
The accuracy of the fitting estimator fundamentally depends on the approximation to GEV,
and the approximation accuracy can be very poor depending the case. Figure 1 shows an
image of the convergence of a bimodal SMD the GEV, where the original density is a mixing
density of two t-distributions. The fitting to the GEV with small m is neither bimodal nor
good approximation to SMD (True).

/
J ,
2
4
1
| </\
4
A

m = 100 m = 300

fitting to the gev === smd (True)

Figure 1: Convergence of SMD of a mixing density of two ¢-distributions to the GEV.

Nonparametric density estimator can capture properties of the underlying distribution
(e.g. multi-modality and skewness). We consider some nonparametric approaches for SMD
estimation in this study. Nonparametric density estimation itself is useful for visualization,
estimating modes, detecting multi-modality, and so on. Beirlant and Devroye (1999) gave the
lower bounds of the total variation and the supremum norm in a nonparametric setting. Using
the same settings as Moriyama (2021) investigating sample maximum distribution estimation
(SMD) specified below, this study obtains the asymptotic mean squared error (MSE) of
the estimators at the point z under the supposition m — oo, (m/n) — 0 and =z — oo as
n — 0o. We investigate the properties of SMD estimators and conduct comparative studies.
A comparison study on extreme quantile estimators are conducted by Banfi et al. (2022), and
the numerical accuracy of some estimators are reported.

Explicit forms are required in order to compare the asymptotic errors of different esti-
mators, so the tail of F' needs to be specified. As shown later, parameters up to the so-called
second order have an effect on the first order error of the extreme-based SMD estimator.
Let F' belong to

e the Hall class (i) a>0,3>2"1 A>0, B#0 and
2?1 — F(z) — Az=*(1+ Bz ™P)} -0 as = — oo
(see Hall and Welsh, 1984),
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e the Weibull class (ii) x >0, C' > 0 and

exp(Cz"){1l — F(z) —exp(—Cz")} -0 as x — oo,

e or the bounded class (iii) 4 < —2,0< 271, D >0, E#0, 2" €R and
(2" —2)" 1 - F(z) — (2" —2) "D+ E(x*—2)"°)} -0 as x72"
(e.g., Stupfler, 2016).

These three classes of distributions are widely utilized as representatives of the distributions
belonging to the domain of attractions of the extreme value distribution (see Beirlant et al.,
2004; Segers, 2005).

This study proposes a plug-in type of kernel estimator for SMD defined as f(m) =
mfﬁmfl, where fand F are the kernel density and kernel distribution estimators of f and F,
respectively. Another candidate for the SMD estimator in this study is the new block-maxima-
based (BM-based) kernel estimator f(m). This BM-based estimator is the kernel density
estimator of SMD itself, which is a function of the block maxima. As seen from the definition,
the nonparametric estimators are consistent for wide class of distributions as long as m is
fixed. The nonparametric estimators are thus a promising candidate for the SMD, at least
for relatively small m.

The aim of this study is to investigate the difference between the ‘parametric’ and
nonparametric approaches in SMD estimation, where the parametric’ estimator (PE) is the
estimator fitted to GEV. Sections 2, 3, and 4 of this paper describe the asymptotic properties
of the fitting estimator, the plug-in kernel SMD estimator f(m) and the BM-based kernel
SMD estimator f(,,, respectively. We then prove that the optimal convergence rates of the
two nonparametric estimators are different and that the plug-in estimator f(m) outperforms
the BM-based estimator as long as the condition of achieving the optimal convergence rate is
satisfied. In Section 5, we compare the numerical accuracies of PE and the plug-in estimator.
It is demonstrated that the extreme value index severely affects both the theoretical and

numerical performances in this study.

The density estimators with data log-transformation are discussed in Section 6, where
the log-transformation changes the non-negative extreme indices of the distributions to zero.
Section 7 provides these numerical properties, and we see that the log-transformation makes
the estimators numerically much stable. Two illustrative examples of application are provided
in Section 8. The proofs are given in the Supplementary file.

2. PARAMETRIC DENSITY ESTIMATION OF SAMPLE MAXIMUM

It follows from the Fisher-Tippett-Gnedenko theorem that

T — by T —bny

F'(z) -G —0 as m—oo for 1+ > 0,
7 am am
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where G is the generalized extreme value distribution,

! for (i)

v7:=10 for (ii)

p~t o for (iii),
v(Am)7 for (i) (Am)” for (i)
am = KCTV%Inm) ™% for (i) b =4 (C™nm)/* for (ii)
—y(Dm)” for (iii), z* — (Dm)7 for (iii),

and 6§ := 1 — (1/k). The setting in this study follows that the extreme value index v > —1/2.
This study employs the maximum likelihood based on the BM method in the parameter
Ym = (7, @m, by estimation, where the block size is k and N € N s.t. n = N x k. k can be
different from m but needs to satisfy the following assumptions.

Assumption 2.1. One of (M, V K,) — 0, (M, A K,) — 0o, or 76 >0 s.t. M, —§
and K,, — ¢ holds, where

Amax™® for (i) Akz™“ for (i)
M, := ¢ mexp(—Cz")  for (ii) K, =} k¥ exp(—kCY*(Ink)’z)  for (ii)
Dm(z* —z)™*  for (iii), Dk(z* —x)™# for (iii).

M,, and K, have the following meanings f,,)(z) ~ az™t M, exp(—M,) and g~, (z) ~
ar 'K, exp(—K,) respectively. Assumption 2.1 means the block size k is asymptotically
same as m. The following proposition on the convergence of a bias term of the fitting estimator
PE requires the assumption.

Proposition 2.1. Under Assumption 2.1,

Tp 1= f(m)(a:) - g‘)‘k(x) — 0,

where
1 x — b
i () :ak%( o )a
{1+~z} WU Vexp(—{1 + 2} ), 14~z >0, for (i),(iii)
e ::{exp(—a:) exp(— exp(—x)), x€R, for (ii).

Set the MLE 4. We note that both Assumptions 2.1 and 2.2 do not hold for the
Weibull class.

Assumption 2.2. X € R s.t. A\, — ), where

ke ~2° for (i)
An =< k(lnm) 2 for (i)

km?2° for (iii).
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Regarding the MSE of PE g5, (), the following theorem holds.

Theorem 2.1. Under Assumptions 2.1 and 2.2,
E[(fim) (@) = 93, (2))*] ~ (Fa = NT2KNm I '0)% + N2 (1, 1 ' 7n),
where 1), := (§n,fn,ﬂn)T,
S 1= K exp(—K){(1 — Kn)(1 = K +yInKy) +7(1 = K},
ty = K} Pexp(—K,) (K, — 1) <K’Z7 1),

Uy = KM exp(—K,) K (1 4+~ — K,,).
b and the Fisher information matrix Iy are given in Dombry and Ferreira (2019). Furthermore,
NYZRY (15 1) " f oy (2) = 95, (2) = (Fo = NTV2E 7T A 1 b))

converges in distribution to the standard normal distribution, if the MSE converges to zero.

The symbol ~ means p, ~ ¢, <= pn/qn =1+ 0o(1). This paper utilizes the same
symbols as Moriyama (2021) for clarity. We add a tilde to the symbols but are actually
different. The following corollary on the convergence rate follows from Theorem 2.1. Propo-
sition 2.1 and Theorem 2.1 are proved in the Supplementary file, and Corollary 2.1 is a direct
consequence of Theorem 2.1.

Corollary 2.1. Under the assumptions of Theorem 2.1, (f(,,)() — g5, (x)) converges
with the rate the larger of f,,)(z) — g~,(z) and

(K +InK,)+InK, for (M,V K,)—0
N7YV2 7K MY exp(—Kp) x { A 41 for M, — 6, K, —¢
M Ko (K) +InK,) + K for (M, AK,) — .

The difference of the SMD estimator and the GEV is decomposed into the three bias
terms A, gn,, () — g~ (%) and f(;,) (%) — gn,, (7). Ay corresponds to the asymptotic bias of
Ak, which depends on the second order parameter. The bias g, () — g+, () comes from the
asymptotic difference between m and k. Although a large k yields a large variance of 4, the
precise approximation of g, (z) to f,)(z) (i.e., T,) requires a large m. As the extreme value
index tends to be zero, i.e., ¥ — 0, the convergence rate of the approximation of g, (x) to
f(m)(x) becomes slow. In the Weibull cases, the rate is slower than any polynomial. To sum
up, the convergence rate is sensitive to k through m and the first order parameter v. The con-
vergence rates of the whole of PE in some example cases are given later in Table 1 in Section 5.

3. NONPARAMETRIC PLUG-IN TYPE OF SMD ESTIMATION

Applying the plug-in rule, we obtain the following kernel-type nonparametric estimator
(NE1):
Fomy (@3 b1, ho) o= mf (@ b ) F™ (2 ha),

where f and F' are the kernel estimators given by

n

fls) = 2w (50 Pl =3 2w (552

i=1
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Assumption 3.1. w is a symmetric and bounded density function, W is the cumu-
lative distribution function, and h; is bandwidth that satisfies h; — 0 for j = 1,2. For the
bounded class (iii), the support of w be bounded and hj(z* —z)™1 — 0 for j =1,2 (it is
necessary to avoid the so-called boundary bias problem).

Assumption 3.2. f is twice continuously differentiable at x.

The Hall class and the Weibull class satisfy Assumption 3.2, which requires pu < —2
or both gy = —1 and ¢ < —1 of the bounded class.

Assumption 3.3.
/22w(z)dz < 00, /wQ(z)dz < 00, /zW(z)w(z)dz < 00.
Using the asymptotic normalities of the estimators, we have the following theorem.

Theorem 3.1. Given Assumptions 3.1-3.3, then

E[( fomy (€)= Fomy (@3 b1, h2))?] ~ 02 1 + vp1,

2 2
bp1 = h21exp(—Mn)M%"'SWm_?’”wn/z2w(z)dz + h22exp(—Mn)Mnmfnf(x)/22w(z)dz,

2 3
Up,1 1= nihl exp(—2M,) f(x) /w2(z)dz + % exp(—2M,) M, f*(x),
ala+1)(a+2)A™>7 for (i)
P 1= ¢ K3C333 for (ii)

—u(p+1)(p+2)D™*  for (iii),

ala+ 1)z 72 for (i)
En i= { 2O 2 for (i)

plp+1)(2* —2)™2  for (iii),

Aozt for (i)
wn = { KOz exp(Ca™) for (ii)

—D tpu(z* — )t for (iii).
Furthermore, U;,11/ { fom) () = f(m) (x; h1, ha) 4 by,1} converges in distribution to the standard
normal distribution, if the MSE converges to zero.

The proof of Theorem 3.1 is provided in the Supplementary file, which shows there
exists prn(7) and g () s.t. fn)(2) — fim) (@5 h1, ha) is asymptotically given by

(@) (f () = F(@ 1)) + oo () (F () = F (3 ho)).

Hence, asymptotically optimal bandwidths of NE1 are those of f(z;h1) and F(x; hy).
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Corollary 3.1. An asymptotically optimal value of (hi, hs) is given by

1/5

(Mn26'ym2+6“/¢n2f(x)n1</ z2w(z)dz> 2/w2(z)dz> 7
1/3

<2§;ann—1< / z2w(z)dz> - / zW(z)w(z)dz) :

which are asymptotically identical to those of f(z, hi) and ﬁ(az, he) if both of the optimal
values converge 0. Under the assumption of Theorem 3.1, f(;) (%) — f(m)(x; h1, h2) with the
optimal bandwidths is asymptotically non-degenerate normal with the following asymptotic

mean:
v1 exp(— My, ) M35 (=30/50,1/5 215 ()0 =25 1 1y exp(— M) Mymé Y2 f (@) w2/ 3n=2/3,

where

Corollary 3.2. The asymptotically optimal bandwidths for M, = O(1) are of the
order
<m>1/5 {m7 for (i), (iii)
X

n {Ctnm}~? for (i),

and

(m)l/?’ m” for (i), (iii)
— X
n {C ' Inm}~ for (ii).

~

fm)(x; h1, hg) for My, = O(1) with the optimal bandwidths has the following asymptotic bias
of the order:
2/5 2/3 m~ 7 for (i), (iii
{6 R O R EE I
n n (Inm) for (ii).

Corollary 3.2 states that the requirement for the bounded class h;(z* —z)~1 — 0 for
j = 1,2 means m = o(n) for M,, = O(1). Corollary 3.2 is directly obtained from Theorem 3.1
and Corollary 3.1.

Ideally, the density estimator itself should be a density function. NE1 satisfies non-
negativity but its integral does not equal those if the bandwidth values are different, i.e.
h1 # ho. Under the assumption of h; = hy we cannot obtain the algebraic solution.

The nonparametric density estimator presented in the next section has only one hyper-
parameter and always satisfies the requirement that the integral equals one.
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4. NONPARAMETRIC BLOCK-MAXIMA-BASED ESTIMATION OF SMD

Suppose that the block size is m and 7 € N s.t. n =7 x m. We present here a BM-
based kernel-type of nonparametric estimator (NE2),

z 1 & z—Y;
f(m)(u”v,h):nh;w( - )

where Yj = maX{Xm(j,1)+1,Xm(j,1)+2, 7Xm]} (] = ]., veny fl)

Assumption 4.1. The kernel function w is a symmetric and bounded density func-
tion. h is a bandwidth that satisfies h — 0. The support of w be bounded and that
h(z* —x)~1 — 0 for (iii) (it is necessary to avoid the so-called boundary bias problem).

The following theorem on the asymptotic normality of the naive nonparametric density
estimator holds.

Theorem 4.1. Given Assumptions 3.2, 3.3 and 4.1, if "~'h — 0,

]E[(f(m) (:U) - ﬁm) (.73; h))Q] ~ bi,Q + Un 2,
where

mh?
bn’Q ::72

Un,2 ::(ﬁh)_lf(m)(:v)/w2(z)dz,
m? for (i), (iil
. { (), i)

(kC)222=D — 9mpCa ! + m? for (ii).

(x) exp(—Mn)¢n/z2w(z)dz,

Furthermore, v;ém{f(m) (z) = fam)(x; h) + b2} converges in distribution to the standard nor-
mal distribution, if the MSE converges to zero.

Corollary 4.1. The asymptotically optimal value of h is given by

<n-1{f<x>}-1¢;2 ( / z2w<z>dz)_2 / w2<z>dz>

if both of the optimal values converge 0. Under the assumption of Theorem 4.1, f,)(x) —

fim) (x;h) with the optimal bandwidths is asymptotically non-degenerate normal with the
following asymptotic mean:

1/5

vinPm{ f(x) ).

Corollary 4.2. The asymptotically optimal bandwidth for M,, = O(1) is of the order

m?/® for (i), (iii)

(Inm)~'%  for (ii).
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Under the assumption of Theorem 4.1, f(m)(z; h) has the asymptotic bias of the order

< m? ) 2/5 {m—<3/ 5 for (i), (ii)

n (Inm) =G/ for (ii).
Corollary 4.2 states that the requirement for the bounded class h(z* — z)~! — 0 means
m = o(n~YG+)) for M, = O(1).

Theorem 4.1 is proved in the Supplementary file. Corollaries 4.1 and 4.2 are the direct
consequences.

5. COMPARATIVE STUDY ON SMD ESTIMATORS

In this section, we compare the performances of three estimators: PE, NE1, and NE2.
The first comparison is theoretical and the second is numerical. M,, = K,, = > 0 is assumed
throughout this section. Each of the MSEs of NE1 and NE2 with their respective optimal
bandwidths converge on the order of m=27(m/n)*® and m~(6/57(m?2/n)*/>, respectively.
The following theorem is immediately evident from Corollaries 3.2 and 4.2.

Theorem 5.1. Suppose that each of the optimal bandwidths converge to zero. Then,
the convergence rate of NE1 f(,,)(w; h1, ha) with the optimal bandwidth is faster than NE2

f(m)(@; h) with the optimal bandwidth for v > —1.

The MSE of PE converges with the rate m=2 x (N~tm?~% + m=28 1 m=2 £ N~
for the Hall class. For the Weibull class, PE does not satisfy both Assumptions 2.1 and 2.2
with any block size k£ and is inconsistent. For the bounded class, the convergence rate is
m72'y % (N71m2+40 +mf2'yo +m72 —i—N*l).

The parameters of the distributions and the convergence rates of MSE of the estimators
without terms slower than any polynomial are summarized in Table 1, where the hyphen
indicates that the distribution breaks the assumption of the theorem. All the target values
f(m)(z) tend toward zero with the exception of the bounded class with ¢ = —1 while F"*(z) —
exp(—d) > 0 in every case. The convergence rates divided by the order of f(,,)(z) are given
in Table 2 (e.g. (fim)(®)) ™% X E[(fm) (z) — g, (x))?] for PE). The hyphen in Table 2 changed
from a value in Table 1 means that the density estimator becomes inconsistent by dividing
femy(z). All the convergence rates of NE2 are slower than or the same as those of NE1 in
Table 2, as Theorem 5.1 stated.

Comparing NE1 with PE, we see that the rates of PE become especially slow and that
NE1 becomes better as v gets small. For m = n'/4, all the rates of NE1 are faster than PE,
but the differences become small as m gets large, which basically coincides with the results

of the SMD estimation reported in Moriyama (2021). For m = n3/4

, where the convergence
rates of the parametric estimator and the nonparametric estimator of SMD are almost the
same and n~'/4, the convergence rates of the PE and NE1 of SMD are almost always different.

Which one is better depends on ~.
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Table 1: Polynomial convergence rates of MSE of the estimators.
Pareto m=n'/* m=n'/? m =n?/*
/ o 8 PE NE1 NE2 PE NE1 NE2 PE NE1 NE2
1/2 1/2 1 —1/2 — -1 -1 — —6/5 | -3/2 — —7/5
1 1 1 ~1/2 — —7/10 | -1 — -3/5 | =3/2 —  —1/2
3 3 1 ~1/3 —23/30 —1/2 |-2/3  — ~1/5 | —3/4 — —
10 10 1 -1/10 -13/20 —43/100 | -1/5 —-1/2 -3/50 | =3/10 — —
T m =n'/ m = nt/? m = n3/4
4 e’ 1] PE NE1 NE2 PE NE1 NE2 PE NE1 NE2
1/2 /2 2 —3/2 — -1 -5/2  — —-6/5 | —13/4 —  —7/5
1 1 2 ~1/2 — —7/10 | =3/2 = — —3/5 | —7/4  —  —1/2
3 3 2 -1/3  —23/30 -1/2 —2/3 — -1/5 | =3/4 — —
10 10 2 || —-1/10 -13/20 —43/100| -1/5 —1/2 —3/50 | —3/10 — —
Burr m=n'/* m = n'/? m = n3/*
c,t o 8 PE NE1 NE2 PE NE1 NE2 PE NE1 NE2
1/21/2 1/4 172 || —-5/2 — —8/5 | -9/2 —  —12/5| -25/4 — —16/5
1,12 1/2 1 ~1/2 — -1 -1 — —-6/5 | —-3/2 — —17/5
3,1/2 3/2 3 -2/3 — -3/5 -7/6 — —-2/5 | —5/4 — -1/5
/21 1/2  1/2 || —=3/2 — -1 -3/2 — —6/5 | —13/4 —  —17/5
1,1 1 1 ~1/2 — —7/10 | -1 — -3/5 | =3/2 — —1/2
3,1 3 3 -1/3  —23/30 -1/2 -2/3 — -1/5 | —3/4 — —
1/23  3/2  1/2 || —-1/2 — -3/5 | -1 — —2/5 | —5/4 —  —1/5
1,3 3 1 -1/3 —23/30 -1/2 | -2/3  — ~1/5 | -3/4 — —
3,3 9 3 -1/9 -59/90 -—-13/30 | —2/9 —23/45 —-1/15| —-1/3 — —
Fr’echet m=n'/* m=n'/? m = n3/*
ol e’ 1] PE NE1 NE2 PE NE1 NE2 PE NE1 NE2
5 1/5 1/5 — — —-19/10 | — — — — — —
2 /2 1/2 || -3/2 — -1 | =32 — —6/5 | —13/4 —  —7/5
1 1 1 ~1/2 — —7/10 | -1 — -3/5 | =3/2 —  —1)2
1/2 2 1 —-1/2  -17/20 —11/20 | -1 —  =3/10] -1 —  —1/20
1/4 4 1 —1/4 —29/40 -—19/40 | -1/2 —  —3/20| —5/8 — —
Weibull m =nt/* m=n'/? m = n3/*
K o1 p PE NE1 NE2 PE NE1 NE2 PE NE1 NE2
1/2 0 0 — -3/5  —2/5 —  —2/5 — —  -1/5  —
1 0 0 — -3/5 —2/5 — -2/5 — — -1/5 —
3 0 0 — -3/5 —2/5 — —2/5 — — -1/5 —
10 0 0 — -3/5  —2/5 —  —2/5 — e
inv. Burr m=n'* m = n'/? m = n>"*
c,t I o PE NE1 NE2 PE NE1 NE2 PE NE1 NE2
3,2 —6 -2 -1/12 -31/60 —-7/20 | -1/6 —7/30 — — — —
1,2 -2 -2 —  —7/20  -1/4 — — — — — —
/2,2 -1 -2 —  —1/10  —1/10 | — — — — — —
3,1 -3 -1 — —-13/30 —3/10 — -1/15 — — — —
1,1 -1 -1 —  -1/10 -1/10 | — — — — — —
/2,1 -1/2 -1 — — — — — — — — —
3,1/3 -1 -1/3 — — — — — — — — —
1,1/3  -1/3 —1/3| — — — — — — — — —
1/2,1/3 —1/6 —1/3| — — — — — — — — —
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Table 2: Normalized polynomial convergence rates of MSE of the estimators.
Pareto m=n'/* m = nl/? m = n/*

L « 164 PE NE1 NE2 PE NE1 NE2 PE NE1 NE2

1/2 1/2 1 — — — — — — — — —

1 1 1 — — -1/5 — — — — — —

3 3 1 -1/6 —-3/5 —1/3 | -1/3  — S 77—

10 10 1 ~1/20 -3/5 —19/50 | —1/10 -2/5 — | —3/20 — = —

T m=n'/? m=n'/? m = n/*

l « I6] PE NE1 NE2 PE NE1 NE2 PE NE1 NE2

1/2 1/2 2 -1/2 — — -1/2 — — | -2 - —

1 1 1 — — -1/5 | -1/2 — S 7 — —

3 3 1 -1/6 —-3/5 -1/3 | -1/3 —  — | —-1/4 —  —

10 10 1 -1/20 -3/5 —19/50 | —1/10 -2/5 — | —3/20 — —

Burr m=n'/* m=n'/? m = n’/*

c,l « 164 PE NE1 NE2 PE NE1 NE2 PE NE1 NE2
1/21/2  1/4  1/2 || —-12  — — -1/2 — — | 14— —
1,1/2 1/2 1 — — — — — — — — —
3,1/2  3/2 3 ~-1/3 —  —4/15 | —-1/2 —  — | —14  — @ —
1/2,1 12 12 || —172 — — — — — | —14 —

1,1 1 1 — — -1/5 — — — — — —

3,1 3 3 ~1/6 -3/5 -1/3 | -1/3 —  — | —1a —  —
1/2,3 3/2  1/2 || -1/6  —  —4/15 | —-1/3  — S 7 — —

1,3 3 1 -1/6 —-3/5 —1/3 | —-1/3  — — | 14— —

3,3 9 3 ~1/18 -3/5 —17/45 | —-1/9 -2/5 — | —-1/6 — = —

Fréchet m=n'/? m =n'/? m = n/*

ol « I6] PE NE1 NE2 PE NE1 NE2 PE NE1 NE2

5 1/5  1/5 — — — — — — — — —

2 12 12 || —12 — — — - — | 14— =

1 1 1 — — -1/5 — — — — — —

1/2 2 1 ~1/4 —=3/5 -3/10 | —-1/2  — — | 14— —

1/4 4 1 -1/8 -3/5 —7/20 | —1/4 —  — | —1/4 —  —

Weibull m=n'/* m =n'/? m = n/*

K ¥ P PE NE1 NE2 PE NE1 NE2 PE NE1 NE2

1/2 0 0 —  -3/5 -2/ — —2/5  — — 15 —

1 0 0 —  -3/5  —2/5 — —2/5 — — -1/ —

3 0 0 —  —-3/5  —2/5 —  —2/5 e

10 0 0 —  -3/5 —2/5 — —2/5 — — -1/ —

inv. Burr m=n'/* m=n'/? m=n>/*

c,l I o PE NE1 NE2 PE NE1 NE2 PE NE1 NE2
3,2 -6 -2 || -1/6 -3/5 —13/30 | —1/3 —2/5 — — 15 —
1,2 -2 -2 —  =3/5  —1/2 —  —2/5  — — -1/5 —
/2,2 -1 —2 —  -3/5  —3/5 — —2/5  — e —

3,1 -3 -1 || -1/6 -3/5 —7/15 | —-1/6 -2/5 — s —
1,1 -1 -1 —  -3/5  -3/5 — -2/ — e —
/2,1 -1/2 -1 — — — — — — — — —
3,1/3 -1  —1/3| — — — — - — -
1,1/3  -1/3 -1/3 — — — — — — — — —
1/2,1/3 -1/6 —1/3 — — — — — — — — —
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We next investigate the numerical properties of the estimators. NE1 seems theoretically
better in many cases, but in the theoretically comparative study, the convergence rate of the
bandwidth estimator is not taken into account. In this numerical study, we also examine the
effect of bandwidth selection. By simulating the mean integrated squared error (MISE) of

PE g5
I3 @ (0.9)

L) oo (95, (x) = fom)(2))*da,

and that of f(m), we investigated the numerical accuracy in small-sample cases, where L, :=
Qm(0.9) — @, (0.1) and Q,,(q) denotes the g-th quantile of the SMD. Tables 34 show the
mean values and the standard deviation (sd) of the obtained MISE values after 1000 sim-
ulations. The underlying distributions F' were Pareto distributions, T distributions, Burr
distributions, Fréchet distributions, Weibull distributions, and inverse Burr distributions.

Table 3: Scaled MISE values and sd values of PE and NE1 where n = 28.

Pareto m =nt/4 m = nl/2 m = n3/4
4 PE sd (2% sd PI sd PE sd Ccv sd PI sd PE sd cv sd PI sd
1/2 0.242 0.443 8.065 1.721 7.059 11.99|9.222 108.9 9.339 3.345 487.7 6491 | 51.01 383.8 108.6 296.2 22770 311400
1 0.037 0.041 0.353 0.393 0.771 0.422| 0.510 5.696 1.474 1.156 7.401 12.05| 33.36 696.2 20.49 27.17 122.8 500.6
3 0.019 0.021 0.133 0.057 0.088 0.036| 0.116 0.162 0.799 0.344 0.514 0.178 | 54.79 1202 5.143 2.904 3.231 1.437
10 0.016 0.017 0.102 0.046 0.054 0.025| 0.104 0.176 0.447 0.202 0.240 0.105| 7.608 71.76 2.073 1.007 1.093 0.484
T m =nl/4 m =nl/? m = n3/4
4 PE sd CVvV sd PI sd PE sd Ccv sd PI sd PE sd Ccv sd PI sd
1/2 0.996 0.986 7.695 0.921 4.380 2.679| 6.928 53.80 9.947 0.953 146.1 3708 | 41.92 205.4 31.32 61.64 28650 856500
1 0.068 0.067 0.279 0.323 0.314 0.267| 0.367 0.744 0.909 0.446 2.751 7.268|42.09 695.3 8.641 9.806 45.99 296.1
3 0.016 0.014 0.021 0.020 0.018 0.014| 0.101 0.213 0.095 0.075 0.088 0.065| 12.73 215.9 0.507 0.336 0.496 0.322
10 0.011 0.012 0.015 0.015 0.012 0.010| 0.088 0.137 0.049 0.044 0.042 0.036 | 7.153 72.64 0.193 0.177 0.162 0.144
Burr m =nl/4 m = nl/? m = n3/4
c, £ PE sd CcvV sd PI sd PE sd Ccv sd PI sd PE sd Ccv sd PI sd

1/2,1/2 102.4 156.6 714.1 1.879 361.2 139.4| 548.3 1212 942.8 14.97 942.3 0.909 | 1306 6052 9436 75610 1037 0.000
1,1/2 0.217 0.416 8.115 1.693 7.056 11.85| 5.507 22.83 9.281 3.120 385.1 5181 | 43.43 360.3 104.3 258.9 84390 2319000
3,1/2 0.023 0.029 0.097 0.068 0.113 0.093| 0.178 0.341 0.754 0.386 0.866 0.485 | 12.23 107.1 7.402 5.880 8.760 9.997
1/2,1 0.411 0.674 11.52 1.685 10.20 27.86| 7.554 46.29 10.36 4.495 1590 41270| 44.30 288.4 117.4 394.4 11970 212600

1,1 0.041 0.046 0.309 0.350 0.849 0.470| 0.391 1.235 1.456 1.274 &8.263 12.39 | 17.72 160.2 20.57 26.62 159.3 738.4

3,1 0.014 0.015 0.034 0.025 0.031 0.019|0.112 0.190 0.187 0.121 0.176 0.090 | 7.005 39.81 1.117 0.676 1.072 0.509
1/2,3 0.072 0.072 0.242 0.209 1.355 0.698| 0.291 1.140 1.266 0.976 15.32 23.85 | 53.22 1205 13.95 14.99 178.7 748.7

1,3 0.019 0.021 0.132 0.055 0.085 0.035|0.123 0.202 0.804 0.343 0.504 0.173 | 81.56 1379 5.059 2.907 3.255 1.361

3,3 0.013 0.015 0.017 0.018 0.015 0.012| 0.091 0.167 0.065 0.065 0.056 0.043 | 18.88 437.1 0.263 0.235 0.232 0.182
Fréchet m =nl/4 m =nl/? m = n3/4

0% PE sd Ccv sd PI sd PE sd Ccv sd PI sd PE sd Ccv sd PI sd

4449 4841 13700 1.368 5955 7608 | 11340 20670 13710 13690 29.60 108.4 | 13990 16200 74840 722000 13700 0.000
0.303 0.741 9.454 1.692 8.314 12.75| 6.025 38.12 9.718 3.716 235.7 2446 | 61.86 412.0 114.2 316.4 74590 1840000

N ot

1 0.041 0.054 0.329 0.374 0.829 0.561|0.381 1.065 1.505 1.232 9.181 21.77|123.3 3281 20.28 27.15 246.2 2078
1/2 0.019 0.022 0.082 0.043 0.076 0.042|0.139 0.208 0.588 0.281 0.519 0.184 | 20.72 343.2 4.717 3.338 3.991 1.861
1/4 0.015 0.018 0.040 0.027 0.035 0.021|0.102 0.158 0.197 0.125 0.176 0.096 | 47.66 664.3 1.114 0.692 0.972 0.458

Weibull m =nl/4 m =nl/2 m = n3/4

K PE sd cv sd PI sd PE sd Ccv sd PI sd PE sd cv sd PI sd
1/2 0.044 0.038 0.159 0.067 0.299 0.085| 0.108 0.169 0.978 0.438 1.828 0.702 | 54.80 1520 5.554 2.943 10.18 7.603

1 0.017 0.020 0.085 0.045 0.044 0.024| 0.092 0.148 0.333 0.178 0.167 0.087|39.12 621.0 1.285 0.712 0.669 0.343

3 0.011 0.013 0.012 0.013 0.010 0.009|0.090 0.171 0.035 0.032 0.031 0.027 | 18.64 242.2 0.117 0.099 0.112 0.101
10 0.011 0.012 0.012 0.011 0.009 0.008| 0.088 0.127 0.034 0.030 0.027 0.023 | 8.291 127.5 0.126 0.091 0.098 0.073

inv. Burr m =nt/4 m =nl/2 m = n3/4
c, £ PE sd Ccv sd PI sd PE sd CcVv sd PI sd PE sd CcVv sd PI sd
3,2 0.015 0.012 0.017 0.025 0.031 0.031| 0.098 0.097 0.056 0.087 0.015 0.019| 0.043 0.054 0.182 0.158 0.188 0.201
1,2 0.015 0.011 0.019 0.022 0.032 0.023| 0.144 0.100 0.078 0.092 0.015 0.023|0.039 0.077 0.258 0.204 0.121 0.126
1/2, 2 0.012 0.010 0.062 0.084 0.226 0.060| 0.875 0.009 0.299 0.174 0.035 0.022|0.218 0.106 0.741 0.115 0.681 0.095
3,1 0.175 0.152 0.533 0.229 0.572 0.160| 0.684 0.021 0.672 0.084 0.363 0.225| 0.682 0.024 0.689 0.005 0.674 0.000
1,1 0.289 0.155 0.731 0.199 0.851 0.098| 0.905 0.004 0.905 0.047 0.502 0.256 | 0.905 0.004 0.906 0.001 0.898 0.000

1/2,1 1.524 0.184 2.400 0.192 3.027 0.022| 3.260 0.000 3.043 0.014 1.921 0.471 | 3.260 0.000 3.260 0.000 3.340 0.000
3,1/3 4.675 0.129 5.270 0.000 1.890 0.000| 1.300 0.000 1.890 0.000 2.718 0.004 | 1.300 0.000 1.300 0.000 1.040 0.000
1,1/3 56.10 0.203 56.60 0.000 30.70 0.000 | 26.50 0.000 30.70 0.000 37.40 0.000 [ 26.50 0.000 26.50 0.000 25.40 0.000
1/2,1/3 || 24500 0.000 24500 0.000 42700 0.000|54800 0.000 42700 0.000 33300 0.000 | 54800 0.000 54800 0.000 59600 0.000
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The forecast periods were m =n
Epanechnikov for the bounded class and Gaussian for the other classes.

1/4
)

m = nl/2,

and m=mn

3/4

203

All kernel functions were

Table 4: Scaled MISE values and sd values of PE and NE1 where n = 2'2.
Pareto m =nt/4 m =nt/? m = n3/4
14 PE sd (€AY sd PI sd PE sd cv sd PI sd PE sd cv sd PI sd
1/2 0.107 0.451 10.05 0.083 10.34 15.39|0.433 0.804 34.50 51.04 5735 173000 |64.82 1061 17500 44480 10.83 0.000
1 0.004 0.004 1.682 0.043 3.820 3.328|0.042 0.070 5.073 23.29 208.8 842.2 |8.390 141.0 49.05 206.5 11880 187200
3 0.002 0.002 0.034 0.009 0.043 0.041|0.017 0.020 0.515 0.179 0.653 0.621 |0.964 5.703 8.932 6.583 9.987 12.90
10 0.002 0.002 0.034 0.007 0.019 0.005|0.013 0.016 0.311 0.073 0.183 0.048 |0.414 1.135 3.073 1.143 1.782 0.582
T m = nl/4 m = nl/2 m = n3/4
4 PE sd cv sd PI sd PE sd cv sd PI sd PE sd cv sd PI sd
1/2 0.153 0.314 9.952 0.020 9.941 12.32|0.328 0.633 10.74 0.000 791.8 24500 |44.45 758.3 10.83 0.000 10.83 0.000
1 0.015 0.012 1.474 0.159 2.010 1.050|0.038 0.048 15.07 60.21 124.9 425.5 |3.296 20.33 224.5 1409 2846 23870
3 0.003 0.002 0.015 0.009 0.005 0.005|0.015 0.017 0.181 0.100 0.064 0.073 |3.085 71.44 2.735 2.013 0.945 0.927
10 0.002 0.002 0.003 0.002 0.003 0.002|0.013 0.014 0.023 0.017 0.019 0.014 |3.835 70.94 0.207 0.186 0.156 0.127
Burr m = nl/4 m = nl/2 m = n3/4
[ PE sd cv sd PI sd PE sd cv sd PI sd PE sd cv sd PI sd
1/2,1/2 457.0 250.5 845.4 0.001 790.4 24.09|549.6 257.4 1037 0.000 1037 0.000 | 1183 3083 161600 281100 1070 0.000
1,1/2 0.053 0.239 10.06 0.058 10.81 12.13|0.467 0.751 10.74 0.000 10.74 0.000 |21.49 73.41 287.8 2015 10.83 0.000
3,1/2 0.002 0.003 0.126 0.027 0.480 0.426|0.027 0.027 0.532 0.262 12.34 15.00 |0.657 0.744 19.65 45.41 361.4 1623
1/2,1 0.094 0.362 11.71 0.060 11.11 0.180|0.292 0.437 11.55 2.249 10.95 0.000 |56.17 327.3 5921 32310 10.86 0.000
1,1 0.004 0.005 1.702 0.033 3.707 2.544|0.033 0.044 1.912 0.216 316.2 1121 |28.81 242.3 33.34 66.91 22.28 204.4
3,1 0.002 0.002 0.008 0.004 0.009 0.007|0.016 0.016 0.124 0.043 0.131 0.119 |1.263 8.059 1.842 0.618 1.983 0.715
1/2,3 0.009 0.007 0.460 0.576 4.466 3.297|0.022 0.024 2.125 15.44 360.0 1408 |0.948 1.459 21.50 30.83 3822 34410
1,3 0.002 0.003 0.033 0.009 0.042 0.036|0.017 0.018 0.500 0.137 0.630 0.420 |0.633 1.195 8.755 7.714 9.593 8.013
3,3 0.002 0.001 0.003 0.002 0.003 0.002|0.012 0.012 0.027 0.021 0.024 0.016 |0.459 0.749 0.253 0.170 0.227 0.121
Fréchet m = nl/4 m = nl/2 m = n3/%
% PE sd CcVvV sd PI sd PE sd CcvV sd PI sd PE sd CcvV sd PI sd
5 11140 3586 13700 0.000 12880 631.1|10390 3020 13700 0.000 13700 0.000 |31820 236400 698200 1287000 13700 0.000
2 0.108 0.511 10.80 0.075 12.45 66.10| 0.389 0.636 407.6 447.7 10.84 0.060 |71.17 1018 50850 96120 10.84 0.000
1 0.004 0.004 1.654 0.088 4.228 3.256|0.042 0.057 5.166 29.94 290.8 1724 |4.465 32.78 138.6 1138 16710 307700
1/2 0.002 0.002 0.027 0.010 0.168 0.221|0.018 0.019 0.528 0.227 3.440 6.561 |3.172 34.75 15.59 22.17 57.71 240.0
1/4 0.002 0.002 0.022 0.013 0.009 0.004|0.015 0.017 0.253 0.144 0.117 0.035 |0.676 4.942 3.613 2.658 1.590 0.540
Weibull m =nt/4 m =nt/? m = n3/4
K PE sd (AY sd PI sd PE sd cv sd PI sd PE sd cv sd PI sd
1/2 0.007 0.004 0.039 0.010 0.303 0.131]0.015 0.016 0.526 0.148 4.235 3.119 |0.756 6.083 6.578 3.672 47.28 97.62
1 0.002 0.002 0.031 0.007 0.015 0.005|0.012 0.013 0.242 0.060 0.115 0.035 |0.433 1.330 1.932 0.586 0.924 0.326
3 0.002 0.001 0.002 0.002 0.002 0.002|0.011 0.012 0.014 0.010 0.014 0.011 |[0.490 3.103 0.092 0.073 0.090 0.081
10 0.002 0.002 0.002 0.002 0.002 0.002|0.011 0.013 0.019 0.014 0.018 0.012 |0.465 2.997 0.126 0.108 0.134 0.101
inv. Burr m = nl/4 m =nt/? m = n3/4
c, l PE sd (@AY sd PI sd PE sd cv sd PI sd PE sd cv sd PI sd
3,2 0.006 0.003 0.012 0.019 0.012 0.019]0.011 0.011 0.035 0.050 0.035 0.050 |0.298 0.370 0.165 0.186 0.165 0.186
1,2 0.002 0.001 0.012 0.016 0.012 0.016|0.012 0.011 0.028 0.035 0.028 0.035 |[0.383 0.449 0.095 0.091 0.095 0.091
1/2, 2 0.015 0.061 0.013 0.008 0.013 0.008|0.017 0.022 0.221 0.048 0.221 0.048 |0.379 0.441 0.876 0.009 0.876 0.009
3,1 0.076 0.109 0.364 0.220 0.364 0.220| 0.009 0.010 0.684 0.016 0.684 0.016 |0.498 1.580 0.674 0.000 0.674 0.000
1,1 0.226 0.246 0.493 0.272 0.493 0.272]0.023 0.035 0.904 0.006 0.904 0.006 |0.467 0.845 0.898 0.000 0.898 0.000
1/2,1 2.056 0.706 2.849 0.002 1.873 0.498|1.173 0.992 3.260 0.000 3.260 0.000 |1.597 0.843 3.340 0.000 3.340 0.000
3,1/3 2.457 0.161 2.670 0.000 2.719 0.003|0.141 0.258 1.300 0.000 1.300 0.000 |0.423 1.253 1.040 0.000 1.040 0.000
1,1/3 37.26 0.079 37.40 0.000 37.40 0.000 | 23.44 4.776 26.50 0.000 26.50 0.000 |22.32 3.069 25.40 0.000 25.40 0.000
1/2, 1/3 ||33250 107.8 33300 0.000 33300 0.000 [ 54800 0.000 54800 0.000 54800 0.000 [59610 35.55 59600 0.000 59600 0.000

Both of the bandwidths h; and he were estimated by the cross-validation approach or

the plug-in approach, respectively denoted as ‘CV’ and ‘Pl in the tables. CV means the

unbiased cross-validation estimator (e.g., Silverman, 1986) and Bowman et al. (1998)’s cross-
validation estimator. Sheather and Jones (1991)’s method and Altman and Léger (1995)’s
method were utilized as the plug-in approaches. The sample sizes were (n=)2% in Table 3
and (n=)2'2 in Table 4.
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Comparing CV with PI, we can see that CV performs significantly better for 1 <~ <2
while PI is much better for v > 4. In the other cases, the bandwidth estimators are numeri-
cally comparable. Comparing NE1 with PE, we find that the MISE values of PE were smaller

in most of the cases with m = n!/4

and that PE worked numerically better than what we ex-
pected on the whole. For v = 0, those of NE1 were smaller as m got large. However, NE1 was
not necessary better than PE in finite sample case, which is slightly different from the results
of cumulative distribution estimation (see Moriyama, 2021). For the light-tailed distributions
with v < 0, the MISE values of NE1 were comparable with those of PE, although so-called
boundary bias in NE1 for bounded distributions with v > —1 was observed. Due to this
boundary bias, the results for the distributions with large extreme indices (e.g., v > —1/3)
were different from the SMD estimation results reported by Moriyama (2021). Comparing
the cases (n=)2'2 with (n=) 2%, we can see that PE substantially reduces the MISE values,

which are smaller than those of NE1.

6. SMD ESTIMATION WITH DATA TRANSFORMATION

Ever since the Rosenblatt-Parzen kernel density estimator was invented, nonparametric
density estimation has attracted the attention of both researchers and practitioners. Many
researchers have tried to improve the accuracy of nonparametric density estimators. Most of
them are on the choice of the bandwidth that significantly affects on the MSE. As in case of
SMD estimation the kernel function does not change the convergence rates (as long as the
sufficiently high-order moment exists); however, it is known that the choice possibly has effect
on the numerical accuracy in finite sample case especially when the tail of the underlying
distribution is heavy (e.g. Hall, 1987; Maiboroda and Markovich, 2004; Markovich, 2007).
Hall (1987) proved that the KL divergence of the kernel density estimator and the performance
of the likelihood cross-validation (for the bandwidth selection) depend on both the tails of
the kernel and the underlying distribution.

Markovich (2018) proposed the Weibull kernel to fit the tail part of the underlying
distribution. Wang et al. (2020) reported cross validation approaches in heavy tailed density
estimation do not work well and proposed modified kernel functions. A reasonable kernel
has a data-driven tail, that is the extreme value index of the kernel is fitted to that of the
underlying distribution. The piecing-together approach (Markovich, 2007; MacDonald et al.,
2011), which fits the generalized Pareto distribution to the tail of the distribution, is related
to the tail selection of the kernel.

Following the reviewer’s comments, additional numerical experiments on the effect of
kernel selection was conducted in this study. It was demonstrated that for heavy tailed
distributions NE1 with equally heavy tailed kernel generally outperforms that of the Gaussian
kernel used in Section 5. We omit the details; however, the experimental results imply that
the numerical accuracy does not depend only on the level of heaviness (i.e. the extreme index)
of the kernel. The experiments also clarified that the kernel being same as the underlying
distribution is not necessarily best choice. More detailed studies on the choice of the kernel
in SMD estimation may be important, but we postpone it to future work. This study aims at
improving the nonparametric estimators without specifying the heaviness of the underlying
distribution F.
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Section 5 demonstrates that both of the theoretical and numerical accuracies of the
nonparametric estimators of SMD heavily depends on the extreme value index v := vyx of
the underlying distribution (we don’t add the subscript but note that v is the extreme value
index of F' throughout the paper). When v =0, NE functions well. However, the scaled
MISE of NE explodes for large |y|. Following these results, we consider the transformed
nonparametric density estimation (see e.g. Wand et al., 1991; Marron and Ruppert, 1994;
Charpentier and Flachaire, 2015; Béranger et al., 2019). Maiboroda and Markovich (2004),
Buch-Larsen et al. (2005), Bolancé et al. (2015), Béranger et al. (2019) and Tokdar et al.
(2022) intend to apply data transformation in order to change the distribution’s tail to the
same as that of the kernel.

By applying a data transformation X — ¢(X) to SMD estimation, the plug-in type
nonparametric estimator with data transformation (TNE1):

Fony @bt ha) i= mf? (@ ha) (F9)" " (25 ho),

where J/”\‘P and % are the kernel estimators given by

2oy @) X~ (e(r) — o(X)
fe(z;hy) = o z;w(}H),

(2 hy) - ZW( (Xi>).

The BM-based kernel-type of nonparametric estimator with data transformation (TNE2) is

. ) & z) — o(Y;
7o (wih) = wﬁ(h)zw<so( ) hw( ))_

1=1

This study considers the log-transformation ¢ = In, which is considered as a special
version of the Box-Cox transformation. Then, the log-transformation X +— In(X) changes
positive extreme value indices to zero as follows.

Corollary 6.1 (Wadsworth et al. (2010)). If F' belongs to the Hall class, the extreme
value index of the distribution of In(X) is zero. If F belongs to the Weibull class or the
bounded class, the extreme value index is same as .

This is seen from the Hall class of distributions becoming the Weibull class of distribu-
tions as follows:
Plln X > z] ~ Aexp(—ax) + ABexp(—a — fz),

which corresponds to the Weibull class with C' = a and k = 1.

As seen in Section 5, the nonparametric estimators NE1 and NE2 are numerically stable
and work well for the Weibull class even when m is relatively large. Theoretically, the MSE
is given by the following theorem.

Theorem 6.1. Given Assumptions 3.1-3.3, then

E[(fm) () = Fimy (@3 51, 72))%] ~ 02 5 + v 3,
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where

h? h3
bz = 51 exp(— M) MIMH3m =322y [ 22w(2)dz + ?2 eXp(—Mn)Mnmf,'Ia?f(:U)/ZQw(z)dz,
m? -1 2 m? 2
Up,3 1= nTLleXp(—QMn)x f(x) [ wi(z)dz + FeXp(—QMn)Mnf (),
ofl —=3(a+1)+ (a+1)(a+2)}A™>7 for (i)
Yl = RIC3LP T for (i)
{1 =3(p+ 1)+ (p+1)(p+2)}yD>  for (iii),
o2
&, = KO for (i)
pi(x* — )2 for (iii).
Furthermore, v;},)/ 2{ fim) (@) = fq(;{b) (x; h1, ha) + by 3} converges in distribution to the standard
normal distribution, if the MSE converges to zero.

Similarly as Corollary 3.1, asymptotically optimal bandwidths of TNE1 are those of
ﬁn(:r; hi) and F'™(z; hs).

Corollary 6.2. An asymptotically optimal value of (hi, hs) is given by

1/5

71 (M,#—va%%;;? Fan? < / z2w(z)dz> B / w2(z)dz> ,

- (25;12%”1 < / z2w(z)dz> - / zW(z)w(z)dz) 1/3,

which are asymptotically identical to those of f"(x;hy) and ﬁln(x; hg) if both of the optimal
values converge 0. Under the assumption of Theorem 6.1, f(,(7) — fgfn) (x; h1, ha) with the
optimal bandwidths is asymptotically non-degenerate normal with the following asymptotic
mean:

v1 exp(— My, ) M35 (=30 50y1/5 £2/5 (30 =2/5 4 1y exp(— M) Mypym&! 3 f(2)w?/3n~2/3,

whose order is same as that of NE1 J/”Em).

Corollary 6.3. The asymptotically optimal bandwidths for M, = O(1) are of the
order
<m>1/5 1 for (i), (iii)
— X
n {C ' Inm}~! for (ii),

and

(m) 1/3 {1 for (i), (iii)
— X
n {C ' Inm} ! for (ii).
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The convergence rate of TNE1 f7, is same as that of the non-transformed ﬁm).
However, the order of the optimal bandwidth is different. The condition h; — 0 for j = 1,2
is equivalent to m = o(n) when M, = O(1), which is less restrictive for v > 0. The proof
of Theorem 6.1 is provided in the Supplementary file. Corollaries 6.2 and 6.3 are directly
obtained from Theorem 6.1.

Theorem 6.2. Given Assumptions 3.2, 3.3 and 4.1, if "~'h — 0,
E[(fm) (%) = Fipy (@3 1))%] ~ 207, 5 + 27 0n .

Furthermore, x! 1/ 2{ Sy () — fj(%) (z; h) + 2%b, 2} converges in distribution to the stan-

dard normal d1str1but1on if the MSE converges to zero.

Corollary 6.4. The asymptotically optimal value of h is given by

! (nl{f(a:)} 1o 2 </z w(z)dz> 2/wz(z)dz>

if both of the optimal values converge 0. Under the assumption of Theorem 4.1, f(y(v) —
f(lfn) (z; h) with the optimal bandwidths is asymptotically non-degenerate normal with the

1/5

following asymptotic mean:
v~ m{ f(@)}5 11
which is exactly same as that of NE2 f(,)(x;h).

Corollary 6.5. The asymptotically optimal bandwidth for M,, = O(1) is of the order

s, as m~/® for (i), (iii)
(Inm)~1/° for (ii).

Corollary 6.5 shows that the optimal convergence rate of TNE2 ]ﬂ(fn) is same as f(m)
The asymptotically optimal bandwidth is different from that of NE2. A — 0 in Assumption
4.1 is less restrictive for v > 0 same as TNE1. Theorem 6.2 is proved in the Supplementary
file. Corollaries 6.4 and 6.5 are the direct consequences.

Corollary 6.1 states the extreme value index of In(X) do not need to be estimated
as long as v (the index of F') is non-negative. Motivated by the facts, applying the back
transformation we can consider the following transformed type of PE (TPE)

" 1 Inz — b Inz — b2
72 () =~ exp IO e [ —exp (12—
k a}c T a}ﬁn a}cn

for distributions with v > 0, where a ak and b;' are the estimators of the normalizing con-
stants of max{In(X;)}?_,. Specifically, a}* = b, 'a;, and b} = Inb; (Wadsworth et al., 2010).
However, the distributions with v = 0 never satisfy all the assumptions of PE at the same

time as described in Section 5.
For distributions with v < 0 pointwise estimation by PE at a point = ~ (z* — z, Ln )
changes that of by the following type of estimator

1 Inz — b
o5 (tnz) = A}fnzga;;( - )
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at the point Inz ~ (Inz* — 2, n ) by the transformation, which means the asymptotics of

do not change since the extreme value index is same as 7. ‘?}Cn is the estimator based on
{In(X;)}1_; of the extreme value index of {In(X)}, that is same as  in this case.

The above means TPE is only applicable for the bounded class under the assumption of
negativity of -, but the log-transformation does not improve theoretical accuracy. In short,
there are no theoretical reasons to employ TPE instead of PE in any case.

7. NUMERICAL STUDY ON TRANSFORMED SMD ESTIMATORS

This section surveys the numerical performances of the estimators TPE and TNEL.
Suppose M, =6 >0. Then, Corollary 6.5 states that the asymptotic convergence rates of

Table 5: Scaled MISE values and sd values of TPE and TNE1 where n = 28.

Pareto m =nl/4 m = nl/2 m = n3/4
14 TPE sd cv sd PI sd TPE sd cv sd PI sd TPE sd cv sd PI sd
1/2 4.013 0.714 0.668 0.456 0.383 0.310| 7.332 2.885 2.754 2.182 1.630 1.568| 8.739 3.653 12.95 15.47 7.500 9.460
1 0.070 0.034 0.160 0.093 0.085 0.054| 0.097 0.135 0.611 0.407 0.334 0.252| 0.705 0.649 2.562 1.963 1.356 1.045
3 0.465 0.013 0.092 0.050 0.047 0.027| 0.431 0.038 0.344 0.184 0.181 0.097| 0.579 0.167 1.378 0.825 0.721 0.428
10 0.643 0.006 0.085 0.043 0.045 0.024| 0.620 0.015 0.317 0.170 0.169 0.093| 0.658 0.049 1.280 0.699 0.695 0.394
T m = nl/4 m = nlt/2 m = n3/4
4 TPE sd CcVv sd PI sd TPE sd cv sd PI sd TPE sd CVv sd PI sd
1/2 30.44 3.044 11.82 2.253 11.75 2.203| 33.62 8.386 11.91 4.714 11.65 4.558| 22.87 17.51 16.17 12.67 15.65 12.23
1 1.978 0.145 2.009 0.303 2.006 0.300| 1.559 0.265 2.113 0.651 2.056 0.620| 1.027 0.658 2.687 1.660 2.576 1.553
3 0.324 0.027 0.848 0.104 0.844 0.098| 0.130 0.021 0.916 0.209 0.880 0.189| 0.065 0.042 1.263 0.599 1.151 0.469
10 0.182 0.018 0.688 0.080 0.685 0.073| 0.047 0.008 0.674 0.123 0.640 0.107| 0.017 0.011 0.895 0.354 0.777 0.245
Burr m =nlt/4 m = nt/2 m = n3/4
c,t TPE sd CvV sd PI sd TPE sd Ccv sd PI sd TPE sd CvV sd PI sd

1/2,1/2 4974 1196 17.78 19.19 15.91 17.39| 6531 3155 82.01 115.8 76.20 113.3| 5276 4927 426.2 857.8 397.2 804.2
1,1/2 6.648 1.423 0.215 0.211 0.194 0.180| 7.942 2.976 0.826 0.939 0.761 0.847| 8.633 3.691 3.608 5.146 3.362 4.835
3,1/2 0.185 0.021 0.029 0.025 0.026 0.022| 0.214 0.080 0.104 0.088 0.096 0.081| 0.554 0.362 0.439 0.437 0.408 0.397
1/2,1 24.43 6.227 0.307 0.327 0.268 0.269| 11.41 4.900 0.726 0.793 0.664 0.723| 9.402 4.217 3.177 4.600 2.938 4.275

1,1 0.067 0.038 0.040 0.039 0.033 0.032| 0.079 0.113 0.125 0.141 0.108 0.126| 0.680 0.646 0.518 0.640 0.458 0.560

0
0
0]
0]

3,1 0.326 0.014 0.017 0.017 0.015 0.013| 0.400 0.043 0.057 0.052 0.050 0.044| 0.576 0.171 0.230 0.239 0.203 0.207
1/2,3 0.717 0.262 0.039 0.038 0.033 0.031| 0.075 0.088 0.075 0.076 0.065 0.060| 0.498 0.438 0.264 0.263 0.218 0.201

1,3 0.072 0.014 0.016 0.017 0.014 0.013| 0.230 0.051 0.045 0.042 0.039 0.037| 0.503 0.205 0.184 0.183 0.146 0.133

3,3 0.407 0.010 0.013 0.012 0.011 0.009| 0.503 0.023 0.040 0.033 0.034 0.029| 0.612 0.068 0.157 0.124 0.123 0.097
Fréchet m =nl/4 m = nl/2 m = n3/4

0% TPE sd Ccv sd PI sd TPE sd Ccv sd PI sd TPE sd Ccv sd PI sd

253600 23340 16110 3595 16000 3407 [341200 101000 18350 9540 18030 9273 |246000 188000 25310 27120 24300 25270
45.47 2.126 13.65 2.458 13.58 2.415| 42.02 7.146 13.20 4.971 12.92 4.817| 26.01 18.43 17.09 13.50 16.53 12.75

[SR

1 2.730 0.113 2.136 0.315 2.131 0.308| 1.845 0.255 2.178 0.635 2.125 0.608| 1.098 0.739 2.713 1.542 2.605 1.461
1/2 0.700 0.030 1.057 0.136 1.055 0.131| 0.343 0.051 1.126 0.277 1.091 0.255| 0.175 0.119 1.523 0.731 1.413 0.611
1/4 0.361 0.016 0.800 0.096 0.799 0.090| 0.137 0.022 0.842 0.175 0.812 0.154| 0.062 0.040 1.149 0.505 1.042 0.398
Weibull m =nl/4 m = nl/2 m = n3/4
K TPE sd cv sd PI sd TPE sd cv sd PI sd TPE sd cv sd PI sd
1/2 0.106 0.064 0.020 0.019 0.016 0.014| 0.131 0.059 0.039 0.034 0.035 0.032| 0.443 0.194 0.123 0.088 0.101 0.074
1 0.151 0.014 0.013 0.012 0.011 0.009| 0.339 0.034 0.031 0.027 0.027 0.025| 0.532 0.103 0.116 0.084 0.090 0.066
3 0.454 0.007 0.012 0.011 0.010 0.009| 0.545 0.013 0.032 0.028 0.028 0.025| 0.619 0.036 0.118 0.084 0.092 0.066
10 0.606 0.003 0.012 0.011 0.010 0.008| 0.633 0.004 0.031 0.025 0.026 0.023| 0.657 0.011 0.121 0.081 0.091 0.063
inv. Burr m =nl/4 m = nl/2 m = n3/4
c, £ TPE sd Ccv sd PI sd TPE sd Ccv sd PI sd TPE sd cv sd PI sd
3,2 0.719 0.000 0.019 0.022 0.016 0.017| 0.678 0.000 0.049 0.051 0.060 0.061| 0.672 0.000 0.181 0.130 0.244 0.119
1,2 0.722 0.000 0.019 0.022 0.016 0.015| 0.691 0.000 0.053 0.054 0.065 0.059| 0.685 0.000 0.248 0.139 0.322 0.103
1/2, 2 0.836 0.000 0.035 0.028 0.034 0.023| 0.868 0.000 0.194 0.100 0.281 0.079| 0.888 0.000 0.684 0.134 0.801 0.044
3,1 0.870 0.000 0.324 0.234 0.180 0.126| 0.727 0.000 0.541 0.193 0.619 0.115| 0.690 0.000 0.661 0.077 0.688 0.006
1,1 1.071 0.000 0.566 0.263 0.313 0.143| 0.934 0.000 0.834 0.125 0.872 0.071| 0.906 0.000 0.903 0.012 0.906 0.000

1/2,1 2.657 0.000 2.244 0.261 1.642 0.162| 3.048 0.000 3.030 0.028 3.031 0.019| 3.262 0.000 3.262 0.000 3.262 0.000
3,1/3 4.041 0.000 3.867 0.050 3.232 0.194| 1.770 0.000 1.769 0.001 1.767 0.001| 1.263 0.000 1.263 0.000 1.263 0.000
1,1/3 51.58 0.000 51.58 0.004 50.99 0.189| 30.13 0.000 30.13 0.000 30.13 0.000| 26.42 0.000 26.42 0.000 26.42 0.000
1/2,1/3 || 23800 0.000 23800 0.000 23800 0.129| 4009 0.000 4009 0.000 4009 0.000| 5.562 0.000 5.562 0.000 5.562 0.000
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the transformed nonparametric estimator TNE1 correspond to those of TNE1 (shown in
Table 1 and Table 2). On the other hand, TPE for the distributions with v > 0 cannot be
consistent.

The scaled MISE values were simulated in Pareto, T, Burr, Fréchet, Weibull, and
inverse Burr cases. To apply the log-transformation the distributions are truncated to the
range (0,00) or (0,Inx*). Other technical details are same as Section 5. In Table 5 the MISE
value in bold means being smaller than that of the MISE value in Table 3. That means the
log-transformation improves the estimator.

Table 5 shows the log-transformation improves the estimators in many cases on the
whole. The exceptions are mainly TPE and the cases where m is relatively small. Though
the MSE values increase in the cases, the increments are relatively not large. For heavy-tailed
data the log-transformation especially improves the accuracy of the estimators. To sum up,
the log-transformation makes TNE1 numerically stable and much more accurate.

8. ILLUSTRATIVE EXAMPLES

In this section, we give two illustrative examples of applying SMD estimation. The
solid and dashed lines in Figures 2 and 3 respectively show the probability density functions
estimated by the nonparametric approach with cross-validated bandwidth (NE1) and by the
fitting to the GEV (PE). Figure 2 shows the Potomac River peak stream flow (cfs) data for
water years 1901-2000 (Oct—Sep) at Point of Rocks, Maryland. Figure 3 shows the latest
n = 2100 losses in Danish fire insurance over one million Danish kroner (DKK) collected from
1980 to 1990. The datasets are available in the extRemes and evir packages in the R software
environment, respectively. The range of the horizontal axis in Figure 2 is 0-480000, where
480000 is the maximal value observed in 1936. The minimum value was 27800 observed
in 1969. The range in Figure 3 is 0-(263.25x1.5), where 263.25 is the maximum and the
minimum is 1.

Figure 2: The estimated probability (x10°) density functions of Annual peak flow (x1075)
data of the Potomac River at Point of Rocks, MD, USA, 1901-2000, by the
log-transformed approach (solid line), the naive kernel approach (dotted line)
and by the fitting to the GEV (dashed line).
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Figure 3: The estimated probability density functions of 2100 Danish data
consisting of losses over one million Danish kroner (DKK) by the
log-transformed approach (solid line), the naive kernel approach
(dotted line) and by the fitting to the GEV (dashed line).

Figures 2 and 3 suggest the existence of multimodality. Moriyama (2021) reported
that, when comparing the estimated probabilities by the nonparametric approach and by the
fitting to the GEV, the estimated risk is not one-sided. This may stems partly from the
multimodality of the estimated density function. Note that the nonparametrically estimated
density is sensitive to bandwidth. Many studies support the heavy-tailness in the Danish
datasets, and so the statistical evidence of multimodality is not strong. Since the mixture of
distributions that belong to the maximum domain of attractions converges to a unimodal GEV
(see Bolancé et al., 2015), there are two possible reasons for the multimodality. One is the
slowness of the convergence of the limitation to the GEV. The other is that the underlying
distribution does not belong to the maximum domain of attractions. Future work should
examine how to construct a method for testing the properties of underlying distributions
including multimodality.
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Abstract:

e Recurrent event data with multiple causes of failure are common in survival studies. There are
situations where the recurrence history of some systems is available in disconnected observation
windows with gaps in between. Such data are called window-observation recurrence data, and no
events can be observed during these gaps. This article discusses the non-parametric estimation of
cause specific mean function for window-observation recurrence data with multiple failure modes.
A test statistic is proposed to compare the effect of different causes. Simulation studies are performed
to evaluate the performance of the proposed methods. An automobile warranty database is analyzed
to illustrate the suggested techniques.
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1. INTRODUCTION

In survival studies, the event of interest can occur multiple times on the same subject.
Such outcomes are termed as recurrent events. Recurrent event data are common in fields such
as public health, medicine, reliability, social sciences, and insurance. Examples in biomedicine
include the recurrence of tumors in cancer patients, repeated hospitalizations of patients with
a specific disease, and recurrence of caries in oral health studies. In engineering and reliability,
the recurrence of a crack in concrete structures, failure of an electronic system, and software
bugs are examples. Various methods for analyzing recurrent event data are available in many
literature; examples include Lawless and Nadeau (1995), Nelson (1995), and Nelson (2003).
A comprehensive review of recurrent event data analysis is given in Cook and Lawless (2007).

There are situations in which a study unit may experience an event due to multiple
causes. For example, an electronic system may experience a breakdown due to the failure of
any of the components in that system. To model and characterize the marginal event processes
that generate the particular type of events, the cause specific sub distribution functions and
the cause specific hazard rate functions are generally used. The cause specific hazard rate
function gives the instantaneous probability of failure due to a specific cause, while the cause
specific sub-distribution function measures the probability of failure due to a specific cause
before a given time. Sankaran and Anisha (2011) and Sankaran and Anisha (2012) have
studied semi-parametric inferences of recurrent event data with multiple causes. A non-
parametric method for estimating the system lifetime distribution with recurrent competing
risks data was studied by Taylor and Pena (2014). Dauxois and Sencey (2009) discussed
the non-parametric tests in the context of the recurrent event competing risks based on the
mean number of events, and Sisuma and Sankaran (2022) proposed a non-parametric test for
comparing cause specific cumulative incidence functions.

In many lifetime studies, the recurrence of events may not be recorded throughout the
study period. Even though the event process is continuous in time, the recurrence status of
some systems is available in separate observation windows with gaps in between. For example,
in a clinical trial study, patients may enter and leave the study multiple times, resulting in gaps
in their follow-up tenure. No events are recorded during these gaps in the follow-up window,
and the exact recurrence times are recorded when the patient is under monitoring. Such data
is referred to as window-observation recurrence data. Zuo et al. (2008) provides an example
of window observation data utilizing the U.S. Army’s Field Exercise Data Collection (FEDC)
program, which is overseen by the Army Materiel Systems Analysis Activity (AMSAA). The
FEDC program tracks the replacement rates of parts for military vehicles during field training
exercises, where distinct vehicles within the fleet engage in various exercises with intervals in
between. Some vehicles may not participate in every FEDC exercise, and during the intervals
between exercises, they accumulate mileage from non-exercise activities and other unobserved
field exercises. Consequently, recurrences may occur in these intervals but remain unrecorded.
The observation windows and the gaps can vary for different observational units, and also, the
length of each observation window and the gaps between the windows need not be the same.

In typical recurrence data with left and/or right censoring, each system is associated
with a single observation window. However, for window-observation recurrence data, multiple
disjoint observation windows can exist for each system. These windows can have random



Non-parametric inference of window-observation recurrent event data... 215

lengths, and the length of the gaps between them may also vary randomly. Additionally,
the beginning or ending time points across windows for different observational units can
differ. Window-observation data differ from interval-grouped recurrent event data, where the
number of events in time intervals is recorded but the exact times of recurrences are not
specified, and there are no gaps between intervals. Zuo et al. (2008) analyzed such data
in terms of mean cumulative function. They proposed non-parametric estimation methods
for handling window-observation recurrence data. The asymptotic properties of the non-
parametric estimator for the mean function are studied in Zuo et al. (2012). Kim and Jhun
(2008) considered the case when information on the observation gap is incomplete, that is, the
starting time of intermittent dropout is known, but the terminating time is not available, and
they modeled it in terms of an interval-censored mechanism. Regression analysis of recurrent
event data with repeated observation gaps with unknown termination times of observation
gaps was studied by Kim (2014). Zhu et al. (2014) focused on window-censored data, where
only events within a specific interval are documented. They developed the likelihood function
for a model where the distributions of inter-recurrence intervals within a single path are not
required to be identical and may be linked to covariate information.

In this study, we focus on the situation in which a unit under observation can experi-
ence more than one type of failure, and also, there are intermittent dropouts that result in
observation gaps during which no recurrent events are observed. The mean cumulative func-
tion corresponding to different causes is used to model this problem, and a test is proposed
to compare the effect of various causes of failures on the recurrence process.

The article is organized as follows. In Section 2, we introduce cause specific mean
function for the window-observation recurrence data. We propose a non-parametric estimator
for the cause specific mean function, and the asymptotic properties of the estimator are
discussed. The test procedure for the mean functions due to different causes is discussed in
Section 3. Section 4 discusses the simulation studies performed for assessing the finite sample
behaviors of the proposed estimator. We put the empirical power to check the efficiency of
the test. The methods are then illustrated using a real life data set in Section 5. Finally,
Section 6 presents the major conclusion of the study.

2. NON-PARAMETRIC INFERENCE PROCEDURES

Consider a study on n individuals exposed to the recurrent events due to {1,2,..., K’}
different causes. Let N (t) denote the cumulative number of events due to cause k up to time ¢,
k=1,2,..., K. Then the cause specific mean function is defined as

(2.1) p(t) = E[Nk(t)]; k=1,2,... K.

Then ug(t) in (2.1) is interpreted as the expected number of cumulative events due to cause k
up to time ¢, k = 1,2, ..., K. Assumptions required for the non-parametric estimation of mean
cumulative function were described in Nelson (2003) and the same for the window-observation
scenario were covered in Zuo et al. (2008). These assumptions are briefed below:

(i) Target population should be clearly specified and the sample units are a simple
random sample from this population.
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(ii) The population cause specific mean function exists up to the greatest censoring
and is zero at time zero.

(iii) The stochastic process that generates the recurrences and the observation win-
dows are independent.

(iv) The size of the risk set must be positive up to the maximum study time.

Let my denote the number of unique event times due to cause k. Thus t1,%o,..., and
tm, are the unique event times for cause k, kK = 1,2, ..., K. Then a non-parametric estimator
of the cause specific mean function is given by

j
Si(t))dis (t ,
(2.2) E:[ =1 IJ;”, i=1,2, . mp, k=1,2,.. K
=1 iz il

where

5:(t) {1, if individual 7 is under observation in a time window at ¢,
i\ll) =

0, otherwise,

and dg;(t;) is the number of events due to cause k at time ¢; for the individual 7. Denote
di.(t1) = o1 6i(t1)dy;(t;), total number of events at ¢; due to cause k and 6.(t;) = Y i di(t1),
total number of units at risk at time ¢;. Then (2.2) can be written as

(2.3) .
= di(t); j=12m, k=12, K

The size of the risk set at time ¢; is calculated by taking into account the gaps between
observation windows and the censoring.

2.1. Asymptotic properties

Assume that the cause specific mean function pg(t) is differentiable. Then the recur-

rence rate at time ¢ due to cause k is given by vg(t) = d“’“(t) , k=1,2,..., K. Let there be wj
observation windows for the individual 4, i = 1,2, ...,n. If tmaX denotes the largest observation
time among all n units, then the number of units at risk, d.(¢) = >, 6;(¢), is a piece-wise
constant over (0,%yax]. To ensure a non zero risk set throughout the study period, we as-
sume that the overlap of the set of observation windows of all the n units leaves no complete
gaps in the study timeline. If (¢, ], (t5.,t5], .., (6, tfy] be the b intervals in which
d.(t) is constant, then tj; = 0, t};; = tmax and th, = t(j % for j =2,3,...,b. Let 7 < oo be
the ending time for all the windows with ty.x < 7 for all n and tpax — 7 as n — oo. Then
for this window-observation recurrence data, Zuo et al. (2012) showed that 6.(¢) follows a
Binomial(n, p(t)) distribution, where p(t) is the probability that a unit is observed at time ¢,
with p(t) > 0 for all ¢ € (0, tmax]-

To establish the uniform consistency and the asymptotic normality of the estimator,
Theorem IV.1.1 and Theorem IV.1.2 of Andersen et al. (1993) are employed.
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Theorem 2.1. Lett € (0,7 and assume that, as n — oo,

(2.4) /Ot Wuk(u)du Eo
and

(2.5) /Ot{1 — I[6.(w) > 0)}vp(w)du = 0.
Then, as n — oo,

(2.6) Sup [fe(t) = (1) =0,

where [ij(t) is the non-parametric estimator of ug(t), k =1,2, ..., K.

Theorem 2.1 can be used to show that the estimator of cause specific mean function
given in (2.2) is uniformly consistent on compact intervals. It can be verified that the condi-
tions (2.4) and (2.5) are satisfied by the estimator and hence the uniform consistency can be
established. The proof for the same is similar to the one given in Zuo et al. (2012) and can

be referred.

Theorem 2.2. Let t € (0,7] and assume that there exist a sequence of positive
constants {ay,}, increasing to infinity as n — oo, and non-negative function g(-) such that
vi(u)/g(u) is integrable over [0,t] for k = 1,2, ..., K. Assume the following:

(A) Foreachs € [0,t] and k=1,2,..., K,

S I[6.(u) > 0] P
(2.7) ai/o Wuk(u)du = 0i(s) as n— oo,
where 5 v(a)
i ViU »
)= | 5

(B) Foralle>0andk=1,2,.., K,

(2.8) ai/o Wuk(u)l{anw >e}du£>0 as n — oo.

(C) Fork=1,2,.. K,

(2.9) an/o {1 —1[0.(u) > 0] }vk(u)du L0 as n— .

Then
an(in(t) — (1) B Up as n— o0
on D[0, 7], where Uy, Us,...,Uk are independent Gaussian martingales with Uy(0) = 0 and
cov(Uk(s1), Uk(s2)) = o2(s1 A s2). Here D[0,7] is the Skorohod space on [0,7], that is, the
space of right-continuous functions with left-hand limits on [0,t]; s1 A so is the smaller of s;

and ss.

The conditions (A), (B) and (C) of Theorem 2.2 can be verified using the methods
given in Zuo et al. (2012) and hence the asymptotic normality of the estimator in (2.2) can
be established.
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2.2. Non-parametric estimation in the presence of size-zero risk set intervals

Sometimes there can be time intervals in which the number of subjects at risk is zero.
Such intervals can be referred to as size-zero risk set intervals. This may lead to a downward
bias in the non-parametric estimation method proposed. To overcome this, Zuo et al. (2008)
proposed a hybrid estimator for mean cumulative function, which makes use of the information
from the non-zero risk set interval to estimate the increase in the mean function over the size-
zero risk set interval. A similar approach can be employed for the estimation of cause specific
mean function and is briefed below.

Let (t1r,tiv], (ter, tov), .., (trr, try] be the r size-zero risk set intervals with ¢17, > 0,
tru < tmax and t(jfl)U <tjL for j =2,3,...,r. Then ({17, tgL], (tQU, tgL], oy (trr tmax] are the
non-zero risk set interval. The estimated cause specific mean function of cause k increases
only at time points that have events due to cause k and the increase at an event time ¢;
is given by dj(t;) = W as defined in (2.3). Then the estimated increase in the

cause-specific mean function over the non-zero risk set interval (t;u,(j41)z] is

(2.10) dy..(tju L)) = > di(ty).
Ltju<t;<t(j+1)L

di.(tjustj+1)L)

An estimate of the cause specific recurrence rate in this interval is G o) -
Jj+ Y

To calculate the cause specific rate of a size-zero risk set interval, a weighted mean of
the recurrence rates of the two neighboring non-zero risk set intervals, weighted by the length
of those intervals, is taken. The recurrence rate due to cause k for the j-th size-zero risk set
interval (¢;1,,t;u] is given by

di. (-, tin) + die (b, b
(2.11) wij = k(‘ (J_l)[‘] iL) kF]U 8+})L)'
(tir — tg—vv) + (tGenr — tiv)

If the data begin with a size-zero risk set interval, the recurrence rate is estimated as that of
the first non-zero risk set interval.

Then for the j-th size-zero risk set interval, the estimated increase in the cause specific
mean function is

(2.12) dy; = wiy X (G — t5L)-

Therefore, a non-parametric hybrid estimator for the cause specific mean function is given
by

Zl:tlgt (jk(tl) + Zj:tjUSt d;:’]

if ¢ is in a non-zero risk set interval,
(2.13) ar(t) = _ k=1,2,.. K.
Diy<t W) + Zj:tjUgt di; + (Wi % (¢ —tiL)

if t is in a size-zero risk set interval (¢;r,, t;v/],
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3. TEST STATISTIC

In the study of multiple modes of failure, it is always of greater interest to compare
the effect of various causes on recurrence times. We can compare the cause specific mean
functions to test whether or not the effect of all causes is identical on the recurrence process.
Now consider the testing problem,

Hy:pp(t) =py(t) forallt >0and k #1=1,2,..., K
against

(3.1) Hy : p(t) # w(t) at least for some t > 0 and for any k #1=1,2,..., K.

If we denote the overall mean function as u(t), the above hypothesis can be rewritten
as

t
Hy : pp(t) = NI(() forallt>0and k=1,2,.... K
against
_ pu(t) _
(3.2) Hy :pgp(t) # 5 at least for some t > 0 and for any k = 1,2, ..., K.

To test Hy against Hy, the cause specific mean function fix(t) defined in (2.2) is taken
as the estimator of pg(t). The estimator for the overall mean function p(t) can be constructed
by ignoring the cause of failure information as discussed in Zuo et al. (2008). To develop the
test statistic, consider the function

(3.3) n(t) = /Otw(u) [ﬂk(u) — ﬂ;{u) duforallk=1,2,..., K,

where w(-) is a data dependent weight function. The function 7x(-) is similar to the one
proposed by Pepe and Mori (1993) and Lin (1997) in the context of comparing two indepen-
dent cumulative incidence functions. The weight function is used to compensate for the effect
of censoring and is also employed to enhance the efficiency of the test statistic and ensure
its asymptotic distribution-free nature, as suggested by Pepe and Mori (1993). The weight
function should be chosen such that it maximizes the power of the test.

Now we propose a test statistic Z(7) given by

(3-4) Z(r) =/ (1)(r) " "n(r),

where 7 is the largest monitoring time in the study, n(7) = (91(7), ..., nx (7))’ and S(r) ! is
the generalized inverse of ¥(7), with ¥(7) as a consistent estimator of the variance-covariance
matrix 3(7) of (7). The expression for the estimator (7) is complex and thus generally
requires smoothing. In practice, X(7) can be calculated using bootstrap resampling technique.

To find the asymptotic distribution of Z(7), consider
ett) = [ ) ) — 22
(3.5) = /Otw(u) [ﬂk(u) - uk(u)}du + /Otw(u) [,uk(u) - ,u?} du

[ ) — ]
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Under Hy, pu(u) = %“) for all ¢. Then

w(u)

(36) wit) = | () () — )] du + / ) — )] du

Since for fixed t, fix(t) and fi(t) are asymptotically normal, 7 is asymptotically normal with
mean zero and 1n(7) = (71(7), ...,nx (7))’ is asymptotically a k-variate normal with mean zero
vector and variance-covariance matrix (7). Therefore, under Hy, the quadratic form Z(7)
given in (3.4) follows a chi-square distribution with K — 1 degrees of freedom. The null
hypothesis given in (3.2) is rejected when Z(7) > Xi, x_1 Where Xi, K1 is the ordinate value
of chi-square distribution with K — 1 degrees of freedom at « level.

4. SIMULATION STUDY

An extensive simulation study is conducted to evaluate the finite sample performance
of the proposed estimator and the test statistic. The study is limited to two failure mode sce-
nario, and recurrence times are generated using Weibull and Gompertz cause-specific hazard
functions. The following algorithm outlines the data simulation process:

1. Two cases are considered for the generation of recurrence times:

(a) Using the Weibull cause-specific hazard functions
Mi(t) = Opapt® L k = 1,2 with 6, oy, > 0.
(b) Using the Gompertz cause-specific hazard functions
Ai(t) = ppe®t k = 1,2 with py, B, > 0.

For simplicity, a1 = ags = a and (1 = B2 = [ are assumed in the simulation study.

2. Recurrence times are simulated from the distribution with the overall hazard func-
tion A\p(t) + Aa(t).

3. To assign failure modes associated with a simulated event time 7', a binomial ex-
periment is run. The experiment decides with probability 3 (Al(T)

o T)+ (1)
Ao (T
mode 1 and TR T (T)2 5 T

for failure

for failure mode 2.
4. The maximum follow-up time for each unit is fixed at time 2.

5. It is assumed that the follow-up of each unit begins with an observation window,
and this initiation is randomly generated from a Uniform(0.08,0.4) distribution.
The lengths of the subsequent observation windows are also randomly generated
from a Uniform(0.08,0.4) distribution, while the lengths of the gaps between the
windows follow a Uniform(0.08,0.24) distribution.

6. Recurrences falling in gaps for each unit are not considered, and only recurrences
in an observational window for each unit are included in the analysis.
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We simulate 500 data with sample sizes n = 50 and 100 each for different combinations
of (01,02, a) and (p1, p2, ). The average of the cause specific mean functions estimated across
different iterations are presented in Figure 1 and Figure 2 for different sample sizes along with
the actual mean functions. The absolute bias and mean squared error (MSE) of the cause
specific mean functions are shown in Table 1 and Table 2, which are small and decrease as

the sample size increases.
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Figure 1: Estimates of cause specific mean functions of Weibull model for different values of (61, 0s, «).

The blue color represents cause 1, and the red color represents cause 2.
Solid lines are for the estimated values, and dotted lines are the true values.
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Table 1: Absolute bias and MSE of fix; k=1,2 for the Weibull model.

= n =50 n = 100
< | Time fa(t) fi2(t) fia (1) fi2(t)
< Absolute MSE Absolute MSE Absolute MSE Absolute MSE
bias bias bias bias
0.1 0.00232 | 0.00002 | 0.00303 | 0.00004 | 0.00277 | 0.00003 | 0.00285 | 0.00002
- 0.4 0.02594 | 0.00096 | 0.02320 | 0.00079 | 0.01802 | 0.00050 | 0.01457 | 0.00034
o 0.7 0.04400 | 0.00326 | 0.04249 | 0.00294 | 0.02755 | 0.00112 | 0.02993 | 0.00131
g 1.0 0.05778 | 0.00462 | 0.07198 | 0.00720 | 0.03699 | 0.00230 | 0.04974 | 0.00410
o 1.3 0.08815 | 0.01329 | 0.08670 | 0.01233 | 0.05409 | 0.00494 | 0.05948 | 0.00555
e 1.6 0.12241 | 0.02142 | 0.12409 | 0.02347 | 0.06313 | 0.00592 | 0.06600 | 0.00817
1.9 0.14646 | 0.03271 0.14965 | 0.03204 | 0.07500 | 0.00895 | 0.07438 | 0.00842
0.1 0.00337 | 0.00005 | 0.00488 | 0.00005 | 0.00292 | 0.00002 | 0.00493 | 0.00003
. 0.4 0.02341 | 0.00077 | 0.04511 0.00292 | 0.01658 | 0.00045 | 0.02794 | 0.00121
gr 0.7 0.04669 | 0.00303 | 0.06383 | 0.00624 | 0.02952 | 0.00141 0.05062 | 0.00373
S 1.0 0.07269 | 0.00782 | 0.10479 | 0.01570 | 0.04803 | 0.00375 | 0.06855 | 0.00737
= 1.3 0.09093 | 0.01299 | 0.11231 0.01954 | 0.04789 | 0.00397 | 0.09759 | 0.01396
— 1.6 0.10599 | 0.01801 0.14735 | 0.02900 | 0.06520 | 0.00718 | 0.09465 | 0.01402
1.9 0.11490 | 0.01835 | 0.18701 0.05052 | 0.08615 | 0.01171 0.12482 | 0.02209
0.1 0.00264 | 0.00002 | 0.00722 | 0.00009 | 0.00294 | 0.00002 | 0.00561 0.00004
. 0.4 0.02547 | 0.00104 | 0.04314 | 0.00289 | 0.01836 | 0.00054 | 0.02861 0.00135
B 0.7 0.03862 | 0.00243 | 0.05972 | 0.00579 | 0.03343 | 0.00162 | 0.05475 | 0.00463
S 1.0 0.06698 | 0.00658 | 0.08847 | 0.01269 | 0.04784 | 0.00342 | 0.07128 | 0.00770
g 1.3 0.08988 | 0.01273 | 0.12212 | 0.02266 | 0.06528 | 0.00602 | 0.09917 | 0.01473
- 1.6 0.10743 | 0.02123 | 0.16251 0.04193 | 0.07965 | 0.00878 | 0.11085 | 0.01989
1.9 0.11565 | 0.01929 | 0.15434 | 0.04036 | 0.08725 | 0.01063 | 0.12895 | 0.02524
0.1 0.00618 | 0.00006 | 0.00961 0.00012 | 0.00553 | 0.00005 | 0.00706 | 0.00006
. 0.4 0.03772 | 0.00216 | 0.05864 | 0.00491 0.03006 | 0.00133 | 0.04186 | 0.00271
o 0.7 0.07467 | 0.00944 | 0.08599 | 0.01092 | 0.04562 | 0.00290 | 0.07009 | 0.00757
S 1.0 0.10002 | 0.01520 | 0.11883 | 0.02211 0.07594 | 0.00737 | 0.09478 | 0.01445
; 1.3 0.11585 | 0.02046 | 0.15592 | 0.03342 | 0.09810 | 0.01346 | 0.12758 | 0.02827
— 1.6 0.15117 | 0.03388 | 0.19412 | 0.05414 | 0.12189 | 0.02208 | 0.15579 | 0.03901
1.9 0.17583 | 0.04800 | 0.22552 | 0.07684 | 0.13617 | 0.02605 | 0.17251 0.04172

The empirical type I error and power of the proposed test are calculated at both 1%
and 5% levels of significance. The parameter combination with #; = 05 and p; = ps gives the
type I error of the proposed test and all other choices of parameter combinations give the
power of the test. Three different weight functions are employed, which are:

() w)=1,
(i) w()= v,
(i) w() = ().

Results are presented in Table 3 and Table 4, and it is clear that the empirical type I error
approaches the significance level when 61 = 6> and p; = p2. The rejection probabilities of
the test at the 5% level under the Weibull model, with 6; = 0.2 and 05 increasing from 0.2
to 0.5, are plotted in Figure 3. Similarly, under the Gompertz model, with p; = 0.3 and
p2 increasing from 0.3 to 0.6, the rejection probabilities are shown in Figure 4. Also, the
test has very good power that increases as the difference between the parameters increases.
The weight function w(-) = jix(-) gives better power compared to others.
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Table 2: Absolute bias and MSE of [ix; k=1, 2 for the Gompertz model.

= n = 50 n = 100
& | Time fa(t) f2(t) fa (t) fa(t)
é Absplute MSE Absplute MSE Absplute MSE Absplute MSE
bias bias bias bias
0.1 0.01201 0.00018 0.01207 0.00019 0.00886 0.00014 0.00721 0.00010
= 0.4 0.03242 0.00163 0.03645 0.00201 0.02378 0.00094 0.02481 0.00089
— 0.7 0.04957 0.00367 0.05051 0.00398 0.03410 0.00183 0.03873 0.00227
g 1.0 0.07282 0.00804 0.06945 0.00747 0.05784 0.00472 0.04500 0.00330
— 1.3 0.09463 0.01419 0.09130 0.01289 0.07351 0.00823 0.06289 0.00599
e 1.6 0.11684 0.02130 0.11783 0.02205 0.08795 0.01231 0.08179 0.00992
1.9 0.14055 0.03176 0.14181 0.03201 0.11550 0.01996 0.10227 0.01592
0.1 0.02066 0.00063 0.02681 0.00094 0.01293 0.00031 0.01927 0.00058
= 0.4 0.05937 0.00474 0.07070 0.00825 0.03730 0.00206 0.04705 0.00385
— 0.7 0.08685 0.01103 0.10038 0.01744 0.05888 0.00485 0.07130 0.00826
g 1.0 0.10684 0.01600 0.15112 0.03776 0.08144 0.01007 0.10955 0.01745
o3 1.3 0.14177 0.03057 0.14024 0.03676 0.09694 0.01618 0.13714 0.02670
e 1.6 0.15256 0.03867 0.17802 0.05433 0.11517 0.02219 0.15139 0.03627
1.9 0.16660 0.04904 0.26433 0.09548 0.13815 0.02723 0.17773 0.04989
0.1 0.02073 0.00059 0.02829 0.00148 0.01433 0.00036 0.02333 0.00090
= 0.4 0.05059 0.00426 0.07906 0.00921 0.03823 0.00244 0.05138 0.00429
— 0.7 0.08411 0.01049 0.11910 0.02050 0.05953 0.00594 0.06841 0.00735
g 1.0 0.09824 0.01711 0.14610 0.03745 0.07124 0.00850 0.10017 0.01430
oy 1.3 0.15494 0.03880 0.21100 0.06770 0.09728 0.01380 0.12914 0.02981
e 1.6 0.17544 0.04808 0.25562 0.09666 0.11209 0.01869 0.17581 0.04214
1.9 0.23005 0.07679 0.31608 0.14118 0.13288 0.02529 0.20030 0.06149
0.1 0.02242 0.00080 0.03360 0.00179 0.01661 0.00050 0.02032 0.00072
= 0.4 0.06641 0.00712 0.06943 0.00705 0.04521 0.00326 0.05072 0.00427
— 0.7 0.07941 0.00896 0.08502 0.01136 0.06455 0.00714 0.07980 0.00888
g 1.0 0.10688 0.02057 0.10526 0.01834 0.07837 0.00997 0.09747 0.01348
< 1.3 0.12311 0.02451 0.15443 0.03817 0.09829 0.01608 0.12627 0.02763
A 1.6 0.17441 0.04299 0.25481 0.09228 0.11675 0.02344 0.13286 0.02868
1.9 0.21571 0.07401 0.25492 0.10076 0.13504 0.03037 0.15555 0.04198

Table 3: Empirical type I error and power of the test in percentage
at an asymptotic level of 1% and 5% for the Weibull model.

(0102.0) | w() 1% o
n=50 | n=100 | n=50 | n=100

1 1.8 1.2 5.6 5.2

(0.2,0.2,2.2) | n 18 1.4 5.8 5.4
() 1.6 1.2 5.6 4.8

1 73 90.8 88.6 96

(0.2,0.4,2) NG 67.6 92 88.4 95.2
an() | 744 94 91.4 100

1 92.4 100 98.2 100

(0.2,0.5,2) Jn 91.2 100 98.8 100
() | 93.6 100 100 100

1 82.4 98 95 100

(0.4,0.7,2) Jn 80.8 96.4 94.4 98
() | 82.8 98.4 97.2 100
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Table 4: Empirical type I error and power of the test in percentage at
an asymptotic level of 1% and 5% for the Gompertz model.
1% 5%
(p1,p2,8) w(:) ’ ’
n=50 | n=100 | n=50 | n=100

1 1.8 1.4 5.8 5.2

(0.1,0.1,1.5) | n 2 14 6.2 5.6

fik () 1.6 1.2 5.4 4.6

1 88.2 96.8 94.6 100

(0.3,05,1.1) | n 87.2 96.4 94.2 100

() | 87.8 97 95.4 100

1 95.6 100 100 100

(0.3,06,1.1) | n 94.4 100 100 100

ik (+) 96.2 100 100 100

1 71.4 92.8 94.2 98.4

(0.4,06,1.1) | 7 67.4 91.4 92.8 98.4

fn() | 78.2 93.4 94.6 100
@ |
2
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Figure 3: Rejection probabilities of the test at the 5% level under the Weibull model with 6; = 0.2.
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Figure 4: Rejection probabilities of the test at the 5% level under the Gompertz model with p; = 0.3.
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5. DATA ANALYSIS

The proposed inference procedures are illustrated using an automobile warranty data-
base given in Somboonsavatdee and Sen (2015). The data set consists of recurrent failure
histories of 172 automobiles in which the outcome of interest is the repeated mileages at which
the failures occur. The mileages are type I censored at 3000 miles. The failure modes are
classified into three categories, FM1, FM2, and FM3, resulting in multiple modes of failure
framework. We can observe from the data a total of 274 failures in which 76 failures are due
to FM1, 87 are due to FM2, and 111 are due to FM3.

Since there are no intermittent observation gaps in the original data set, we generate
gaps in the data records to create an automobile warranty database with simulated windows.
We modify the original data set by allowing each vehicle to have a minimum of four windows
of observation gaps in their study tenure. The length of the observation windows is ran-
domly generated from a Uniform(400,600) distribution while the length of the gaps follows
a Uniform(50, 150) distribution. All the vehicles are assumed to begin with an observation
window. In the transformed data, we observe a total of 245 failure recurrences, where 29
failures are missing due to gaps in the observation timeline. The new recurrences comprise
71 failures due to FM1, 78 due to FM2, and 96 due to FM3. Because of the presence of gaps
in the follow-up, the number of vehicles at risk changes with time, and the size of the new
risk set is presented in Figure 5.

Size of Risk Set
100 150
] !

50
|

T T T T T T T
0 500 1000 1500 2000 2500 3000

Time in Miles

Figure 5: Risk set plot for the automobile data with observation gaps.

Our goal here is to compare the effect of three modes of failures FM1, FM2, and FM3
on the failure recurrences of automobiles. The mean functions due to three different modes
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of failures are computed using the estimator proposed in (2.3) and the results are presented
in Figure 6.

10
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Figure 6: Estimates of cumulative cause specific mean functions of automobile data
with observation gaps for different failure modes (FM1, FM2 and FM3).

From Figure 6, we observe that the mean functions for three different causes FM1, FM2,
and FM3 are different. The mean cumulative functions of the causes FM1 and FM2 show an
almost similar pattern and compete, but failure mode 3 exhibits a different pattern. We can
see a higher failure rate at the beginning of the observation time, somewhat up to 500 miles,
due to causes FM1 and FM2. The rate becomes steady beyond 1500 miles for these two causes.
The earlier failures of vehicles, somewhat up to 1500 miles, are more likely to be due to failure
modes 1 or 2, and failure mode 3 causes more events beyond 1500 miles than the other two.

We test statistically whether these three modes of failures namely FM1, FM2, and
FM3 have the same effect on the recurrence process or not by using the method proposed in
Section 3. With the help of bootstrap techniques, the variance-covariance matrix in (3.4) is
estimated. Table 5 presents the test statistic values obtained and the corresponding p-values
for weight functions w(-) =1, w(-) = y/n and w(-) = i (+).

Table 5: Test statistic values and the corresponding p-values for different weight functions.

Weight function Test statistic p-value

w(-) =1 15.857 0.00036
w(-) = n 15.856 0.00036
w(-) = k() 9.577 0.00832

From Table 5, we see that the p-value is small for each of the weight functions, and we
conclude that the three cause specific mean functions are significantly different.
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6. CONCLUSION

Recurrent event data with gaps in the follow-up windows are often found in survival
and reliability studies. In this paper, we are extending the methods proposed by Zuo et al.
(2008) for analyzing the window-observation recurrence data to the multiple causes of failure
scenario. A non-parametric estimator for the cause specific mean function in the window-
observation setup is studied and the asymptotic properties were discussed. A test statistic
is proposed to test whether the mean functions due to different causes are identical or not.
The results of the simulation study ensure that the proposed methods are efficient. A data
analysis is also performed to illustrate the methods proposed in this paper.

In some applications, there will be additional information on the factors that may
affect the recurrence process, such as medical history, demographic details, and vital signs of
patients in clinical studies or model, make, and operating environment of systems in reliability
studies. Allowing such covariate information to analyze multiple modes of failure in window-
observation recurrent event data is an important research area, and works in these directions
will be reported elsewhere.
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