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1. INTRODUCTION

In recent years, the inverse Lindley distribution (ILD) has attracted the attention
of several authors. It was first introduced by Sharma et al. (2015) and its stress-strength
reliability was explored under classical and Bayesian models. In addition, its application
to head and neck cancer data was demonstrated. Let Y have a Lindley distribution with

parameter θ, and define X =
1
Y

, then X has an inverse Lindley distribution with parameter θ(
notationally X ∼ ILD(θ)

)
and the probability density function (PDF ) of X is obtained to

be

(1.1) f(x; θ) =
θ2

1 + θ

(
x + 1
x3

)
e−

θ
x , x > 0, θ > 0.

The corresponding cumulative distribution function (CDF ) is given by

(1.2) F (x; θ) =
(

1 +
θ

(1 + θ)x

)
e−

θ
x , x > 0, θ > 0.

The PDF (1.1), is a mixture of the inverse exponential distribution with parameter θ and
the inverse gamma distribution with shape parameter 2 and scale parameter θ, namely (1.1)
can be written as

f(x; θ) = pf1(x) + (1− p)f2(x),

where

f1(x) = θx−2e−
θ
x , f2(x) = θ2x−3e−

θ
x , and p =

θ

1 + θ
.

Basu et al. (2017) and Basu et al. (2019) discussed the problem of estimation of the
parameter of the ILD under Type-I censored data and hybrid censored data, respectively.
Many generalizations of the ILD have been introduced. For example, Asgharzadeh et al.

(2017) studied the generalized inverse Lindley distribution and presented an application to
Danish fire insurance data.

Record values are of great significance in many real-life situations such as in indus-
try, weather, and life-testing events. Record values and their basic properties have been
discussed by Chandler (1952), Resnick (1973), Nevzorov (1988), and Arnold et al. (1998),
among others. Recently, Asgharzadeh et al. (2018) and Fallah et al. (2018) worked on the
inferential problems for the Lindley distribution, and Singh et al. (2020) focused on the in-
ference for the generalized Lindley distribution based on record data. Let X1, X2, ... be a se-
quence of independent and identically distributed (iid) random variables with CDF F (x; θ)
and PDF f(x; θ). Then the observation Xj is a lower record value if it is smaller than
all its preceding observations, namely Xj < Xi, ∀i < j. In other words, let L(1) = 1 and
L(m) = min{j|j > L(m− 1), Xj < XL(m−1)} for m > 1. Then XL(m) is the m-th lower
record value, and the sequence {L(m),m ≥ 1} represents the record times. The PDF of
XL(m) for m ≥ 1 is given by (see e.g. Arnold et al., 1998)

fXL(m)
(x) =

1
(m− 1)!

[
− ln

(
F (x; θ)

)]m−1
f(x; θ), x > 0, m ≥ 1.
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The joint PDF of XL(m) and XL(n), for 1 ≤ m < n and x < y, is

fXL(m),XL(n)
(x, y; θ) =

1
(m− 1)!(n−m− 1)!

[
− ln

(
F (x; θ)

)]m−1

×
[
ln
(
F (x; θ)

)
− ln

(
F (y; θ)

)]n−m−1 f(x; θ)
F (x; θ)

f(y; θ).

In addition, suppose that x = (x1, ..., xm) is the observed vector of
(
XL(1), ..., XL(m)

)
, then

the likelihood function of θ given the m lower records can be expressed as

(1.3) L(θ|xxx) = f(xm; θ)
m−1∏
i=1

f(xi; θ)
F (xi; θ)

, x > 0, m ≥ 1.

So, for the ILD, the PDF of m-th lower record is given by
(1.4)

fXL(m)
(x) =

1
Γ(m)

[
− ln

(
1 +

θ

(1 + θ)x

)
+

θ

x

]m−1 θ2

1 + θ

(
1 + x

x3

)
e−

θ
x , x > 0, θ > 0.

The main aim of this article is to present both frequentist and Bayesian methodology
to estimate the parameter of the ILD based on lower records and to predict a future record
based on past observed record values. The rest of the paper is organized as follows: In Section
2, we use the maximum likelihood (ML) method as a frequentist methodology to obtain a
point estimator of the parameter. Besides, the asymptotic confidence interval (CI) as well
as two different bootstrap-type CIs are obtained. We also consider the problem of Bayesian
estimation of the unknown parameter in this section. In Section 3, the problem of predicting
a future record value is discussed based on using both classical and Bayesian procedures. In
Section 4, a Monte Carlo simulation study is conducted to evaluate the performances of the
proposed estimators in the sense of estimated bias and their associated estimated risks. In
Section 5, the applicability of the paper results, is shown using an application to real data.
Finally, the paper ends with some conclusions in Section 6.

2. PARAMETER ESTIMATION

In this section, we use both classical and Bayesian methods of estimation to evaluate
the parameter of the inverse Lindley distribution based on lower records.

2.1. Maximum likelihood estimation

In this subsection, we discuss the process of obtaining the ML estimator of parameter θ

based on lower record values for ILD(θ). Suppose that XL(1), ..., XL(m) are the first m record
statistics arising from a sequence of iid random variables from ILD(θ) with PDF (1.1) and
xxx = (x1, x2, ..., xm) is the observed vector of (XL(1), ..., XL(m)). The likelihood function of the
parameter given xxx is as follows:

L(θ|xxx) =
θ2me−

θ
xm

xm(1 + θ)

m∏
i=1

1 + xi

x2
i

m−1∏
i=1

1
θ(1 + xi) + xi

.
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Hence, the log-likelihood function is

(2.1) l(θ) = lnL(θ|xxx) = 2m ln θ − ln(1 + θ)− θ

xm
−

m−1∑
i=1

ln
(
θ(1 + xi) + xi

)
+ A(xxx),

where A(xxx) =
∑m

i=1 ln(1 + xi)− lnxm − 2
∑m

i=1 lnxi.

The ML estimate of θ can be obtained by maximizing (2.1) with respect to θ. Upon
differentiating (2.1) with respect to θ and equating it with zero, we have

∂l(θ)
∂θ

=
2m

θ
− 1

1 + θ
− 1

xm
−

m−1∑
i=1

1 + xi

θ(1 + xi) + xi
= 0.

It can be shown that the solution of (2.1) can be obtained as a fixed point solution of h(θ) = θ

where

h(θ) = 2m

(
1

1 + θ
+

1
xm

+
m−1∑
i=1

1 + xi

θ(1 + xi) + xi

)−1

.

Next, we show the uniqueness and existence of the ML estimate of θ. To this end, let
v1(θ) = h(θ) and v2(θ) = θ. It can be easily verified that v1(θ) is an increasing function with

v1(0) = 2m
( m∑

i=1

1
xi

+ m
)−1

, v1(∞) = 2m xm.

So v1(θ) starts from a positive real value at 0 and increases to 2m xm, which is a finite value.
For large θ, v1(θ) is a finite value whereas v2(θ) →∞ as θ goes to ∞. This implies that there
exists one real positive root, say θ̂, such that h(θ̂) = θ̂.

2.2. Asymptotic confidence interval

It seems that the ML estimate of θ does not possess an explicit form, and therefore
it is not easy to obtain the variance of θ̂, where θ̂ denotes the ML estimator (MLE) of θ.
Consequently, we cannot get the exact distribution of the MLE and the exact bounds for the
parameter. The intent is to use the large-sample approximation. The asymptotic distribution
of θ̂ is (Lawless, 2003)

(θ̂ − θ) D−→ N(0, I−1
XL(1)

, ..., XL(m)(θ)),

where I−1
XL(1),...,XL(m)

(θ) is the inverse of the Fisher information of the first m lower records

about the unknown parameter θ and D−→ stands for convergence in distribution. Since θ

is unknown, we estimate the asymptotic variance of θ̂ based on the inverse of the observed
Fisher information of the first m lower records, in other words, we have

V̂ar(θ̂) =
(

ĨXL(1),···,XL(m)
(θ̂)
)−1

,

where

ĨXL(1),···,XL(m)
(θ̂) =

2m

θ̂2
− 1

(1 + θ̂)2
−

m−1∑
i=1

(
1 + XL(i)

θ̂(1 + XL(i)) + XL(i)

)2

.
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Using the above element, one can derive the approximate 100(1−α)% CI of the parameter θ

as follows:

θ̂ ± zα
2

√
V̂ar(θ̂),

where zα
2

is the upper α
2 quantile of the standard normal distribution.

2.3. Bootstrap confidence interval

In this subsection, two different bootstrap confidence intervals are proposed. The first
one is the bootstrap percentile (Boot− P ) CI and the second one is the basic bootstrap
(Boot−B)CI (Davison and Hinkley, 1997; Efron, 1982). The following algorithm is used to
generate parametric bootstrap samples.

Algorithm 1

Step 1: Compute the ML estimate of θ, denoted by θ̂, based on the observed lower records.
Step 2: Generate the bootstrap lower record sample X∗

L(1), ..., X
∗
L(m), from ILD(θ̂).

Step 3: Compute the ML estimate of θ based on the generated bootstrap sample in Step 2,
denoted by θ̂∗1.

Step 4: Repeat Steps 2 and 3, B times, and store θ̂∗i for i = 1, ..., B, say {θ̂∗1, ···, θ̂∗B}.

i) Boot− P method
Arrange θ̂∗i ’s in an ascending order and let θ∗i be the i-th ordered member of
{θ̂∗1, ···, θ̂∗B}, then the 100(1− γ)% bootstrap percentile CI for θ is given by(

θ∗(B+1) γ
2
, θ∗(B+1)(1− γ

2
)

)
.

ii) Boot−B method
The 100(1− γ)% basic bootstrap CI for θ is given by(

2θ̂ − θ∗(B+1)(1− γ
2
), 2θ̂ − θ∗(B+1)( γ

2
)

)
.

2.4. Bayesian estimation

In this subsection, we work on Bayesian estimation of the unknown parameter θ in
the ILD, based on lower record values. It should be noted that all the relations given in
this subsection hold for the general case of one-dimensional parameter θ. In the context of
Bayes estimation, the parameter is assumed to be a random variable with a prior distribution,
π(θ). Let X denote the informative sample and L

(
θ, δ(X)

)
denote the loss function, where

δ(X) is an estimator of θ. The Bayes estimator of θ is derived through minimizing the
posterior risk E[L(θ, δ(X))|X] with respect to δ. In the literature, the squared error (SE)
loss function is one of the common loss functions that has been frequently used for estimation
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problems, which is defined as L
(
θ, δ(X)

)
=
(
δ(X)− θ

)2. The Bayes estimator of θ is given
by δSE(X) = E(θ|X) under the SE loss function, provided that the mentioned expectation
exists and is finite. The SE loss function, as a symmetric function, allocates equivalent
losses to the overestimation and underestimation. However, in some practical situations,
overestimation and underestimation are not of the same importance, and the use of symmetric
loss functions seems inappropriate. Varian (1975) proposed an asymmetric loss function,
called the linear-exponential (LE or linex) loss function, which is defined as

L
(
θ, δ(X)

)
= b∗

[
ec(δ(X)−θ) − c(δ(X)− θ)− 1

]
, c 6= 0, b∗ > 0,

where b∗ and c are the parameters of the function. Without loss of generality, we can assume
b∗ = 1 whereas c has to be determined carefully. Positive values of c are considered when the
overestimation is more serious than underestimation, while the negative values are considered
when the underestimation is more serious than overestimation (see e.g. Zellner, 1986). The
Bayes estimator of θ under the LE loss function is given by

δLE(X) =
−1
c

lnE(e−cθ|X), c 6= 0.

provided that the above expectation exists and is finite.

Another asymmetric loss function, proposed by Calabria and Pulcini (1994), is the
general entropy (GE) loss function, which is defined as

L
(
θ, δ(X)

)
= w

[(
δ(X)

θ

)p

− p ln
(

δ(X)
θ

)
− 1
]
, p 6= 0, w > 0.

Without loss of generality, we assume w = 1. The Bayes estimator of θ under the GE loss
function is given by

δGE(X) = [E(θ−p|X)]−
1
p , p 6= 0,

provided that the above expectation exists and is finite. Now, assume that θ has a gamma
prior distribution with the following PDF :

(2.2) π(θ) =
ba

Γ(a)
θa−1e−bθ; a > 0, b > 0, θ > 0.

From the likelihood function (2.1) and the prior distribution (2.2), the posterior density
function can be obtained to be

π(θ|xxx) =
L(θ|xxx)π(θ)∫∞

0 L(θ|xxx)π(θ)dθ

= m(xxx)θ2m+a−1e−θ( 1
xm

+b){(1 + θ)
m−1∏
i=1

(
θ(1 + xi) + xi

)}−1
,(2.3)

where

m(xxx) =
1∫∞

0 θ2m+a−1e−θ( 1
xm

+b){(1 + θ)
m−1∏
i=1

(
θ(1 + xi) + xi

)}−1dθ

.
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2.5. Tierney and Kadane’s approximation

This subsection presents the approximate Bayes estimates of θ under the SE,LE, and
GE loss functions using the Tierney and Kadane’s (TK) approximation method. Tierney and
Kadane (1986) used Laplace’s formula to approximate posterior moments. To apply the TK

approximation method, suppose that F (θ) = 1
m lnπ(θ) + 1

m l(θ) and F ∗(θ) = F (θ) + 1
m ln g(θ)

where l(θ) is the log-likelihood function of θ, π(θ) is the prior density, and g(θ) should be a
smooth positive function on the parameter space. We know that posterior moment of g(θ) is

(2.4) E(g(θ)|xxx) =
∫ ∞

0
g(θ) · π(θ|xxx)dθ.

The expression (2.4) can be rewritten as

(2.5) E(g(θ)|xxx) =

∫∞
0 emF ∗(θ)dθ∫∞
0 emF (θ)dθ

.

Using the TK method, the approximate form of (2.5) becomes

Ê(g(θ)|xxx) =
(σ∗

σ

)
exp

(
m
(
F ∗(θ̃∗)− F (θ̃)

))
,

where θ̃ and θ̃∗ are the modes of F (θ) and F ∗(θ), respectively and

σ2 = − 1
F ′′(θ)|θ=θ̃

and σ∗
2

= − 1
F ∗′′(θ)|θ=θ̃∗

,

where F ′′(·) and F ∗′′(·) denote the second order derivatives of F (θ) and F ∗(θ), respectively.

Now, let

G(θ, k1, k2) =
1
m

[
(2m+a−1+k1) ln(θ)− ln(1+θ)−θ

(
b+k2 +

1
xm

)
−

m−1∑
i=1

ln
(
θ(1+xi)+xi

)
+B(xxx)

]
,

where B(xxx) =
∑m

i=1 ln(1 + xi)− lnxm − 2
∑m

i=1 lnxi + a ln b− ln Γ(a) and k1 and k2 are real
numbers. Then, F (θ) = G(θ, 0, 0) and F ∗(θ) = G(θ, k∗1, k

∗
2), where

(2.6) k∗1 =


1 under SE,

0 under LE,

−p under GE,

and k∗2 =

{
0 under SE and GE,

c under LE.

Let G∗(θ, k1, k2) =
∂G(θ, k1, k2)

∂θ
. Then, we have

G∗(θ, k1, k2) =
1
m

[2m + a− 1 + k1

θ
− 1

1 + θ
−
(
b + k2 +

1
xm

)
−

m−1∑
i=1

1 + xi

θ(1 + xi) + xi

]
.

Note that
∂2G(θ, k1, k2)

∂θ2
is free of k2, so we let G∗∗(θ, k1) =

∂2G(θ, k1, k2)
∂θ2

and we have

G∗∗(θ, k1) =
1
m

[
− 2m + a− 1 + k1

θ2
+

1
(1 + θ)2

+
m−1∑
i=1

( 1 + xi

θ(1 + xi) + xi

)2]
.
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Let F ′(·) and F ∗′(·) denote the first order derivatives of F (θ) and F ∗(θ), respectively. Then,
F ′(θ) = G∗(θ, 0, 0) and F ∗′(θ) = G∗(θ, k∗1, k

∗
2), where k∗1 and k∗2 are given in (2.6).

Moreover, F ′′(θ) = G∗∗(θ, 0) and F ∗′′(θ) = G∗∗(θ, k∗1). Consequently, we get

Ê(g(θ)|xxx) =

√
F ′′(θ)|θ=θ̃

F ∗′′(θ)|θ=θ̃∗
exp

(
m
(
F ∗(θ̃∗)− F (θ̃)

))
,

where θ̃ and θ̃∗ can be derived from F
′
(θ) = 0 and F ∗′(θ) = 0, respectively, and

g(θ) =


θ under SE,

exp(−cθ) under LE,

θ−p under GE.

Therefore, the approximate Bayes estimates of θ under the SE,LE and GE loss functions
are given by

θ̃SE = Ê
(
gSE(θ)|xxx

)
θ̃LE = −1

c
ln
[
Ê
(
gLE(θ)|xxx

)]
, c 6= 0

θ̃GE =
[
Ê
(
gGE(θ)|xxx

)]− 1
p , p 6= 0,

respectively, where gSE(θ) = θ, gLE(θ) = e−cθ, and gGE(θ) = θ−p.

2.6. MCMC methods

In this subsection, we consider two Markov chain Monte Carlo (MCMC) methods to
generate samples from the posterior distribution and then compute the approximate Bayes
estimates of the parameter θ under the SE,LE, and GE loss functions. Two important
subclasses of MCMC methods, which are considered here, are importance sampling (IS)
and Metropolis–Hastings (MH) methods (see Metropolis et al., 1953, and Hastings, 1970, for
the details of the MH algorithm).

To implement the IS procedure, we rewrite the posterior density function (2.3) as
follows:

π(θ|xxx) = C(xxx) gamma
(
θ; 2m + a,

1
xm

+ b
)
h(θ),

where gamma(θ; 2m + a, 1
xm

+ b) is the density of the gamma distribution with shape and

rate parameters 2m + a and 1
xm

+ b, respectively, C(xxx) = m(xxx)Γ(2m+a)

(x−1
m +b)2m+a and

h(θ) =
{

(1 + θ)
m−1∏
i=1

(
θ(1 + xi) + xi

)}−1

.

Now, let G(θ|xxx) = gamma(θ; 2m + a, 1
xm

+ b)h(θ). Then the Bayes estimate of θ under the
SE loss function is given by

(2.7) θ̂SE =

∫∞
0 θG(θ|xxx)dθ∫∞
0 G(θ|xxx)dθ

.

Consider the following algorithm.
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Algorithm 2
Step 1: Generate θ from the gamma distribution with shape and rate parameters respectively

as 2m + a and 1
xm

+ b.
Step 2: Repeat Step 1, N times to obtain the importance sample θ1, θ2, ..., θN .

The approximate value of (2.7), which is the approximate Bayes estimate of θ under
the SE loss function, can be obtained as

θ̂SE =

N∑
i=1

θih(θi)

N∑
i=1

h(θi)
=

N∑
i=1

θiwi,

where wi = h(θi)PN
i=1 h(θi)

. Besides, the approximate Bayes estimates of θ under the LE and GE

loss functions are given by

θ̂LE = −1
c
ln
( N∑

i=1

e−cθ
i wi

)
, and θ̂GE =

( N∑
i=1

θ−p
i wi

)− 1
p
,

respectively.

In the sequel, we use the MH algorithm to approximate the Bayes estimates of the
parameter of the ILD. Here, we consider the normal distribution as a symmetric proposal
distribution. According to Dey and Pradhan (2014), we write the MH algorithm steps as
follows:

Algorithm 3

Step 1: Set an initial value θ(0), we propose to consider the ML estimate of θ as the initial
value.

Step 2: For j = 1, ..., N ′, repeat the following steps:

• Set θ = θ(j−1).

• Following Dey and Pradhan (2014), generate a new candidate parameter value δ

from N
(
ln(θ), Sθ0

[θ(0)]2

)
, where Sθ0 can be obtained using the inverse of the observed

Fisher information as follows:

Sθ0 =

{
2m

θ2
− 1

(1 + θ)2
−

m−1∑
i=1

(
1 + xi

θ(1 + xi) + xi

)2
}−1∣∣∣∣∣

θ=θ(0)

.

• Set θ′ = exp(δ).

• Calculate P = min
{
1, π(θ′|xxx)q(θ|θ′)

π(θ|xxx)q(θ′|θ)
}
, where q(x|b) is the density of the log-normal

distribution with parameters ln(b) and Sθ0

[θ(0)]2
.

• Update θ(j) = θ′ with probability P , otherwise set θ(j) = θ.
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We may discard the first k generated data, where k is the burn-in period. Suppose
{θl, l = 1, ...,M} is a sample produced according to Algorithm 3 with M = N ′−k. Therefore,
the approximate Bayes estimates of θ under the SE, LE and GE loss functions are given by

θ̃∗SE =
1
M

M∑
l=1

θl, and θ̃∗LE = −1
c

ln
( 1
M

M∑
l=1

e−cθl
)
,

and

θ̃∗GE =
( 1
M

M∑
l=1

θ−p
l

)− 1
p ,

respectively.

3. PREDICTION of a FUTURE RECORD VALUE

Prediction of future records has been studied by many authors (see for example Dun-
smore, 1983; Berred, 1998; and Ahmadi and Doostparast, 2006). In this section, we study the
problem of predicting a future record value, given a sample of observed past record values.

3.1. Maximum likelihood prediction

Suppose that the first m lower record values XL(1), ..., XL(m) are available from a pop-
ulation with PDF f(x; θ) and CDF F (x; θ). Let Z = XL(n), n > m, is an unobserved future
record value. Then, the joint PDF of Z and XL(1), ..., XL(m) is given by Basak and Balakr-
ishnan (2003), which can also be obtained from the Markovian property of records (see e.g.
Arnold et al., 1998). Here, using the result given by Basak and Balakrishnan (2003) and from
(1.1) and (1.2), the logarithm of the predictive likelihood function of the parameter and Z

for the ILD is given by

lnL(z, θ;xxx) = (2m + 2) ln(θ)− ln(1 + θ)− ln Γ(n−m) + ln(z + 1)− 3 ln(z)

−θ

z
+ (n−m− 1) ln

(
θ

z
− θ

xm
+ ln

(z[(1 + θ)xm + θ]
xm[(1 + θ)z + θ]

))
−

m∑
i=1

ln
(
θ(1 + xi) + xi

)
+

m∑
i=1

ln(1 + xi)− 2
m∑

i=1

ln(xi), z < xm.(3.1)

Maximizing (3.1) with respect to θ and z, we could find the ML prediction of Z and the
predictive maximum likelihood estimate of θ. Upon differentiating (3.1) partially with respect
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to θ and z and equating the results with zero, we have the following equations:

∂ lnL(z, θ;xxx)
∂θ

=
2m + 2

θ
− 1

1 + θ
− 1

z
−

m∑
i=1

1 + xi

θ(1 + xi) + xi

+
(n−m− 1)

(
1
z
− 1

xm
+

xm + 1
(1 + θ)xm + θ

− z + 1
(1 + θ)z + θ

)
θ

z
− θ

xm
+ ln

(z[(1 + θ)xm + θ]
xm[(1 + θ)z + θ]

) = 0,

∂ lnL(z, θ;xxx)
∂z

=
1

1 + z
− 3

z
+

θ

z2

+
(n−m− 1)

(
1
z
− θ

z2
− θ + 1

(1 + θ)z + θ

)
θ

z
− θ

xm
+ ln

(z[(1 + θ)xm + θ]
xm[(1 + θ)z + θ]

) = 0.(3.2)

A numerical procedure can help us to find the solutions of the above equations.

One may also find the approximate ML (AML) prediction of Z by means of solving
(3.2) after replacing θ with its ML estimate.

3.2. Interval prediction

In this subsection, we study the problem of interval prediction of a future record based
on observed past lower record values coming from the ILD. Shortest and equal tails inter-
vals have been nicely discussed in Ferentinos and Karakostas (2006). As mentioned earlier,
record values satisfy the Markovian property (see e.g. Arnold et al., 1998), in the sense that
the conditional density of Z = XL(n) (n > m ≥ 1) given the set of the first m lower records
(XL(1), ..., XL(m)) = (x1, ..., xm) is the same as the conditional density of Z given XL(m) = xm.
From (1.1) and (1.2), the conditional PDF of Z given xm for the ILD becomes

(3.3) fZ(z|xm; θ) =
θ2(1 + z)xm

(
θ

z
− θ

xm
+ ln

(z[(1 + θ)xm + θ]
xm[(1 + θ)z + θ]

))n−m−1

(n−m− 1)![θ(1 + xm) + xm]z3
e−θ( 1

z
− 1

xm
),

where z < xm.

As a consequence of (3.3), it can be proved that (see Appendix)

(3.4) U =
θ

Z
− θ

xm
+ ln

(Z[(1 + θ)xm + θ]
xm[(1 + θ)Z + θ]

)∣∣∣∣XL(m) = xm ∼ Gamma(n−m, 1),

with the following density:

gU (z) =
1

Γ(n−m)
zn−m−1e−z, z > 0.

Then, the highest conditional density (HCD) interval for U at the level of (1− α) is in the
form of [c1, c2] if

[c1, c2] = {c : c ≥ 0, gU (c) ≥ k},

for some k > 0, where
∫ c2

c1

gU (c)dc = 1− α.
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If n > m + 1, then gU (c) is a unimodal PDF whose maximum value is achieved at
v = n−m− 1 > 0. In this case, c1 and c2 are the solutions of the following non-linear
equations (see e.g. Casella and Berger, 2002):∫ c2

c1

gU (c)dc = 1− α, and gU (c1) = gU (c2).

The above equations can be reexpressed as follows:

γ(c2, n−m)− γ(c1, n−m) = 1− α, and
c1

c2
= exp

(
− c2 − c1

n−m− 1
)
,

where γ(c, a) =
1

Γ(a)

∫ c

0
xa−1e−xdx is the incomplete gamma function.

Thus, a 100(1− α)% prediction interval (PI) of Z based on the above (HCD) method
is in the form of (L∗, U∗), where L∗ and U∗ satisfy the following non-linear equations:

L∗(xm(1 + θ) + θ
)

xm

(
L∗(1 + θ) + θ

) = exp
(
− θ

L∗ +
θ

xm
+ c2

)
,

and
U∗(xm(1 + θ) + θ

)
xm

(
U∗(1 + θ) + θ

) = exp
(
− θ

U∗ +
θ

xm
+ c1

)
,

respectively. If θ is unknown, then it can be replaced by its MLE, which leads to a 100(1−
α)% approximate PI (API) for Z.

Next, we consider the case when n = m + 1, where gU (c) is a decreasing function with
gU (0) = 1 and gU (∞) = 0. So, we find the interval of the form [0, c1] where c1 satisfies the
following equation: ∫ c1

0
gU (c)dc = 1− α.

Therefore, c1 = − lnα and a 100(1− α)% PI for Z will be in the form of (L∗, xm), where L∗

satisfies the following equation:

αL∗(xm(1 + θ) + θ
)

xm

(
L∗(1 + θ) + θ

) = exp
(
− θ

L∗ +
θ

xm

)
.

3.3. Bayesian prediction

In this subsection, we consider the prediction of a future record based on a Bayesian
approach under the SE,LE, and GE loss functions. Suppose that the first m lower records
XL(1), ..., XL(m) are available from the ILD and we wish to predict the n-th lower record
Z = XL(n), n > m, based on the observed vector xxx. From (2.3) and (3.3), the Bayes predictive
density of Z given xxx is given by

fZ(z|xxx) =
∫ ∞

0
fZ(z|xm; θ)π(θ|xxx) dθ

=
(1 + z)xm m(xxx)

z3 Γ(n−m)

∫ ∞

0

(
θ

z
− θ

xm
+ ln

(z[(1 + θ)xm + θ]
xm[(1 + θ)z + θ]

))n−m−1

× θ2m+a+1

xm + θ(1 + xm)
e−θ( 1

z
+b)
[
(1 + θ)

m−1∏
i=1

(
xi + θ(1 + xi)

)]−1
dθ.
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In the particular case of n = m + 1, the Bayes predictive density function of Z simplifies as

fZ(z|xxx) =
(1 + z)xm m(xxx)

z3

∫ ∞

0

θ2m+a+1e−θ( 1
z
+b)

xm + θ(1 + xm)

[
(1 + θ)

m−1∏
i=1

(
xi + θ(1 + xi)

)]−1
dθ.

The Bayesian prediction of the n-th lower record under the SE loss function is given by

ẐBS = Ê(Z|xxx) =
∫ xm

0
zfZ(z|xxx)dz,

and the Bayesian predictions of Z under the LE and GE loss functions are

ẐBL = −1
c

ln Ê(e−cZ |xxx) = −1
c

ln
( ∫ xm

0
e−czfZ(z|xxx)dz

)
,

and

ẐBG = [Ê(Z−p|xxx)]−
1
p =

[ ∫ xm

0
z−pfZ(z|xxx)dz

]− 1
p
,

respectively, provided that the above integrals exist and are finite.

The predictive limits of a 100(1− τ)% two-sided PI for the future lower record Z =
XL(n) can be obtained by solving the following two equations simultaneously with respect to
L∗∗ and U∗∗: ∫ ∞

L∗∗
fZ(z|xxx)dz = 1− τ

2
, and

∫ ∞

U∗∗
fZ(z|xxx)dz =

τ

2
.

4. A SIMULATION STUDY

In this section, we performed a simulation study to assess the performance of the point
and interval estimators of θ and predictors of a future record value coming from the ILD.
With this in mind, in each iteration of the simulation, we generate m lower records from
the ILD with parameter θ and then we compute the ML estimate, the approximate Bayes
estimates under the SE,LE, and GE loss functions using the TK, IS, and MH methods.
The 95% asymptotic CIs, as well as the two bootstrap-type CIs are obtained. In the context
of prediction, we compute AML prediction and 95% PI (based on the HCD method) for
the (m + 1)-th lower record value. The following setting has been applied: We consider three
different values for the number of lower records as m = 3, 4, 5 and three different values for
the parameter as θ = 0.5, 1, 2. The number of bootstrap repetitions is taken to be B = 1000.
In the context of the Bayesian estimation, two gamma priors have been applied, Prior 1 with
(a1, b1) = (0.2, 1.5) and Prior 2 with (a2, b2) = (3, 1). Besides, we take c = −0.2, 0.2 for the
LE loss function and p = −0.2, 0.2 for the GE loss function. The results of the simulation
study are based on N = 1000 iterations.

The assessment of the performances of the point estimators is based on estimated
risks (ERs) under the SE,LE, and GE functions, and the evaluation of CIs is based on
average length (AL) and coverage probability (CP ). Let θ̃ be an estimator of θ and θ̃i be
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the corresponding estimate obtained in the i-th iteration. Then the estimated bias (bias for
short) and ERs of θ̃ under the SE,LE, and GE loss functions are given by

Bias(θ̃) =
1
N

N∑
i=1

(
θ̃i − θ

)
,(4.1)

ERSE(θ̃) =
1
N

N∑
i=1

(
θ̃i − θ

)2
,(4.2)

ERLE(θ̃) =
1
N

N∑
i=1

[
ec(θ̃i−θ) − c(θ̃i − θ)− 1

]
,

ERGE(θ̃) =
1
N

N∑
i=1

[(
θ̃i

θ

)p

− p ln
(

θ̃i

θ

)
− 1
]
,

respectively.

Besides, we compute the empirical biases (biases for short) and mean squared prediction
errors (EMSPEs) of the AML predictors (which can be formulated similarly as (4.1) and
(4.2), respectively) and the ALs and CP s of the interval predictors.

The simulation results related to the point estimation are presented in Tables 1–6.
The following abbreviations are used in Tables 1–6: BS (Bayes estimator under the SE loss
function), BLc1 (Bayes estimator under the SE loss function with c1 = 0.2), BLc2 (Bayes
estimator under the SE loss function with c2 = −0.2), BGp1 (Bayes estimator under the
GE loss function with p1 = 0.2) and BGp2 (Bayes estimator under the GE loss function
with p2 = −0.2). It is observed from Tables 1–6 that in all estimation methods, ERs are
decreasing with respect to the number of records except for the case under Prior 2 when
θ = 2. We also observe that the ERs are close to each other for the TK, IS, and MH

methods. Furthermore, for Prior 1, the ERs of the Bayes estimators are less than or equal
to those of the ML estimators (a few exceptions exist), whereas for Prior 2 when θ = 0.5,
the ML estimators outperform the Bayes estimators in the sense of ER and bias. Prior 1
produces smaller ERs than Prior 2, when θ = 0.5 and 1, which is also true for θ = 2 in the
most cases.

The performances of the asymptotic CIs and two different bootstrap CIs (Boot−B and
Boot−P methods) are compared in terms of their ALs and CP s in Table 7. Table 7 shows
that in all three methods, the AL of the CI decreases as the number of records increases.
Besides, in all cases, the CP s of the asymptotic CIs are more than the corresponding CP s
of the bootstrap CIs., and the ALs of the asymptotic CIs are less than those of the others.
We also observe that the Boot−B CIs perform better than the Boot−P CIs in the sense of
CP .

Finally, Table 8 presents the biases and EMSPEs of the AML predictors as well as
the ALs and CP s of the APIs for the (m + 1)-th lower record value. From Table 8, we
observe that for all values of θ, the AL, bias, and EMSPE decrease as the number of records
increases.
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Table 7: ALs and CP s of 95% CIs of θ.

Method
θ m

Asymptotic Boot−B Boot−P

3
AL 1.222 1.938 1.938
CP 0.985 0.868 0.840

0.5 4
AL 1.005 1.362 1.362
CP 0.997 0.902 0.788

5
AL 0.900 1.113 1.113
CP 0.999 0.927 0.668

3
AL 2.517 4.328 4.328
CP 0.984 0.863 0.838

1 4
AL 2.062 2.956 2.956
CP 0.999 0.916 0.787

5
AL 1.872 2.443 2.443
CP 0.998 0.929 0.678

3
AL 5.481 10.002 10.002
CP 0.982 0.879 0.812

2 4
AL 4.431 6.771 6.771
CP 0.995 0.918 0.772

5
AL 4.163 5.750 5.750
CP 0.998 0.942 0.633

Table 8: The estimated biases and EMSPEs of the AML predictors and
the ALs and CP s of the 95% APIs based on the HCD methods.

API based on
θ m AML Predictor

the HCD method

3
Bias 0.041 AL 0.070
EMSPE 0.004 CP 0.886

0.5 4
Bias 0.026 AL 0.046
EMSPE 0.002 CP 0.899

5
Bias 0.016 AL 0.033
EMSPE 0.000 CP 0.887

3
Bias 0.095 AL 0.156
EMSPE 0.037 CP 0.887

1 4
Bias 0.049 AL 0.098
EMSPE 0.007 CP 0.917

5
Bias 0.036 AL 0.071
EMSPE 0.003 CP 0.887

3
Bias 0.225 AL 0.362
EMSPE 0.226 CP 0.884

2 4
Bias 0.130 AL 0.223
EMSPE 0.055 CP 0.880

5
Bias 0.090 AL 0.162
EMSPE 0.026 CP 0.883
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5. REAL DATA EXAMPLE

In this section, we use a real data set to illustrate the estimation and prediction proce-
dures for the ILD. The data are the monthly rainfall during December recorded at Los Angeles
civic center from 2001 to 2016 (see the website of Los Angeles Almanac: www.laalmanac.com/

weather/we08aa.htm):
1.38 3.31 1.35 8.77 1.03 0.81 1.73 2.79
2.89 10.23 1.01 2.16 0.20 3.88 0.57 4.55

To assess the suitability of the inverse Lindley distribution for the provided dataset, vari-
ous statistical tests and criteria were applied, including the Kolmogorov–Smirnov (K−S) test,
Akaike information criterion (AIC), and Bayesian information criterion (BIC). The fitness
results for the ILD were compared with those for the inverse xgamma distribution introduced
by Yadav et al. (2021), with PDF f(x) = θ2

x2(1+θ)
(1 + θ

2x2 ) exp(−θ
x ), the inverse Maxwell dis-

tribution introduced by Singh and Srivastava (2014), with PDF f(x) = 4θ1.5
√

πx4 exp(− θ
x2 ), and

the inverse Rayleigh distribution with PDF f(x) = 2θ
x3 exp(− θ

x2 ). The results of the K−S

test, AIC, and BIC collectively support the appropriateness of the inverse Lindley distribu-
tion for the dataset. Specifically, the K−S test yielded a p-value of 0.8047 for the ILD, as
opposed to 0.6995 for the inverse xgamma, 0.000065 for the inverse Maxwell, and 0.001386 for
the inverse Rayleigh distributions. This indicates that both the inverse Lindley and inverse
xgamma distributions are suitable for these data. The AIC and BIC values for the ILD

were obtained to be 71.9553 and 72.7279, respectively. In contrast, for the inverse xgamma
distribution, the AIC and BIC values were computed as 72.7797 and 73.5523, suggesting
that the inverse Lindley distribution is more appropriate for modeling this dataset.

From the original data set, we have extracted the first five lower records as follows:
1.38, 1.35, 1.03, 0.81, 0.20. Here, we use the same priors used in the simulation study,
which are Prior 1 and Prior 2. We calculated the point and interval estimates for the unknown
parameter θ based on the observed five lower records. Besides, we computed the AML

prediction and the 95% API for the 6-th lower record value. Table 9 represents our numerical
findings.

Table 9: The numerical results of the example.

Point Estimation

MLE TK IS MH

SE 1.315 1.090 1.121 1.009
LE(c = 0.2) 1.073 1.108 0.997

Prior 1 LE(c = −0.2) 1.102 1.135 1.021
GE(p = −0.2) 1.013 1.052 0.940
GE(p = −0.2) 1.039 1.074 0.963

SE 1.578 1.588 1.625
LE(c = 0.2) 1.553 1.566 1.604

Prior 2 LE(c = −0.2) 1.600 1.610 1.648
GE(p = −0.2) 1.489 1.508 1.546
GE(p = −0.2) 1.519 1.535 1.572

Interval Estimation

95% Asymptotic CI 95% Boot−B CI 95% Boot−P CI

(0.382, 2.248) (−0.814, 1.679) (0.951, 3.443)

Prediction

AML prediction 95% API

0.200 (0.133, 0.200)

www.laalmanac.com/weather/we08aa.htm
www.laalmanac.com/weather/we08aa.htm
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6. CONCLUSIONS

The inverse Lindley distribution, introduced by Sharma et al. (2015), offers a versatile
distribution with an inverted bathtub-shaped hazard rate function. Sharma et al. (2015)
demonstrated its applicability to real-world data, specifically survival times of head and neck
cancer patients. Since its inception, various authors have explored inferential aspects of the
inverse Lindley distribution (ILD).

This paper focuses on the estimation of the unknown parameter of the ILD when the
first m record values are available. The classical and Bayesian procedures were employed
for parameter estimation, and attention was given to predicting a future record value. The
article includes a simulation study and a real data application to illustrate the proposed
procedures. A comparative analysis involved the maximum likelihood estimator and different
Bayes estimators under squared error, linear-exponential, and general entropy loss functions,
considering average empirical biases and associated estimated risks. The asymptotic and two
bootstrap-type confidence intervals were assessed for their coverage probabilities and average
lengths. Notably, the asymptotic confidence intervals demonstrated shorter lengths and larger
coverage probabilities compared to bootstrap confidence intervals. Furthermore, Bayesian
methods with small prior variance emerged as more preferable than classical methods.

The exploration extends to the estimation problem for R = P (X < Y ), utilizing two
sequences of lower record values from two inverse Lindley populations with different parame-
ters. Future work is suggested on inferential challenges for generalizations of the ILD based
on record data. Additionally, the paper proposes investigating estimation and prediction
problems for the ILD using alternative data types, such as progressively type I and type II
censored data, hybrid censored data, progressively first failure censored data, and more. The
authors anticipate reporting findings on some of these topics in future research endeavors.
All computations were carried out using the statistical software R (R Core Team, 2020) and
the packages AdequacyModel (Marinho et al., 2013), LindleyR (Mazucheli et al., 2016), lamW

(Adler, 2017), and nleqslv (Hasselman, 2018) therein.
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A. APPENDIX

Here, we want to prove (3.4). From (3.3), the conditional PDF of Z given the last
observed record xm for the ILD, fZ(z) ≡ fZ(z|xm; θ), can be rewritten as

fZ(z) =

(
θ

z
− θ

xm
+ ln

(z[(1 + θ)xm + θ]
xm[(1 + θ)z + θ]

))n−m−1

(n−m− 1)!
× θ2(1 + z)

z2[(1 + θ)z + θ]

× xm[(1 + θ)z + θ]
z[(1 + θ)xm + θ]

e−θ( 1
z
− 1

xm
).(A.1)

Let

u = g∗(z) =
θ

z
− θ

xm
+ ln

(z[(1 + θ)xm + θ]
xm[(1 + θ)z + θ]

)
.(A.2)

Then, the jacobian is obtained to be

(A.3) J =
∂g∗(z)

∂z
= − θ2(1 + z)

z2[(1 + θ)z + θ]
.

In addition, from (A.2), we get

(A.4) e−u =
xm[(1 + θ)z + θ]
z[(1 + θ)xm + θ]

e−θ( 1
z
− 1

xm
).

Note that the PDF of U , given in (3.4), can be written as gU (u) =
fZ(g∗

−1
(u))

|J |
, where g∗

−1
(·)

is the inverse function of g∗(·). So, the result follows from (A.1), (A.2), (A.3), and (A.4).
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1. INTRODUCTION

Response surface methodology (RSM) is a statistical technique used to design, analyse
and optimise complex systems by identifying relationships between the input variables and
output responses. It involves creating a mathematical model of the system using a set of
experimental data points that are collected from a series of well-designed experiments.

The second-order response model is typically very popular for experimenters who wish
to estimate the second-order model due to its high efficiency and simple structure. However,
sometimes second-order model representations become unrealistic and inadequate due to the
lack of fit caused by the presence of third or higher-order relationships in the true response
surface model. Thus, regarding various design criteria, the second-order response surface
designs might not be precise and efficient enough to express the real model of the systems or
processes accurately. A higher-order model, or third-order design, would be helpful in this
situation. A thorough explanation of the RSM and a detailed review on Response Surface De-
signs (RSD) can be found in Myers (1971), Khuri and Cornell (1996), Box and Draper (1987,
2007), Khuri (2006), Myers et al. (2016) and Anderson and Whitcomb (2016) with a detailed
review available in Hemavathi et al. (2022b). RSD can be classified as designs suitable for
experimentation either in a sequential or non-sequential manner. In the sequential approach,
the design points/runs that fit the response surface model of sequential order are executed
in stages without discarding preceding design points, whereas in non-sequential experimen-
tation, the new set of design points is experimented with if the preceding model founds
inadequate (significant lack of fit). The design constructed with an equal number of levels for
all the factors is called symmetric response surface design, and the design with unequal lev-
els (mixed levels) of factors is asymmetric response surface design (Hemavathi et al., 2022a).

Sequential and non-sequential response surface designs are both used in experiments
to optimise a response surface or explore the optimal conditions for a given factor. Sequen-
tial designs rely on the outcome of the previous experiment to guide decisions for the next
experiment, which allows for more efficient use of resources and faster convergence to the
optimal conditions. Non-sequential designs, however, are less efficient but do not rely on the
results of previous experiments. Instead, the design is pre-determined, and all experiments
are conducted based on this design.

A first-order design is considered First-Order Rotatable Design (FORD) when it ensures
that the variance of the estimated response remains consistent for all points located at equal
distances from the design centre. RSM begins with screening and selecting input factors that
affect response by experimenting FORD. The process proceeds with the assumption of fitting
the first-order with interaction and then a higher-order model by sequential experimentation.
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A higher-order model, such as a quadratic, full second-order, or even a cubic model, will
be required if significant curvature is discovered. Higher-order designs offer more precise
responses to predict more complex systems. Sequential experimentation is more practical
since it is more cost-effective and requires fewer resources.

A design earns the label of a Second-Order Rotatable Design (SORD) when it successfully
incorporates a second-order model while preserving the property of rotatability. Similarly,
when a design fits a third-order model while still maintaining the rotatability property, it is
referred to as a Third-Order Rotatable Design (TORD) by Hemavathi et al. (2022b). Gardiner
et al. (1959) studied third-order design in detail and constructed sequential third-order ro-
tatable design for three and four factors. Draper (1960a) constructed a third-order rotatable
design (TORD) in 4 dimensions, which requires 96 runs and is a combination of 4 second-
order rotatable design (SORD) arrangements. A third-order rotatable design in 3 dimensions,
combining two second-order rotatable arrangements constructed by Draper (1960b). Thaker
and Das (1961) obtained sequential TORD up to eleven factors. Das and Narasimham (1962)
proposed sequential third-order designs that can be used to estimate a complete third-order
model in case the second-order model shows a lack of fit. However, these designs have very
large run sizes. Third-order rotatable designs, both sequential and non-sequential, up to 15
factors have been obtained with the help of doubly balanced incomplete block designs and
complementary BIB designs. Adhikary and Panda (1982) gave mixed-order response surface
designs like FORD-SORD, FORD-TORD, and SORD-TORD and discussed their analysis
and construction. Huda (1982a,b) obtained some new third-order rotatable designs in 5, 6, 7
and 8 dimensions in sequential set-up. Construction of TORDs for factor, v = 6 available in
Mutiso and Koske (2007) and Mutiso (1998).

Arshad et al. (2012) constructed an Augmented Box-Behnken Design (ABBD) using
combinations of factorial, axial, and complementary design points. These augmented designs
can be used to estimate the parameters of a third-order response surface model. Rashid et al.

(2017) developed Augmented Fractional Box-Behnken designs (AFBBD)using combinations
of fractional Box-Behnken design points, factorial design points, axial design points and
complementary design points. Arshad et al. (2020) developed sequential third-order designs
for the estimation of a complete third-order model in case the second-order model’s lack of fit
is exhibited. These designs have smaller run sizes as compared to Das-Narasimham designs
and are symmetric in each. By merging SORDs, Cornelious (2019a,b) created TORDs for
v = 4 factors in 56 points and for v = 5 factors in 134 points. Cornelious and Cruyff (2019)
presented an illustrative case study of sequential TORD for v = 4 in 80 points.

There may be situations where the number of levels for all the factors studied in the
experiment are not the same. For fitting second-order response surfaces, Ramchander (1963)
obtained asymmetrical response surface designs of type 3× 5v. Draper and Stoneman (1968)
studied the number of runs required to fit the response surface model to mixed two-level
and three-level factorial designs and mixed two-level and four-level designs. Mehta and Das
(1968) demonstrated how an orthogonal transformation might be used to convert a second-
order symmetric rotatable design into a second-order asymmetric rotatable design. Dey
(1969) discussed techniques for creating partially rotatable second-order asymmetric response
designs of the kind 3v×5. Compared to the conventional rotatable response surface designs for
a quadratic response surface, Das et al. (1999) provided variously modified and/or rotatable
response surface symmetric and asymmetric designs. Some asymmetric third-order designs
that are appropriate for sequential experiments were introduced by Hemavathi et al. (2022a).
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This article presents a method of constructing a series of Sequential Third-Order Ro-
tatable Designs (STORDs) for symmetric and asymmetric levels of factors. The first stage
design can be utilized to fit the second-order model, and further, a third-order model may be
fitted with the addition of a few more runs without discarding the initial design. The pro-
posed designs are more cost-effective in terms of the number of runs in obtaining the optimal
response.

2. RESPONSE SURFACE MODEL

The response surface that depicts the relationship between the response and the factors
influencing it is expressed as

(2.1) yu = f(x1u, x2u, ..., xvu) + eu,

where u = 1,2,...,N, yu is the response obtained from the uth treatment combination, and xiu

is the level of the ith(i = 1, 2, ...,v) factor in the uth treatment combination. The function f

describes the form in which the response and the input variables are related. eu is the random
error associated with the uth observation that is independently and normally distributed with
mean zero and common variance σ2. In matrix notation, the relationship can be expressed
as:

(2.2) Y = Xβ + e,

where Y = (y1y2...yN )′ is an N × 1 vector of observations, X is a N × (p + 1) matrix of inde-
pendent variables, β = (β0β1...βp)′ is a (p + 1)× 1 vector of parameters and e = (e1e2...eN )′

is N × 1 vector of random errors distributed as N(0, σ2IN ). For a second-order response
surface model with v factors, the function f in 2.1 is of the form:

(2.3) f(xu) = β0 +
v∑

i=1

βixiu +
v∑

i≤j=1

βijxiuxju u = 1, 2, ..., N,

where β0, βi, βii and βij are the intercept, linear regression, quadratic and interaction coeffi-
cients, respectively. The total number of parameters p in this complete second-order model
to be estimated are

(
v+2
2

)
. For v = 2, the second-order response surface model takes the

following form:

(2.4) y = β0 + β1x1 + β2x2 + β12x1x2 + β11x
2
1 + β22x

2
2 + e.

For a third-order response surface model with v factors, the function f in 2.1 is of the form:

(2.5) f(xu) = β0 +
v∑

i=1

βixiu +
v∑

i≤j≤k=1

βijkxiuxjuxku u = 1, 2, ..., N,

where β0, βi, βii, βiii, βij and βijk are the intercept, linear regression, quadratic, cubic, second
and third-order interaction coefficients, respectively. The total number of parameters p in this
complete third-order model to be estimated are

(
v+3
3

)
. For v = 3, the third-order response

surface model takes the following form:

y = β0 + β1x1 + β2x2 + β3x3 + β12x1x2 + β13x1x3 + β23x2x3 + β11x
2
1 + β22x

2
2

+ β33x
2
3 + β122x1x

2
2 + β133x1x

2
3 + β113x

2
1x3 + β233x2x3

2 + β123x1x2x3

+ β111x
3
1 + β222x

3
2 + β333x

3
3 + e.

(2.6)
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The conditions for near-orthogonal estimation of parameters and constancy of variances of
all parameters for second and third-order models are given in the appendix. The design point
that satisfies the respective conditions is called second-order and third-order rotatable design,
respectively.

According to Gardiner’s ordering (Gardiner et al., 1959), the components in the matrix
(X) for the third-order model are written as follows:

[x0 x2
1 x2

2 ... x2
v xi x3

i xix
2
1 xix

2
2, ...xix

2
v x1x2 x1x3...xv−1xv

x1x2x3 x1x2x4...xv−2xv−1xv].
(2.7)

Some of the properties that must be considered when choosing a response surface design are
given by Box and Draper (1975), which was further emphasized by Khuri and Cornell (1996).

3. SEQUENTIAL THIRD-ORDER RESPONSE SURFACE DESIGNS

This section presents the method of constructing sequential third-order response surface
designs for symmetric and asymmetric factor levels. The design is constructed in two stages,
denoted by S1 and S2.

3.1. TORDs with Symmetric Factor Levels

In stage 1, 2v factorial with levels ±a or a fraction of 2v factorial is taken along with
the 2v axial points with levels ±α where α =

√
v and an appropriate number of centre points

(nc) to prevent the singularity of the design. The S1 design is a second-order rotatable design.
A formal test for lack of fit is conducted following the estimation of the second-order model.
If a significant lack of fit is seen in the second-order model, then it is important to estimate
some or all of the third-order elements that could be present. For S2, consider a Balanced
Incomplete Block (BIB) design with parameters (v, b, r, k, λ) (Dey, 2010). This design can
be expressed in terms of the incidence matrix of order b× v with the elements 0 and a. By
multiplying each of these b combinations by 2v with levels 1 and −1 or a fraction of it, i.e.
2k(k < v), b× 2k design points are obtained. Combining the design points of S1 and S2, the
Sequential Third-Order Rotatable Design (STORD) is obtained that consists of v quantitative
factors with each factor at levels ±a, ±

√
v and 0.

Example 3.1. For v = 3, S1 of the design is created by (a, a, a)× 1
223, (α, 0, 0)× 2,

which results in 10 runs and for S2, consider a BIB design with parameters (3, 3, 2, 2, 1).
The 3× 3 incidence matrix is written as

N3×3 =

a a 0
a 0 a
0 a a

.
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The following 12 design points are obtained by multiplying each combination of the incidence
matrix by the 22 combinations of +1 and −1:

N12×3 =

±a ±a 0
±a 0 ±a
0 ±a ±a

.

For a = 1, α =
√

v = 1.7321 (Ramchander, 1963) S1 and S2 together result in a STORD in
22 runs with the design X as:

X =



1
2(±a ±a ±a)
±a 0 0
0 ±a 0
0 0 ±a
±a ±a 0
±a 0 ±a
0 ±a ±a


.

In the design for v = 3, each factor has 5 levels. The variances of estimated response i.e.
V (ŷ) obtained in S1 i.e. for a second-order design after adding 3 centre runs are as 0.3333
σ2, 0.85σ2 and 0.9333σ2. Further, the variances of estimated response i.e. V (ŷ) obtained by
taking S1 and S2 together for a third-order design are 0.8636σ2, 0.9394σ2 and 1σ2. It can
be seen that there are three different variances based on the three different input factorial
combinations taking into account the distance from the design centre. Thus, the final design
is also rotatable.

There are 20 parameters in the third-order model. The variance of these estimated
parameters are obtained as follows:

V (β̂0) = 1σ2, V (β̂i) = 0.9090σ2, V (β̂ii) = 2σ2, i = 1, 2, 3;

V (β̂ijj) = V (β̂ij) = 0.3636σ2, i 6= j = 1, 2, 3;

V (β̂iii) = 6.3636σ2, i = 1, 2, 3;

V (β̂123) = 0.1818σ2.

It is seen that the parameters of a certain order are estimated with the same variance.

Note: G-efficiency = p
N×max(v(x))x∈R

, where max(v(x))x∈R is the maximum prediction
variance over the design space R. The G-efficiency criterion seeks to maximize a design’s
ability to predict by reducing the variances of the predicted values.

Table 1 presents a list of STORD for 3 to 9 factors. It includes the number of fac-
tors (v), number of runs (N), variances of predicted response V (ŷ)

σ2 , design points, and G-
efficiency. The variance of the estimated response and the variance of estimated parameters
has been obtained using a computer programme developed in SAS IML (Varghese et al., 2022).
The proposed STORD has smaller runs as compared to other existing sequential designs and
upto seven factors G-efficiency is considerably high.
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Table 1: Sequential Third-Order Rotatable Designs for factors ranging from 3 to 9.

v N V (ŷ)

σ2 Design Points G-Efficiency
(a = 1, α =

√
v)

3 22+nc 0.8636 S1 : (a, a, a)× 1
2
23 0.9091

0.9394 (α, 0, 0)× 2
1.0000 S2 : a(3, 3, 2, 2, 1)

4 48+nc 0.6167 S1 : (a, a, a, a)× 1
2
24 0.8663

0.8417 (α, 0, 0, 0)× 2
S2 : a(4, 6, 3, 2, 1)

5 66+nc 0.0643 S1 : (a, a, a, a, a)× 1
2
25 0.8214

0.7892 (α, 0, 0, 0, 0)× 2
0.8591 S2 : a(5, 10, 4, 2, 1)
0.9740

6 124+nc 0.0597 S1 : (a, a, a, a, a, a)× 1
2
26 0.7931

0.5891 (α, 0, 0, 0, 0, 0)× 2
0.8339 S2 : a(6, 10, 5, 3, 2)

7 162+nc 0.0211 S1 : (a, a, a, a, a, a, a)× 1
2
27 0.7393

0.5369 (α, 0, 0, 0, 0, 0, 0)× 2
0.8686 S2 : a(7, 21, 6, 2, 1)
0.9777

8 372+nc 0.0226 S1 : (a, a, a, a, a, a, a, a)× 1
2
28 0.5555

0.3265 (α, 0, 0, 0, 0, 0, 0)× 2
0.6172 S2 : a(8, 14, 7, 4, 3)
0.79844

9 562+nc 0.2969 S1 : (a, a, a, a, a, a, a, a, a)× 1
2
29 0.4886

0.4690 (α, 0, 0, 0, 0, 0, 0, 0)× 2
0.8012 S2 : a(9, 18, 8, 4, 3)

3.2. TORDs with Asymmetric Factor Levels

Let the design matrix X = (x1ux2u...xvu), where xiu, i = 1, 2, .., v is a vector of order
N × 1 given in 3.1, be transformed to Z through a conformable orthonormal transformation
matrix B as given below:

Z = BX.

B is a transformation matrix of order v × v such that its elements bii satisfy the relations:

v∑
i=1

b2
ii = 1 ∀i = 1, 2, ..., v;

v∑
i=1 i6=k

bijbkj = 0 ∀i 6= j 6= k = 1, 2, ..., v.

Adding an appropriate number of centre points (nc), the design Z obtained satisfies the con-
ditions for near-orthogonal estimation of parameters and constancy of variances of linear and
quadratic parameters for a second-order model and third-order model are given in the Ap-
pendix. The design so obtained is a Sequential Asymmetrical Third-Order Rotatable Design
(SATORD), which is rotatable. It can be noted that the transformed asymmetrical design
Z’s estimated response and G-efficiency variances are equivalent to those of the analogous
symmetrical design X.
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Example 3.2. For v = 3, consider the X as given in Example 3.1. Let

B =


3
5

4
5 0

−4
5

3
5 0

0 0 1

.

The Z matrix so obtained has first two factors at 9 levels as ±7
5a,±7

5a,±3
5b,±4

5b, 0
and 3rd factor has 5 levels for S1 for fitting of a second-order model.

When S1 and S2 are taken together for fitting a third-order model, then the first two
factors have 13 levels while the third factor has 5 levels. Along with the previously mentioned
9 levels, there are an additional 4 levels of first two factors resulting in SATORD which are
±3

5a,±4
5a. The variances of these estimated parameters are obtained as follows:

V (β̂0) = 1σ2, V (β̂i) = 0.8182σ2, V (β̂ii) = 1.363σ2, i = 1, 2, 3;

V (β̂ijj) = V (β̂ij) = 0.3636σ2, i 6= j = 1, 2, 3;V (β̂iii) = 3σ2, i = 1, 2, 3;

V (β̂123) = 0.1818σ2.

It is clear that the parameters of a certain order are estimated with the same variance;
specifically, the variances of the linear coefficients, quadratic coefficients, second-order inter-
action coefficients, cubic coefficients and third-order interaction coefficients are all similar.
Additionally, it can be seen that interaction coefficient variances are comparable to those
of symmetrical designs. Additionally, the predicted response variances are also the same as
those of the symmetrical design.

This design for 3 factors require 22 runs which is less than the design constructed by
Hemavathi et al. (2022a) in 46 runs.

A list of sequential asymmetrical third-order rotatable designs is presented in Table 2,
along with the factor levels and orthonormal transformation matrices that were used, where

Q0 =

 3
5

4
5

−4
5

3
5

 , Q1 =

√
3

2
1
2

−1
2

√
3

2

, Q2 =


1√
3

1√
6

1√
2

1√
3

1√
6
− 1√

2

1√
3
− 2√

6
0

,

Q3 =


1
3

2
3 −

2
3

−2
3

2
3

1
3

2
3

1
3

2
3

, Q4 =



1
2

1√
2

1√
6

1√
12

1
2 −

1√
2

1√
6

1√
12

1
2 0 − 2√

6
1√
12

1
2 0 0 − 3√

12

.

The variance of estimated response and G-efficiency are identical to those of the symmetrical
designs shown in Table 1. Levels of factors depend on the orthonormal transformation matrix
used.
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Table 2: SATORD for factors ranging from 3 to 9.

v N Design Points Levels B
(a = 1)

3(i) 22+nc S1 : (a, a, a)× 1
2
23 S1 : (9, 9, 5)

(α, 0, 0)× 2 S1 + S2 : (13, 13, 5)

�
Q0 0
0T 1

�

S2 : a(3, 3, 2, 2, 1)

3(ii) 22+nc S1 : (a, a, a)× 1
2
23 S1 : (9, 9, 5)

(α, 0, 0)× 2 S1 + S2 : (13, 13, 5)

�
Q1 0
0T 1

�

S2 : a(3, 3, 2, 2, 1)

4(i) 48+nc S1 : (a, a, a, a)× 1
2
24 S1 : (9, 9, 5, 5)

(α, 0, 0, 0)× 2 S1 + S2 : (13, 13, 5, 5)

�
Q1 0
0T I2×2

�

S2 : a(4, 6, 3, 2, 1)

4(ii) 48+nc S1 : (a, a, a, a)× 1
2
24 S1 : (7, 5, 3, 5)

(α, 0, 0, 0)× 2 S1 + S2 : (7, 9, 5, 5)

�
Q2 0
0T 1

�

S2 : a(4, 6, 3, 2, 1)

5(i) 66+nc S1 : (a, a, a, a, a)× 1
2
25 S1 : (11, 11, 11, 5, 5)

(α, 0, 0, 0, 0)× 2 S1 + S2 : (11, 11, 11, 5, 5)

�
Q3 0
0T I2×2

�

S2 : a(5, 10, 4, 2, 1)

5(ii) 48+nc S1 : (a, a, a, a, a)× 1
2
25 S1 : (9, 9, 5, 5, 5)

(α, 0, 0, 0, 0)× 2 S1 + S2 : (13, 13, 5, 5, 5)

�
Q0 0
0T I3×3

�

S2 : a(5, 10, 4, 2, 1)

6(i) 124+nc S1 : (a, a, a, a, a, a)× 1
2
26 S1 : (9, 9, 5, 5, 5, 5)

(α, 0, 0, 0, 0, 0)× 2 S1 + S2 : (13, 13, 5, 5, 5, 5)

�
Q0 0
0T I4×4

�

S2 : a(6, 10, 5, 3, 2)

6(ii) 48+nc S1 : (a, a, a, a, a, a)× 1
2
26 S1 : (7, 9, 5, 5, 5, 5)

(α, 0, 0, 0, 0, 0)× 2 S1 + S2 : (9, 13, 7, 5, 5, 5)

�
Q2 0
0T I3×3

�

S2 : a(6, 10, 5, 3, 2)

7(i) 162+nc S1 : (a, a, a, a, a, a, a)× 1
2
27 S1 : (11, 11, 11, 7, 5, 9, 5)

(α, 0, 0, 0, 0, 0, 0)× 2 S1 + S2 : (15, 15, 15, 9, 7, 11, 5)

2
4 Q3 03×3 0
03×3 Q2 0
0T 0T 1

3
5

S2 : a(7, 21, 6, 2, 1)

7(ii) 162+nc S1 : (a, a, a, a, a, a, a)× 1
2
27 S1 : (11, 11, 11, 9, 9, 5, 5)

(α, 0, 0, 0, 0, 0, 0)× 2 S1 + S2 : (15, 15, 15, 13, 13, 5, 5)

2
4 Q3 03×2 0
02×3 Q0 0
0T 0T I2×2

3
5

S2 : a(7, 21, 6, 2, 1)

8(i) 372+nc S1 : (a, a, a, a, a, a, a, a)× 1
2
28 S1 : (92, 56)

(α, 0, 0, 0, 0, 0, 0, 0)× 2 S1 + S2 : (13, 56)

�
Q0 0
0T I6×6

�

S2 : a(8, 14, 7, 4, 3)

8(ii) 372+nc S1 : (a, a, a, a, a, a, a, a)× 1
2
28 S1 : (135, 53)

(α, 0, 0, 0, 0, 0, 0, 0)× 2 S1 + S2 : (113, 92, 53)

2
4 Q3 03×2 0
02×3 Q0 0
0T 0T I3×3

3
5

S2 : a(8, 14, 7, 4, 3)
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8(iii) 372+nc S1 : (a, a, a, a, a, a, a, a)× 1
2
28 S1 : (7, 7, 5, 7, 7, 5, 5, 5)

(α, 0, 0, 0, 0, 0, 0, 0)× 2 S1 + S2 : (9, 11, 7, 9, 11, 7, 5, 5)

2
4 Q2 03×3 0T

03×3 Q2 0
0T 0T I2×2

3
5

S2 : a(8, 14, 7, 4, 3)

9(i) 562+nc S1 : (a, a, a, a, a, a, a, a, a)× 1
2
29 S1 : (7, 5, 9, 11, 7, 5, 9, 5, 5)

(α, 0, 0, 0, 0, 0, 0, 0, 0)× 2 S1 + S2 : (11, 7, 13, 17, 9, 7, 13, 5, 5)

2
4 Q4 04×3 0
03×4 Q2 0
0T 0T I2×2

3
5

S2 : a(9, 18, 8, 4, 3)

9(ii) 562+nc S1 : (a, a, a, a, a, a, a, a, a)× 1
2
29 S1 : (9, 9, 57)

(α, 0, 0, 0, 0, 0, 0, 0, 0)× 2 S1 + S2 : (13, 13, 57)

�
Q0 0
0T I7×7

�

S2 : a(9, 18, 8, 4, 3)

9(iii) 562+nc S1 : (a, a, a, a, a, a, a, a, a)× 1
2
29 S1 : (7, 9, 5, 7, 9, 5, 5, 5, 5)

(α, 0, 0, 0, 0, 0, 0, 0, 0)× 2 S1 + S2 : (9, 13, 7, 9, 13, 7, 5, 5, 5)

2
4 Q2 03×3 0
03×3 Q2 0
0T 0T I3×3

3
5

S2 : a(9, 18, 8, 4, 3)

4. COMPARATIVE STUDY

On the basis of the design runs, G-efficiency and prediction ability, a comparison of the
proposed design (STORD) with the existing sequential designs, namely, the New Augmented
Box-Behnken Design (NABBD) by Arshad et al. (2020), the Augmented Fractional Box-
Behnken Design (AFBBD) by Rashid et al. (2017), the Augmented Box-Behnken Design
(ABBD) by Arshad et al. (2012) and Das and Narasimham (1962) made sequential design
(say, DND).

One of the critical characteristics of a design that must be maintained is run size. When
the experimental material is expensive, an experimenter may prefer design of minimum runs,
which is cost effective. Table 3 and Figure 1 both compare the runs of all the designs for
easier review.

Table 3: Comparison of sequential designs with respect to runs.

Factors STORD NABBD ABBD AFBBD DND

3 22 - 26 20 40

4 48 64 48 42 72

5 66 140 82 62 192

6 124 172 172 124 260

7 162 182 182 154 238

8 372 448 464 - 480

9 562 828 842 - 1256
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Figure 4.1: Comparison of STORD and other sequential designs with
respect to runs

Table 4.2: G-efficiency of STORD, NABBD, ABBD , AFBBD and DND

Factors STORD NABBD ABBD AFBBD DND

3 90.91 - 63.70 83.33 81.18

4 86.63 74.48 60.58 76.09 71.09

5 82.13 90.40 66.57 77.00 30.97

6 79.31 67.71 52.15 76.38 73.18

7 73.93 71.21 60.63 76.43 78.70

8 55.56 77.56 40.06 - 71.91

9 48.86 70.84 15.71 - 57.57

Figure 4.2: Comparison of STORD and other sequential designs with
respect to G-Efficiency

Figure 1: Comparison of STORD and other sequential designs with respect to runs.

The G-efficiency of all the designs are calculated and listed in Table 4 and Figure 2 for
better evaluation, is used to compare all of the designs.

Table 4: G-efficiency of STORD, NABBD, ABBD, AFBBD and DND.

Factors STORD NABBD ABBD AFBBD DND

3 90.91 - 63.70 83.33 81.18

4 86.63 74.48 60.58 76.09 71.09

5 82.13 90.40 66.57 77.00 30.97

6 79.31 67.71 52.15 76.38 73.18

7 73.93 71.21 60.63 76.43 78.70

8 55.56 77.56 40.06 - 71.91

9 48.86 70.84 15.71 - 57.57
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Figure 4.1: Comparison of STORD and other sequential designs with
respect to runs

Table 4.2: G-efficiency of STORD, NABBD, ABBD , AFBBD and DND

Factors STORD NABBD ABBD AFBBD DND

3 90.91 - 63.70 83.33 81.18

4 86.63 74.48 60.58 76.09 71.09

5 82.13 90.40 66.57 77.00 30.97

6 79.31 67.71 52.15 76.38 73.18

7 73.93 71.21 60.63 76.43 78.70

8 55.56 77.56 40.06 - 71.91

9 48.86 70.84 15.71 - 57.57

Figure 4.2: Comparison of STORD and other sequential designs with
respect to G-Efficiency

Figure 2: Comparison of STORD and other sequential designs with respect to G-Efficiency.



38 Verma et al.

Table 3 and 4 and Figures 1 and 2 show that STORDs are much smaller than NABBD
for each factor from 3 to 9. STORDs perform better for factors 4, 6, and 7 in terms of G-
efficiency. In addition, it should be remembered that while STORD is rotatable for all factors,
NABBD is not. Run-wise, STORDs are larger than AFBBD. In contrast to STORDs, which
are rotatable and have parameter estimates that are nearly orthogonal, AFBBDs do not
satisfy the moment matrix criterion, meaning that all parameters are correlated and designs
are only partially rotatable. Consider using STORDs if you want responses to be estimated
with the same accuracy. In terms of design runs size STORD is smaller than ABBDs, and in
terms of G-efficiencies, STORDs are much better than ABBDs. STORDs are substantially
smaller than DNDs in terms of runs. STORDs are only effective for factors 3,4,5 and 6 in
terms of G-efficiencies. Both designs possess the property of rotatability.

Variance Dispersion Graphs (VDGs) can be used to analyse a response surface design
with spherical parts (Giovannitti-Jensen and Myers, 1989). The maximum, lowest and av-
erage scaled variance curves represent the predicted value on a hypersphere. Each value is
plotted in relation to the circumference of the hypersphere. The degree of rotatability of the
Scaled Prediction Variance (SPV) at any specific radius of spheres is indicated by comparing
the highest and lowest SPV values across the range of radii.

The Fraction of Design Space (FDS) can be used to examine how well the design’s
predictions perform across the whole design space (Zahran et al., 2003). The volume of the
design region, as well as the maximum, minimum and quantiles of the SPV distribution, are
plotted in FDS. The assumption is that an SPV’s design is better if it occupies a larger portion
of the design space, which is close to the minimum. Additionally, the SPV distribution for
that design is more stable the flatter the line is. For the design in Table 3 for v = 4, the FDS
and VDG for each of the aforementioned designs are plotted and displayed in Figure 3 and
Figure 4.
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Table 4.1 and 4.2 and Figures 4.1 and 4.2 show that STORDs are much
smaller than NABBD for each factor from 3 to 9. STORDs perform better for
factors 4, 6, and 7 in terms of G-efficiency. In addition, it should be remem-
bered that while STORD is rotatable for all factors, NABBD is not. Run-wise,
STORDs are larger than AFBBD. In contrast to STORDs, which are rotatable
and have parameter estimates that are nearly orthogonal, AFBBDs do not satisfy
the moment matrix criterion, meaning that all parameters are correlated and de-
signs are only partially rotatable. Consider using STORDs if you want responses
to be estimated with the same accuracy. In terms of design runs size STORD is
smaller than ABBDs, and in terms of G-efficiencies, STORDs are much better
than ABBDs. STORDs are substantially smaller than DNDs in terms of runs.
STORDs are only effective for factors 3,4,5 and 6 in terms of G-efficiencies. Both
designs possess the property of rotatability.

Variance Dispersion Graphs (VDGs) can be used to analyse a response
surface design with spherical parts (Giovannitti-Jensen and Myers [20]). The
maximum, lowest and average scaled variance curves represent the predicted value
on a hypersphere. Each value is plotted in relation to the circumference of the
hypersphere. The degree of rotatability of the Scaled Prediction Variance (SPV)
at any specific radius of spheres is indicated by comparing the highest and lowest
SPV values across the range of radii.

The Fraction of Design Space (FDS) can be used to examine how well the
design’s predictions perform across the whole design space (Zahran et al.[39]).
The volume of the design region, as well as the maximum, minimum and quan-
tiles of the SPV distribution, are plotted in FDS. The assumption is that an
SPV’s design is better if it occupies a larger portion of the design space, which is
close to the minimum. Additionally, the SPV distribution for that design is more
stable the flatter the line is. For the design in Table 4.1 for v = 4, the FDS and
VDG for each of the aforementioned designs are plotted and displayed in Figure
4.3 and Figure 4.4.

Figure 4.3: FDS plot for v= 4 for different designs
Figure 3: FDS plot for v = 4 for different designs.
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Figure 3 FDS plot illustrates that the slope of the curve which indicates how quickly
the design approaches the maximum value of the Scaled Prediction Variance (SPV), with
a slope that is closer to horizontal being desirable. ABBD performed worst from centre to
periphery, reaches a very high SPV value as compared to other designs. When STORD have
steady SPV from the origin to the periphery, NABBD performs best there. DND performs
about the same as STORD but slightly poorer in the perimeter. This is once more made
much more obvious by the VDG plot in Figure 4. The SPV profiles of the STORD, DND, and
NABBD are similar up to a distance of 1.5 from the origin, and as the designs are rotatable,
the minimum, maximum, and average SPV curves are the same. While STORD, max, min,
and average SPV are not comparable at the perimeter, DND and NABBD have the most
stable SPV profiles. The SPV profile of ABBD is most erratic and performs worst at the
periphery. AFBBD do not exhibit property of rotatability.

TORDs 15

Figure 4.4: VDG plot for v = 4 for different designs

Figure 4.3 FDS plot illustrates that the slope of the curve which indicates how
quickly the design approaches the maximum value of the Scaled Prediction Vari-
ance (SPV), with a slope that is closer to horizontal being desirable. ABBD
performed worst from centre to periphery, reaches a very high SPV value as
compared to other designs. When STORD have steady SPV from the origin to
the periphery, NABBD performs best there. DND performs about the same as
STORD but slightly poorer in the perimeter. This is once more made much
more obvious by the VDG plot in Figure 4.4. The SPV profiles of the STORD,
DND, and NABBD are similar up to a distance of 1.5 from the origin, and as
the designs are rotatable, the minimum, maximum, and average SPV curves are
the same. While STORD, max, min, and average SPV are not comparable at
the perimeter, DND and NABBD have the most stable SPV profiles. The SPV
profile of ABBD is most erratic and performs worst at the periphery. AFBBD
do not exhibit property of rotatability.

4.1. Summary and conclusion

Third-order design in symmetric, as well as asymmetric factor levels suit-
able for sequential experimentation, is proposed in this article which is termed
as Sequential Third-order Rotatable Design (STORD). Designs are obtained by
taking factorial points and axial points in S1 of the design and BIB design in
S2 of the design. S1 of the design is second-order rotatable design and satis-
fies all second-order moment matrix criteria; if there exists a lack of fit of the
second-order model, then without discarding S1 design points, S2 is augmented
in S1 to form third-order design which is rotatable as well as satisfy all moment
matrix criterion. The most crucial feature of the suggested design is that it uses
fewer resources and is smaller than all sequential designs that already exist and
have all of the desired design characteristics. This characteristic makes the de-

Figure 4: VDG plot for v = 4 for different designs.

4.1. Summary and Conclusion

Third-order design in symmetric, as well as asymmetric factor levels suitable for sequen-
tial experimentation, is proposed in this article which is termed as Sequential Third-Order
Rotatable Design (STORD). Designs are obtained by taking factorial points and axial points
in S1 of the design and BIB design in S2 of the design. S1 of the design is second-order rotat-
able design and satisfies all second-order moment matrix criteria; if there exists a lack of fit of
the second-order model, then without discarding S1 design points, S2 is augmented in S1 to
form third-order design which is rotatable as well as satisfy all moment matrix criterion. The
most crucial feature of the suggested design is that it uses fewer resources and is smaller than
all sequential designs that already exist and have all of the desired design characteristics. This
characteristic makes the design easy to use and affordable. Using orthonormal transforma-
tion, designs with symmetric levels are converted to designs with asymmetric levels resulting
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in Sequential Asymmetrical Third-Order Rotatable Design (SATORD), which broadens the
applicability of the suggested design. A catalogue of both designs with their G-efficiency,
variances of estimated response, number of runs, levels and transformation matrix has been
prepared and presented. A comparison of proposed designs with existing designs, have also
been made in terms of design size and G-efficiencies. Additionally, using the Fraction of
Design Space (FDS) plot and the Variance Dispersion Graph (VDG), a comparison of the
designs’ ability to predict the effects of four factors has been made.

STORDs satisfy all the properties of good response surface design including good fit
of the model, cost effectiveness, sequential build up of the design and rotatability property.
AFBBD, ABBD, NABBD do not possess rotatability property and DNDs are not cost ef-
fective. Overall, STORDs and SATORDs are best if small run design is more desirable for
an experimenter other than rotatability, particularly when the experimental material is ex-
pensive, predicted response precision, and uncorrelated parameter estimations are taken into
account. The proposed design ensures considerably high G-efficiencies and performs well in
terms of prediction capability.
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A. APPENDIX

The conditions for near-orthogonal estimation of parameters and constancy of variances
of linear and quadratic parameters for a second-order model (Hemavathi et al., 2022a) are:

N∑
u=1

2∏
i=1

xwi
iu = 0 for wi = 0, 1 or 3 and

∑
wi ≤ 4,

N∑
u=1

x2
iu = Nλ2 ∀i = 1, 2, ..., v,

N∑
u=1

x2
iux2

ju = Nλ4 ∀i 6= j = 1, 2, ..., v,

N∑
u=1

x4
iu = 3Nλ4 ∀i = 1, 2, ..., v,

N∑
u=1

x4
iu = 3

N∑
u=1

x2
iux2

ju = 3Nλ4 ∀i 6= j = 1, 2, ..., v,

λ4

λ2
2

>
v

v + 2
.

In addition to the above, the other conditions for a third-order model (Hemavathi et al.,
2022b) are:

N∑
u=1

2∏
i=1

x6
iu = 15Nλ6 ∀i = 1, 2, ..., v,

N∑
u=1

x2
iux2

jux2
ku = Nλ6 ∀i 6= j 6= k = 1, 2, ..., v,

N∑
u=1

x4
iux2

ju = ... =
N∑

u=1

x2
jux4

ku = 3Nλ6 ∀i 6= j 6= k = 1, 2, ..., v,

N∑
u=1

x6
iu = 5

N∑
u=1

x2
iux4

ju,

N∑
u=1

x4
iux2

ju = 3
N∑

u=1

x2
iux2

jux2
ku,

λ2λ6

λ2
4

>
v + 2
v + 4

.

where all sum of powers and products up to ≤ 6 are zeros.
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Abstract:

• In linear regression models, researchers have developed new biased estimators to mitigate the
effects of multicollinearity instead of using the Ordinary Least Squares (OLS) estimator, which is
affected by multicollinearity. In this study, we define a general class of estimators called Ridge-type
estimators (RTE). The superiority of RTE over other biased estimators is investigated under the
matrix mean square error criterion. In addition, two separate Monte Carlo simulation studies are
conducted to compare the performance of the considered biased estimators. A numerical example
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1. INTRODUCTION

Regression analysis is widely used in many disciplines, including business, engineering,
agriculture, and economics, to describe the statistical relationship between explanatory and
response variables by using a model. The linear regression model, which assumes that the
response variable is normally distributed, is one of the most commonly used statistical models.
Let us consider the following linear regression model:

(1.1) Y = Xβ + ε,

where Y is an n× 1 vector of dependent variables, X is an n× p full column rank matrix
of n observations on p independent explanatory variables, β is a p× 1 vector of unknown
parameters, and ε is an n× 1 vector of random errors which are distributed as Normal
with the mean vector 0 and the covariance matrix σ2I. The Ordinary Least Squares (OLS)
estimator of β is given by

(1.2) β̂OLS =
(
X ′X

)−1
X ′Y.

In addition, the covariance matrix of β̂OLS is obtained as cov
(
β̂OLS

)
= σ2(X ′X)−1. In lin-

ear regression models, computational difficulties arise when the independent variables are
collinear. The problem of multicollinearity occurs when one or more variables can be ex-
pressed as an exact or almost linear combination of the others in the data set. Multicollinear-
ity will also provide statistical challenges if the problem aims to estimate parameters. There
are many criteria to determine multicollinearity. Multicollinearity causes the diagonal ele-
ments of (X ′X)−1 to inflate, which implies that the estimated variance of β̂OLS will be large.
In addition, the coefficients of the OLS estimator may have wrong signs and large variances
and be statistically insignificant. For such cases, alternative biased estimators have been
proposed by many researchers to overcome the problems caused by the presence of multi-
collinearity. Issues related to these proposed biased estimators in linear regression models
have been investigated and discussed in the literature by many researchers (Stein, 1956; Hoerl
and Kennard, 1970; Liu, 1993, 2003; Kibria, 2003; Özkale and Kaçıranlar, 2007; Sakallıoğlu
and Kaçıranlar, 2008; Yang and Chang, 2010; Kurnaz and Akay, 2015, 2018; Qasim et al.,
2020; Lukman et al., 2019; Lukman et al., 2020; Aslam and Ahmad, 2022; Zeinal and Azmoun
Zavie Kivi, 2023; Üstündağ et al., 2021; Ahmad and Aslam, 2022; Babar and Chand, 2022;
Dawoud et al., 2022; Qasim et al., 2022; Shewa and Ugwuowo, 2023; Idowu et al., 2023).
The Ridge Estimator (RE), proposed by Hoerl and Kennard (1970), is the most significant
of these estimators. The RE is defined by

(1.3) β̂RE =
(
X ′X + kI

)−1
X ′Y, k > 0,

where k is a biasing parameter. On the other hand, Liu (1993) proposed the Liu Estimator
(LE) combining the advantages of RE and Stein estimator. The Stein estimator was defined
by Stein (1956) as follows β̂S = cβ̂OLS where 0 < c < 1. The LE is defined as follows:

(1.4) β̂LE =
(
X ′X + I

)−1
(
X ′Y + dβ̂OLS

)
, 0 < d < 1,

where d is a biasing parameter. On the other hand, Lukman et al. (2020) noted that
the estimates of the parameter d in LE are usually negative. To overcome this, model
(1.1) is augmented with −dMLβ̂OLS = β + ε′ and then the OLS method is used.
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The resulting estimator is called the Modified One-Parameter Liu (ML) Estimator and is
defined as follows:

(1.5) β̂ML =
(
X ′X + I

)−1(
X ′X − dMLI

)
β̂OLS , 0 < dML < 1,

where dML is a biasing parameter. According to Lukman et al. (2020), this modification
provides a positive value of the biasing parameter dML. However, although RE and LE are
often preferred in the presence of collinearity in linear regression models, these estimators
have some drawbacks. Researchers have developed estimators with two biasing parameters
k and d to cover both RE and LE. For example, Liu (2003) introduced an estimator that is
based on k and d as follows:

(1.6) β̂LTE =
(
X ′X + kI

)−1
(
X ′Y − dβ̂∗

)
, k > 0, −∞ < d < ∞,

where β̂∗ can be any estimator of β. This estimator, which is called the Liu-type estimator, is
obtained by augmenting

(
−d/k1/2

)
β∗ = k1/2β + ε′ to (1.1) and then using the OLS method

(Liu, 2003). As an alternative, Özkale and Kaçıranlar (2007) introduced a Two-Parameter
Estimator (TPE) as follows:

(1.7) β̂TPE =
(
X ′X + kI

)−1
(
X ′Y + kdβ̂OLS

)
, k > 0, 0 < d < 1,

where k and d are two biasing parameters. The TPE is a general estimator that includes
the OLS, RE, and LE as special cases. As an alternative to the estimators introduced so
far, Kurnaz and Akay (2015) proposed a general Liu-type estimator that includes estimators
given by(1.2), (1.3),(1.4), (1.5), (1.6), and (1.7) estimators as special cases. The new Liu-type
estimator is defined as follows:

(1.8) β̂NLTE =
(
X ′X + kI

)−1
(
X ′Y + f(k)β̂∗

)
, k > 0,

where β̂∗ is any estimator of β, and f(k) is a continuous function of the biasing parameter k.
Similarly, NLTE is obtained by augmenting f(k)

k1/2 β̂∗ = k1/2β + ε′ to (1.1) and then using the
OLS method. For example, if f(k) = −k and β̂∗ = β̂OLS , the KL estimator given by Kibria
and Lukman (2020) is obtained. The KL estimator, which is a special case of the estimator
(1.8), is defined as follows:

(1.9) β̂KL =
(
X ′X + kI

)−1(
X ′X − kI

)
β̂OLS , k > 0,

where k is the biasing parameter. On the other hand, Qasim et al. (2022) proposed a Two-
Step Shrinkage (TSS) estimator in the presence of multicollinearity as follows:

(1.10) β̂TSS =
(
X ′X + kI

)−1(
X ′X − kdI

)
β̂OLS , k > 0, 0 ≤ d < 1,

where k and d are two biasing parameters. Note that this estimator given in (1.10) can
be obtained by taking f(k) = −kd and β̂∗ = β̂OLS in (1.8). Furthermore, Sakallıoğlu and
Kaçıranlar (2008) proposed another biased estimator based on RE which is given by

(1.11) β̂SK(k, d) =
(
X ′X + I

)−1
(
X ′Y + dβ̂RE

)
, k > 0, −∞ < d < ∞,

where k and d are two biasing parameters. The estimator given in (1.11) is called a k-d class
estimator and is a general estimator that includes the OLS, RE, and LEs as special cases
(Sakallıoğlu and Kaçıranlar, 2008). The k -d class estimator is obtained by augmenting the
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equation dβ̂RE = β + ε′ to (1.1) and using the OLS method, too. Also, Yang and Chang
(2010) proposed a new biased estimator based on RE as follows:

(1.12) β̂Y C(k, d) =
(
X ′X + I

)−1(
X ′X + dI

)
β̂RE , k > 0, 0 < d < 1,

where k and d are two biasing parameters. The estimator given in (1.12) is obtained by
augmenting (d− k)β̂RE = β + ε′ to (1.1) and using the OLS method. In addition, the YC
estimator is a general estimator that includes OLS, RE, and LE as special cases. Ahmad
and Aslam (2022) proposed another biased estimator similar to the YC estimator. Instead of
β̂RE in (1.12), they used the estimator proposed by Dorugade (2014). This estimator, called
Modified New Two-Parameter Estimator (MNTPE), is given as follows:

(1.13) β̂MNTP =
(
X ′X + I

)−1(
X ′X + dI

)(
X ′X + kdI

)−1
X ′Y, k > 0, 0 < d < 1,

where k and d are two biasing parameters. Dawoud et al. (2022) proposed another biased
estimator with the biasing parameters k and d similar to the YC estimator. They also used
a similar approach applied by Ahmad and Aslam (2022). Instead of OLS in (1.7), defined
by Özkale and Kaçıranlar (2007), they preferred to use the KL estimator. They defined this
estimator, called the NBR estimator, as follows:

(1.14) β̂NBR =
(
X ′X + kI

)−1(
X ′X + kdI

)(
X ′X + kI

)−1(
X ′X − kI

)
β̂OLS ,

where k > 0 and 0 < d < 1 are two biasing parameters. On the other hand, Shewa and
Ugwuowo (2023) proposed another biased estimator based on the KL estimator. Following
the modification by Aladeitan et al. (2021), they proposed a new estimator called KL-MRT
as follows:

(1.15) β̂KLMRT =
(
X ′X + kI

)−1(
X ′X − kI

)(
X ′X + k(1 + d)I

)−1
X ′Y, k ≥ 0, d ≥ 0,

where k and d are two biasing parameters. On the other hand, Idowu et al. (2023) made
a modification to the LE given by (1.4). Instead of the OLS estimator utilized in LE, they
used the KL estimator given by (1.9). Their estimator called LKL is defined as follows:
(1.16)

β̂LKL =
(
X ′X + I

)−1(
X ′X + dI

)(
X ′X + kI

)−1(
X ′X − kI

)
β̂OLS , k > 0, 0 < d < 1,

where k and d are two biasing parameters. The estimators with two biasing parameters k
and d have been generally developed based on RE, LE, and LTE. In particular, these esti-
mators depend on the OLS estimator, and a more powerful estimator is preferred over the
OLS estimator to minimize the effects of multicollinearity. In addition to these modifications
to reduce the effects of multicollinearity, it is also necessary to consider the optimal per-
formance of the proposed estimator. From another point of view, as the number of biasing
parameters included in the estimator increases, it becomes more difficult to assess the optimal
performance of the estimator because the performance of biased estimators is affected by the
selection of the biasing parameter. In general, the estimates of the biasing parameters are
obtained in such a way that the scalar mean square error function is minimized. Since the
mean square error function is a nonlinear function of the biasing parameters, the estimates
of these biasing parameters can be approximately obtained. There are many studies focusing
on this issue in the literature (Hoerl and Kennard, 1970; Liu, 2003; Kibria, 2003; Yang and
Chang, 2010; Sakallıoğlu and Kaçıranlar, 2008; Shukur et al., 2008; Lukman et al., 2020;
Ahmad and Aslam, 2022; Dawoud et al., 2022; Qasim et al., 2020; Shewa and Ugwuowo,
2023; Idowu et al., 2023).
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On the other hand, estimators with two biasing parameters k and d have attracted
the attention of many researchers in recent years. However, the most important problem
for these estimators is that the number of these biasing parameters is large and it is also
very difficult to find their optimal estimates. Although many iterative techniques have been
proposed to find the optimal estimates of these biasing parameters, it is a complex process
to obtain these estimates. In these cases, one of the biasing parameters can be estimated
depending on the other biasing parameters or vice versa (Liu, 2003; Özkale and Kaçıranlar,
2007; Sakallıoğlu and Kaçıranlar, 2008; Yang and Chang, 2010; Ahmad and Aslam, 2022;
Dawoud et al., 2022; Qasim et al., 2022; Shewa and Ugwuowo, 2023; Idowu et al., 2023).
Therefore, it can be considered that there is an unknown functional relationship between
these two biasing parameters k and d. In the literature, there are some studies that examine
the applications of this consideration in various other statistical models (Ertan and Akay,
2022, Akay and Ertan, 2022, and Erkoç et al., 2023).

The purpose of this paper is to examine the performance of the estimator to be ob-
tained under the hypothesis of an unknown functional relationship between these two biasing
parameters k and d. In this context, we first develop a new hybrid estimator that combines
the advantages of LE and RE. Then, we try to find the optimal functional relationship be-
tween the biasing parameters. With the help of the functional structure used in this hybrid
estimator, it is expected that the estimated model parameter values will not be affected at
large biasing parameter values k. In addition to this feature, the proposed hybrid estimator
can be defined to include the estimators given by (1.2), (1.3), (1.4), (1.5), (1.11), and (1.12)
estimators as special cases. In other words, it can be said that the proposed estimator forms
a general class of estimators like the estimator given in (1.8). In addition, a comprehen-
sive comparison of these two proposed classes of estimators was carried out using simulation
studies.

The article is organized as follows: In Section 2, the proposed biased estimator is intro-
duced and some properties are given. In Section 3, a general theorem is given to compare RTE
and NLTE in the sense of the matrix mean square error. In Section 4, alternative approaches
to determine the functional relationship between the biasing parameters are presented. Two
Monte Carlo simulation studies are designed to evaluate the performances of the considered
estimators in Section 5. In Section 6, the performance evaluation of all considered estimators
is given in the Portland cement data. Finally, the conclusion of the study is given in Section
7.

2. A NEW GENERAL RIDGE-TYPE ESTIMATOR

To mitigate the effect of multicollinearity, researchers have made efforts to develop
alternative estimators for linear regression models instead of the OLS, which are affected by
collinearity between variables. Especially when the estimators given by (1.11) and (1.12)
are examined, it is observed that RE, which is more resistant to collinearity effects, is used
instead of the OLS estimator. However, a major disadvantage of RE is that it can result
in small parameter estimates at large values of the biasing parameter k. To overcome this
problem, researchers have developed hybrid estimators that combine the advantages of RE
and Liu Estimators (Sakallıoğlu and Kaçıranlar, 2008; Yang and Chang, 2010). In order
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to collect these estimators under a general class with the help of an unknown functional
relationship that can be among the biasing parameters, we can define the new Ridge-type
estimator (RTE) for β as follows:

(2.1) β̂RTE(k) =
(
X ′X + I

)−1(
X ′X + g(k)I

)(
X ′X + kI

)−1
X ′Y, k > 0,

where g(k) is a continuous function of the biasing parameter k. We can obtain the estima-
tor given in (2.1) by augmenting (g(k)− k)β̂RE = β + ε′ to model (1.1) and using the OLS
method. The advantage of RTE over other estimators is that the g(k) function helps us
determine the optimal estimator. When we select g(k) as a linear function of the biasing pa-
rameter, such as g(k) = ak + b where a, b ∈ R, RTE is a general estimator that includes other
biased estimators as follows: β̂RTE = β̂OLS for g(0) = 1 where k = 0 and b = 1. β̂RTE = β̂RE

for g(k) = 1 where a = 0 and b = 1. β̂RTE = β̂LE for g(0) = b where b corresponds to the
biasing parameter d. β̂RTE = β̂ML for g(0) = − b where b corresponds to the biasing param-
eter dML. β̂RTE = β̂Y C(k, d) for g(k) = b where a = 0 and the b corresponds to the biasing
parameter d. β̂RTE = β̂SK(k, d) for g(k) = k + b where a = 1 and b corresponds to the bias-
ing parameter d. Note that the proposed estimator given in (2.1) is different from the biased
estimator given in (1.7). That is, when we use β̂RE instead of β̂∗ in (1.8), β̂NLTE does not
correspond to the estimator in (2.1). Also, if β̂RE is used instead of β̂∗ in (1.8), the obtained
estimator does not exactly correspond to the estimators proposed by Yang and Chang (2010)
and Sakallıoğlu and Kaçıranlar (2008), respectively. We rewrite the model given in (1.1) in
canonical form:

(2.2) Y = Zα + ε,

where Z = XQ, α = Q′β , and Q is the orthogonal matrix whose columns constitute the
eigenvectors of X ′X. Then Z ′Z = Q′X ′XQ = Λ = diag(λ1, λ2, ..., λp) where λ1 ≥ λ2 ≥ ... ≥
λp ≥ 0 are the ordered eigenvalues of X ′X. For the model (2.2), we can rewrite the above
estimators in canonical form as follows:

α̂NLTE = (Λ + kI)−1(Λ + f(k)I)α̂OLS = (Λ + kI)−1(Λ + f(k)I)Λ−1Z ′Y = A1Y,(2.3)

α̂RTE = (Λ + I)−1(Λ + g(k)I)(Λ + kI)−1Z ′Y = A2Y,(2.4)

where the other existing estimators can be obtained based on the appropriate selection of f(k)
and g(k). As known, Matrix Mean Squared Error (MMSE) and Scalar Mean Squared Error
(SMSE) are the two most common methods used to detect the superiority of the estimators
to each other. The MMSE and SMSE of an estimator β̃ is defined as:

(2.5)
MMSE

(
β̃
)

= var
(
β̃
)

+
[
bias

(
β̃
)][

bias
(
β̃
)]′

,

SMSE
(
β̃
)

= tr
(
MMSE

(
β̃
))

= tr
(
var
(
β̃
))

+ bias
(
β̃
)′

bias
(
β̃
)
,

where var
(
β̃
)

is the variance-covariance matrix and bias
(
β̃
)

= E
(
β̃
)
− β is the biasing

vector. Let β̃1 and β̃2be any two estimators of parameter β. Then, β̃2 is superior to β̃1

with respect to the MMSE criterion if and only if MMSE
(
β̃1

)
−MMSE

(
β̃2

)
is a posi-

tive definite (pd) matrix. If MMSE
(
β̃1

)
−MMSE

(
β̃2

)
is a non-negative definite matrix,

then SMSE
(
β̃1

)
− SMSE

(
β̃2

)
≥ 0. But, the reverse is not always true (Theobald, 1974).
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Because of the relation of α = Q′β; β̂OLS , β̂RE , β̂LE , β̂NLTE , β̂SK(k, d), β̂Y C(k, d) and β̂RTE(k)
have the same mean squared error values as α̂OLS , α̂RE , α̂LE , α̂NLTE , α̂SK(k, d), α̂Y C(k, d)
and α̂RTE(k), respectively. To compare the biased estimators mentioned above in terms of
MMSE, we use the following theorems:

Theorem 2.1 (Farebrother, 1976). Let A be a positive definite matrix, namely A > 0,

and c be a nonzero vector. Then, A− cc′ is a positive definite matrix iff c′A−1c ≤ 1.

Theorem 2.2 (Trenkler and Toutenburg, 1990). Let β̃l = BlY, l = 1, 2 be two homo-

geneous linear estimators of β and C be a positive definite matrix, where C = B1B
′
1 −B2B

′
2.

Then MMSE
(
β̃1

)
−MMSE

(
β̃2

)
> 0 if and only if bias

(
β̃2

)′(
σ2C + bias

(
β̃1

)
bias

(
β̃1

)′)−1

bias
(
β̃2

)
< 1.

3. THE SUPERIORITY OF THE PROPOSED RIDGE-TYPE ESTIMATOR

In this section, we give a general theorem to compare RTE and NLTE in the sense of
MMSE. With this general theorem, it is possible to compare the above-mentioned estimators
obtained by choosing different g(k) and f(k) functions in terms of MMSE sense. As a result
of this comparison, the superiority of RTE over OLS, RE, LE, LTE, TPE, ML, TSS, and KL
estimators is determined. Similarly, to determine the superiority of the RTE over the MNTP,
NBR, KLMRT, and LKL estimators, the constraints on the function g(k) are given.

3.1. The comparison between the RTE and the NLTE estimator

Firstly, we can compute the MMSE of α̂NLTE = A1Y and α̂RTE = A2Y as follows:

MMSE(α̂NLTE) =σ2A1A
′
1 + (A1Z − I)αα′(A1Z − I)

=σ2(Λ + kI)−1(Λ + f(k)I)Λ−1(Λ + f(k)I)(Λ + kI)−1

+ (f(k)− k)2(Λ + kI)−1αα′(Λ + kI)−1,

MMSE(α̂RTE) =σ2A2A
′
2 + (A2Z − I)αα′(A2Z − I)

=σ2(Λ + I)−1(Λ + g(k)I)(Λ + kI)−1Λ(Λ + kI)−1(Λ + g(k)I)(Λ + I)−1

+((g(k)− k − 1)Λ− kI)(Λ + I)−1(Λ + kI)−1αα′(Λ + kI)−1(Λ + I)−1((g(k)− k − 1)Λ− kI).

Then, we can give the following theorem:

Theorem 3.1. Let be k > 0 and −λj − |λj+f(k)|(λj+1)
λj

< g(k) < −λj + |λj+f(k)|(λj+1)
λj

where j = 1, 2, ..., p + 1. Then, MMSE(α̂NLTE)−MMSE(α̂RTE) > 0 if and only if

(3.1) bias(α̂RTE)
′
[
σ2
(
A1A

′
1 −A2A

′
2

)
+ bias(α̂NLTE)bias(α̂NLTE)

′
]−1

bias(α̂RTE) < 1,

where α̂RTE and α̂NLTE are two estimators for α and bias(α̂NLTE) = (f(k)− k)(Λ + kI)−1α.



52 K.U. Akay, E. Ertan, A. Erkoç and F. Taş

Proof: Using (2.3) and (2.4), we obtain

cov(α̂NLTE)− cov(α̂RTE) = σ2[A1A
′
1 −A2A

′
2]

= σ2
[
(Λ + kI)−1(Λ + f(k)I)Λ−1(Λ + f(k)I)(Λ + kI)−1

−(Λ + I)−1(Λ + g(k)I)(Λ + kI)−1Λ(Λ + kI)−1(Λ + g(k)I)(Λ + I)−1
]

= σ2 diag

{
(λj + f(k))2

λj(λj + k)2
− (λj + g(k))2λj

(λj + 1)2(λj + k)2

}p+1

j=1

.

We observe that A1A
′
1−A2A

′
2 > 0 if and only if (λj + 1)2(λj + f(k))2− λj

2(λj + g(k))2 > 0.
If this inequality is rearranged for g(k) function, we can obtain −λj − |λj+f(k)|(λj+1)

λj
< g(k) <

−λj + |λj+f(k)|(λj+1)
λj

where j = 1, 2, ..., p + 1. That is, the RTE is superior to NLTE when

g(k) function is selected as −λj − |λj+f(k)|(λj+1)
λj

< g(k) < −λj + |λj+f(k)|(λj+1)
λj

where
j = 1, 2, ..., p + 1. Therefore, A1A

′
1 − A2A

′
2 is the pd matrix. By Theorem 2.2, the proof

is complete.

3.2. The comparison between the RTE and the MNTP estimator

The MMSE of α̂MNTP = (Λ + I)−1(Λ + dI)(Λ + kdI)−1Z ′Y = A3Y estimator is

MMSE(α̂MNTP ) = σ2A3A
′
3 + (A3Z − I)αα′(A3Z − I).

We use the MMSE difference given below to compare the MNTP and the RTE:
MMSE(α̂MNTP )−MMSE(α̂RTE) = σ2[A3A

′
3 −A2A

′
2] + (A3Z − I)αα′(A3Z − I)

− (A2Z − I)αα′(A2Z − I).

Then, we give the following theorem:

Theorem 3.2. Let be k > 0, 0 < d < 1 and −λj − (λj+d)(λj+k)
(λj+kd) < g(k) < −λj

+ (λj+d)(λj+k)
(λj+kd) where j = 1, 2, ..., p + 1. Then, MMSE(α̂MNTP )−MMSE(α̂RTE) > 0 if and

only if

(3.2) bias(α̂RTE)
′[

σ2
(
A3A

′
3 −A2A

′
2

)
+ (A3Z − I)αα′(A3Z − I)

]−1
bias(α̂RTE) < 1,

where α̂RTE and α̂MNTP are two linear estimators for the parameter α.

Proof: We can obtain

cov(α̂MNTP )− cov(α̂RTE) = σ2[A3A
′
3 −A2A

′
2]

= σ2
[
(Λ + I)−1(Λ + dI)(Λ + kdI)−1Λ(Λ + kdI)−1(Λ + dI)(Λ + I)−1

−(Λ + I)−1(Λ + g(k)I)(Λ + kI)−1Λ(Λ + kI)−1(Λ + g(k)I)(Λ + I)−1
]

= σ2 diag

{
(λj + d)2λi

(λj + 1)2(λj + kd)2
− (λj + g(k))2λj

(λj + 1)2(λj + k)2

}p

j=1

.

We can observe that A3A
′
3 − A2A

′
2 > 0 if and only if (λj + d)2(λj + k)2 − (λj + g(k))2 ·

(λj + kd)2 > 0. The RTE is superior to the MNTP estimator when g(k) function is se-
lected as −λj − (λj+d)(λj+k)

(λj+kd) < g(k) < −λj + (λj+d)(λj+k)
(λj+kd) where j = 1, 2, ..., p + 1. Therefore,

A3A
′
3 −A2A

′
2 is the pd matrix. By Theorem 2.2, the proof is complete.
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3.3. The comparison between the RTE and the NBR estimator

The MMSE of α̂NBR = (Λ + kI)−1(Λ + kdI)(Λ + kI)−1(Λ− kI)Λ−1Z ′Y = A4Y esti-
mator is

MMSE(α̂NBR) = σ2A4A
′
4 + (A4Z − I)αα′(A4Z − I).

We use the MMSE difference given below to compare the NBR and the RTE:
MMSE(α̂NBR)−MMSE(α̂RTE) = σ2[A4A

′
4 −A2A

′
2] + (A4Z − I)αα′(A4Z − I)

− (A2Z − I)αα′(A2Z − I).

Then, we can give the following theorem:

Theorem 3.3. Let be k > 0, 0 < d < 1 and − (λj+kd)(λj+1)|λj−k|
λj(λj+k) − λj < g(k) <

(λj+kd)(λj+1)|λj−k|
λj(λj+k) −λj , where j = 1, 2, ..., p+1. Then, MMSE(α̂NBR)−MMSE(α̂RTE) > 0

if and only if

(3.3) bias(α̂RTE)
′[

σ2
(
A4A

′
4 −A2A

′
2

)
+ (A4Z − I)αα′(A4Z − I)

]−1
bias(α̂RTE) < 1,

where α̂RTE and α̂NBR are two linear estimators for α parameter.

Proof: We can obtain
cov(α̂NBR)− cov(α̂RTE) = σ2�A4A

′
4 −A2A

′
2

�
= σ2�(Λ + kI)−1(Λ + kdI)(Λ + kI)−1(Λ− kI)Λ−1(Λ− kI)(Λ + kI)−1(Λ + kdI)(Λ + kI)−1

− (Λ + I)−1(Λ + g(k)I)(Λ + kI)−1Λ(Λ + kI)−1(Λ + g(k)I)(Λ + I)−1�

= σ2 diag

�
(λj + kd)2(λj − k)2

λj(λj + k)4
− (λj + g(k))2λj

(λj + 1)2(λj + k)2

�p+1

j=1

.

We can observe that A4A
′
4 − A2A

′
2 > 0 if and only if (λj + kd)2(λj − k)2(λj + 1)2 −

(λj + k)2(λj + g(k))2λ2
j > 0. From the solution of this inequality with respect to the

function g(k) we can derive the following condition: − (λj+kd)(λj+1)|λj−k|
λj(λj+k) − λj < g(k) <

(λj+kd)(λj+1)|λj−k|
λj(λj+k) −λj , where j = 1, 2, ..., p+1, k > 0, 0 < d < 1. RTE outperforms the NBR

estimator in terms of MMSE if the function g(k) is determined in a way that satisfies the
condition given above. Therefore, A4A

′
4−A2A

′
2 is the pd matrix. By Theorem 2.2, the proof

is complete.

3.4. The comparison between the RTE and the KLMRT estimator

The MMSE of α̂KLMRT = (Λ + kI)−1(Λ− kI)(Λ + k(1 + d)I)−1Z ′Y = A5Y is

MMSE(α̂KLMRT ) = σ2A5A
′
5 + (A5Z − I)αα′(A5Z − I).

We get attention to the MMSE difference given below to compare the KLMRT and the RTE:

MMSE(α̂KLMRT )−MMSE(α̂RTE) = σ2[A5A
′
5 −A2A

′
2] + (A5Z − I)αα′(A5Z − I)−

(A2Z − I)αα′(A2Z − I).

Then, we can give the following theorem:
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Theorem 3.4. Let be k > 0, d > 0 and −λj −
√

(λj−k)2(λj+1)2

λj(λj+k(1+d))2
< g(k) < −λj +√

(λj−k)2(λj+1)2

λj(λj+k(1+d))2
, j = 1, 2, ..., p + 1. Then, MMSE(α̂KLMRT )−MMSE(α̂RTE) > 0 if and

only if

(3.4) bias(α̂RTE)
′[

σ2
(
A5A

′
5 −A1A

′
1

)
+ (A5Z − I)αα′(A5Z − I)

]−1
bias(α̂RTE) < 1,

where α̂RTE and α̂KLMRT are two linear estimators for the parameter α.

Proof: We can obtain

cov(α̂KLMRT )− cov(α̂RTE) = σ2[A5A
′
5 −A2A

′
2]

= σ2
[
(Λ + kI)−1(Λ− kI)(Λ + k(1 + d)I)−1Λ(Λ + k(1 + d)I)−1(Λ− kI)(Λ + kI)−1

− (Λ + I)−1(Λ + g(k)I)(Λ + kI)−1Λ(Λ + kI)−1(Λ + g(k)I)(Λ + I)−1
]

= σ2 diag
{

(λj−k)2

(λj+k)2(λj+k(1+d))2
− (λj+g(k))2λj

(λj+1)2(λj+k)2

}p+1

j=1
.

We observe that A5A
′
5 − A2A

′
2 > 0 if and only if (λj − k)2(λj + 1)2 − (λj + g(k))2(λj +

k(1 + d))2λj > 0. So, the RTE is superior to the KLMRT estimator when g(k) function is

selected as−λj −
√

(λj−k)2(λj+1)2

(λj+k(1+d))2λj
< g(k) < −λj +

√
(λj−k)2(λj+1)2

(λj+k(1+d))2λj
, j = 1, 2, ..., p + 1. There-

fore, A5A
′
5 −A2A

′
2 is the pd matrix. By Theorem 2.2, the proof is complete.

3.5. The comparison between the RTE and the LKL estimator

The MMSE of α̂LKL = (Λ + kI)−1(Λ + dI)(Λ + kI)−1(Λ− kI)Λ−1Z ′Y = A6Y estima-
tor is

MMSE(α̂LKL) = σ2A6A
′
6 + (A6Z − I)αα′(A6Z − I).

We use the MMSE difference given below to compare the LKL estimator and RTE,

MMSE(α̂LKL)−MMSE(α̂RTE) = σ2[A6A
′
6 −A2A

′
2] + (A6Z − I)αα′(A6Z − I)

− (A2Z − I)αα′(A2Z − I).

Then, we give the following theorem:

Theorem 3.5. Let be k > 0, 0 < d < 1 and −λj − |λj−k|(λj+d)
λj

< g(k) < −λj +
|λj−k|(λj+d)

λj
where j = 1, 2, ..., p+1. Then, MMSE(α̂LKL)−MMSE(α̂RTE) > 0 if and only

if

(3.5) bias(α̂RTE)
′[

σ2
(
A6A

′
6 −A2A

′
2

)
+ (A6Z − I)αα′(A6Z − I)

]−1
bias(α̂RTE) < 1,

where α̂RTE and α̂LKL are two linear estimators for the parameter α.
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Proof: We can obtain

cov(α̂LKL)− cov(α̂RTE) = σ2[A6A
′
6 −A2A

′
2]

= σ2
[
(Λ + I)−1(Λ + dI)(Λ + kI)−1(Λ− kI)Λ−1(Λ− kI)(Λ + kI)−1(Λ + dI)(Λ + I)−1

− (Λ + I)−1(Λ + g(k)I)(Λ + kI)−1Λ(Λ + kI)−1(Λ + g(k)I)(Λ + I)−1
]

= σ2 diag
{

(λj+d)2(λj−k)2

λj(λj+1)2(λj+k)2
− (λj+g(k))2λj

(λj+1)2(λj+k)2

}p+1

j=1
.

We can observe that A6A
′
6 − A2A

′
2 > 0 if and only if (λj + d)2(λj − k)2 −

(λj + g(k))2λ2
j > 0 where j = 1, 2, ..., p + 1. The RTE is superior to the MNTP estimator

when g(k) function is selected as −λj − |λj−k|(λj+d)
λj

< g(k) < −λj + |λj−k|(λj+d)
λj

where j =
1, 2, ..., p + 1. Therefore, A6A

′
6 −A2A

′
2 is the pd matrix. By Theorem 2.2, the proof is com-

plete.

4. DETERMINATION OF g(k) FUNCTION

Determining the optimal estimate of the biasing parameter is very important because it
is associated with the performance of the biased estimator. For practitioners, this is a complex
process. This process becomes even more complicated for a biased estimator with biasing
parameters k and d. Many different techniques have been proposed by many researchers to
estimate the biasing parameter(s) (Hoerl and Kennard, 1970; Liu, 1993, 2003; Kibria, 2003;
Yang and Chang, 2010; Sakallıoğlu and Kaçıranlar, 2008; Shukur et al., 2008; Ahmad and
Aslam, 2022; Dawoud et al., 2022; Qasim et al., 2022; Shewa and Ugwuowo, 2023).

The main advantage of RTE over the estimators with two biasing parameters k and d
is that there is a functional relationship between the biasing parameters. The performance
of the proposed RTE is based on g(k), and therefore the single biasing parameter is k. Note
that different choices of the g(k) function lead to different estimators. To find the optimal
g(k) function, let’s take the derivative of SMSE(α̂RTE) depending on k. The SMSE(α̂RTE)
is calculated using (2.4) as follows:

(4.1) SMSE(α̂RTE) = σ2
p+1∑
j=1

(λj + g(k))2λi

(λj + 1)2(λj + k)2
+

p+1∑
j=1

((g(k)− k − 1)λj − k)2α2
j

(λj + 1)2(λj + k)2
.

Note that Equation (4.1) is a function of the k parameter; that is, h(k) = SMSE(α̂RTE).
We can find h′(k) as follows:

h′(k) =
p+1∑
j=1

2[λj(λj − g′(k)λj − g′(k)k + g(k))]
[
α2

j ((k + 1− g(k))λj + k)− σ2(λj + g(k))
]

(λj + 1)2(λj + k)3
.

In case h′(k) = 0, there are two scenarios:
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Fact 1. λj(λj − g′(k)λj − g′(k)k + g(k)) = 0 differential equation is found. Then, we
have

(4.2) g(k) = ck + (c− 1)λj ,

where c is the constant of integration.

Fact 2. α2
j ((k + 1− g(k))λj + k)− σ2(λj + g(k)) = 0 equation is found. Here, g(k) is

obtained as follows:

(4.3) g(k) =
(1 + λj)α2

j

σ2 + λjα2
j

k +

(
α2

j − σ2
)

σ2 + λjα2
j

λj or g(k) =
(1 + λj)α2

j

σ2 + λjα2
j

k +

(
(1 + λj)α2

j

σ2 + λjα2
j

− 1

)
λj ,

where j = 1, 2, ..., p + 1. Based on the first and second facts, it can be said that the selection
of g(k) as a linear function of the biasing parameter k is appropriate. Also, g(k) which is
obtained in Fact 2, is a solution of the differential equation, which is obtained in Fact 1. Here,
depending on the functions obtained in Fact 1 and Fact 2, we can observe the following results:
Firstly, note that g(k) given in (4.2) and (4.3) makes SMSE(α̂RTE) function approximately
minimum for a given j value. So, the determination of g(k) depends on the eigenvalues of
X ′X, the unknown α parameter, and the estimate of the biasing parameter k. In other words,
many g(k) functions can be determined depending on the functional relationship given in (4.2)
and (4.3). For example, the following functional relationships can be given to determine g(k)
in this sense:

(4.4) g(k) =
(1 + λmin)α2

min

σ̂2 + λmaxα2
max

k +
(

(1 + λmin)α2
min

σ̂2 + λmaxα2
max

− 1
)

λmin,

(4.5) g(k) =
(1 + λmin)α2

min

σ̂2 + λmaxα2
max

k + min
(

α2 − σ̂2

σ̂2 + λmaxα2
max

)
λmin,

(4.6) g(k) =
(1 + λmin)α2

min

σ̂2 + λmaxα2
max

k + min
(

α2 − σ̂2

σ̂2 + λα2

)
λmin,

where α2
min and α2

max are defined as the minimum and maximum value of α2
j , j = 1, 2, ..., p+1,

respectively. Similarly, λmin and λmax indicate the minimum and maximum values of the
eigenvalues of X ′ŴX, respectively.

In this study, to determine the optimal g(k) function, we examined only the first-degree
polynomial functions such as those given in equations from (4.4) to (4.6). Note that it is clear
that g(k) can be selected as any continuous function of k. However, the proposed estimator
depends on a single biasing parameter k. In this case, we should use an appropriate estimator
of k to control the conditioning of the X ′X matrix. Since the proposed estimator depends on
a parameter k, a suitable estimator of k can be used, as given in Kibria (2003). In addition
to the previously proposed estimators, we can use the following estimators to estimate k :

k̂RTE = pσ2α2
min

n , k̂RTE = pσ2λmin
nλmax

, k̂RTE = σ2

n
Pp+1

j=1 λjα2
j

, k̂RTE = pσ2

nα2
max

, k̂RTE =
pσ2 min(λjα2

j)
n max(λjα2

j)
,

k̂RTE = λmax+λmin
p , k̂RTE = λmax−λmin

p where σ̂2 =
Pn

i=1(yi−ŷi)
2

n−p−1 .
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5. THE MONTE CARLO SIMULATION STUDIES

In this section, we designed two separate Monte Carlo simulations to examine the
performance of the proposed biased estimator relative to other existing estimators in linear
regression models. In the first design, we investigated the effects of sample size (n), the
degree of the collinearity (ρ), the number of explanatory variables (p), and the variance

(
σ2
)

on the performances of OLS, RE, LE, LTE, SK, YC, MNTP, NBR, ML, TSS, KLMRT,
LKL estimators and RTEs. In the second simulation design, we examined RTE and NLTE
performances for each of n, p, ρ, and σ2 values at certain values of k. For both simulation
designs, we generate the explanatory variables by following McDonald and Galarneau (1975)
and Kibria (2003) as

(5.1) xij =
(
1− ρ2

)1/2
wij + ρwip+1, i = 1, 2, .., n, j = 1, 2, ..., p,

where wij are independent standard normal pseudo-random numbers and ρ is specified in
such a way that the correlation between any two variables is given by ρ2. These variables are
standardized such that X ′X is a correlation matrix. Four different sets of correlations are
investigated corresponding to ρ = 0.8, 0.9 and 0.99. The response variable is generated by

yi = β0 + β1x1i + β2x2i + ... + βpxpi + εi, i = 1, 2, ..., n,

where εi ∼ N
(
0, σ2

)
and β0 considered to be zero. For different comparisons of the error term,

the value of σ2 is considered to be 0.5, 1, 5, and 10. For each set of explanatory variables, the
real parameter vector β is chosen as the normalized eigenvector corresponding to the largest
eigenvalue of X ′X so that β′β = 1. The sample size n is taken to be 50, 100, and 200. The
number of explanatory variables is chosen as p = 2, 4, 8, and 12.

In the simulation and application sections, the estimates of the biasing parameters for
RE, LE, LTE, SK, YC, MNTP, NBR, ML, TSS, KLMRT, and LKL are chosen based on
the best estimators suggested in the literature (Kibria, 2003; Liu, 2003; Qasim et al., 2020;
Sakallıoğlu and Kaçıranlar, 2008; Yang and Chang, 2010; Ahmad and Aslam, 2022; Dawoud
et al., 2022; Idowu et al., 2023; Lukman et al., 2020; Qasim et al., 2022; Shewa and Ugwuowo,
2023).

To estimate the biasing parameter k in RE, Kibria (2003) proposed the best estimates

of k as follows, k̂RE = σ̂2

(
Qp+1

j=1 α̂2
j)

1
p+1

where σ̂2 =
Pn

i=1(yi−ŷi)
2

n−p−1 . Based on the results given by

Qasim et al. (2020), we use the best estimation of d in LE as

d̂LE = max

0,min

 α̂2
j − σ̂2

max
(

σ̂2

λ̂j

)
+ α̂2

max


.

On the other hand, kLTE and dLTE in LTE are estimated by using the methods given by
Liu (2003). Sakallıoğlu and Kaçıranlar (2008) and Yang and Chang (2010) did not provide a
specific technique for estimating the biasing parameters k and d for SK and YC estimators,
respectively. Therefore, we used k̂RE as an estimate of k for the SK estimator. Also, the
estimate of the biasing parameter d was determined in such a way that SMSE(α̂SK) was
minimized. Moreover, we used two methods proposed by Huang and Yang (2014) to estimate
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the biasing parameters of the YC estimator. Huang and Yang (2014) proposed two methods.
We referred to these methods as (K1, D1) and (K2, D2) (Huang and Yang, 2014). We used
these methods by adapting them for the YC estimator in linear regression models. As a
result, the estimator obtained with (K1, D1) indicated YC I, and the estimator obtained
with (K2, D2) indicated YC II. Moreover, for the MNTP, NBR, ML, TSS, KLMRT, and
LKL estimators, the iterative techniques from the relevant papers are used together with the
optimal biasing parameters. Since there are many combinations to determine k and g(k)
functions in RTE, we only report the simulation results for the following k estimates and
g(k) functions:

RTE I: k̂RTE I = pσ2α2
min

n and g(k) = (1+λmin)α2
min

σ̂2+λmaxα2
max

k +
(

(1+λmin)α2
min

σ̂2+λmaxα2
max

− 1
)
λmin,

RTE II: k̂RTE II =
pσ2 min(λj α2

j)
n and g(k) = (1+λmin)α2

min
σ̂2+λmaxα2

max
k + min

(
α2−σ̂2

σ̂2+λmaxα2
max

)
λmin,

RTE III: k̂RTE III =
pσ2 min(λj α2

j)
n max(λj α2

j)
and g(k) = (1+λmin)α2

min
σ̂2+λmaxα2

max
k + min

(
α2

j−σ̂2

σ̂2+λj α2
j

)
λmin,

RTE IV: k̂RTE IV = λmax+λmin
p and g(k) = (1+λmin)α2

min
n(σ̂2+λmaxα2

max)
k +

(
(1+λmin)α2

min
n(σ̂2+λmaxα2

max)
− 1
)
λmin.

The performance of the estimated MSEs (EMSEs) is used as the basis for comparison
of the proposed estimators calculated for an estimator β̂ of β as follows:

(5.2) EMSE
(
β̂
)

=
1
N

N∑
r=1

(
β̂r − β

)′(
β̂r − β

)
,

where
(
β̂r − β

)
is the difference between the estimated and true parameter vectors at

r -th replication, and N is the number of replications. For each case of n, p, σ2, and ρ,
the experiment was replicated 2000 times by generating response variables using R program-
ming. The results are given in Tables 1–4 where the bold numbers show the smallest EMSE
values. In addition, the signs (*), (**), and (***) show the first, second, and third smallest
EMSE values in each row, respectively.

Based on Tables 1–4, we can conclude that the degree of correlation, number of ex-
planatory variables, sample size, and variance have different effects on all estimators in the
simulation. Several observations can be obtained as follows:

1. When the number of observations n and σ2 are kept constant, it is observed that
as the number of variables increased, generally, the EMSE values of the estimators
tend to increase for models with low correlation variables and to decrease for models
with high correlation. However, it is seen that in the increasing trend of EMSE
values, the slopes of the proposed estimators RTE I, RTE II, RTE III, and RTE
IV are much lower than the other existing estimators.

2. It is observed that when the number of variables p, n, and σ2 are kept constant, as
the correlations of the variables increase, the EMSE values of all estimators tend
to decrease in general. However, the RTE I is not as dramatically affected by the
increase in the correlation between the independent variables compared to the other
existing estimators. Based on this situation, it can be concluded that RTE I has a
robust structure depending on low or high correlation.



A new general class of Ridge-type estimator in linear regression models 59

T
ab

le
1:

T
he

E
M

SE
va

lu
es

of
th

e
es

ti
m

at
or

s
fo

r
th

e
m

od
el

w
he

n
p

=
2.

σ
2

n
ρ

O
L
S

R
E

L
E

Y
C

I
Y

C
II

S
K

L
T

E
M

N
T

P
N

B
R

M
L

T
S
S

K
L
M

R
T

L
K

L
R
T

E
I

R
T

E
II

R
T

E
II

I
R
T

E
IV

0
.5

5
0

0
.8

1
.6

1
8

0
.7

7
7

0
.4

5
9

1
.0

0
5

0
.9

4
5

0
.5

9
0
.9

3
6

0
.5

6
2

0
.9

5
2

0
.5

5
1

0
.9

7
7

1
.1

3
0

0
.9

5
7

0
.3

3
6
*

0
.3

8
*
*

0
.4

1
7
*
*
*

0
.5

2
5

1
5
0

0
.8

3
.3

6
2

1
.1

8
9

0
.7

3
3

1
.8

9
7

1
.7

9
4

0
.9

6
3

1
.9

0
5

1
.0

2
8

1
.8

4
2

0
.7

2
7

1
.8

6
7

1
.1

4
1

1
.8

4
3

0
.4

1
5
*

0
.5

6
8
*
*
*

0
.5

9
2

0
.5

4
6
*
*

5
5
0

0
.8

1
5
.9

0
6

3
.5

8
4

2
.6

0
1

8
.1

4
3

7
.8

5
1

3
.4

0
5

9
.0

0
8

4
.3

9
2

8
.3

8
1

2
.1

3
3

8
.1

5
4

1
.2

0
4
*
*
*

8
.2

3
7

0
.9

4
7
*
*

1
.4

2
2

1
.6

4
1

0
.8

1
1
*

1
0

5
0

0
.8

3
3
.3

3
6

7
.1

9
2

5
.2

5
5

1
7
.2

2
5

1
6
.4

7
4

6
.9

6
6

1
9
.2

8
6

9
.1

2
3

1
7
.9

6
5

3
.9

9
3

1
7
.2

5
4

1
.3

3
2
*
*
*

1
7
.4

6
1
.2

5
2
*
*

1
.9

2
8

2
.9

3
1
.0

5
8
*

0
.5

5
0

0
.9

2
.4

1
1

0
.8

3
9

0
.4

2
0

1
.3

2
1

1
.2

7
6

0
.5

6
9

1
.2

5
8

0
.6

3
4

1
.2

5
6

0
.7

5
7

1
.2

8
5

1
.0

2
0

1
.2

5
7

0
.2

8
4
*

0
.3

2
5
*
*

0
.3

4
6
*
*
*

0
.4

5
4

1
5
0

0
.9

5
.0

0
1

1
.3

1
4

0
.6

1
9

2
.6

2
6

2
.5

6
0
.9

3
2
.6

3
6

1
.2

1
2

2
.5

7
9

1
.2

7
1

2
.6

0
0

1
.0

3
0

2
.5

7
9

0
.3

7
2
*

0
.4

7
2
*
*

0
.4

9
1

0
.4

9
*
*
*

5
5
0

0
.9

2
4
.6

2
1

4
.3

7
2

2
.3

2
0

1
2
.2

7
2

1
2
.0

1
5

3
.4

0
1

1
3
.0

2
2

5
.5

1
9

1
2
.6

1
9

4
.9

9
1
2
.3

1
2

1
.1

1
3
*
*
*

1
2
.4

7
8

0
.8

8
2
*
*

1
.2

2
5

1
.5

0
2

0
.7

8
1
*

1
0

5
0

0
.9

5
0
.0

3
2

7
.9

5
4

4
.3

7
0

2
4
.7

3
9

2
4
.0

8
7

6
.4

2
1

2
6
.3

9
6

1
1
.0

4
9

2
5
.3

4
9

9
.8

3
8

2
4
.8

4
5

1
.2

2
4
*
*
*

2
5
.2

3
6

1
.1

6
1
*
*

1
.7

2
9

2
.5

4
9

1
.1

2
7
*

0
.5

5
0

0
.9

9
3
2
.1

2
9

2
.1

2
7

0
.2

5
3

1
5
.1

8
1

1
5
.2

0
1

0
.5

1
3

1
5
.1

7
9

4
.1

0
5

1
5
.1

7
8

1
4
.3

3
1

1
5
.1

8
0
.3

6
9

1
5
.1

7
9

0
.2

2
9
*

0
.2

3
*
*

0
.2

3
2
*
*
*

0
.3

6
4

1
5
0

0
.9

9
6
4
.2

2
0

2
.8

8
2

0
.3

7
0

3
0
.6

5
3

3
0
.6

0
9

0
.6

8
9

3
0
.6

7
5

8
.2

0
7

3
0
.6

7
4

2
8
.7

5
9

3
0
.6

5
9

0
.4

3
4

3
0
.6

7
5

0
.3

2
9
*

0
.3

4
*
*

0
.3

4
4
*
*
*

0
.4

1
4

5
5
0

0
.9

9
3
3
0
.2

9
4

8
.0

4
6

1
.2

5
9

1
5
7
.7

6
6

1
5
7
.4

9
2

1
.8

9
5

1
5
8
.0

1
3

4
1
.8

5
5

1
5
8
.0

0
7

1
4
7
.4

2
8

1
5
7
.8

3
8

0
.9

4
2
*
*
*

1
5
8
.0

1
3

0
.7

8
1
*
*

0
.9

5
8

1
.1

3
2

0
.7

7
9
*

1
0

5
0

0
.9

9
6
8
8
.4

1
5

1
6
.8

1
2

2
.4

7
2

3
3
8
.2

3
8

3
3
7
.6

5
5

4
.0

3
8

3
3
8
.7

5
8

8
9
.5

5
4

3
3
8
.7

4
9

3
1
5
.8

8
2

3
3
8
.3

9
7

1
.6

1
4

3
3
8
.7

5
9

0
.9

7
8
*

1
.3

5
*
*
*

2
.1

1
5

1
.2

5
9
*
*

0
.5

1
0
0

0
.8

1
.6

5
6

0
.7

5
0

0
.4

5
6

0
.9

9
4

0
.9

3
8

0
.5

6
7

0
.9

2
7

0
.5

5
2

0
.9

4
2

0
.5

5
1

0
.9

6
5

1
.1

1
9

0
.9

4
3

0
.3

2
4
*

0
.3

7
2
*
*

0
.4

0
3
*
*
*

0
.5

1
3

1
1
0
0

0
.8

3
.4

2
6

1
.1

4
5

0
.6

9
9

1
.9

2
5

1
.8

2
2

0
.9

1
7

1
.9

2
7

1
.0

3
3

1
.8

6
5

0
.7

6
3

1
.8

9
4

1
.1

2
9

1
.8

6
8

0
.4

1
2
*

0
.5

7
1
*
*
*

0
.5

7
3

0
.5

4
4
*
*

5
1
0
0

0
.8

1
6
.5

5
4

3
.7

0
1

2
.6

0
5

8
.3

3
6

7
.9

8
7

3
.4

5
5

9
.2

1
9

4
.4

7
1

8
.5

9
6

2
.2

8
8

8
.3

5
9

1
.1

9
9
*
*
*

8
.4

4
1

0
.9

9
2
*
*

1
.5

6
7

1
.7

4
3

0
.7

9
8
*

1
0

1
0
0

0
.8

3
1
.5

8
3

6
.3

8
2

4
.7

5
6

1
5
.4

8
8

1
4
.8

3
3

6
.1

9
1
7
.4

4
2

8
.2

6
2

1
6
.1

8
6

3
.9

2
8

1
5
.5

2
9

1
.3

0
4
*
*

1
5
.7

5
5

1
.3

1
2
*
*
*

2
.0

8
7

2
.8

5
1
.0

2
3
*

0
.5

1
0
0

0
.9

2
.2

9
6

0
.8

2
4

0
.4

2
4

1
.2

6
1
.2

0
9

0
.5

7
2

1
.2

0
.6

1
6

1
.1

9
5

0
.7

0
4

1
.2

2
3

1
.0

3
9

1
.1

9
7

0
.2

8
0
*

0
.3

2
9
*
*

0
.3

5
*
*
*

0
.4

5
4

1
1
0
0

0
.9

4
.8

2
8

1
.3

0
2

0
.6

4
2

2
.5

3
7

2
.4

3
4

0
.9

4
1

2
.5

6
1

1
.1

9
5

2
.4

8
7

1
.1

4
7

2
.5

0
5

1
.0

5
1

2
.4

8
5

0
.3

6
5
*

0
.4

9
8
*
*
*

0
.5

0
9

0
.4

7
7
*
*

5
1
0
0

0
.9

2
3
.6

4
5

4
.4

2
2

2
.4

1
5

1
1
.8

5
8

1
1
.6

0
5

3
.5

3
1

1
2
.6

0
1

5
.4

4
7

1
2
.2

8
7

4
.5

2
8

1
1
.8

9
6

1
.1

3
1
*
*
*

1
2
.0

4
0
.9

6
1
*
*

1
.4

0
4

1
.6

2
7

0
.7

9
2
*

1
0

1
0
0

0
.9

4
5
.9

3
1

7
.9

8
2

4
.4

7
2

2
2
.6

7
5

2
2
.2

1
4

6
.5

3
5

2
4
.3

8
1

1
0
.4

5
6

2
3
.4

4
7

8
.4

3
9

2
2
.7

9
7

1
.2

3
1
*
*

2
3
.1

6
6

1
.3

*
*
*

1
.9

2
3

2
.8

1
7

1
.1

4
9
*

0
.5

1
0
0

0
.9

9
2
8
.9

1
6

2
.0

0
3

0
.2

4
9

1
3
.8

5
2

1
3
.8

5
0
.4

9
6

1
3
.8

5
2

3
.7

7
9

1
3
.8

5
1
2
.9

8
1
3
.8

5
1

0
.3

9
1
3
.8

5
2

0
.2

2
5
*

0
.2

2
7
*
*

0
.2

3
*
*
*

0
.3

6
4

1
1
0
0

0
.9

9
5
8
.1

5
1

2
.9

0
5

0
.3

7
3

2
8
.0

5
4

2
8
.0

1
4

0
.6

9
5

2
8
.0

7
8

7
.5

7
9

2
8
.0

7
5

2
6
.0

8
9

2
8
.0

6
1

0
.4

5
2
8
.0

7
7

0
.3

3
2
*

0
.3

4
1
*
*

0
.3

4
6
*
*
*

0
.4

1
4

5
1
0
0

0
.9

9
2
9
5
.8

8
3

8
.3

7
9

1
.3

9
3

1
3
8
.5

7
9

1
3
8
.2

7
4

2
.1

5
2

1
3
8
.8

1
5

3
7
.1

6
8

1
3
8
.8

0
5

1
2
8
.0

4
7

1
3
8
.6

5
1

0
.9

6
3
*
*
*

1
3
8
.8

1
2

0
.9

0
8
*
*

1
.0

6
1

1
.2

5
6

0
.8

2
7
*

1
0

1
0
0

0
.9

9
5
6
6
.0

0
8

1
4
.6

7
8

2
.5

3
9

2
6
4
.6

4
6

2
6
4
.0

3
7

3
.8

0
7

2
6
5
.1

9
7

7
0
.9

2
1

2
6
5
.1

7
4

2
4
4
.3

8
4

2
6
4
.8

1
7

1
.5

2
2

2
6
5
.1

8
7

1
.0

9
2
*

1
.4

7
7
*
*
*

2
.2

3
1
.2

6
8
*
*

0
.5

2
0
0

0
.8

1
.9

4
6

0
.7

9
2

0
.4

4
5

1
.1

2
4

1
.0

6
2

0
.5

7
5

1
.0

5
9

0
.5

8
8

1
.0

6
4

0
.6

0
6

1
.0

9
1

1
.0

8
6

1
.0

6
7

0
.3

0
6
*

0
.3

6
2
*
*

0
.3

8
5
*
*
*

0
.4

8
6

1
2
0
0

0
.8

3
.8

1
9

1
.2

1
5

0
.6

8
3

2
.0

6
9

1
.9

7
4

0
.9

3
7

2
.0

8
7

1
.0

7
2
.0

1
9

0
.8

8
2

2
.0

4
1

1
.0

9
4

2
.0

1
8

0
.4

0
6
*

0
.5

5
8
*
*
*

0
.5

6
3

0
.5

2
5
*
*

5
2
0
0

0
.8

1
8
.9

2
7

3
.9

0
5

2
.4

2
1

9
.4

3
2

9
.1

1
8

3
.3

9
6

1
0
.2

5
1

4
.7

1
9

9
.6

7
2
.9

7
6

9
.4

5
6

1
.1

7
8
*
*
*

9
.5

5
5

0
.9

7
*
*

1
.5

7
5

1
.6

8
1

0
.7

4
7
*

1
0

2
0
0

0
.8

3
9
.4

7
1

7
.5

7
5

4
.8

1
8

1
9
.5

7
9

1
9
.0

3
3

6
.7

4
7

2
1
.4

4
2

9
.7

6
9

2
0
.2

0
3

5
.9

4
1
9
.6

7
4

1
.2

7
6
*
*

1
9
.9

6
9

1
.4

9
8
*
*
*

2
.3

9
3
.1

5
7

1
.1

2
3
*

0
.5

2
0
0

0
.9

2
.6

4
7

0
.8

6
0

0
.4

0
3

1
.4

1
6

1
.3

7
4

0
.5

7
3

1
.3

6
5

0
.6

5
1

1
.3

5
8

0
.8

2
3

1
.3

8
1

0
.9

9
3

1
.3

5
5

0
.2

6
4
*

0
.3

1
*
*

0
.3

2
8
*
*
*

0
.4

3
2

1
2
0
0

0
.9

5
.3

3
5

1
.2

7
8

0
.6

2
6

2
.6

9
9

2
.6

2
7

0
.8

7
6

2
.7

1
7

1
.2

2
2

2
.6

5
3

1
.3

6
5

2
.6

7
2

1
.0

0
3

2
.6

5
3

0
.3

7
2
*

0
.4

9
3

0
.4

9
2
*
*
*

0
.4

7
6
*
*

5
2
0
0

0
.9

2
7
.5

6
3

4
.5

0
3

2
.1

7
1

1
3
.7

7
1
3
.5

0
7

3
.3

3
7

1
4
.4

2
9

5
.8

9
8

1
4
.1

5
2

6
.1

2
5

1
3
.8

1
4

1
.0

9
1
*
*
*

1
3
.9

8
0
.9

8
6
*
*

1
.4

3
2

1
.5

5
3

0
.7

7
7
*

1
0

2
0
0

0
.9

5
2
.9

2
1

7
.6

2
8

4
.0

7
9

2
5
.5

2
2
5
.0

9
5
.9

0
5

2
7
.0

5
7

1
2
.5

4
5

2
6
.5

3
3

1
1
.1

3
7

2
5
.6

6
9

1
.1

9
3
*
*

2
6
.0

8
1

1
.4

4
3
*
*
*

2
.1

0
9

2
.7

2
7

1
.1

4
5
*

0
.5

2
0
0

0
.9

9
3
0
.6

6
7

2
.0

2
6

0
.2

4
5

1
4
.4

5
3

1
4
.4

4
7

0
.4

7
7

1
4
.4

5
4

3
.9

2
4

1
4
.4

5
3

1
3
.5

7
8

1
4
.4

5
3

0
.3

7
6

1
4
.4

5
4

0
.2

1
9
*

0
.2

2
3
*
*

0
.2

2
6
*
*
*

0
.3

5
8

1
2
0
0

0
.9

9
6
2
.0

5
4

2
.8

5
5

0
.3

8
2
9
.6

1
2
9
.5

6
4

0
.6

6
4

2
9
.6

3
1

7
.9

7
3

2
9
.6

2
9

2
7
.6

1
7

2
9
.6

1
7

0
.4

4
9

2
9
.6

3
1

0
.3

4
3
*

0
.3

5
2
*
*

0
.3

5
6
*
*
*

0
.4

1
8

5
2
0
0

0
.9

9
3
0
7
.1

1
1

8
.6

7
1

1
.3

4
5

1
4
7
.7

2
7

1
4
7
.4

6
9

2
.1

8
7

1
4
7
.9

8
3

3
9
.4

2
3

1
4
7
.9

7
3

1
3
7
.1

3
2

1
4
7
.8

0
6

0
.9

5
8
*
*

1
4
7
.9

8
0
.9

9
7
*
*
*

1
.1

3
3

1
.2

3
7

0
.8

1
0
*

1
0

2
0
0

0
.9

9
6
2
8
.4

4
0

1
5
.0

4
2

2
.5

7
7

2
9
8
.8

6
2

2
9
8
.2

7
7

3
.7

9
9

2
9
9
.3

8
4

7
9
.6

8
2
9
9
.3

7
2
7
7
.1

6
1

2
9
9
.0

2
1

1
.5

9
7
*
*
*

2
9
9
.3

8
1
.3

0
9
*
*

1
.6

9
4

2
.3

2
1
.2

9
4
*



60 K.U. Akay, E. Ertan, A. Erkoç and F. Taş
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3. When the correlations ρ, n, and p are kept constant, the increase in the variance
leads to an increase in the EMSE values of all estimators. However, in terms of
EMSE values, the increases in all proposed estimators are smaller compared to the
increases in other available estimators.

4. It is seen that when the number of variables p, ρ, and σ2 are kept constant, the
EMSE values of the proposed estimators are lower than the EMSE values of the
existing estimators in n = 50, 100, 200. However, it is observed that there is no
significant systematic change in the EMSE values of all estimators as the number
of observations increases. As a result, it can be said that compared to ρ and σ2,
the number of observations has a relatively small effect on EMSE values.

In all scenarios examined, it is observed that all our proposed estimators are significantly
superior to existing estimators: OLS, RE, LE, LTE, SK, YC I, YC II, MNTP, NBR, ML,
TSS, KLMRT, and LKL. However, even if the estimators RTE I and RTE IV are better than
other estimators accessible in all cases, they behave differently in each scenario. In general,
RTE I has the best EMSE value in models with few variables and low variance. In contrast,
RTE IV has a smaller EMSE value in models with large variance. When the number of
variables increased, RTE IV generally gave better results in all scenarios.

In the second simulation scheme, we only investigated the performances of RTE and
NLTE for each n, p, ρ, and σ2. The purpose of this simulation is to examine the perfor-
mances of NLTE and RTE at various values of the biasing parameter k depending on EMSE
values given in (5.2). There are many f(k) and g(k) functions that can be considered to
evaluate the performances of these two classes of estimators. The biasing parameter k is not
estimated in the second simulation scheme. Only the EMSE values obtained by increasing
k values in the range [0, 1] by 0.05 are compared. In order to compare the performances of
these two estimators under some situations as an example, the following estimators with f(k)
and g(k) functions are taken:

β̂NLTE = (X ′X + kI)−1(X ′X + f(k)I)β̂ OLS where f(k) = λminα2
min

1+λmaxα2
max

k +
(

λminα2
min

1+λmaxα2
max

− 1
)
λmin,

β̂NLTE(RE) = (X ′X + kI)−1(X ′X + (k + f(k))I)β̂ RE where f(k) = α2
min(k+λmin)2

1+λmaxα2
max

− (k + λmin, )

β̂RTE = (X ′X + I)−1(X ′X + g(k)I)β̂ RE where g(k) = (1+λmin)α2
min

σ̂2+λmaxα2
max

k +
(

(1+λmin)α2
min

σ̂2+λmaxα2
max

− 1
)
λmin.

Note that, when we use β̂RE instead of β̂∗ in β̂NLTE , the obtained estimator is shown as
β̂NLTE(RE). Also, f(k) functions used in β̂NLTE and β̂NLTE(RE) were determined in ac-
cordance with the rules given by Kurnaz and Akay (2015). We only consider the cases
ρ = 0.9, 0.99, n = 50, 200, and p = 4, 8, 12, and σ2 = 1, 10. Depending on these n, ρ,
p, and σ2 values, the explanatory variables are generated according to equation (5.1). The
simulation is repeated 2000 times for each k value. The results are collectively presented
graphically in Figures 1 and 2.
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Figure 1: The EMSE values of NLTE I, NLTE(RE) I, RTE I as a function of k where ρ = 0.9.
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Figure 2: The EMSE values of NLTE I, NLTE(RE) I, RTE I as a function of k where ρ = 0.99.
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Based on Figures 1–2, we can interpret the results as follows depending on each(
n, ρ, p, σ2

)
:

1) At small values of the biasing parameter k, β̂RTE outperforms β̂NLTE and β̂NLTE(RE).
Although both β̂RTE and β̂NLTE(RE) include the β̂RE , the performance of β̂NLTE(RE)

is quite poor compared to β̂RTE at small values of the biasing parameter.

2) For p = 4 and ρ = 0.9, β̂NLTE(RE) exhibits quite different behavior from β̂NLTE

and β̂RTE . If the value of the biasing parameter and the number of explanatory
variables increases, β̂NLTE , β̂NLTE(RE), and β̂RTE show almost the same behaviors.
In general, β̂RTE exhibits a more consistent behavior at different values of the
biasing parameter k.

Based on the results of the second simulation design, we can recommend β̂RTE to the
researchers because it is a more consistent estimator than β̂NLTE and β̂NLTE(RE) for the
considered conditions. In general, the performances of these estimators depend on f(k) and
g(k) functions. In practice, we need to replace these functions with functional relationships
that can occur between the biasing parameters. Therefore, it should be kept in mind that
the results of graphical findings may change.

6. NUMERICAL EXAMPLE

In this section, we reconsider the Portland cement data that was analyzed by Hald
(1952), Liu (1993), Sakallıoğlu and Kaçıranlar (2008), Yang and Chang (2010), and Kurnaz
and Akay (2018). In this data set, the following four compounds are independent variables:
tricalcium aluminate(x1), tetracalcium silicate (x2), tetracalcium alumino ferrite (x3), and
dicalcium silicate (x4). The dependent variable y is the heat evolved in calories per gram of
cement. We fit a linear regression model with intercept to the data by adding a column of ones
to the matrix X. Then, the eigenvalues of X ′X are λ1 = 44676.2059, λ2 = 5965.4221, λ3 =
809.9521, λ4 = 105.4187 and λ5 = 0.0012. The condition number is approximately 3.66× 107,
therefore the matrix X is quite ill-conditioned. The numerical results are summarized in Table
5 to compare RTEs with other estimators. In addition, three different f(k) functions for both
β̂NLTE and β̂NLTE(RE) are given in Table 5. Since there are many combinations to determine
k and f(k) functions in NLTE and NLTE(RE), we use the following k estimators and f(k)
functions based on the Kibria (2003) and Kurnaz and Akay (2015). Note that the function
f(k) that minimizes SMSE

(
β̂NLTE(RE)

)
is a quadratic function.

NLTE I: k̂NLTE I = σ2
Pp

j=1 α2
j

and f(k) = λminα2
min

σ̂2+λmaxα2
max

k +
(

λminα2
min

σ̂2+λmaxα2
max

− 1
)
λmin,

NLTE II: k̂NLTE II = pσ2

n
Pp

j=1 α2
j

and f(k) = λminα2
min

σ̂2+λmaxα2
max

k − σ̂2λmin
σ̂2+λmaxα2

max
,

NLTE III: k̂NLTE III = σ̂2

(
Qp

j=1 α̂2
j)

1
p

and f(k) = λminα2
min

σ̂2+λmaxα2
max

k −min
(

σ̂2

σ̂2+λj α2
j

)
λmin,

NLTE(RE) I: k̂NLTE(RE) I = σ2
Pp

j=1 α2
j

and f(k) = α2
min

σ̂2+λmaxα2
max

(k + λmin)
2 − (k + λmin),

NLTE(RE) II: k̂NLTE(RE) II = pσ2

n
Pp

j=1 α2
j

and f(k) = α2
max

σ̂2+λmaxα2
max

(k + λmin)
2 − (k + λmin),

NLTE(RE) III: k̂NLTE(RE) II = σ̂2

(
Qp

j=1 α̂2
j)

1
p

and f(k) = α2
min

max(σ̂2+λiα2
i )

(k + λmin)
2 − (k + λmin).



A new general class of Ridge-type estimator in linear regression models 67

Table 5: The estimated parameter values and the estimated variance values
of the estimators.

β̂0 β̂1 β̂2 β̂3 β̂4 var
�

β̂
�

SMSE
�

β̂
�

β̂OLS 62.4054 1.5511 0.5102 0.1019 –0.1441 4912.0902

β̂RE

�
k̂RE = 1.4250

�
0.1003 2.1725 1.1568 0.7435 0.4882 0.067330 0.067346

β̂LE

�
d̂LE = 0

�
0.1230 2.1781 1.1552 0.7473 0.4871 0.071467 0.071479

β̂LT E

�
k̂LT E = 451.2736, d̂LT E = − 199.5073

�
27.6065 1.1641 1.0097 0.0891 0.2955 960.089121 960.375122

β̂SK

�
k̂SK = 1.4250, d̂SK = 493.7504

�
26.4790 8.5996 –0.6618 5.2740 –0.7883 878.099704 879.220053

β̂Y C I

�
K̂1 = 0.0015, D̂1 = 0.9992

�
27.6068 1.9090 0.8688 0.4680 0.2075 959.502978 959.502981

β̂Y C II

�
K̂2 = 0.0008, D̂2 = 0.7206

�
27.6067 1.9052 0.8697 0.4653 0.2080 959.502677 959.502680

β̂MNT P�
k̂MNT P = 1.3761× 10−6, d̂MNT P = 0.0883

� 5.6197 2.1227 1.0983 0.6904 0.4314 39.291526 39.291535

β̂NBR

�
k̂NBR = 0.3388× 10−3, d̂NBR = 0.0015

�
27.6068 1.9091 0.8688 0.468 0.2075 959.502980 959.502982

β̂ML

�
d̂ML = 0.4426

�
-27.4454 2.4556 1.4408 1.033 0.7665 954.838327 954.838351

β̂T SS

�
k̂T SS = 0.5509× 10−3, d̂T SS = 0.7920

�
27.6068 1.9091 0.8688 0.468 0.2075 959.502980 959.502982

β̂KLMRT�
k̂KLMRT = 348.2785, d̂KLMRT = 0.4420

� 0.0244 0.2284 1.4622 0.0276 0.6772 0.001739 6.4125088

β̂LKL

�
k̂LKL = 0.4714× 10−3, d̂LKL = 1

�
27.6068 1.9091 0.8688 0.468 0.2075 959.502980 959.502982

β̂NLT E I

�
f(k) = 3.0866× 10−13k − 0.0012

�

k̂NLT E I = 0.0015
0.0473 2.1925 1.1528 0.7580 0.4858 0.065275 0.065282

β̂NLT E II�
f(k) = 3.0866× 10−13k − 4.1930× 10−11

�

k̂NLT E II = 0.0006

42.0456 1.7605 0.7200 0.3161 0.0616 2228.180975 2228.180976

β̂NLT E III�
f(k) = 3.0866× 10−13 k − 6.0859× 10−8

�

k̂NLT E III = 1.4250

0.1003 2.1725 1.1568 0.7435 0.4882 0.067330 0.067346

β̂NLT E(RE) I�
f(k) = 2.5341× 10−10 (k + 0.0012)2 − (k + 0.0012)

�

k̂NLT E(RE) I = 0.0015

0.0473 2.1925 1.1529 0.758 0.4858 0.065273 0.065280

β̂NLT E(RE) II�
f(k) = 2.2383× 10−5 (k + 0.0012)2 − (k + 0.0012)

�

k̂NLT E(RE) II = 0.0006

0.0473 2.1925 1.1528 0.758 0.4858 0.065275 0.065282

β̂NLT E(RE) III�
f(k) = 3.6781× 10−6 (k + 0.0012)2 − (k + 0.0012)

�

k̂NLT E(RE) III = 1.4250

0.0468 2.1538 1.1618 0.7302 0.4917 0.062256 0.062300

β̂RT E I

�
g(k) = 2.5372× 10−10k − 0.0012

�

k̂RT E I = 0.1013
0.0471 2.1774 1.1563 0.7471 0.4881 0.064088 0.064099

β̂RT E II

�
g(k) = 2.5372× 10−10k − 4.1621× 10−11

�

k̂RT E II = 10.9035
0.0452 2.0425 1.1873 0.6513 0.5083 0.054048 0.054708

β̂RT E III

�
g(k) = 2.5372× 10−10k − 0.2692× 10−4

�

k̂RT E III = 0.9106× 10−4
0.1161 2.1781 1.1553 0.7474 0.4872 0.070216 0.070227

β̂RT E IV

�
g(k) = 0.1952× 10−10k − 0.0122

�

k̂RT E IV = 8935.2414
0.0231 0.2431 1.1857 0.2203 0.6003 0.000312 255.273061

In addition, the bootstrap sampling method was used to obtain the actual parameter
values to be used instead of the α parameter. Therefore, 10000 bootstrap samples were cre-
ated and the parameter estimates associated with the estimators were calculated for each of
the samples. The mean of the OLS estimates is considered as an estimate of α. The calcu-
lated SMSE values are given in Table 5. As seen in Table 5, the estimated variance values
and the SMSE values of RTE I, RTE II, RTE III, and RTE IV under the proposed g(k) func-
tions with k estimates can yield appropriate results compared to other existing estimators.
To compare the estimators under the MMSE sense, α̂OLS is used in place of the unknown
parameter α. Here, the eigenvalues of the matrices obtained with the MMSE differences are
taken into account. That is, if any of the eigenvalues is less than or equal to tolerance, then
the MMSE difference is not pd. Otherwise, the MMSE difference is pd. The R Programming
is used with tolerance 10−10 to find whether MMSE differences are pd or not. To illus-
trate Theorem 3.1, the function f(k) is taken as f(k) = 3.0866× 10−13k − 0.0012 by using
NLTE I. Also, the g(k) is obtained as g(k) = 2.5372 × 10−10k− 0.0012 in RTE I using (4.4).
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In this case, cov
(
β̂NLTE I

)
− cov

(
β̂RTE I

)
is the pd matrix for k > 0. But, the criterion

(3.1) given in Theorem 3.1 is not held. On the other hand, if functions g(k) and f(k) are
arbitrarily taken as f(k) = 0.5k− 0.05 and g(k) = 0.6k− 0.05, cov

(
β̂NLTE

)
− cov

(
β̂RTE

)
is

pd matrix for 0 < k ≤ 0.09754 or k ≥ 0.09758. Also, k values which provide (3.1) criterion are
0 < k < 0.0479. Consequently, MMSE

(
β̂NLTE

)
−MMSE

(
β̂RTE

)
is the pd matrix where

0 < k < 0.0479.

7. CONCLUSION

In this study, a new general biased estimator called RTE is proposed as an alternative
to other existing biased estimators used in the presence of multicollinearity. The RTE is
a general estimator that includes other biased estimators, such as the OLS, RE, LE, ML,
YC, and SK estimators as special cases. The RTE is based on a functional relationship g(k)
between the biasing parameters, which would provide an alternative method for overcoming
multicollinearity. In this study, we investigated several rules for determining the optimal
function g(k). The performance of these functions is analyzed using different k estimators.
Results revealed that the estimators obtained with these g(k) functions outperformed the
other existing estimators under the examined conditions. In particular, RTE I has the best
EMSE value in models with few variables and low variance. On the other hand, RTE IV
has a small EMSE value in high-variance models. When the number of variables increased,
RTE IV generally gave better results in all scenarios. Besides, a general simulation study is
performed to compare RTE and NLTE. In the cases we have considered, it has been observed
that RTE performs well when the biasing parameter k is small values. Although RTE and
NLTE(RE) are both dependent on RE, the main advantage of RTE over NLTE(RE) is that it
can minimize the SMSE function with the help of a simpler function. Additionally, Portland
data is also considered to illustrate the advantage of RTEs in the linear regression models.
Since NLTE and RTE are two general classes of biased estimators, a comparison of these
classes is given in Portland data from various perspectives. Finally, based on the results of
the simulations and application, it can be recommended that the RTE can be used when
there is multicollinearity in the linear regression models.
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Qasim, M., Månsson, K., Sjölander, P., and Kibria, B.M.G. (2022). A new class of efficient and
debiased two-step shrinkage estimators: method and application. Journal of Applied Statistics,
49(16):4181–4205.
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Shukur, G., Månsson, K., and Sjölander, P. (2008). Developing Interaction Shrinkage Parameters for
the Liu Estimator with an Application to the Electricity Retail Market. Computational Economics,
46(4):539–550.

Stein, C. (1956). Inadmissibility of the usual estimator for the mean of a multivariate normal distribu-
tion. In“Proceedings of the Third Berkeley Symposium on Mathematical Statistics and Probability”,
vol. 1, 197-206.

Theobald, C.M. (1974). Generalizations of mean square error applied to ridge regression. The Journal
of the Royal Statistical Society, Series B (Statistical Methodology), 36:103–106.

Trenkler, G. and Toutenburg, H. (1990). Mean squared error matrix comparisons between biased
estimator — an overview of recent results. Statistical Papers, 31:165–179.
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1. INTRODUCTION

The ψ-estimators (also called Z-estimators) have been playing an important role in
statistics since the 1960’s. In what follows, let (X,X ) be a measurable space, Θ be a Borel
subset of R, and ψ : X ×Θ → R be a function which is measurable in its second variable
with respect to the sigma-algebra X . Let (ξn)n>1 be a sequence of independent identically
distributed (i.i.d.) X-valued random variables such that the distribution of ξ1 depends on an
unknown parameter ϑ ∈ Θ. For each n > 1, Huber (1964, 1967) among others introduced an
important estimator of ϑ based on the observations ξ1, ..., ξn as a solution ϑ̂n,ψ(ξ1, ..., ξn) of
the equation (with respect to the unknown parameter):

n∑
i=1

ψ(ξi, t) = 0, t ∈ Θ,

provided that such a solution exists. In the statistical literature, one calls the random variable
ϑ̂n,ψ(ξ1, ..., ξn) a ψ-estimator of the unknown parameter ϑ ∈ Θ based on the i.i.d. observations
ξ1, ..., ξn, while other authors call it a Z-estimator (the letter Z refers to “zero”). In fact,
ψ-estimators are specialM -estimators (where the letterM refers to“maximum likelihood-type”)
that were also introduced by Huber (1964, 1967). For a detailed exposition of M -estimators
and ψ-estimators, see, e.g., Kosorok (2008, Sections 2.2.5 and 13) or van der Vaart (1998,
Section 5).

Results on the comparison and the equality of ψ-estimators are quite rare in the lit-
erature. These two problems can be formulated as follows: given ψ,ϕ : X ×Θ → R (with
the properties described above), we are interested in finding necessary as well as sufficient
conditions for the inequality ϑ̂n,ψ 6 ϑ̂n,ϕ and for the equality ϑ̂n,ψ = ϑ̂n,ϕ to be valid for all
n > 1, respectively. In Barczy and Páles (2023, Section 3), we derived such conditions in case
of generalized ψ-estimators, introduced in Barczy and Páles (2025) (see also Definition 1.2),
which are generalizations of ψ-estimators recalled above. In general linear models, many
authors investigated the equality of ordinary least squares estimator (OLSE) and best lin-
ear unbiased estimator (BLUE) of the regression parameters. For a detailed review of the
literature, see Section 2 in our arXiv version Barczy and Páles (2023).

In this paper, we study the comparison and equality problems for a subclass of gen-
eralized ψ-estimators, namely for Bajraktarević-type ψ-estimators introduced in Barczy and
Páles (2025) (see also (2.2)). The statistical applications of Bajraktarević-type ψ-estimators
has not been explored yet, it can be a topic of a future research. Here we point out an impor-
tant field in practice, where these types of estimators may be indeed useful. Mukhopadhyay
et al. (2021) found that in the presence of outliers in the data, more precisely, when the
data are generated by a mixture population involving a major (dominating) component and
a minor (outlying) component, the power mean (also called generalized mean) estimates
the mean of the dominating population more accurately compared to the usual maximum
likelihood estimator. Thus the class of power means offers an alternative way for estimat-
ing the target mean parameter without invoking the complications of sophisticated robust
techniques. Power means are special Bajraktarević means, that can be considered as spe-
cial Bajraktarević-type ψ-estimators. This can indicate some potential of Bajraktarević-type
ψ-estimators as well in estimation of parameters for date coming from a mixture population.
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By applying the general results from Section 3 of our arXiv version Barczy and Páles
(2023) (recalled below as well), we solve the two problems in question. As one will see,
our results are not easy and not immediate consequences of the general theory developed in
Section 3 of Barczy and Páles (2023).

In Section 2, we recall the notion of Bajraktarević-type ψ-estimators and then we
present the solution of the comparison problem for them (cf. Theorems 2.1 and 2.2). In
Section 3, we characterize the equality of Bajraktarević-type ψ-estimators (cf. Theorems 3.1
and 3.2). We note that, surprisingly, in the heart of the proof of the equality problem for
Bajraktarević-type estimators a result about Schwarzian derivative and rational functions
come into play, see Lemma 3.1. We can also characterize the equality of quasiarithmetic-
type ψ-estimators, see Corollary 3.1. In Proposition 3.1, we derive a necessary and sufficient
condition in order that two strictly increasing functions defined on a nondegenerate open
interval be the Möbius transforms of each other. The results of the present paper are those
contained in Section 4 in our arXiv version Barczy and Páles (2023).

In the rest of this section, we introduce the basic notations and concepts that are used
throughout the paper, and we recall some results from Section 3 of our arXiv version Barczy
and Páles (2023) that we need to use through the proofs.

Throughout this paper, we fix the following notations: the symbols N, Z+, Q, R, R+,
R++, and R−− will stand for the sets of positive integers, non-negative integers, rational
numbers, real numbers, non-negative real numbers, positive real numbers, and negative real
numbers, respectively. For a subset S ⊆ R, the convex hull of S (which is the smallest interval
containing S) is denoted by conv(S). A real interval will be called nondegenerate if it contains
at least two distinct points. For each n ∈ N, let us also introduce the set Λn := Rn

+ \{(0, ..., 0)}.
All the random variables are defined on an appropriate probability space (Ω,A,P).

Throughout this paper, let X be a nonempty set, Θ be a nondegenerate open interval
of R and let Ψ(X,Θ) denote the class of real-valued functions ψ : X ×Θ → R such that, for
all x ∈ X, there exist t+, t− ∈ Θ such that t+ < t− and ψ(x, t+) > 0 > ψ(x, t−). Roughly
speaking, a function ψ ∈ Ψ(X,Θ) satisfies the following property: for all x ∈ X, the function
t 3 Θ 7→ ψ(x, t) changes sign on the interval Θ at least once.

Definition 1.1. For a function f : Θ → R, consider the following three level sets:

Θf>0 := {t ∈ Θ : f(t) > 0},

Θf=0 := {t ∈ Θ : f(t) = 0},

Θf<0 := {t ∈ Θ : f(t) < 0}.

We say that ϑ ∈ Θ is a point of sign change (of decreasing-type) for f if

f(t) > 0 for t < ϑ, and f(t) < 0 for t > ϑ.

Note that there can exist at most one element ϑ ∈ Θ which is a point of sign change
for f . Further, if f is continuous at a point ϑ of sign change, then f(ϑ) = 0.
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Definition 1.2. We say that a function ψ ∈ Ψ(X,Θ):

(i) Possesses the property [C] (briefly, ψ is a C-function) if it is continuous in its
second variable, i.e., if, for all x ∈ X, the mapping Θ 3 t 7→ ψ(x, t) is continuous.

(ii) Possesses the property [Tn] (briefly, ψ is a Tn-function) for some n ∈ N if there
exists a mapping ϑn,ψ : Xn → Θ such that, for all xxx = (x1, ..., xn) ∈ Xn and t ∈ Θ,

ψxxx(t) =
n∑
i=1

ψ(xi, t)

{
> 0 if t < ϑn,ψ(xxx),
< 0 if t > ϑn,ψ(xxx),

that is, for all xxx ∈ Xn, the value ϑn,ψ(xxx) is a point of sign change for the function
ψxxx. If there is no confusion, instead of ϑn,ψ we simply write ϑn. We may call
ϑn,ψ(xxx) as a generalized ψ-estimator for some unknown parameter in Θ based on
the realization x = (x1, ..., xn) ∈ Xn. If, for each n ∈ N, ψ is a Tn-function, then
we say that ψ possesses the property [T ] (briefly, ψ is a T -function).

(iii) Possesses the property [Zn] (briefly, ψ is a Zn-function) for some n ∈ N if it is
a Tn-function and

ψxxx(ϑn,ψ(xxx)) =
n∑
i=1

ψ(xi, ϑn,ψ(xxx)) = 0 for all xxx = (x1, ..., xn) ∈ Xn.

If, for each n∈N, ψ is a Zn-function, then we say that ψ possesses the property [Z]
(briefly, ψ is a Z-function).

(iv) Possesses the property [Tλλλn ] for some n ∈ N and λλλ = (λ1, ..., λn) ∈ Λn (briefly,
ψ is a Tλλλn -function) if there exists a mapping ϑλλλn,ψ : Xn → Θ such that, for all
xxx = (x1, ..., xn) ∈ Xn and t ∈ Θ,

ψxxx,λλλ(t) =
n∑
i=1

λiψ(xi, t)

{
> 0 if t < ϑλλλn,ψ(xxx),
< 0 if t > ϑλλλn,ψ(xxx),

that is, for all xxx ∈ Xn, the value ϑλλλn,ψ(xxx) is a point of sign change for the function
ψxxx,λλλ. If there is no confusion, instead of ϑλλλn,ψ we simply write ϑλλλn. We may call
ϑλλλn,ψ(xxx) as a weighted generalized ψ-estimator for some unknown parameter in Θ
based on the realization x = (x1, ..., xn) ∈ Xn and weights (λ1, ..., λn) ∈ Λn.

It can be seen that if ψ is continuous in its second variable and, for some n ∈ N, it is a
Tn-function, then it also a Zn-function.

Given q ∈ N and properties

[P1], ..., [Pq] ∈
{
[C], [T ], [Z]

}
∪

{
[Tn], [Zn] : n ∈ N

}
∪

{
[Tλλλn ] : n ∈ N, λλλ ∈ Λn

}
,

the subclass of Ψ(X,Θ) consisting of elements possessing the properties [P1], ..., [Pq] will be
denoted by Ψ[P1, ..., Pq](X,Θ), i.e.,

Ψ[P1, ..., Pq](X,Θ) :=
q⋂
i=1

Ψ[Pi](X,Θ).

For a function ψ ∈ Ψ[T1](X,Θ), we introduce the notation

Θψ :=
{
t ∈ Θ | ∃x, y ∈ X : ϑ1,ψ(x) < t < ϑ1,ψ(y)

}
.(1.1)
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Then Θψ is open, and it coincides with the interior of the convex hull of ϑ1,ψ(X), see Section 3
of our arXiv version Barczy and Páles (2023). Consequently, Θψ is an open (possibly degen-
erate) subinterval of Θ.

Next, we recall a result about the comparison of generalized ψ-estimators due to Barczy
and Páles (2023, Theorem 3.1).

Theorem 1.1. Let ψ ∈ Ψ[T,Z1](X,Θ) and ϕ ∈ Ψ[Z](X,Θ). Then the following as-

sertions are equivalent to each other:

(i) The inequality

ϑn,ψ(x1, ..., xn) 6 ϑn,ϕ(x1, ..., xn)(1.2)

holds for each n ∈ N and x1, ..., xn ∈ X.

(ii) The inequality

ϑk+m,ψ(x, ..., x︸ ︷︷ ︸
k

, y, ..., y︸ ︷︷ ︸
m

) 6 ϑk+m,ϕ(x, ..., x︸ ︷︷ ︸
k

, y, ..., y︸ ︷︷ ︸
m

)

holds for each k,m ∈ N and x, y ∈ X.

(iii) For all x ∈ X, we have ϑ1,ψ(x) 6 ϑ1,ϕ(x), and the inequality

ψ(x, t)ϕ(y, t) 6 ψ(y, t)ϕ(x, t)

is valid for all t ∈ Θ and for all x, y ∈ X with ϑ1,ϕ(x) < t < ϑ1,ϕ(y).

(iv) For all x ∈ X, we have ϑ1,ψ(x) 6 ϑ1,ϕ(x), and there exists a nonnegative function

p : Θϕ → R+ such that

ψ(z, t) 6 p(t)ϕ(z, t), z ∈ X, t ∈ Θϕ.

Under some additional regularity assumptions on ψ and ϕ, Barczy and Páles (2023,
Theorem 3.4) derived another set of conditions that is equivalent to (1.2). We also recall this
result below.

Theorem 1.2. Let ψ,ϕ ∈ Ψ[C,Z](X,Θ). Assume that ϑ1,ψ = ϑ1,ϕ =: ϑ1 on X,

ϑ1(X) = Θ, and, for all x ∈ X, the maps

Θ 3 t 7→ ψ(x, t) and Θ 3 t 7→ ϕ(x, t)

are differentiable at ϑ1(x) with a non-vanishing derivative. Then any of the equivalent asser-

tions (i), (ii), (iii) and (iv) of Theorem 1.1 is equivalent to the following one:

(v) For all x, y ∈ X, we have

− ψ(y, ϑ1(x))
∂2ψ(x, ϑ1(x))

6 − ϕ(y, ϑ1(x))
∂2ϕ(x, ϑ1(x))

.

Finally, we recall a result about the equality of generalized ψ-estimators due to Barczy
and Páles (2023, Theorem 3.5).
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Theorem 1.3. Let ψ ∈ Ψ[T,Z1](X,Θ) and ϕ ∈ Ψ[Z](X,Θ). Assume that ϑ1,ψ = ϑ1,ϕ

on X. Then Θψ = Θϕ and the following assertions are equivalent:

(i) The equality

ϑn,ψ(x1, ..., xn) = ϑn,ϕ(x1, ..., xn)

holds for each n ∈ N and x1, ..., xn ∈ X.

(ii) The equality

ϑk+m,ψ(x, ..., x︸ ︷︷ ︸
k

, y, ..., y︸ ︷︷ ︸
m

) = ϑk+m,ϕ(x, ..., x︸ ︷︷ ︸
k

, y, ..., y︸ ︷︷ ︸
m

)

holds for each k,m ∈ N and x, y ∈ X.

(iii) There exists a positive function p : Θϕ → (0,∞) such that

ψ(z, t) = p(t)ϕ(z, t), z ∈ X, t ∈ Θϕ.

2. COMPARISON OF BAJRAKTAREVIĆ-TYPE ψ-ESTIMATORS

In this section we apply Theorems 1.1 and 1.2 for solving the comparison problem of
Bajraktarević-type estimators that are special generalized ψ-estimators.

First, we recall the notions of Bajraktarević-type functions and then Bajraktarević-type
estimators. Let f : Θ → R be strictly increasing, p : X → R++ and F : X → conv(f(Θ)).
In terms of these functions, define ψ : X ×Θ → R by

(2.1) ψ(x, t) := p(x)(F (x)− f(t)), x ∈ X, t ∈ Θ.

By Lemma 1 in Grünwald and Páles (2020), there exists a uniquely determined monotone
function g : conv(f(Θ)) → Θ such that g is the left inverse of f , i.e.,

(g ◦ f)(t) = t, t ∈ Θ.

Furthermore, g is monotone in the same sense as f (i.e, f is monotone increasing), is contin-
uous, and the following relation holds:

(f ◦ g)(y) = y, y ∈ f(Θ).

The function g : conv(f(Θ)) → Θ is called the generalized left inverse of the strictly increasing
function f : Θ → R and is denoted by f (−1). It is clear that the restriction of f (−1) to f(Θ)
is the inverse of f in the standard sense, which is also strictly increasing. Therefore, f (−1) is
the continuous and monotone extension of the inverse of f to the smallest interval containing
the range of f , that is, to the convex hull of f(Θ).

Recall also that, by Proposition 6 in Barczy and Páles (2025), under the above assump-
tions, ψ is a Tλ

n -function for each n ∈ N and λ ∈ Λn, and

ϑλ
n,ψ(x) = f (−1)

(
λ1p(x1)F (x1) + ...+ λnp(xn)F (xn)

λ1p(x1) + ...+ λnp(xn)

)
(2.2)
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for each n ∈ N, x = (x1, ..., xn) ∈ Xn and λ = (λ1, ..., λn) ∈ Λn. In particular, ϑ1,ψ = f (−1) ◦F
holds. The value ϑλ

n,ψ(x) given by (2.2) can be called as a Bajraktarević-type ψ-estimator
of some unknown parameter in Θ based on the realization x = (x1, ..., xn) ∈ Xn and weights
(λ1, ..., λn) ∈ Λn corresponding to the Bajraktarević-type function given by (2.1). In partic-
ular, if p = 1 is a constant function in (2.1), then we speak about a quasi-arithmetic-type
ψ-estimator.

As a first result, we give a necessary and sufficient condition in order that Θψ = ∅ hold,
where Θψ is given by (1.1).

Lemma 2.1. Let f : Θ → R be a strictly increasing function, p : X → R++, F : X →
conv(f(Θ)), and define ψ : X×Θ → R by (2.1). Then Θψ = ∅ holds if and only if there exists

t0 ∈ Θ such that the range F (X) of F is contained in [f(t0 − 0), f(t0 + 0)], where f(t0 − 0)
and f(t0 + 0) denote the left and right hand limits of f at t0, respectively.

Proof: First, let us suppose that there exists t0 ∈ Θ such that F (X) ⊆ Jf (t0) :=
[f(t0 − 0), f(t0 + 0)]. Then, using that f is strictly increasing, for all x ∈ X and t′, t′′ ∈ Θ
with t′ < t0 < t′′, we have that f(t′) < f(t0 − 0) 6 F (x) 6 f(t0 + 0) < f(t′′), and therefore,
taking into account that p is positive, for all x ∈ X, we get

p(x)(F (x)− f(t))

{
> 0 if t < t0, t ∈ Θ,
< 0 if t > t0, t ∈ Θ.

Hence, ϑ1,ψ(x) = t0 for all x ∈ X. This yields that Θψ = ∅.

To prove the converse statement, we check that if there does not exist t0 ∈ Θ such that
F (X) ⊆ Jf (t0), then Θψ 6= ∅. Since f is strictly increasing, we have

conv(f(Θ)) =
⋃
t∈Θ

Jf (t),

and Jf (t′) ∩ Jf (t′′) = ∅ for all t′, t′′ ∈ Θ with t′ 6= t′′. Using also that F (X) ⊆ conv(f(Θ)),
there exist t1, t2 ∈ Θ with t1 < t2 such that F (X) ∩ Jf (ti) 6= ∅, i = 1, 2. Hence there exist
x1, x2 ∈ X such that F (xi) ∈ Jf (ti), i = 1, 2. Consequently, similarly as before, we have

p(xi)(F (xi)− f(t))

{
> 0 if t < ti, t ∈ Θ,
< 0 if t > ti, t ∈ Θ,

i = 1, 2,

yielding that ϑ1,ψ(xi) = ti, i = 1, 2. Therefore, (t1, t2) ⊆ Θψ, showing that Θψ is not empty,
as expected.

The next lemma is connected to Theorem 1 in Barczy and Páles (2025), where we
derived several implications between the property [T ] of a function Ψ(X,Θ) and the mono-
tonicity properties of the map (2.3) defined in the next lemma.

Lemma 2.2. Let f : Θ → R be a strictly increasing function, p : X → R++, F : X →
conv(f(Θ)), and define ψ : X×Θ → R by (2.1). Then, for all x, y ∈ X with ϑ1,ψ(x) < ϑ1,ψ(y),
the map

(2.3) (ϑ1,ψ(x), ϑ1,ψ(y)) 3 u 7→ −ψ(x, u)
ψ(y, u)

is positive and strictly increasing.
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Proof: Let x, y ∈ X with ϑ1,ψ(x) < ϑ1,ψ(y) and let u ∈(ϑ1,ψ(x), ϑ1,ψ(y)) be arbitrary.
Then ψ(x, u) < 0 < ψ(y, u), which proves that the map (2.3) is positive valued. To see the
strict monotonicity property, let additionally v ∈ (ϑ1,ψ(x), ϑ1,ψ(y)) be arbitrary with u < v.
Then ψ(x, v) < 0 < ψ(y, v), which implies that F (x) < f(v) < F (y). Thus F (x) < F (y) and,
by the strict monotonicity of f , we also have f(u) < f(v). Therefore

(F (y)− F (x))(f(v)− f(u)) > 0,

which is equivalent to the inequality

(F (x)− f(u))(F (y)− f(v)) > (F (y)− f(u))(F (x)− f(v)).

Multiplying this inequality by −p(x)
p(y)(F (y)−f(u))(F (y)−f(v)) < 0 side by side, it follows that

−ψ(x, u)
ψ(y, u)

= −p(x)(F (x)− f(u))
p(y)(F (y)− f(u))

< −p(x)(F (x)− f(v))
p(y)(F (y)− f(v))

= −ψ(x, v)
ψ(y, v)

.

This completes the proof of the strict increasingness of the map (2.3). We note that the
statement also follows from the proof of Proposition 6 in Barczy and Páles (2025).

In the following result, we describe sufficient conditions which imply that the function
ψ defined by (2.1) possesses the property [Z1] and [Z], respectively.

Lemma 2.3. Let f : Θ → R be a strictly increasing function, p : X → R++, F : X →
f(Θ) and define ψ : X ×Θ → R by (2.1). Then ψ has the property [Z1] and

(2.4) Θψ =
{
t ∈ Θ | ∃x, y ∈ X : F (x) < f(t) < F (y)

}
.

If, in addition, conv(F (X)) ⊆ f(Θ), then ψ has the property [Z] as well.

Proof: Since F (X) ⊆ f(Θ), the restriction of f (−1) onto F (X) is the strictly increasing
inverse of f in the standard sense restricted to F (X). Thus, for all x ∈ X, we have

ψ(x, ϑ1,ψ(x)) = p(x)(F (x)− f(ϑ1,ψ(x))) = p(x)
(
F (x)− f(f (−1)(F (x)))

)
= p(x)(F (x)− F (x)) = 0,

yielding that ψ has the property [Z1]. Furthermore, using also that (f (−1) ◦ f)(t) = t, t ∈ Θ,
we get that

Θψ =
{
t ∈ Θ | ∃x, y ∈ X : ϑ1,ψ(x) < t < ϑ1,ψ(y)

}
=

{
t ∈ Θ | ∃x, y ∈ X : f (−1)(F (x)) < t < f (−1)(F (y))

}
=

{
t ∈ Θ | ∃x, y ∈ X : (f ◦ f (−1))(F (x)) < f(t) < (f ◦ f (−1))(F (y))

}
=

{
t ∈ Θ | ∃x, y ∈ X : F (x) < f(t) < F (y)

}
,

as desired.
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To prove the last assertion, let us assume that conv(F (X)) ⊆ f(Θ). Then, by (2.2), for
each n ∈ N and x = (x1, ..., xn) ∈ Xn, we have

n∑
i=1

ψ(xi, ϑn,ψ(x)) =
n∑
i=1

p(xi)
(
F (xi)− f(ϑn,ψ(x))

)
=

n∑
i=1

p(xi)F (xi)−
n∑
i=1

p(xi)f

f (−1)

 n∑
j=1

p(xj)
p(x1) + ···+ p(xn)

F (xj)


=

n∑
i=1

p(xi)F (xi)−
n∑
i=1

p(xi)
n∑
j=1

p(xj)
p(x1) + ···+ p(xn)

F (xj) = 0,

where we used that
∑n

j=1
p(xj)

p(x1)+···+p(xn)F (xj) ∈ conv(F (X)) ⊆ f(Θ).

In the next remark, we point out the fact that (2.4) does not hold in general, showing
that the assumption F (X) ⊆ f(Θ) in Lemma 2.3 is indispensable.

Remark 2.1. Let X := {x1, x2}, Θ := R, let p : X → R++, f : R → R be defined by

f(t) :=


t if t 6 1,
t+ 1 if 1 < t 6 2,
t+ 2 if t > 2,

and F : X → R be such that F (x1) := 1 and F (x2) := 3, 5. Then conv(f(Θ)) = R, and

p(x1)(F (x1)− f(t))


> 0 if t < 1,
= 0 if t = 1,
< 0 if t > 1,

and

p(x2)(F (x2)− f(t))

{
> 0 if t 6 2,
< 0 if t > 2,

yielding that ϑ1,ψ(xj) = j, j = 1, 2. Hence Θψ = (1, 2). However,{
t ∈ Θ | ∃ x, y ∈ X : F (x) < f(t) < F (y)

}
= (1, 2],

which does not coincide with Θψ = (1, 2). Note that F (X) ⊆ f(Θ) is also not valid, and
ψ does not have the property [Z1], since ψ(x2, ϑ1,ψ(x2)) = ψ(x2, 2) = p(x2)(F (x2)− f(2)) =
p(x2)

2 > 0. 2

Below, we solve the comparison problem for Bajraktarević-type estimators.

Theorem 2.1. Let f, g : Θ → R be strictly increasing functions, p, q : X → R++,

F : X → f(Θ), G : X → g(Θ), and suppose that conv(G(X)) ⊆ g(Θ). Let ψ : X ×Θ → R
and ϕ : X ×Θ → R be given by

ψ(x, t) := p(x)(F (x)− f(t)), x ∈ X, t ∈ Θ,

ϕ(x, t) := q(x)(G(x)− g(t)), x ∈ X, t ∈ Θ.
(2.5)
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Assume that (f (−1) ◦ F )(x) 6 (g(−1) ◦G)(x), x ∈ X. Then ϑn,ψ(x) 6 ϑn,ϕ(x) holds for each

n ∈ N and x ∈ Xn if and only if the inequality

q(y)
q(x)

· G(y)− g(t)
G(x)− g(t)

6
p(y)
p(x)

· F (y)− f(t)
F (x)− f(t)

(2.6)

is valid for all t ∈ Θ and for all x, y ∈ X with G(x) < g(t) < G(y).

Proof: By Proposition 6 in Barczy and Páles (2025) and Lemma 2.3, ψ has the
properties [T ] and [Z1], and ϕ has the property [Z]. Using Theorem 1.1, we have that
ϑn,ψ(x) 6 ϑn,ϕ(x) holds for each n ∈ N and x ∈ Xn if and only if the inequality

ψ(x, t)ϕ(y, t) 6 ψ(y, t)ϕ(x, t)

is valid for all t ∈ Θ and for all x, y ∈ X with ϑ1,ϕ(x) < t < ϑ1,ϕ(y).

Using G(X) ⊆ g(Θ), Lemma 2.3 yields that

Θϕ =
{
t ∈ Θ | ∃x, y ∈ X : G(x) < g(t) < G(y)

}
,

and for all t ∈ Θ and x, y ∈ X, the inequality ϑ1,ϕ(x) < t < ϑ1,ϕ(y) holds if and only if G(x) <
g(t) < G(y). Consequently, ϑn,ψ(x) 6 ϑn,ϕ(x) holds for each n ∈ N and x ∈ Xn if and only
if

p(x)(F (x)− f(t))q(y)(G(y)− g(t)) 6 p(y)(F (y)− f(t))q(x)(G(x)− g(t))(2.7)

is valid for all t ∈ Θ and for all x, y ∈ X with G(x) < g(t) < G(y). Using that f is strictly
increasing, F (X) ⊆ f(Θ), and g(−1) restricted to g(Θ) is strictly increasing, for all t ∈ Θ and
for all x ∈ X with G(x) < g(t), we have that

F (x) = (f ◦ f (−1))(F (x)) = f(f (−1)(F (x)))

6 f(g(−1)(G(x))) < f(g(−1)(g(t))) = f(t).

Consequently, G(x)− g(t) < 0 and F (x)− f(t) < 0 in the inequality (2.7), and hence by
rearranging it, the assertion follows.

In the next result, under some additional regularity assumptions on f and g, we derive
another set of conditions that is equivalent to (2.6).

Theorem 2.2. Let f, g : Θ → R be strictly increasing functions, p, q : X → R++,

F : X → f(Θ), G : X → g(Θ), and suppose that F (X) = f(Θ) and conv(G(X)) ⊆ g(Θ).
Let ψ : X ×Θ → R and ϕ : X ×Θ → R be given by (2.5). Assume that (f (−1) ◦ F )(x) =
(g(−1) ◦G)(x) =: ϑ1(x), x ∈ X, and that f and g are differentiable at ϑ1(x) for all x ∈ X
with non-vanishing (and hence positive) derivatives. Then ϑn,ψ(x) 6 ϑn,ϕ(x) holds for each

n ∈ N and x ∈ Xn if and only if the inequality

p(y)
p(x)

· F (y)− F (x)
f ′

(
f (−1)(F (x))

) 6
q(y)
q(x)

· G(y)−G(x)
g′

(
g(−1)(G(x))

)
is valid for all x, y ∈ X.
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Proof: Since F (X) = f(Θ), we have that

ϑ1(X) = (f (−1) ◦ F )(X) = f (−1)(F (X)) = f (−1)(f(Θ)) = Θ.

Further, for all x ∈ X, we have

∂2ψ(x, ϑ1(x)) = −p(x)f ′(ϑ1(x)) = −p(x)f ′
(
f (−1)(F (x))

)
,

∂2ϕ(x, ϑ1(x)) = −q(x)g′(ϑ1(x)) = −q(x)g′
(
g(−1)(G(x))

)
.

Consequently, using Theorem 1.2, we have that ϑn,ψ(x) 6 ϑn,ϕ(x) holds for each n ∈ N and
x ∈ Xn if and only if

p(y)
p(x)

· F (y)− f(ϑ1(x))
f ′(ϑ1(x))

6
q(y)
q(x)

· G(y)− g(ϑ1(x))
g′(ϑ1(x))

is valid for all x, y ∈ X, which yields the statement, since

f(ϑ1(x)) = f(f (−1)(F (x))) = (f ◦ f (−1))(F (x)) = F (x), x ∈ X,

due to the condition F (X) ⊆ f(Θ), and similarly, we also have g(ϑ1(x)) = G(x), x ∈ X.

In the next result, among others, we point out that, under the assumptions of
Theorem 2.2, the function g is continuous.

Lemma 2.4. Let f, g : Θ → R be strictly increasing functions, F : X → f(Θ),
G : X → g(Θ), and suppose that F (X) = f(Θ) and conv(G(X)) ⊆ g(Θ). Assume that

(f (−1) ◦ F )(x) = (g(−1) ◦G)(x), x ∈ X. Then:

(i) G(X) = g(Θ) and this set is convex.

(ii) g is continuous, and G(x) = (g ◦ f (−1))(F (x)), x ∈ X.

Proof: (i). Since F (X) = f(Θ), we have that

(f (−1) ◦ F )(X) = f (−1)(F (X)) = f (−1)(f(Θ)) = Θ,

which implies that (g(−1) ◦G)(X) = (f (−1) ◦ F )(X) = Θ holds as well. Hence, using that
G(X) ⊆ g(Θ), we have that

g(Θ) = g((g(−1) ◦G)(X)) = (g ◦ g(−1))(G(X)) = G(X).

Consequently, conv(g(Θ)) = conv(G(X)), and, since conv(G(X)) ⊆ g(Θ), we obtain that
g(Θ) ⊆ conv(g(Θ)) = conv(G(X)) ⊆ g(Θ), yielding that g(Θ) = conv(G(X)) is a convex set.

(ii). Since g is strictly increasing and its range g(Θ) is convex (see part (i)), we can see
that g is continuous as well. Finally, note that the equality (f (−1) ◦ F )(x) = (g(−1) ◦G)(x),
x ∈ X, implies that G(x) = (g ◦ f (−1))(F (x)), x ∈ X, since G(X) ⊆ g(Θ).
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3. EQUALITY OF BAJRAKTAREVIĆ-TYPE ψ-ESTIMATORS

In this section, we apply Theorem 1.3 for solving the equality problem for Bajraktarević-
type estimators. In the proof, we will use a result on the Schwarzian derivative of a function.
Given a nondegenerate open interval I ⊆ R, for a three times differentiable function h : I → R
with a nonvanishing first derivative, its Schwarzian derivative Sh : I → R is defined by

Sh(x) :=
h′′′(x)
h′(x)

− 3
2

(
h′′(x)
h′(x)

)2

, x ∈ I.

The following result is well-known, see, e.g., Grünwald and Páles (2022, Corollary 3).

Lemma 3.1. Let I ⊆ R be a nondegenerate open interval, and h : I → R be a three

times differentiable function such that h′ does not vanish on I. Then Sh(x) = 0, x ∈ I, holds

if and only if there exist four constants a, b, c, d ∈ R with ad 6= bc and 0 /∈ cI + d such that

h(x) =
ax+ b

cx+ d
, x ∈ I.

In the proof of the subsequent theorems, the following auxiliary result plays an impor-
tant role.

Lemma 3.2. Let I be a nondegenerate open interval of R. Let f, g : I → R be strictly

increasing functions such that there exist four constants a, b, c, d ∈ R with 0 /∈ cf(I) + d and

g(t) =
af(t) + b

cf(t) + d
, t ∈ I.

Then ad > bc and cf + d is either everywhere positive or everywhere negative on I.

Proof: The condition 0 /∈ cf(I) + d yields that (c, d) 6= (0, 0). If ad = bc, then there
exists λ ∈ R such that (a, b) = λ(c, d). In this case, we get that g(t) = λ for all t ∈ I, which
contradicts the strict monotonicity of g. Thus ad 6= bc must hold.

Next, we check that cf+d is either everywhere positive or everywhere negative on I. On
the contrary, if cf + d changes sign in I, then c cannot be zero and hence cf + d is also strictly
monotone. Therefore, using also that I is a nondegenerate open interval, there exists a unique
point τ ∈ I such that cf(t) + d >(<) 0 for all t < τ , t ∈ I, and cf(t) + d <(>) 0 for all t > τ ,
t ∈ I. Let t < τ < r < s be arbitrarily fixed elements of I. Then (cf(t)+d)(cf(r)+d) < 0 and
(cf(r) + d)(cf(s) + d) > 0. Consequently, using the strict increasingness of g, the inequalities

af(t) + b

cf(t) + d
= g(t) < g(r) =

af(r) + b

cf(r) + d

and
af(r) + b

cf(r) + d
= g(r) < g(s) =

af(s) + b

cf(s) + d

imply that

(af(t) + b)(cf(r) + d) > (af(r) + b)(cf(t) + d),

(af(r) + b)(cf(s) + d) < (af(s) + b)(cf(r) + d),
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or equivalently,

0 > (ad− bc)(f(r)− f(t)) and 0 < (ad− bc)(f(s)− f(r)).(3.1)

Since f is also strictly increasing, we have that f(t) < f(r) < f(s). Therefore, (ad−bc)(f(r)−
f(t)) and (ad− bc)(f(s)− f(r)) should have the same signs. This together with the inequal-
ities (3.1) lead us to a contradiction.

Finally, to show that ad > bc, let r, s ∈ I with r < s be fixed. Then, using that cf + d

does not change sign in I, we have (cf(r) + d)(cf(s) + d) > 0, and therefore the inequality
g(r) < g(s), in the same way as above, implies 0 < (ad− bc)(f(s)− f(r)). This, in view of
the strict increasingness of f yields that ad− bc > 0.

Theorem 3.1. Let f, g : Θ → R be strictly increasing functions such that f is con-

tinuous, p, q : X → R++, F : X → f(Θ), G : X → g(Θ), and suppose that F (X) = f(Θ) and

conv(G(X)) ⊆ g(Θ). Let ψ : X ×Θ → R and ϕ : X ×Θ → R be given by (2.5). If ϑn,ψ(x) =
ϑn,ϕ(x) holds for each n ∈ N and x ∈ Xn, then there exist four constants a, b, c, d ∈ R with

ad 6= bc and 0 /∈ cf(Θ) + d such that

g(t) =
af(t) + b

cf(t) + d
, t ∈ Θ,

G(x) =
aF (x) + b

cF (x) + d
, x ∈ X,

q(x) = (cF (x) + d)p(x), x ∈ X.

(3.2)

Proof: Since f is strictly increasing and continuous and Θ is a non-degenerate open
interval, we have f(Θ) is a non-degenerate open interval. Hence conv(f(Θ)) = f(Θ) =
F (X), and then, as a consequence of Lemma 2.3, we get ψ ∈ Ψ[Z](X,Θ). Further, since
conv(G(X)) ⊆ g(Θ), Lemma 2.3 also yields that ϕ ∈ Ψ[Z](X,Θ).

We first verify that Θψ = Θ. The inclusion Θψ ⊆ Θ is trivial. To prove the reversed one,
let t ∈ Θ be arbitrary. Now choose r, s ∈ Θ such that r < t < s. Using that F (X) = f(Θ),
we can find x, y ∈ X such that f(r) = F (x) and f(s) = F (y). Since f is strictly increasing,
it follows that F (x) = f(r) < f(t) < f(s) = F (y), showing that t belongs to the set{

t ∈ Θ | ∃x, y ∈ X : F (x) < f(t) < F (y)
}
,

which, according to (2.4), equals Θψ.

Assume that ϑn,ψ(x) = ϑn,ϕ(x) holds for each n ∈ N and x ∈ Xn. Then, in the case
n = 1, this equality and (2.2) imply that (f (−1) ◦F )(x) = ϑ1,ψ(x) = ϑ1,ϕ(x) = (g(−1) ◦G)(x),
x ∈ X. Hence, according to Lemma 2.4, we get that G(X) = conv(G(X)) = g(Θ) is a convex
set and g is continuous. Then, similarly as we derived Θψ = Θ, we have that Θϕ = Θ holds
as well.

For all x, y ∈ X with G(x) < G(y), let us introduce the notation

Θx,y := {t ∈ Θ |G(x) < g(t) < G(y)}.



84 M. Barczy and Z. Páles

Using that F (X) ⊆ f(Θ), G(X) ⊆ g(Θ), and that the restrictions of f (−1) and g(−1) to f(Θ)
and g(Θ) are the strictly increasing inverses of f and g in the standard sense, respectively,
for all x, y ∈ X with G(x) < G(y), we have

Θx,y = {t ∈ Θ | g(−1)(G(x)) < t < g(−1)(G(y))}
= {t ∈ Θ | f (−1)(F (x)) < t < f (−1)(F (y))}
= {t ∈ Θ |F (x) < f(t) < F (y)}.

(3.3)

The previous argument also shows that for all x, y ∈ X, we get G(x) < G(y) if and only if
F (x) < F (y), and the set Θx,y is a nonempty open interval for all x, y ∈ X with G(x) < G(y),
since it is the intersection of the open intervals (g(−1)(G(x)), g(−1)(G(y))) and Θ.

In view of (3.3), Lemma 2.3 and the equality Θψ = Θ we can see that

(3.4)

Θϕ =
⋃

{x,y∈X:G(x)<G(y)}

Θx,y

=
⋃

{x,y∈X:F (x)<F (y)}

{t ∈ Θ |F (x) < f(t) < F (y)} = Θψ = Θ.

Using that the image under f of a union of subsets is the union of the images under f of the
given subsets, (3.4) immediately yields that⋃

{x,y∈X:G(x)<G(y)}

f(Θx,y) = f(Θ),(3.5)

which is an open interval, since Θ is a nonempty open interval and f is strictly increasing
and continuous.

Using Theorem 2.1, we have that

q(y)
q(x)

· G(y)− g(t)
G(x)− g(t)

=
p(y)
p(x)

· F (y)− f(t)
F (x)− f(t)

(3.6)

holds for all t ∈ Θ and for all x, y ∈ X with G(x) < g(t) < G(y), or equivalently, (3.6) holds
for all x, y ∈ X with G(x) < G(y) and for all t ∈ Θx,y.

One can readily check that for all x, y ∈ X with G(x) < G(y) and for all t ∈ Θx,y, the
equality (3.6) is equivalent to any of the following three equalities:

p(x)(F (x)− f(t))q(y)(G(y)− g(t)) = p(y)(F (y)− f(t))q(x)(G(x)− g(t)),(
p(y)(F (y)− f(t))q(x)− p(x)(F (x)− f(t))q(y)

)
g(t)

= p(y)(F (y)− f(t))q(x)G(x)− p(x)(F (x)− f(t))q(y)G(y),

(cx,yf(t) + dx,y)g(t) = ax,yf(t) + bx,y,

(3.7)

where

ax,y := p(x)q(y)G(y)− p(y)q(x)G(x),

bx,y := p(y)q(x)F (y)G(x)− p(x)q(y)F (x)G(y),

cx,y := p(x)q(y)− p(y)q(x),

dx,y := p(y)q(x)F (y)− p(x)q(y)F (x).
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Here, due to G(x) 6= G(y), we have that (ax,y, cx,y) 6= (0, 0) and (bx,y, dx,y) 6= (0, 0) hold.
Substituting s := f(t) (i.e., t = f (−1)(s)) in the third equality in (3.7), it follows that

(cx,ys+ dx,y)(g ◦ f (−1))(s) = ax,ys+ bx,y(3.8)

for all x, y ∈ X with G(x) < G(y) and for all s ∈ f(Θx,y).

Next, we check that cx,ys+ dx,y 6= 0 for all x, y ∈ X with G(x) < G(y) and for all
s ∈ f(Θx,y). If cx,ys+ dx,y = 0 and cx,y = 0 were true, then dx,y = 0, ax,y 6= 0, bx,y 6= 0 and
ax,ys+ bx,y = 0 (following from (3.8)). This leads us to a contradiction, since cx,y = dx,y = 0
implies that p(x)q(y) = p(y)q(x) and F (x) = F (y), which cannot happen due to F (x) < F (y).
If cx,ys+ dx,y = 0 and cx,y 6= 0 were true, then s = −dx,y

cx,y
and ax,ys+ bx,y = 0, yielding that

cx,ybx,y − dx,yax,y = 0. This leads us to a contradiction, since an easy calculation shows that

cx,ybx,y − dx,yax,y = p(x)p(y)q(x)q(y)(F (x)− F (y))(G(y)−G(x)),(3.9)

which cannot be 0 for any x, y ∈ X with G(x) < G(y).

Consequently,

(g ◦ f (−1))(s) =
ax,ys+ bx,y
cx,ys+ dx,y

(3.10)

for all x, y ∈ X with G(x) < G(y) and for all s ∈ f(Θx,y).

We can apply Lemma 3.1 to the function h := g ◦ f (−1) defined on the nondegenerate
open interval I := f(Θ), since (3.10) implies that h is three times differentiable on I such
that h′ does not vanish on I. Indeed, using (3.10), we have that

h′(s) =
ax,ydx,y − bx,ycx,y

(cx,ys+ dx,y)2
6= 0, s ∈ f(Θx,y)

for all x, y ∈ X with G(x) < G(y), where we used (3.9). Hence, as a consequence of (3.5),
we have h′(s) 6= 0, s ∈ f(Θ). Taking into account that f(Θx,y) is a nondegenerate open
interval for all x, y ∈ X with G(x) < G(y), Lemma 3.1 and (3.10) imply that Sh(s) = 0,
s ∈ f(Θ). Consequently, using again Lemma 3.1, there exist four constants a∗, b∗, c∗, d∗ ∈ R
with a∗d∗ 6= b∗c∗ and 0 /∈ c∗f(Θ) + d∗ such that

h(s) = (g ◦ f (−1))(s) =
a∗s+ b∗

c∗s+ d∗
, s ∈ f(Θ).(3.11)

By substituting s := f(t), where t ∈ Θ, it follows that

g(t) =
a∗f(t) + b∗

c∗f(t) + d∗
, t ∈ Θ,

as desired. Using (3.11), the assumptions f (−1) ◦ F = g(−1) ◦G and G(X) ⊆ g(Θ), we get
that

G(x) = g((f (−1) ◦ F )(x)) = (g ◦ f (−1))(F (x)) =
a∗F (x) + b∗

c∗F (x) + d∗
, x ∈ X,

where 0 /∈ c∗F (X) + d∗, since F (X) = f(Θ) and 0 /∈ c∗f(Θ) + d∗.
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By (3.6) and taking into account the forms of G and g, we get

q(y)
q(x)

·

a∗F (y) + b∗

c∗F (y) + d∗
− a∗f(t) + b∗

c∗f(t) + d∗

a∗F (x) + b∗

c∗F (x) + d∗
− a∗f(t) + b∗

c∗f(t) + d∗

=
p(y)
p(x)

· F (y)− f(t)
F (x)− f(t)

holds for all x, y ∈ X with G(x) < G(y) and for all t ∈ Θx,y. Using that a∗d∗− b∗c∗ 6= 0, after
some algebraic calculations, we obtain that

q(y)
p(y)

=
c∗F (y) + d∗

c∗F (x) + d∗
· q(x)
p(x)

holds for all x, y ∈ X with G(x) < G(y), or equivalently,(q
p

)
(y)

c∗F (y) + d∗
=

(q
p

)
(x)

c∗F (x) + d∗

holds for all x, y ∈ X with G(x) < G(y). Since q/p is positive, it follows that there exists
a constant k ∈ R \ {0} such that

q(x) = k(c∗F (x) + d∗)p(x), x ∈ X.

The statement of the proposition now holds with the choices a := ka∗, b := kb∗, c := kc∗

and d := kd∗.

We note that in the proof of Theorem 3.1, the assumption that f is continuous is used
for deriving that f(Θ) is an open interval, which is essential when we apply Lemma 3.1. Note
also that in the proof of Theorem 3.1 it turned out that g is continuous as well, however, we
did not utilize this property in the proof. Nonetheless, the continuity of g also follows from
the result itself, since f is continuous and g(t) = (af(t) + b)/(cf(t) + d), t ∈ Θ.

Next, we will provide a set of sufficient conditions on f , g, F and G in order that
ϑn,ψ(x) = ϑn,ϕ(x) hold for each n ∈ N and x ∈ Xn.

Theorem 3.2. Let f, g : Θ → R be strictly increasing functions, p, q : X → R++,

F : X → conv(f(Θ)), and G : X → conv(g(Θ)). Let ψ : X ×Θ → R and ϕ : X ×Θ → R
be given by (2.5). If there exist four constants a, b, c, d ∈ R with 0 /∈ cf(Θ) + d such that

(3.2) holds, then ϑn,ψ(x) = ϑn,ϕ(x) holds for each n ∈ N and x ∈ Xn.

Proof: Since p and q are strictly positive functions, as a consequence of the equality
q = (cF + d)p, we get that cF + d is positive on X. Further, for all x ∈ X and t ∈ Θ, we
obtain

ϕ(x, t) = q(x)(G(x)− g(t)) = (cF (x) + d)p(x)
(
aF (x) + b

cF (x) + d
− af(t) + b

cf(t) + d

)
= p(x)

(ad− bc)(F (x)− f(t))
cf(t) + d

=
ad− bc

cf(t) + d
ψ(x, t).

(3.12)
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Using Lemma 3.2, we have that ad > bc, and cf + d is either everywhere positive or
everywhere negative on Θ. We show that the latter property cannot hold. To the contrary,
assume that cf +d is everywhere negative on Θ, i.e., cf(Θ)+d ⊆ R−−. Then c · conv(f(Θ))+
d = conv(cf(Θ) + d) ⊆ R−−. Using that F (X) ⊆ conv(f(Θ)), this implies that

c · F (X) + d ⊆ c · conv(f(Θ)) + d ⊆ R−−,

which contradicts the positivity of cF + d on X. Consequently, cf + d must be everywhere
positive on Θ.

To prove the equality ϑn,ψ = ϑn,ϕ on Xn, let n ∈ N and x = (x1, ..., xn) ∈ Xn be arbi-
trary. Then, by (3.12), we have

n∑
i=1

ϕ(xi, t) =
ad− bc

cf(t) + d

n∑
i=1

ψ(xi, t), t ∈ Θ.

Since (ad− bc)/(cf + d) is positive everywhere on Θ. This implies that

sign
( n∑
i=1

ϕ(xi, t)
)

= sign
( n∑
i=1

ψ(xi, t)
)
, t ∈ Θ.

Hence the unique points of sign change of the functions

Θ 3 t 7→
n∑
i=1

ϕ(xi, t) and Θ 3 t 7→
n∑
i=1

ψ(xi, t)

are equal to each other, which implies the equality ϑn,ψ(x) = ϑn,ϕ(x), as desired.

Next, we give an equivalent form of the first equality in (3.2). Roughly speaking, we
derive a necessary and sufficient condition in order that two strictly increasing functions
defined on a nondegenerate open interval be the Möbius transforms of each other.

Proposition 3.1. Let I be a nondegenerate open interval of R. Let f, g : I → R be

strictly increasing functions. The following two statements are equivalent:

(i) There exist four constants a, b, c, d ∈ R with 0 /∈ cf(I) + d and

g(t) =
af(t) + b

cf(t) + d
, t ∈ I.(3.13)

(ii) For all t1, t2, t3, t4 ∈ I, we have

(3.14)

∣∣∣∣∣∣∣∣
1 1 1 1

f(t1) f(t2) f(t3) f(t4)
g(t1) g(t2) g(t3) g(t4)

f(t1)g(t1) f(t2)g(t2) f(t3)g(t3) f(t4)g(t4)

∣∣∣∣∣∣∣∣ = 0.

Proof: (i)=⇒(ii). Let us suppose that there exist four real constants a, b, c, d ∈ R such
that 0 /∈ cf(I)+d and (3.13) hold. By Lemma 3.2, we have ad > bc. Further, (cf(t)+d)g(t) =
af(t) + b, t ∈ I, yielding that

1 · b+ f(t) · a+ g(t) · (−d) + f(t)g(t) · (−c) = 0, t ∈ I.
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In particular, for all t1, t2, t3, t4 ∈ I, we have that
1 1 1 1

f(t1) f(t2) f(t3) f(t4)
g(t1) g(t2) g(t3) g(t4)

f(t1)g(t1) f(t2)g(t2) f(t3)g(t3) f(t4)g(t4)


>

·


b
a
−d
−c

 =


0
0
0
0

.
As a consequence of the inequality ad > bc, we have that (b, a,−d,−c) 6= (0, 0, 0, 0), which
shows that (b, a,−d,−c) is a nontrivial solution to the above homogeneous system of linear
equations. Hence we obtain that (3.14) must hold for all t1, t2, t3, t4 ∈ I.

(ii)=⇒(i). Let t3 < t4 be fixed elements of I. By the strict monotonicity of f , the
vectors (1, f(t3)) and (1, f(t4)) are linearly independent. Assume first that, for all t ∈ I,

(3.15)

∣∣∣∣∣∣
1 1 1
f(t) f(t3) f(t4)
g(t) g(t3) g(t4)

∣∣∣∣∣∣ = 0

holds. Expanding the determinant along its first column, for all t ∈ I, we get

b+ af(t)− dg(t) = 0

where

a := −
∣∣∣∣ 1 1
g(t3) g(t4)

∣∣∣∣, b :=
∣∣∣∣f(t3) f(t4)
g(t3) g(t4)

∣∣∣∣, d := −
∣∣∣∣ 1 1
f(t3) f(t4)

∣∣∣∣ 6= 0.

Therefore, (3.13) holds with c = 0 and we also have that 0 6∈ cf(I) + d = {d}.

Now we consider the case when (3.15) is not valid for all t ∈ I, that is, there exists
t2 ∈ I such that (3.15) does not hold for t = t2. Then, by (3.14), for all t ∈ I,∣∣∣∣∣∣∣∣

1 1 1 1
f(t) f(t2) f(t3) f(t4)
g(t) g(t2) g(t3) g(t4)

f(t)g(t) f(t2)g(t2) f(t3)g(t3) f(t4)g(t4)

∣∣∣∣∣∣∣∣ = 0.

Expanding the determinant along its first column, for all t ∈ I, we get

(3.16) b+ af(t)− dg(t)− cf(t)g(t) = 0,

where

a := −

∣∣∣∣∣∣
1 1 1

g(t2) g(t3) g(t4)
f(t2)g(t2) f(t3)g(t3) f(t4)g(t4)

∣∣∣∣∣∣,
b :=

∣∣∣∣∣∣
f(t2) f(t3) f(t4)
g(t2) g(t3) g(t4)

f(t2)g(t2) f(t3)g(t3) f(t4)g(t4)

∣∣∣∣∣∣,
c :=

∣∣∣∣∣∣
1 1 1

f(t2) f(t3) f(t4)
g(t2) g(t3) g(t4)

∣∣∣∣∣∣ 6= 0,

d := −

∣∣∣∣∣∣
1 1 1

f(t2) f(t3) f(t4)
f(t2)g(t2) f(t3)g(t3) f(t4)g(t4)

∣∣∣∣∣∣.



Comparison and equality of Bajraktarević-type ψ-estimators 89

Since c 6= 0, we have that cf + d is strictly monotone. We now prove that cf + d does not
vanish on I. Assume, on the contrary, that for some t1 ∈ I, we have that cf(t1) + d = 0.
Then, cf(t) + d 6= 0 for t ∈ I \ {t0}, and, by (3.16), we get that af(t1) + b = 0. This implies
that ad = bc. Therefore, applying (3.16) for t ∈ I \ {t1}, we obtain

g(t) =
af(t) + b

cf(t) + d
=
af(t) + ad

c

cf(t) + d
=
a

c
,

which contradicts the strict monotonicity of g.

As a consequence of Theorem 3.1, we can characterize the equality of quasiarithmetic-
type ψ-estimators.

Corollary 3.1. Let f, g : Θ → R be strictly increasing functions, F : X→ conv(f(Θ)),
and G : X → conv(g(Θ)). Let ψ : X ×Θ → R and ϕ : X ×Θ → R be given by

ψ(x, t) := F (x)− f(t), ϕ(x, t) := G(x)− g(t), x ∈ X, t ∈ Θ.

The following two assertions hold:

(i) If there exist two constants a, b ∈ R with a 6= 0 such that

g(t) = af(t) + b, t ∈ Θ, and G(x) = aF (x) + b, x ∈ X,(3.17)

then ϑn,ψ(x) = ϑn,ϕ(x) holds for each n ∈ N and x ∈ Xn.

(ii) In addition, suppose that f is continuous, F (X) = f(Θ) and conv(G(X)) ⊆ g(Θ).
If ϑn,ψ(x) = ϑn,ϕ(x) holds for each n ∈ N and x ∈ Xn, then there exist two con-

stants a, b ∈ R with a 6= 0 such that (3.17) holds.

Proof: (i). Let us assume that there exist two constants a, b ∈ R with a 6= 0 such that
(3.17) holds. By choosing c := 0, d := 1 and p(x) := q(x) := 1, x ∈ X, we have cf(Θ)+ d = 1,
and hence 0 /∈ cf(Θ) + d. Further, (3.2) is satisfied as well. Consequently, Theorem 3.2 yields
that ϑn,ψ(x) = ϑn,ϕ(x) for each n ∈ N and x ∈ Xn.

(ii). One can apply Theorem 3.1 with the given functions f, g, F and G and by choosing
p(x) := q(x) := 1, x ∈ X. Then we obtain that there exist four constants a, b, c, d ∈ R with
ad 6= bc and 0 /∈ cf(Θ) + d such that (3.2) holds, i.e.,

g(t) =
af(t) + b

cf(t) + d
, t ∈ Θ,

G(x) =
aF (x) + b

cF (x) + d
, x ∈ X,

q(x) = (cF (x) + d)p(x), x ∈ X.

Since p = q = 1, we get cF (x) + d = 1, x ∈ X, and hence G(x) = aF (x) + b, x ∈ X. Con-
sequently, in order to prove the statement, it is enough to verify that cf(t) + d = 1, t ∈ Θ.
We check that c = 0 and hence d = 1. Since Θ is a nondegenerate open interval of R and
f is strictly increasing and continuous, we have that f(Θ) is a nondegenerate interval of R.
Hence, using that F (X) = f(Θ), the range F (X) of F contains at least two distinct elements,
and consequently, there exist x1, x2 ∈ X such that F (x1) 6= F (x2). Since cF (x1) + d = 1 and
cF (x2) + d = 1, we have c(F (x1)− F (x2)) = 0, yielding that c = 0, as desired.
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NKFIH Grant. We also acknowledge the valuable suggestions from the referee.

REFERENCES
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1. INTRODUCTION

Recent research in statistical science has focused on developing effective and useful
techniques for analyzing gene expression data. In such ultrahigh-dimensional data, the num-
ber of genes is usually in the order of thousands or millions and exponentially larger than
the available cases or subjects. For instance, thousands of gene expression profiles can be
used in disease classification; millions of single-nucleotide polymorphisms are available for
genome-wide association studies between genotypes and phenotypes. If we are to relate these
ultrahigh dimensional genes to a response variable in a regression set-up, we need to perform
variable selection.

A relevant family of methods for prediction of the response based on the high di-
mensional gene expression data are penalized linear regression models. Consider the linear
regression model with response variable Y and p explanatory variables (e.g. gene expressions)
as predictors. Given the responses y1, ..., yn from n independent samples and the correspond-
ing predictor values, say xij , i = 1, ..., n for the j-th covariate for j = 1, ..., p, this model can
be written in matrix form as

(1.1) yi = x′iβ + εi,

where xi = (xi1, ..., xip)′ and εis are independent following N(0, σ2) for i = 1, ..., n. The
model parameters β = (β0, β1, ..., βp) and σ2 need to be estimated from the data. In the
ultrahigh dimensional case with p � n, we need to assume sparsity of the regression coef-
ficient β to achieve identifiability of the estimators, i.e., we assume that only a few of the
components of β are non-zero. Under the sparsity assumption, estimation of the model
parameters θ = (β, σ2) is performed through penalized estimation procedures with appro-
priate penalties which can successfully recover all and only the truly important variables
asymptotically with probability tending to one. There are plenty of such penalized regression
procedures available in recent literature, starting from the LASSO (Tibshirani, 1996) and
its refinements (Zhang and Huang, 2008; Zou, 2006) to more advanced procedures based on
penalties like SCAD (Fan and Li, 2001) or MCP (Zhang, 2010) and many more, which work
well in moderately high dimensions. However, a common problem with these methods in
ultrahigh dimensional set-ups is their computational cost and numerical issues, which has
led to development of simpler variable screening methods at the initial stage to reduce the
number of genetic predictors from the order of potentially millions to an order of a few hun-
dred (often lesser than the sample size as well) and then apply an appropriate penalization
method to obtain final model estimates from the reduced set of covariates. The most pop-
ular method for such screening purposes is the Sure Independence Screening (SIS) proposed
by Fan and Lv (2008) which has a simple interpretation and theoretical guarantees along
with fast computation. Even with its simple structure, the method yet enjoys the model
selection oracle property under ultrahigh-dimensional set-ups where log(p) = O(nζ) for some
0 < ζ < 1. An iterative extension, ISIS, is also proposed in Fan and Lv (2008) to tackle
the issue of collinearity among covariates. The SIS and ISIS are routinely being applied
in ultrahigh dimensional applications and have also been extended to more complex mod-
els (Fan et al., 2009, 2011, 2014; Fan and Song, 2010; Kazemi et al., 2018, 2019; Kazemi,
2020, 2024; Li et al., 2012; Zhong and Zhu, 2015; for instance). Each of those proposals
focuses on a specific model, and its performance is based upon the belief that the imposed
working model is close to the true model. Zhu et al. (2011) proposed a sure independent rank-
ing and screening procedure which avoids the specification of a particular model structure.
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Motivated by this work, He et al. (2013) proposed a framework called quantile-adaptive
model-free screening. However, one major drawback of the SIS or ISIS is their non-robust
nature against data contamination as indicated already in the discussion of the original paper
itself. This issue can be crucial when applying the method for screening of important genes
from large-scale genomic data, which are often prone to at least a few outliers.

In this paper, we develop a new robust screening procedure, in the context of ultrahigh
dimensional linear regression, where the number of covariates p may grow exponentialy with
the sample size n, using robust loss functions such as the L1 loss and the Huber loss (Huber,
1964). A robust version of ISIS along the same lines will also be discussed to tackle the
correlations among covariates. The suggested methods will be applied to the riboflavin data
example.

The plan of the paper is as follows. In Section 2, a brief description of the new screening
method is presented. We also introduce an iterative approach to enhance the finite sample
performance of the proposed screening procedure. In Section 3, simulation studies are
carried out to assess the performance of the suggested approaches, and the riboflavin data
set is analyzed.

2. METHODOLOGY

In this section, we develop a marginal utility for robust variable screening based on the
L1 loss and the Huber loss (Huber, 1964) to reduce the dimensionality.

Suppose that we are interested in exploring the relationship between X = (X1, ..., Xp)>

and Y . A general robust framework is to minimize an objective function

(2.1) Q(β0,β) =
1
n

n∑
i=1

L(Yi, β0 + X>
i β),

where β = (β0, β1, ..., βp)> is a parameter vector, and L(·, ·) is a robust loss function such as
the L1 loss, L(Yi, β0 + X>

i β) = |Yi − β0 −X>
i β| or the Huber loss, defined as

(2.2) Lδ(Yi, β0 + X>
i β) =

{
1
2(Yi − β0 −X>

i β)2 if |Yi − β0 −X>
i β| ≤ δ

δ
(
|Yi − β0 −X>

i β| − 1
2δ

)
if |Yi − β0 −X>

i β)| > δ
,

where δ is a parameter that controls the robustness level, and a smaller value of δ usually leads
to more robust estimation. In implementation, we consider δ = 1.345, the value commonly
used in robust regression that produces 95% efficiency for normal errors (see Huber and
Ronchetti, 2009). Here, L(·, ·) can be regarded as the loss of using β0 + X>

i β to predict Yi.

We consider the problem of robust variable screening in ultrahigh dimensional data.
The goal is to rapidly reduce the number of the predictors from p to a moderate scale via a
computationally convenient procedure. Consider the marginal utility of the j-th predictor as

(2.3) Lj = min
β0,βj

1
n

n∑
i=1

L(Yi, β0 + Xijβj), j = 1, ..., p,
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which minimizes the loss function. The idea of SIS in this framework is to compute the
vector of marginal utilities L = (L1, ..., Lp)> and rank the predictors according to the marginal
utilities: the smaller the more important. Note that in order to compute Lj , we need only fit
a model with two parameters, β0 and βj , so computing the vector L can be done very quickly
and stably, even for an ultrahigh dimensional problem.

The predictor Xj is selected by SIS if Lj is one of the d smallest components of L.
Fan and Lv (2008) suggested setting d = [n/ log(n)], where [a] refers to the integer part of a.
Further, Zhu et al. (2011) proposed a combination of hard and soft thresholding strategies
to obtain the cutoff point that separates the active and inactive predictors. We refer to the
screening procedures described above as LAD-SIS and Huber-SIS, corresponding to the L1

and the Huber loss functions, which means that the LAD loss and the Huber loss are applied
to screen the truly important predictors.

Suppose that d predictors are selected in the screening step. Now we further knock
out unimportant predictors among them using a more refined penalized method, as we now
describe. By reordering the predictors if necessary, we may assume without loss of generality
that X1, ..., Xd are the variables recruited by screening. We let Xi,d = (Xi1, ..., Xid)> and
redefine β = (β0, β1, ..., βd)>. In the penalized robust approach, we seek to minimize

(2.4) min
β0,βj

1
n

n∑
i=1

L(Yi, β0 + X>
i,dβ) + λ

d∑
j=1

|βj | ,

where λ > 0 is a regularization parameter, which may be chosen by five-fold cross-validation,
for example. This two-stage method is summarized in Algorithm 1.

Algorithm 1 Robust SIS
Input: Data matrix X, vector of responses Y, model size d
Steps:

• Step 1(screening): For each j = 1, ..., p, compute the marginal utility of the j-th
predictor as

Lj = min
β0,βj

1
n

n∑
i=1

L(Yi, β0 + Xijβj),

where L(·, ·) is either the L1 loss or the Huber loss. The screened sub-model M̂d is
the indices of the d smallest entries of the marginal utilities L = (L1, ..., Lp).

• Step 2(post-screening variable selection): Apply a robust penalized regression model,
either LAD-LASSO or Huber-LASSO, to the screened variables XM̂d

= {Xj : j ∈
M̂d} to obtain an estimated coefficient vector, say β̂d = (β̂d0, β̂dr1 , ..., β̂drd

)>.

Output: The final estimated model M̂ = {1 ≤ k ≤ d, β̂drk
6= 0} along with the parameter

estimates β̂d.

The key idea of Algorthim 1 is to use different marginal utilities to screen predictor
variables. As such, it can suffer from the same potential issues as the usual SIS. First, some
unimportant predictors that are highly correlated with the important ones can have higher
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marginal utilities and thus priority to be selected than other important ones that are relatively
weakly related to the response. Second, some important predictors that are jointly correlated
but marginally uncorrelated with the response can be missed after screening. Such cases
occur mostly due to strong correlation between the important and unimportant predictors.
To address these issues, we next briefly discuss an iterative extension of Algorithm 1 that
enables us to exploit more fully the joint information among the predictors.

Our iterative extension is motivated by the idea of two-scale learning with the iterative
SIS (ISIS) in Fan and Lv (2008) and Fan et al. (2009). It works as follows by applying
large-scale screening and moderate-scale selection in an iterative fashion. First, apply LAD-
SIS (or, Huber-SIS) to the original sample (Xi, Yi)n

i=1 to select k1 variables with index set
A(0) = {i1, ..., ik1}, and then employ the LAD-LASSO (or, Huber-LASSO) to obtain a subset
M̂(0) of these indices. In the second step, we compute the residuals from the fitted regression
model of the response Y on the selected predictors in M̂(0). The LAD-SIS (or, Huber-SIS)
screening is again applied taking these residuals as our new response to select another k2

predictors from the pool of predictors with index set M̂(0)
c = {1, ..., p} \ M̂(0); let us denote

the index set of these k2 selected predictors as A(1). Then apply the LAD-LASSO (or, Huber
LASSO) to predictors with indices in I = M̂(0) ∪A(1) to obtain a set M̂(1) of active indices.

Algorithm 2 Robust ISIS
Input: Data matrix X, vectore of responses Y, model size d.
Steps:

1. Apply LAD-SIS (or, Huber-SIS) to pick a set A(0) of indices of size k1 = [2d/3], and
then employ the LAD-LASSO regression (or, Huber-LASSO) to select a subset M̂(0)

of these indices.

2. Set t = 1.

3. For each j ∈ M̂(t−1)
c = {1, ..., p} \ M̂(t−1), compute

L
(2)
j = min

β0,βj

1
n

n∑
i=1

L(r(t−1)
i , β0 + βjXij),

where r
(t−1)
i = Yi−x>

i,M̂(t−1)β̂M̂(t−1) is the residual from the previous step of fitting and

xi,M̂(t−1) is the sub-vector of xi consisting of those elements in M̂(t−1). After ordering

{L(2)
j : j ∈ M̂(t−1)

c }, we form the set A(t) consisting of the indices corresponding to the

smallest k
(t)
2 = d− |M̂(t−1)| elements.

4. Apply the LAD-LASSO (or, Huber-LASSO) regression to variables with indices in
I = M̂(t−1) ∪ A(t) to obtain the indices of the coefficients β̂d = (β̂d0, β̂dr1 , ..., β̂drd

)>

that are non-zero yield a new estimated set, M̂(t), of active indices.

5. If obtained a set of indices M̂(t), which either has reached the size d, or satisfies M̂(t) =
M̂(t−1), break and go to output stage. Otherwise go to Step 6.

6. Change t to t + 1 and go to Step 3.

Output: The final estimated model M̂ = {1 ≤ k ≤ d, β̂drk
6= 0} along with the parameter

estimates β̂d.
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We further proceed repeating these steps to generate the index sets M̂(1), ...,M̂(l) of selected
predictors in the subsequent stages till we reach our target model size, say d, i.e., till the
smallest l for which |M̂(l)| = d. Considering its similarity with the ISIS, we refer to this
robust iterative variable screening procedure as LAD-ISIS or Huber-ISIS, corresponding to
the L1 and the Huber loss functions, which is presented schematically in Algorithm 2.

Note that in Step 3 of Algorithm 2, L
(2)
j can be interpreted as the additional contribution

of predictor Xj given the existence of predictors in M̂(t−1). In our implementation, we chose
k1 = [2d/3], and thereafter at the t-th iteration, we took k

(t)
2 = d− |M̂(t−1)|. This ensures

that the iterated versions of the Robust SIS method takes at least two iterations to terminate.

3. NUMERICAL STUDIES

In this section, we consider some numerical experiments to illustrate the usefulness
of the suggested methods in the linear regression model. We first analyze three simulated
data sets for more illustrative purposes. Then, we analyze the performance of the proposed
screening procedures in a real-world example related to the riboflavin production.

3.1. Monte-Carlo simulation

In this subsection, three simulation examples including different models with various
scenarios have been conducted to assess the finite sample performance of the proposed meth-
ods. The first example is allocated to our proposed non iterative independence screening pro-
cedures, while in the second example, the aim is to examine the influence of the percentage
of outliers as well as the impact of sample size on the performance of the proposed methods.
In the third example, the iterative ISIS procedure is applied to improve the proposed SIS
methods in the situation where SIS fails. The performance of the robust alternatives are
compared with the existing competitors, such as DC-SIS (Li et al., 2012), SIRS (Zhu et al.,
2011), (I)SIS (Fan and Lv, 2008) and NIS (Fan et al., 2011).

To evaluate the performance of the proposed methods, three criteria are considered.
The first criterion is the minimum model size (denoted by M ), that is the smallest number
of predictors needed to ensure that all the important predictors are selected. To get better
inference, the 5%, 25%, 50%, 75% and 95% quantiles of M out of 500 replications were
also presented. The second criterion (denoted by Pj) is the empirical probability that the
important predictor Xj is selected, when the threshold d = 2

[
n/ log(n)

]
is adopted. The last

criterion is the proportion (denoted by S) that all important predictors are selected for a
given model size in 500 replications, when the threshold d = 2

[
n/ log(n)

]
is adopted.

Note that the first criterion does not need to specify a threshold. The more reliable
screening procedure, the closer M value to the number of important predictors and also the
closer S and Pj value to 1. In an ideal situation, both S and Pj are equal to one.
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Example 3.1. Consider the following linear model:

Y = cβ>X + σε,

where β = (0, 1, 0.8, 0.6, 0.4, 0.2, 0, ..., 0)> takes grid values and σ2 = 6.83. This model is
adapted from Zhu et al. (2011). We varied the constant c to control the signal-to-noise ratio.
In this example, X1, X2, X3, X4, X5 are important predictors and remaining ones (X6, ..., Xp)
are not relevant.

We choose c = 1 and 2, with the corresponding R2 = 50% and 80%. The vector of
covariates X = (X1, ..., Xp) was generated from the multivariate normal distribution with
mean 0 and the covariance matrix Σ = (σij)p×p with σii = 1 and σij = 0.8|i−j| for i 6= j.
We set the sample size n = 200 and the total number of predictors p = 2000 considering two
error ε distributions, N(0, 1) and t(1) (t-student), and then repeat each scenario 500 times.
The results are given in Table 1.

Table 1: Five quantiles of minimum model size M , the empirical probability Pj

and the proportion of S in Example 3.1.

M Pj
Sε c Method

5% 25% 50% 75% 95% 1 2 3 4 5

DC-SIS 5 5 5 5 5 1.000 1.000 1.000 1.000 1.000 1.000
SIS 5 5 5 5 5 1.000 1.000 1.000 1.000 1.000 1.000

1
NIS 5 5 5 5 5 1.000 1.000 1.000 1.000 1.000 1.000
SIRS 5 5 5 5 5 1.000 1.000 1.000 1.000 1.000 1.000
LAD-SIS 5 5 5 5 5 1.000 1.000 1.000 1.000 1.000 1.000

N Huber-SIS 5 5 5 5 5 1.000 1.000 1.000 1.000 1.000 1.000

DC-SIS 5 5 5 5 5 1.000 1.000 1.000 1.000 1.000 1.000
SIS 5 5 5 5 5 1.000 1.000 1.000 1.000 1.000 1.000

2 SIRS 5 5 5 5 5 1.000 1.000 1.000 1.000 1.000 1.000
LAD-SIS 5 5 5 5 5 1.000 1.000 1.000 1.000 1.000 1.000
Huber-SIS 5 5 5 5 5 1.000 1.000 1.000 1.000 1.000 1.000

DC-SIS 5 5 5 5 54.50 0.975 0.995 0.990 0.970 0.940 0.940
SIS 5.00 105.50 722.50 1584.75 1944.05 0.450 0.435 0.405 0.310 0.260 0.195

1
NIS 11.95 218.50 846.50 1602.00 1933.85 0.245 0.275 0.265 0.205 0.125 0.095
SIRS 5 5 5 5 5 1.000 1.000 1.000 1.000 1.000 1.000
LAD-SIS 5 5 5 5 5 1.000 1.000 1.000 1.000 1.000 1.000

t(1)
Huber-SIS 5 5 5 5 6 1.000 1.000 1.000 1.000 1.000 1.000

DC-SIS 5 5 5 5 5 0.995 0.995 0.995 0.995 0.990 0.990
SIS 5 5 41.50 726.25 1872.90 0.650 0.685 0.640 0.620 0.555 0.485

2
NIS 5 14.75 157 1017.50 1901.20 0.510 0.550 0.510 0.480 0.385 0.335
SIRS 5 5 5 5 5 1.000 1.000 1.000 1.000 1.000 1.000
LAD-SIS 5 5 5 5 5 1.000 1.000 1.000 1.000 1.000 1.000
Huber-SIS 5 5 5 5 6 1.000 1.000 1.000 1.000 1.000 1.000

From Table 1, it can be seen that when the random error has a normal distribution, all
six screening methods perform quit well, with the proportion S equal to 1. However SIS and
NIS break down for the heavy-tailed error distribution t(1), while other methods continue
to perform well. As expected, when the error distribution is t(1), the proportions S for the
LAD-SIS and Huber-SIS are equal to 1, which support the assertion that the LAD-SIS and
Huber-SIS process the sure screening property. In addition, the SIRS also performs very well.
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This is because the SIRS is robust to the outliers since it only uses the ranks of the observed
response values.

Example 3.2. In this example, we consider the impact of both the percentage of
outliers and the sample size on the performance of the proposed methods. To this end, we
introduce various outlier percentages to assess how the proposed robust methods perform
under these different conditions. We also vary the sample size from 50 to 200 for the fixed
dimension p, and generate the predictors in the same way as Example 1. The observations
for the response variable are determined by

Y = β>X + ε,

where β = (0, 1, 1, 1, 1, 1, 0, ..., 0)> and the noise ε is independent of the predictors, and is
generated from standard normal distribution. We have investigated various types of contam-
ination schemes, all of which have produced similar results. Hence, for the sake of brevity, we
present the results for one particular contamination scheme where the responses are contami-
nated by replacing its value y by y−30; This choice is arbitrary but simulates a situation of re-
sponse contamination that arises quite frequently in practice. The contamination proportion
is taken as such as 5%, 10%, and 20%, resulting in mild, moderate and heavy contaminations,
respectively. For each simulation set-up, we have applied the proposed screening procedures
to select the important predictors. The process is replicated 500 times to report some perfor-
mance measures including the proportion S, when the model size d = 2

[
n/ log(n)

]
is chosen;

median of the number of true positives selected (TP); median of the minimum model size
required to select all four important covariates (M). The simulation results are summarized
in Table 2.

From Table 2, we can draw the following conclusions:

a) For each values of (n, p), as the fraction of contamination increases, the performance
of all six methods in accurately detecting the true model diminishes.

b) When the sample size is very small (n = 50) and the data are contaminated with
20% outliers, values of zero for both S and T indicate that SIS, NIS and DC-SIS
can only select important variables by chance. In contrast, SIRS, LAD-SIS and
Huber-SIS exhibit better performance in such scenarios.

c) For larger samples, as the percentage of outlier data increases up to 20%, it be-
comes evident that SIS, NIS, and DC-SIS are less effective. Conversely, SIRS,
LAD-SIS and Huber-SIS demonstrate highly satisfactory performance in identify-
ing important predictors.

d) In all scenarios, SIRS, LAD-SIS and Huber-SIS consistently outperform the other
methods. Specifically, SIRS and LAD-SIS, followed by Huber-SIS, exhibit the best
performance.

e) For each fixed value of p and fixed percentage of contamination, as expected, an
increase in sample size leads to an improvement in the performance of all six
methods.
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Table 2: Median of the minimum model size (M ), median of the true positive (TP)
and the proportion of S in Example 3.2, considering the percentage of
contamination 5%, 10% and 20%.

5% 10% 20%
p n Method

M TP S M TP S M TP S

DC-SIS 10 5 0.730 70 4 0.210 197 1 0.005
SIS 231.5 2 0.050 552 1 0.005 734 0 0.000

50
NIS 337 1 0.000 688 0 0.000 758.5 0 0.000
SIRS 7 5 0.830 12 5 0.655 40.5 4 0.355
LAD-SIS 6 5 0.885 10.5 5 0.700 30.5 4 0.400
Huber-SIS 15 5 0.670 26.5 4 0.470 66 3.5 0.120

DC-SIS 5 5 1.000 9 5 0.915 52.5 4 0.390
SIS 61 4 0.410 193 3 0.170 396.5 2 0.040

1000 100
NIS 145 4 0.190 348.5 2 0.050 544.5 1 0.010
SIRS 5 5 1.000 5 5 1.000 6 5 0.960
LAD-SIS 5 5 1.000 5 5 0.995 6 5 0.940
Huber-SIS 5 5 0.985 6 5 0.975 11.5 5 0.915

DC-SIS 5 5 1.000 5 5 1.000 9 5 0.995
SIS 7 5 0.945 40 5 0.645 145 4 0.310

200
NIS 20 5 0.840 108 4 0.390 302 3 0.120
SIRS 5 5 1.000 5 5 1.000 5 5 1.000
LAD-SIS 5 5 1.000 5 5 1.000 5 5 1.000
Huber-SIS 5 5 1.000 5 5 1.000 5 5 1.000

DC-SIS 16 5 0.615 118 3 0.110 361.5 0 0.000
SIS 343.5 2 0.040 1040.5 0.5 0.000 1361.5 0 0.000

50
NIS 577.5 0 0.000 1225.5 0 0.000 1520.5 0 0.000
SIRS 8 5 0.760 21 5 0.525 71 4 0.315
LAD-SIS 7 5 0.795 16 5 0.620 58.25 4 0.325
Huber-SIS 24 5 0.520 41.5 4 0.265 133.5 3 0.055

DC-SIS 5 5 0.980 12 5 0.830 88.5 4 0.160
SIS 90.5 4 0.320 465 3 0.060 885 1 0.020

2000 100
NIS 277.5 3 0.090 700 1 0.005 1195.5 1 0.000
SIRS 5 5 1.000 5 5 0.995 6 5 0.910
LAD-SIS 5 5 1.000 5 5 0.995 7 5 0.920
Huber-SIS 5 5 1.000 5 5 0.975 15 5 0.805

DC-SIS 5 5 1.000 5 5 1.000 11.5 5 0.975
SIS 8 5 0.920 48 5 0.600 258 4 0.235

200
NIS 30 5 0.715 160 4 0.285 499.5 3 0.090
SIRS 5 5 1.000 5 5 1.000 5 5 1.000
LAD-SIS 5 5 1.000 5 5 1.000 5 5 1.000
Huber-SIS 5 5 1.000 5 5 1.000 5 5 0.995

Example 3.3. In this example, we compare the empirical performance of the LAD-
ISIS and Huber-ISIS with SIS, ISIS, DC-SIS and SIRS in a linear model with weak signal-
to-noise ratio, which has the form of

(3.1) Y = 2.5X1 + 2.5X2 + 2.5X3 − 7.5
√

ρX4 + ε.

This model was first considered by Zhong and Zhu (2015). We adopted exactly the same
settings as in Zhong and Zhu (2015). In this model, X = (X1, ..., X1000)>, each Xk is generated
from a normal distribution with zero mean and unit variance. All Xks except X4 are equally
correlated with the Pearson correlation coefficient ρ, while X4 has the Pearson correlation

√
ρ

with all other p− 1 predictors. We draw ε independently from N(0, 1) and t(1) (t-student).
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We set the sample size n = 200 and d = 2[n/ log n] = 74 for the LAD-SIS and Huber-SIS
procedures with LASSO penalty function. Then, we repeat the simulations 500 times and
summarize the results in Table 3.

Table 3: The proportions of Pj and S given the model size d = 2[n/ log n]
in Example 3.3.

t(1) N(0, 1)

Pj Pjρ Error

1 2 3 4
S

1 2 3 4
S

SIS 1.000 1.000 1.000 0.000 0.000 1.000 1.000 1.000 0.000 0.000
ISIS 1.000 1.000 1.000 0.890 0.890 1.000 1.000 1.000 1.000 1.000
SIRS 1.000 1.000 1.000 0.025 0.025 1.000 1.000 1.000 0.030 0.030

0.2
DC-SIS 1.000 1.000 1.000 0.040 0.040 1.000 1.000 1.000 0.020 0.020
LAD-SIS 1.000 1.000 1.000 0.000 0.000 1.000 1.000 1.000 0.000 0.000
LAD-ISIS 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Huber-SIS 1.000 0.990 0.995 0.000 0.000 0.985 0.990 0.995 0.000 0.000
Huber-ISIS 1.000 1.000 1.000 0.995 0.995 1.000 1.000 1.000 0.995 0.995

SIS 1.000 0.995 1.000 0.000 0.000 1.000 1.000 1.000 0.000 0.000
ISIS 1.000 1.000 1.000 0.550 0.550 1.000 1.000 1.000 0.995 0.995
SIRS 1.000 0.995 1.000 0.000 0.000 1.000 0.990 1.000 0.010 0.010

0.5
DC-SIS 1.000 1.000 0.995 0.000 0.000 1.000 0.980 0.990 0.010 0.010
LAD-SIS 0.985 0.965 0.980 0.000 0.000 0.995 0.990 0.995 0.000 0.000
LAD-ISIS 1.000 1.000 1.000 0.990 0.990 1.000 1.000 1.000 1.000 1.000
Huber-SIS 0.925 0.945 0.950 0.000 0.000 0.945 0.955 0.960 0.000 0.000
Huber-ISIS 0.995 1.000 1.000 0.970 0.965 0.995 1.000 0.995 0.985 0.975

SIS 0.855 0.845 0.845 0.000 0.000 0.940 0.915 0.935 0.000 0.000
ISIS 1.000 1.000 1.000 0.625 0.625 0.995 0.995 0.995 0.245 0.245
SIRS 0.910 0.910 0.920 0.000 0.000 1.000 0.990 1.000 0.010 0.010

0.8
DC-SIS 0.890 0.900 0.925 0.000 0.000 1.000 0.980 0.990 0.010 0.010
LAD-SIS 0.790 0.770 0.805 0.000 0.000 0.845 0.845 0.860 0.000 0.000
LAD-ISIS 0.995 0.990 0.995 0.930 0.910 0.995 1.000 1.000 0.935 0.930
Huber-SIS 0.730 0.715 0.730 0.000 0.000 0.790 0.785 0.780 0.000 0.000
Huber-ISIS 1.000 0.990 1.000 0.930 0.920 0.995 1.000 0.990 0.910 0.895

In this example, X4 is jointly important but marginally independent to the response Y ,
so the marginal screening methods (SIS, DC-SIS, SIRS, LAD-SIS and Huber-SIS) can work
badly and hardly detect important predictor X4. According to Table 3, when the error
distribution is normal and correlations among predictors are not strong, i.e. ρ = 0.2, 0.5, ISIS
selects X4 with high empirical probability; in other scenarios, ISIS dose not perform well to
detect the marginal signal of X4. In contrast, the proposed LAD-ISIS and Huber-ISIS are able
to select X4 effectively for all different cases in both error distributions. For example, when
ρ = 0.5 and error distribution is t(1), LAD-ISIS and Huber-ISIS can select all truly important
predictors in the model with the empirical probability 99% and 96.5%, respectively, while the
ISIS only has 55%. Similarly, when ρ = 0.8, the LAD-ISIS and Huber-ISIS can detect all
truly important predictors with the empirical probability 91% and 92%, respectively, while
the ISIS only has 62.5%. Thus, due to model misspecification, ISIS can not perform as well
as in the Example 3.1. However, our LAD-ISIS and Huber-ISIS are still able to identify
all important predictors with an overwhelming probability. These once again confirm the
capabilities of LAD-ISIS and Huber-ISIS.
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3.2. Application to riboflavin production data set

To support our assertions, we consider the data set about riboflavin (vitamin B2)
production in Bacillus subtilis (Lee et al., 2001; Zamboni et al., 2005), which can be found in
R package “hdi”. There is a single real valued response variable which is the logarithm of the
riboflavin production rate and p = 4088 explanatory variables measuring the logarithm of the
expression level of 4088 genes. There is one rather homogeneous data set from n = 71 samples
that were hybridized repeatedly during a fed batch fermentation process where different
engineered strains and strains grown under different fermentation conditions were analyzed.

Figure 1 shows the normal Q-Q plot based on the LASSO regression for the riboflavin
production data set. Also, the bivariate boxplot for some of the selected genes of this data
is depicted in Figure 2. The bivariate boxplot is a two-dimensional analogue of the boxplot
for univariate data. This diagram is based on calculating robust measures of location, scale,
and correlation; it consists essentially a pair of concentric ellipses, one of which (the hinge)
includes 50% of the data and the other (called the fence) delineates potentially troublesome
outliers. In addition, robust regression lines of both response on predictor and vice versa are
shown, with their intersection showing the bivariate location estimator. The acute (large)
angle between the regression lines will be small (large) for a large (small) absolute value of
correlations. Figures 1 and 2 clearly reveal that the data contains some outliers. Now, if we
are screening the genes via correlation with response in SIS or ISIS, these outliers will have
an erroneous effects.
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Figure 1: Q-Q plot based on the LASSO regression for the riboflavin production data set.

To analyze this data set, we first apply LAD-(I)SIS and Huber-(I)SIS robust procedures
to shrink the dimension from p = 4088 down to d = 2[n/ log(n)] = 32 genes. After the variable
screening, we fit the data by the penalized robust methods such as LAD-LASSO and Huber-
LASSO models with the selected genes. On the other hand, LASSO is applied directly to p =
4088 genes without screening procudure. For the purpose of comparison, we also implement
the (I)SIS with LASSO penalty to select most relevant genes. We compared their performance
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Figure 2: Bivariate boxplot of the riboflavin production data set for some of the effective genes.

in terms of the adjusted R2 which is defined as R2
adj = 1− [(n− 1)/(n−k− 1)](1−R2), where

k is the number of predictors in the model, excluding the intercept, and R2 is coefficient of
determination defined as R2 = 1−

∑n
i=1(Yi − Ŷi)2/

∑n
i=1(Yi − Ȳ )2. The results are displayed

in Table 4, in which the column labelled “Genes” stands for the number of the genes selected
and the column of “R2

adj” for the adjusted R2.

Table 4: Riboflavin production data analysis results.

Model Genes R2
adj CV Corr

LASSO 42 90.45% 0.3973 0.730
SIS 11 76.90% 0.4461 0.687
ISIS 13 78.83% 0.3566 0.760
LAD-SIS 22 73.12% 0.3004 0.800
LAD-ISIS 21 80.06% 0.2309 0.852
Huber-SIS 20 73.99% 0.3362 0.779
Huber-ISIS 22 78.63% 0.3175 0.799

Next, to measure the prediction accuracy of proposed estimators, the leave-one-out
cross-validation (CV) criterion was used, which is defined by

(3.2) CV =
1
n

n∑
i=1

(Yi − Ŷi)2,
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where Ŷi is the predicted value of response variable where i-th observation left out of the
estimation of the parameters β. We also compute the correlation between the true and
predicted response values Ŷi obtained from leave-one-out cross-validation.

From the values of R2
adj, we can infer that although LASSO model can explain 90.45%

of the total variation of the logarithm of the riboflavin production rate, it does not perform as
well as the screening competitors, beacuse the two-step screening procedures use much fewer
genes while giving smaller CV error and higher correlation between the true and predicted
values of response variable.

In addition, it can be seen that the iterative screening procedures (ISIS, LAD-ISIS and
Huber-ISIS) outperform the corresponding noniterative screening methods (SIS, LAD-SIS
and Huber-SIS) with the larger R2

adj and Corr(Y, Ŷ ), and smaller CV error, indicating that
the iterative procedures identify some genes missed by the noniterative screening methods.
Those important genes missed by the SIS (or,LAD-SIS and Huber-SIS) either may be closely
marginally independent of the response or have relatively weaker marginal signals than some
unimportant genes which are highly correlated with some strong active genes.

Moreover, the number of genes selected by SIS and ISIS are fewer than those of the
robust alternatives, while because of the existence of outliers in the data set, it can be seen
that CV error and R2

adj of the robust type methods are more acceptable than those of the
non-robust type screening procedures.

In sum, we can clearly conclude from Table 4 that the LAD-ISIS performs the best
with the smallest CV error 0.2309, the largest Corr(Y, Ŷ ) value 0.852, the largest adjusted
R2 value 80.06% (compared to the other robust approaches), indicating that the LAD-ISIS
is the best method for riboflavin production data set analysis.

CONCLUSIONS

In this paper, we have studied a robust variable screening methodology for ultrahigh di-
mensional data using robust loss functions. This technique uses the L1 loss and the Huber loss
which we refer to the LAD-SIS and Huber-SIS. We examined the finite sample performance of
the proposed procedures via Monte Carlo studies, and illustrated the proposed methodology
through the riboflavin production data set. In our numerical studies, both proposed robust
methods (LAD-SIS and Huber-SIS) and SIRS perform equally well and behave better than
SIS and DC-SIS in presence of outliers.

Similar to the SIS, the proposed technique may fail to identify some important pre-
dictors that are marginally independent of the response. Motivated by this, we introduced
an iterative robust sure independence screening procedure. We examined its finite-sample
performance via intensive simulations. The simulation results indicate that the iterative ro-
bust approach can significantly improve the LAD-SIS and Huber-SIS in the presence of truly
important predictors that are marginally independent of the response and unimportant pre-
dictors that have relatively stronger marginal signals than some important predictors. Our
empirical results indicate that the LAD-ISIS is the best approach among the selected com-
petitors. We used only the LASSO penalty but other penalties such as adaptive LASSO (Zou,
2006), SCAD (Fan and Li, 2001) and MCP (Zhang, 2010) could also be applied.
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1. INTRODUCTION

This work concerns two measures of association between binary random variables X

and Y , the risk ratio (relative risk) and the odds ratio, respectively defined as

RRXY =
P(Y |X)
P(Y |X)

, ORXY =
P(Y |X) P(Y |X)
P(Y |X) P(Y |X)

.

Let X and Y be independent conditional on a third binary random variable Z, which is not
negatively associated with either X or Y :

(1.1) (X ⊥⊥ Y ) |Z ,

{
RRXZ ≥ 1 ,

RRZY ≥ 1 .

The second assumption is not restrictive as we can replace a variable with its opposite if
necessary, and that consequently RRXY ≥ 1 as well. In terms of graphical causal models
(1.1) means that Z d-separates X and Y , which is the case for example when X and Y have
no direct causal relationship, Z is their common cause or a mediator (but not a common
consequence), and no other variables play a role.

The classical Cornfield inequalities by Cornfield et al. (1959) and Schlesselman (1978)
now state that

min{RRXZ ,RRZY } ≥ RRXY .

The causal interpretation is as follows: if and observed association between X and Y was
entirely due to a confounder or a mediator Z, then both the risk ratio between X and Z

and between Z and Y must be at least as big as the risk ratio between X and Y . The
first development beyond the classical Cornfield inequalities was by Lee and Wang (2008),
who instead of the minimum bounded a quantity called confounding rate ratio to assess
sensitivity to stratification. A different but natural perspective is to swap the minimum into
a maximum. Now either the risk ratio between X and Z or between Z and Y must be
at least the so-called E-value RRXY +

√
RRXY (RRXY − 1), as formalized in the following

theorem of VanderWeele and Ding.

Theorem 1.1 (VanderWeele and Ding, 2017). Assuming (1.1),

max{RRXZ ,RRZY } ≥ RRXY +
√

RRXY (RRXY − 1) .

VanderWeele and Ding also suggest (VanderWeele and Ding, 2017) that it should be-
come a convention in all observational science to report the E-value or some comparable
form of sensitivity analysis. Another E-value formula, although not dubbed as such, has
been published in the form of the following theorem by Lee.

Theorem 1.2 (Lee, 2011). Assuming (1.1),

max{ORXZ ,RRZY } ≥ Ω +
√

(Ω + 1)(Ω− 1) ,

where Ω = 1 + 2(RRXY − 1).
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This time one of the three relationships is measured by the odds ratio instead of the risk
ratio. On that same note, if we want to bound max{RRXZ ,ORZY } or max{ORXZ ,ORZY }
with a function of RRXY we can still use Theorems 1.1 and 1.2, respectively, because RRZY ≤
ORZY . The bounds are optimal.

Above two out of the three relationships were allowed to be measured by the odds
ratio instead of the risk ratio, while RRXY remained fixed. The purpose of this short note
is to explore the cases where the association between X and Y is quantified with ORXY .
The odds ratio arises naturally in the context of logistic regression or case-control design,
and sensitivity analysis results tailored for odds ratio should be preferred over unnecessary
conversions to risk ratios. In a recent paper (Leppälä, 2023), the author published an odds
ratio analogue

min{ORXZ ,ORZY } ≥ ORXY

of the classical Cornfield inequalities and completed the collection of joint bounding formu-
lae of the type (4.1) and (4.2) by Ding and VanderWeele (2016) and Lee (2011), respec-
tively. Such joint bounding formulae are easily inverted into E-value formulae. Suppose
t ≤ f(r, s), where t, r and s are the relevant risk- or odds ratios in question. Provided that
f is increasing with respect to both r and s in the domain r > 1, s > 1, we can bound
t ≤ f(max(r, s),max(r, s)) = F (max(r, s)) and then solve max(r, s) ≥ F−1(t). The author
however failed to seize the opportunity to supplement the joint bounding formulae in Leppälä
(2023) with the corresponding E-value formulae—this omission is fixed in Section 2. However,
some E-value formulae remain impossible, such as bounding of max{RRXZ ,RRZY } with a
function of ORXY , because not all combinations of risk ratios and odds ratios allow a joint
bounding formula (Leppälä, 2023). In this instance VanderWeele recommends (VanderWeele
and Ding, 2017) approximating ORXY with either RRXY or RR2

XY (VanderWeele, 2017)
depending on whether the outcome Y is rare or common, respectively. Section 3 proposes
a rigorous but elegant alternative to the approximation, in terms of a non-zero parameter α

controlling the least and largest of the four elements in the probability mass function of Y

given X (incidentally also quantifying how much error the square approximation would in-
troduce). Finally, Section 4 takes a new look at the joint bounding formulae missing from the
author’s previous work due to them not existing in general form (Leppälä, 2023), and presents
restricted versions of them that use the parameter α. The results of Section 3 could also be
derived from these new joint bounding formulae of Section 4 using the inversion procedure
described above.

2. E-VALUE FORMULAE FOR THE ODDS RATIO

Theorem 2.1. Assuming (1.1),

max{ORXZ ,ORZY } ≥ Ω +
√

(Ω + 1)(Ω− 1) ,

where Ω = 1 + 2(ORXY − 1).
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Proof: The statement is similar to that of Theorem 1.2 but we present a proof never-
theless. Under assumption (1.1) the joint bounding formula

ORXY ≤
( √

ORXZORZY + 1√
ORXZ +

√
ORZY

)2

holds by another theorem of the author (Leppälä, 2023). Denote M = max{ORXZ ,ORZY }.
Define and differentiate

f(r) =
(

rs + 1
r + s

)2

, fr(r) =
2(rs + 1)(s2 − 1)

(r + s)3
> 0 ,

where s > 1. We therefore get

(2.1) ORXY ≤
(

M + 1
2
√

M

)2

⇔ ORXY − 1 ≤ (
√

M −
√

ORXY )2 .

By the odds ratio versions (Leppälä, 2023) of the Cornfield inequalities we have M ≥ ORXY ,
and thereby also |

√
M −

√
ORXY | =

√
M −

√
ORXY . Taking a square root of both sides of

(2.1) and solving for
√

M yields
√

M ≥
√

ORXY +
√

ORXY − 1 ,

from which the claim follows by squaring.

Theorem 2.2. Assuming (1.1),

max{RRXZ ,ORZY } ≥ Ω +
√

(Ω + 1)(Ω− 1) ,

where Ω = 1 + (ORXY − 1)/2

Proof: Under assumption (1.1) the joint bounding formula

ORXY ≤ 1 + (RRXZ − 1)ORZY

RRXZ
= 1 +

(RRXZ − 1)(ORZY − 1)
RRXZ

holds by another theorem of the author (Leppälä, 2023). Denote M = max{RRXZ ,ORZY }.
Define and differentiate

f(r, s) =
1 + (r − 1)s

r
, fr(r, s) =

s(r − 1)
r2

> 0 , fs(r, s) =
r − 1

r
> 0 ,

where r > 1. Now

(2.2) ORXY ≤ M2 −M + 1
M

⇔ (Ω + 1)(Ω− 1) ≤ (M − Ω)2 .

If it was true that M < Ω, then

2M − 1 < 2Ω− 1 = ORXY ≤ M2 −M + 1
M

⇔ M2 < 1 ,

which is a contradiction. Therefore |M − Ω| = M − Ω, and the theorem is proved by taking
a square root and adding Ω to both sides of (2.2).

Due to the symmetry of the odds ratio, Theorem 2.2 can also be used to bound
max{ORXZ ,RRY Z}.
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3. E-VALUE FORMULAE UNDER AN EXTRA ASSUMPTION

As pointed out earlier (Leppälä, 2023), ORXY cannot be bounded from above by a joint
function of RRXZ and RRZY , or of ORXZ and RRZY . Consequently, neither max{RRXZ ,

RRZY } nor max{ORXZ ,RRZY } can be bounded from below by a function of ORXY —joint
bounding will be returned to in Section 4. Both the risk ratio and the odds ratio are nev-
ertheless common measures of association, and the desire to do sensitivity analysis doesn’t
vanish when relationship between X and Y is quantified by the odds ratio. At this point we’re
aware of the option to use Theorem 2.1, but if one still prefers to measure the associations
between X and Z and between Z and Y using the risk ratio, some auxiliary parameter is
needed. Assume that the conditional probabilities of Y or Y given X or X are not close to
zero or one, or precisely for some α > 0

(3.1)

{
min{P(Y |X), P(Y |X), P(Y |X), P(Y |X)} ≥ α ,

max{P(Y |X), P(Y |X), P(Y |X), P(Y |X)} ≤ 1− α .

Now we can bound the odds ratio with the risk ratio by scaling the portion exceeding one
using the parameter α, and as corollaries derive the required E-value formulae.

Lemma 3.1. Assuming (3.1),

ORXY ≤ 1 +
RRXY − 1

α
.

Proof: Denote P(Y |X) = r so that

P(Y |X) = RRXY r , 0 < r <
1

RRXY
.

By definition

ORXY =
P(Y |X)P(Y |X)
P(Y |X)P(Y |X)

=
RRXY (1− r)
1− RRXY r

= f(r) ,

and differentiating gives

fr(r) =
RRXY (RRXY − 1)

(1− RRXY r)2
> 0 .

As r approaches 1/RRXY , the value f(r) tends to infinity, but with the boundaries (3.1)
P(Y |X) = 1− RRXY r actually hits α first at the point r = (1− α)/RRXY . This happens
before P(Y |X) = 1− r hits α at r = 1− α. Under (3.1), the odds ratio is therefore bounded
from above by f((1− α)/RRXY ).

Theorem 3.1. Assuming (1.1) and (3.1),

max{RRXZ ,RRZY } ≥ Ω +
√

Ω(Ω− 1) ,

where Ω = 1 + α(ORXY − 1).

Proof: Assuming (3.1), RRXY ≥ Ω by Lemma 3.1. Assuming (1.1), we can just plug
this to the E-value formula of VanderWeele & Ding in Theorem 1.1.
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Theorem 3.2. Assuming (1.1) and (3.1),

max{ORXZ ,RRZY } ≥ Ω +
√

(Ω + 1)(Ω− 1) ,

where Ω = 1 + 2α(ORXY − 1).

Proof: Assuming (3.1), RRXY ≥ Ω by Lemma 3.1. Assuming (1.1), we can just plug
this to the E-value formula of Lee in Theorem 1.2.

VanderWeele and Ding have earlier suggested (VanderWeele and Ding, 2017) that for
rare outcomes the original E-value formula of Theorem 1.1 is applicable for the odds ratio as
well, and that for common outcomes it becomes applicable after approximating

√
ORXY ≈

RRXY (VanderWeele, 2017). The rare–common distinction concerning the outcome Y is
somewhat misleading as the error factor introduced by the approximation can be arbitrarily
large even if the prevalence of Y is one half, and in fact approximation was mathematically
motivated using the assumption (3.1) instead. VanderWeele implicitly derives (VanderWeele,
2017) the upper bound for the introduced error as

(3.2) ORXY ≤ RR2
XY

4α(1− α)
,

and so it would be more appropriate to plug in
√

4α(1− α)ORXY to Theorem 1.1 than the
raw square root approximation. Compared to this strictly correct version of the square root
approximation Theorem 3.1 gives a stronger statement, and the new E-value formula can be
seen as quite naturally scaling the portion exceeding one. The comparison is visualized in
the figure below.

1 2 3 4 5

1

1.5

2

2.5

3

3.5

ORXY

Ω
+

√
Ω

(Ω
−

1
)

Ω = 1 + α(ORXY − 1)

Ω =
√

ORXY

Ω =
√

4α(1 − α)ORXY

α = 0.1

Figure 1: Visualization of different lower bounds of max{RRXZ ,RRZY }. The solid line is
Theorem 3.1. The dashed line is the currently recommended (VanderWeele and
Ding, 2017) raw square root approximation; plugging

√
ORXY in place of RRXY

in Theorem 1.1. It has the drawback that it’s not actually a bound, and as can
be observed the error introduced by approximation can be big. The dotted line
corrects the square root approximation using inequality (3.2); it’s rigorous but
weaker than the solid line bound given by Theorem 3.1.
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4. JOINT BOUNDING FORMULAE UNDER AN EXTRA ASSUMPTION

The last two theorems are joint bounding formulae that only became possible under
the newly introduced assumption (3.1), included here for completeness sake.

Theorem 4.1. Assuming (1.1) and (3.1),

ORXY ≤ 1 +
(RRXZ − 1)(RRZY − 1)
α(RRXZ + RRZY − 1)

.

Proof: Assuming (1.1),

(4.1) RRXY ≤ RRXZRRZY

RRXZ + RRZY − 1
= 1 +

(RRXZ − 1)(RRZY − 1)
RRXZ + RRZY − 1

by a theorem of Ding and VanderWeele (2016); the second form is obtained with simple
algebraic manipulation. Assuming (3.1), we can plug (4.1) into the bound of Lemma 3.1 and
simplify.

Theorem 4.2. Assuming (1.1) and (3.1),

ORXY ≤ 1 +
(ORXZ − 1)(RRZY − 1)
α(
√

ORXZ +
√

RRZY )2
.

Proof: Assuming (1.1),

(4.2) RRXY ≤
( √

ORXZRRZY + 1√
ORXZ +

√
RRZY

)2

= 1 +
(RRXZ − 1)(RRZY − 1)
(
√

ORXZ +
√

RRZY )2

by a theorem of Lee (2011); again the second form is but algebraic manipulation. Assuming
(3.1), we can plug (4.2) into the bound of Lemma 3.1 and simplify.

It’s easy if somewhat laborious to use the law of total probability and differential
calculus in the same manner as employed in Leppälä (2023) to show that the bounds in
Theorems 4.1 and 4.2 are sharp given the bounds (3.1). Likewise, using Theorems 4.1 and
4.2 as a staring point instead of Lemma 3.1 wouldn’t improve the bounds in Theorems 3.1
and 3.2.
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