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1. INTRODUCTION

Lifetime data can often be two dimensional. For example, Jung and Bai (2007) analysed
field data under two-dimensional warranty, using bivariate data on age and mileage of cars.
Bivariate life data pertaining to trucks working in the mines were analysed by Fuqing et al.

(2017). In such applications, one of the main goals of analyses is to capture the dependence be-
tween components of the two-dimensional lifetimes. In some cases, the dependence is captured
by using an approach based on copulas; see, for example Fuqing et al. (2017). In some other
cases, particular bivariate distributions are used; for example, see Yuan (2016), among others.

In this article, we present and discuss a bivariate Weibull distribution that can be
conveniently used for modelling two-dimensional lifetime data. The distribution presented
here is flexible, computationally convenient, and has desirable properties that can be exploited
for modelling purposes.

A bivariate exponential distribution, known as the Downton’s bivariate exponential
(DBE) distribution (Downton, 1970), is as follows. If a random vector (Y1, Y2) follows the
DBE distribution, the corresponding joint probability density function (PDF) is given by

(1.1) fY1,Y2(y1, y2) =
1

θ1θ2(1−ρ)
exp

{
− 1

1−ρ

(
y1

θ1
+
y2

θ2

)}
I0

(
2(ρy1y2)1/2

(1−ρ)
√
θ1θ2

)
, y1, y2 > 0,

with θ1, θ2 > 0 and 0 ≤ ρ < 1. We express this as (Y1, Y2) ∼ DBE(θ1, θ2, ρ). Here, I0(·) is the
modified Bessel function of the first kind of order zero. Downton (1970) explained this model
from the perspective of a failure model in the reliability context; see also Kotz et al. (2000)
for a comprehensive description.

The DBE distribution has some excellent mathematical properties. For example, the
DBE distribution originates from a shock model where two components of a system are
subject to independent streams of shocks with exponentially distributed interarrival times.
Also, the number of such shocks to cause failure is a random variable distributed according
to the geometric distribution. For the DBE distribution, the marginal distributions of Y1 and
Y2 are exponential, with scale parameters θ1 and θ2, respectively. The dependence between
Y1 and Y2 is captured through the correlation parameter ρ; when ρ = 0, Y1 and Y2 are
independent. The model is quite convenient to be used in reliability modelling due to its
tractable mathematical nature. Especially, as the corresponding marginal distributions of Y1

and Y2 are univariate exponential distributions, the DBE distribution is particularly useful in
situations where the hazard rates of the marginal distributions can be assumed (or verified)
to be constants.

However, for bivariate lifetime data with non-constant marginal hazard rates, the DBE
distribution is clearly not suitable. In such scenarios, it is more appropriate to model the
bivariate life data by using a bivariate distribution that has univariate Weibull marginals,
which can accommodate the non-constant marginal hazard rates. The motivation of this
work is to develop a model that can accommodate non-constant hazard rates of the marginal
lifetimes corresponding to the two components of a system, within the same context of arrival
of independent streams of shocks to the two components. To achieve this, we have consider a
non-linear transformation of the marginal lifetimes as described below. The resulting model
is more appropriate for real datasets having non-constant marginal hazard rates.
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Therefore, in this article, we discuss a generalization of the DBE distribution to a
bivariate Weibull distribution which we call the Downton’s bivariate Weibull (DBW) distri-
bution. The DBW distribution partially retains the mathematical advantages of the DBE
distribution with respect to its analytical tractability. In fact, the DBW distribution loses
some of the interpretations of the DBE distribution, such as exponential interarrival times of
the independent shock. However, as the DBW distribution has Weibull marginals, it is very
flexible for modelling purposes; for example, it can accommodate bivariate lifetime data with
non-constant marginal hazard rates.

In this article, we discuss the DBW distribution, its statistical properties, and its ap-
plications in detail. First, after constructing the DBW distribution, we explore some of its
important properties which will be helpful in applying the distribution to real data. Then,
we discuss likelihood inference for the DBW distribution, based on complete as well as right-
censored lifetime data. Moment-based estimators for the distribution based on complete
data are also discussed. The inferential methods are examined through extensive Monte
Carlo simulation studies. Then, as an application, a two-dimensional warranty model is dis-
cussed. Analyses of two real datasets for illustrative purposes are presented. Based on our
exploration, we conclude that the DBW distribution has desirable statistical properties, is
computationally convenient, and is quite flexible for modelling purposes. We recommend its
extensive use in modelling bivariate data, especially arising from lifetime experiments.

The paper is organized as follows. In Section 2, the DBW distribution with its statis-
tical properties, and data generation algorithm are presented. Likelihood inference based on
complete data from the DBW distribution, and a Monte Carlo simulation study to evaluate
the point and interval estimates are presented in Section 3. This section also contains dis-
cussion of a procedure for obtaining moment-based estimators. In Section 4, inferences for
the DBW distribution based on bivariate right-censored data are discussed, and a simulation
study examining the performance of the estimates are presented. An application in the form
of a two-dimensional warranty model is presented in Section 5. Two case studies based on real
datasets are provided in Section 6 for illustrative purposes. Finally, the paper is concluded
with some remarks in Section 7.

2. DOWNTON’S BIVARIATE WEIBULL DISTRIBUTION

Suppose (Y1, Y2) ∼ DBE(θ1, θ2, ρ). Consider the transformations X1 = Y α1
1 and X2 =

Y α2
2 , with α1, α2 > 0. The joint density of the transformed random variables X1 and X2 is

then given by
(2.1)

fX1,X2(x1, x2) =
η1η2x

η1−1
1 xη2−1

2

θ1θ2(1−ρ)
exp

{
− 1

1−ρ

(
xη1

1

θ1
+
xη2

2

θ2

)}
I0

(
2(ρxη1

1 x
η2
2 )1/2

(1−ρ)
√
θ1θ2

)
, x1, x2 > 0,

with θ1, θ2, η1, η2 > 0 and 0 ≤ ρ < 1, where η1 = 1/α1 and η2 = 1/α2. Thus, through this
power transformation of the variables Y1 and Y2, we obtain a bivariate distribution which
we call the Downton’s bivariate Weibull (DBW) distribution. We write this as (X1, X2) ∼
DBW(η1, θ1, η2, θ2, ρ). A similar distribution, called the Nakagami-m distribution, was dis-
cussed by Sagias and Karagiannidis (2005) in the context of modelling fading channels relating
to digital communication systems. However, Sagias and Karagiannidis (2005) derived this
distribution starting from a bivariate Rayleigh distribution.
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Using an infinite series representation of the Bessel function provided in Gradshteyn
and Ryzhik (2000) as

I0(z) =
∞∑

k=0

1
(k!)2

(z
2

)2k
,

we can obtain another representation of the PDF of the DBW distribution as

fX1,X2(x1, x2) = η1η2 exp
{
− 1

1− ρ

(
xη1

1

θ1
+
xη2

2

θ2

)}
×

∞∑
k=0

ρk

(k!)2(1− ρ)2k+1

x
−1+(k+1)η1

1 x
−1+(k+1)η2

2

(θ1θ2)k+1
, x1, x2 > 0.(2.2)

The corresponding joint cumulative density function (CDF) of X1 and X2 can be obtained
as

FX1,X2(x1, x2) = 1− exp
(
− xη1

1

θ1

)
Q1

(√
2

1− ρ

x
η2/2
2√
θ2
,

√
2ρ

1− ρ

x
η1/2
1√
θ1

)
− exp

(
− xη2

2

θ2

)[
1−Q1

(√
2ρ

1− ρ

x
η2/2
2√
θ2
,

√
2

1− ρ

x
η1/2
1√
θ1

)]
,(2.3)

where Q1(·, ·) is the first order Marcum’s Q-function (Marcum, 1950). The bivariate survival
function of X1 and X2 is given by

SX1,X2(x1, x2) = 1− FX1(x1)− FX2(x2) + FX1,X2(x1, x2)

= exp
(
− xη1

1

θ1

)[
1−Q1

(√
2

1− ρ

x
η2/2
2√
θ2
,

√
2ρ

1− ρ

x
η1/2
1√
θ1

)]

+ exp
(
− xη2

2

θ2

)
Q1

(√
2ρ

1− ρ

x
η2/2
2√
θ2
,

√
2

1− ρ

x
η1/2
1√
θ1

)
,(2.4)

where FX1 and FX2 are the marginal CDFs of X1 and X2, respectively. In Figures 1 and 2,
the joint density function is plotted for different values of the parameters.

Figure 1: Plot of joint density: left: η1 = η2 = 1.5, θ1 = θ2 = 1, ρ = 0;
right: η1 = η2 = 1.5, θ1 = θ2 = 1, ρ = 0.25.
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Figure 2: Plot of joint density: left: η1 = η2 = 1.5, θ1 = θ2 = 1, ρ = 0.5;
right: η1 = η2 = 1.5, θ1 = θ2 = 1, ρ = 0.75.

2.1. Some properties

If (X1, X2) ∼ DBW(η1, θ1, η2, θ2, ρ), the marginal distributions of X1 and X2 are uni-
variate Weibull with parameters (η1, θ1) and (η2, θ2), respectively, with PDF

(2.5) fXi(xi) =
ηi

θi
xηi−1

i exp
{
−
xηi

i

θi

}
, xi > 0,

and CDF

(2.6) FXi(xi) = 1− exp
{
−
xηi

i

θi

}
, xi > 0,

for i = 1, 2.

The conditional distributions can be obtained by using the joint density and the
marginal densities. If (X1, X2) ∼ DBW(η1, θ1, η2, θ2, ρ), then the PDFs of the conditional
distributions of X1 given X2 = x2, and X2 given X1 = x1 are given by

(2.7) fX1|X2=x2
(x1) =

η1x
η1−1
1

θ1(1− ρ)
exp

{
−(A1 +A2)

} ∞∑
k=0

1
(k!)2

ρk

(1− ρ)2k

(
xη1

1 x
η2
2

θ1θ2

)k

, x1 > 0,

and

(2.8) fX2|X1=x1
(x2) =

η2x
η2−1
2

θ2(1− ρ)
exp

{
−(B1 +B2)

} ∞∑
k=0

1
(k!)2

ρk

(1− ρ)2k

(
xη1

1 x
η2
2

θ1θ2

)k

, x2 > 0,

respectively. The CDFs of the conditional distributions of X1 given X2 = x2, and X2 given
X1 = x1 are given by

(2.9) FX1|X2=x2
(x1) = exp{−A2} ×

∞∑
k=0

1
(k!)2

Ak
2γ(k + 1, A1), x1 > 0,
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and

(2.10) FX2|X1=x1
(x2) = exp{−B2} ×

∞∑
k=0

1
(k!)2

Bk
2γ(k + 1, B1), x2 > 0,

respectively, where γ(s, t) =
∫ t
0 u

s−1e−udu is the lower incomplete gamma function, and

A1 =
1

1− ρ

xη1
1

θ1
, A2 =

ρ

1− ρ

xη2
2

θ2
, B1 =

1
1− ρ

xη2
2

θ2
, B2 =

ρ

1− ρ

xη1
1

θ1
.

Alternative expressions involving the modified Bessel function for the conditional PDFs
and CDFs can be obtained. If (X1, X2) ∼ DBW(η1, θ1, η2, θ2, ρ), then alternative expressions
for the PDFs of the conditional distributions of X1 given X2 = x2, and X2 given X1 = x1,
respectively, are given by

(2.11) fX1|X2=x2
(x1) =

η1x
η1−1
1

θ1(1− ρ)
exp

{
−(A1 +A2)

}
I0

(
2(ρxη1

1 x
η2
2 )1/2

(1− ρ)
√
θ1θ2

)
, x1 > 0,

and

(2.12) fX2|X1=x1
(x2) =

η2x
η2−1
2

θ2(1− ρ)
exp

{
−(B1 +B2)

}
I0

(
2(ρxη1

1 x
η2
2 )1/2

(1− ρ)
√
θ1θ2

)
, x2 > 0.

Similarly, alternative expressions for the CDFs of the conditional distributions of X1 given
X2 = x2, and X2 given X1 = x1 are given by

FX1|X2=x2
(x1) = A1 exp(−A2)

∫ 1

0
e−A1tI0(2

√
A1A2t)dt,

FX2|X1=x1
(x2) = B1 exp(−B2)

∫ 1

0
e−B1tI0(2

√
B1B2t)dt,

respectively, which can be shown as follows. Note that we can write

FX1|X2=x2
(x1) = exp{−A2}

∞∑
k=0

1
(k!)2

Ak
2γ(k + 1, A1)

= exp{−A2}
∞∑

k=0

1
(k!)2

Ak
2

[
k! exp{−A1}Ak+1

1

∞∑
l=0

Al
1

(l + k + 1)!

]

= A1 exp{−(A1 +A2)}
∞∑

k=0

∞∑
l=0

(1)l

(2)l+k

(A1A2)k

k!
Al

1

l!

= A1 exp{−(A1 +A2)}Φ3(b = 1, c = 2, w = A1, z = A1A2)

= A1 exp{−(A1 +A2)}
[

exp{A1}
∫ 1

0
e−A1tI0(2

√
A1A2t)dt

]
= A1 exp{−A2}

∫ 1

0
e−A1tI0(2

√
A1A2t)dt,

where

Φ3(b, c, w, z) =
∞∑

k=0

∞∑
l=0

(b)k

(c)k+l

wkzl

k!l!

is the Humbert function or the confluent Appell function (Brychkov, 2017).
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The correlation parameter ρ captures the dependence betweenX1 andX2. If (X1, X2) ∼
DBW(η1, θ1, η2, θ2, ρ), X1 and X2 are independent if and only if ρ = 0. When 0 < ρ < 1,
X1 and X2 are correlated. However, note that ρ is not the Pearson’s correlation coefficient
between X1 and X2 for the DBW distribution.

Following Sagias and Karagiannidis (2005), an expression for the product moments of
the DBW distribution, in terms of the generalized hypergeometric function, can be obtained
to be

E(Xm1
1 Xm2

2 ) = (1−ρ)1+
m1
η1

+
m2
η2 θ

m1
η1

1 θ
m2
η2

2 Γ
(
1+

m1

η1

)
Γ
(
1+

m2

η2

)
× 2F1

(
1+

m1

η1
, 1+

m2

η2
; 1; ρ

)
,

where 2F1(·; ·; ·) is the generalized hypergeometric function. Therefore, the product moment
correlation coefficient of X1 and X2 is given by

ρPMC =
Γ
(
1 + 1

η1

)
Γ
(
1 + 1

η2

) [
(1− ρ)1+

1
η1

+ 1
η2 × 2F1

(
1 + 1

η1
, 1 + 1

η2
; 1; ρ

)
− 1

]
√

Γ
(
1 + 2

η1

)
−

{
Γ
(
1 + 1

η1

)}2
√

Γ
(
1 + 2

η2

)
−

{
Γ
(
1 + 1

η2

)}2
.

The expression for the product moment correlation ρPMC clearly shows that ρ is not the
correlation coefficient between X1 and X2 for the DBW distribution and in fact only takes
values in [0,1). Note that ρPMC depends only on η1, η2, and ρ; the scale parameters θ1 and θ2
have no impact on the correlation coefficient. Figure 3 gives a plot of different values of ρ
and ρPMC, for different values of η1 and η2.

Figure 3: Plot of ρ and ρPMC; the values of the shape parameters for
different sets are the following — Set 1: η1 = η2 = 0.1; Set 2:
η1 = η2 = 0.5; Set 3: η1 = η2 = 2.4; Set 4: η1 = η2 = 4.5.
The y = x line is in black.
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2.2. Data generation algorithm

Realisations from the DBW distribution can be generated using the marginal and con-
ditional distributions. To generate an observation (x1, x2) from the DBW(η1, θ1, η2, θ2, ρ)
distribution, the simplest route would be to generate x1 from the marginal Weibull distri-
bution, and then for the given value x1, to generate x2 from its conditional distribution.
The conditional distribution in equation (2.10) is computationally efficient in this regard.
The process of generating random variables from the DBW distribution is as follows:

Algorithm 1:

Step 1: Generate x1 from Weibull(η1, θ1).

Step 2: Transform x1 into z1, where z1 = ρ
1−ρ

x
η1
1
θ1

.

Step 3: Generate z2 from the distribution with CDF

FZ2|Z1=z1
(z2) = z2 exp(−z1)

∫ 1

0
e−z2tI0(2

√
z1z2t)dt.

Step 4: Obtain x2, using the transformation x2 = (θ2(1− ρ)z2)1/η2 .

Note, however, that the above algorithm should only be used when 0 < ρ < 1.
For ρ = 0, x1 and x2 can be generated directly from their respective marginal distributions.

3. INFERENCE BASED ON COMPLETE BIVARIATE DATA

3.1. Likelihood inference

Based on observed bivariate data, maximum likelihood estimates (MLEs) for the pa-
rameters of the DBW distribution may be obtained. Let (x1i, x2i), i = 1, ..., n, denote the
observed bivariate data. The likelihood function is given by

L(ω) =
n∏

i=1

fX1,X2(x1i, x2i),

where ω = (η1, θ1, η2, θ2, ρ) is the vector of model parameters. Using the joint PDF of X1

and X2 given in (2.1), the log-likelihood function is

logL(ω) = n
(
log η1 + log η2 − log θ1 − log θ2 − log(1− ρ)

)
+ (η1 − 1)

n∑
i=1

log x1i + (η2 − 1)
n∑

i=1

log x2i −
1

1− ρ

n∑
i=1

(
xη1

1i

θ1
+
xη2

2i

θ2

)

+
n∑

i=1

log I0

(
2(ρxη1

1ix
η2
2i )

1/2

(1− ρ)
√
θ1θ2

)
.(3.1)
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The log-likelihood equations with respect to η1, θ1, η2, θ2, and ρ are as follows:

(3.2)

∂ logL
∂η1

=
n

η1
+

n∑
i=1

log x1i−
1

1− ρ

n∑
i=1

x1i log x1i

θ1
+

n∑
i=1

I ′0

(
2(ρx

η1
1i x

η2
2i )1/2

(1−ρ)
√

θ1θ2

)(
(ρx

η1
1i x

η2
2i )1/2

(1−ρ)
√

θ1θ2

)
log x1i

I0

(
2(ρx

η1
1i x

η2
2i )1/2

(1−ρ)
√

θ1θ2

) ,

(3.3)
∂ logL
∂θ1

= − n

θ1
+

1
1− ρ

n∑
i=1

xη1
1i

θ2
1

−
n∑

i=1

I ′0

(
2(ρx

η1
1i x

η2
2i )1/2

(1−ρ)
√

θ1θ2

)(
(ρx

η1
1i x

η2
2i )1/2

(1−ρ)
√

θ3
1θ2

)
I0

(
2(ρx

η1
1i x

η2
2i )1/2

(1−ρ)
√

θ1θ2

) ,

(3.4)

∂ logL
∂η2

=
n

η2
+

n∑
i=1

log x2i−
1

1− ρ

n∑
i=1

x2i log x2i

θ2
+

n∑
i=1

I ′0

(
2(ρx

η1
1i x

η2
2i )1/2

(1−ρ)
√

θ1θ2

)(
(ρx

η1
1i x

η2
2i )1/2

(1−ρ)
√

θ1θ2

)
log x2i

I0

(
2(ρx

η1
1i x

η2
2i )1/2

(1−ρ)
√

θ1θ2

) ,

(3.5)
∂ logL
∂θ2

= − n

θ2
+

1
1− ρ

n∑
i=1

xη2
2i

θ2
2

−
n∑

i=1

I ′0

(
2(ρx

η1
1i x

η2
2i )1/2

(1−ρ)
√

θ1θ2

)(
(ρx

η1
1i x

η2
2i )1/2

(1−ρ)
√

θ1θ3
2

)
I0

(
2(ρx

η1
1i x

η2
2i )1/2

(1−ρ)
√

θ1θ2

) ,

(3.6)

∂ logL
∂ρ

=
n

1− ρ
− 1

(1− ρ)2

n∑
i=1

(
xη1

1i

θ1
+
xη2

2i

θ2

)
−

n∑
i=1

I ′0

(
2(ρx

η1
1i x

η2
2i )1/2

(1−ρ)
√

θ1θ2

)(
(x

η1
1i x

η2
2i )1/2

√
ρθ1θ2

)
1+ρ

(1−ρ)2

I0

(
2(ρx

η1
1i x

η2
2i )1/2

(1−ρ)
√

θ1θ2

) ,

where I ′0(z) = ∂
∂z I0(z). Using the relation

∂

∂z
Iν(z) =

ν

z
Iν(z) + Iν+1(z),

we readily obtain I ′0(z) = I1(z), where I1(z), the modified Bessel function of the first kind of
order one, is given by the power series expansion

I1(z) =
∞∑

k=0

(z/2)1+2k

k!Γ(k + 2)
.

It may be observed that it is not possible to obtain explicit solutions to these log-
likelihood equations, and one has to rely on numerical methods for obtaining the MLE ω̂ =
(η̂1, θ̂1, η̂2, θ̂2, ρ̂). Numerical methods such as the Newton–Raphson technique, or its modified
versions can be employed to obtain ω̂.

Asymptotic confidence intervals for the model parameters may be obtained by using the
observed Fisher information matrix, and asymptotic normality of the MLEs. The observed
Fisher information matrix, denoted by I(ω), is defined as the negative of the Hessian of
log-likelihood function in (3.1); that is,

I(ω) = −∇2(logL(ω)).
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Now, under general regularity conditions, we know that the asymptotic distribution of the
MLE ω̂ is a multivariate normal distribution, i.e.,

√
n(ω̂ − ω) → N5(0, I−1(ω)|ω=bω).

Using the above, asymptotic confidence intervals for the model parameters can be constructed.
For example, for η1, an asymptotic 100(1−β)% confidence interval is given by(

η̂1 − τβ/2

√
I−1
1,1 , η̂1 + τβ/2

√
I−1
1,1

)
where I−1

i,j is the (i, j)-th element of I−1(ω)|ω=bω, and τδ is the upper δ-percentile point of
the standard normal distribution. Asymptotic confidence intervals for the parameters θ1, η2,
θ2, and ρ can be constructed in a similar fashion.

3.1.1. Choice of initial values

The numerical method for obtaining MLEs requires initial choices for the values of the
parameters. Here, we develop a method for choosing initial parameter values. Note that the
marginal distribution of X1 (or X2) does not depend on η2 and θ2 (or η1 and θ1). Based on
this observation, we propose a method for computing closed form initial values.

When X follows a Weibull distribution with the PDF as given in (2.5), then Z = logX
has an extreme-value distribution with PDF

fZ(z) =
1
σ

exp
[(

z − µ

σ

)
− exp

(
z − µ

σ

)]
, −∞ < z <∞, −∞ < µ <∞, σ > 0,

where µ and σ are location and scale parameters, respectively, with

µ =
1
η

log θ, σ =
1
η
.

It can be shown that

E(Z) = µ− γσ, Var(Z) =
π2

6
σ2,

where γ = 0.5722 (approximately) is the Euler’s constant. Using these results and relations,
by equating the population moments with corresponding sample quantities and then by trans-
forming back, we can easily work out approximate estimates for θ1, θ2, η1, and η2, as follows:

θi = exp
(
z̄i

(√
6
π
si

)−1

+ γ

)
, ηi =

(√
6
π
si

)−1

, i = 1, 2,

where zi = log(xi), z̄i = 1
n

∑n
i=1 zi, and si =

√
1

n−1

∑n
i=1(zi − z̄)2.

For the dependence parameter ρ, we choose the initial value by equating it to the
sample Pearson’s correlation coefficient estimated from the data, though it should be recalled
here that ρ is not the Pearson’s correlation coefficient for the DBW distribution. We have
observed in our Monte Carlo simulation studies that the initial choices of parameter values
obtained in this manner work quite efficiently for the numerical optimization technique to
calculate the MLEs.
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3.2. Estimators based on moments

Moment-based estimates of the parameters of the DBW distribution can be obtained
by using results from the marginal and joint distributions. Note that, from the marginal
distributions of X1 and X2, we have

(3.7) E(Xi) = θ
1/ηi

i Γ
(

1 +
1
ηi

)
, E(X2

i ) = θ
2/ηi

i Γ
(

1 +
2
ηi

)
, i = 1, 2.

Suppose we have observed data as n pairs (x1j , x2j), j = 1, ..., n. Using (3.7), based on the
observed data, we form the following equations, for i = 1, 2:

1
n

n∑
j=1

xij = θ
1/ηi

i Γ
(

1 +
1
ηi

)
,(3.8)

1
n

n∑
j=1

x2
ij = θ

2/ηi

i Γ
(

1 +
2
ηi

)
,(3.9)

which readily give

(3.10)
Γ
(
1 + 2

ηi

){
Γ
(
1 + 1

ηi

)}2 =
1
n

∑n
j=1 x

2
ij

x2
i

,

where xi = 1
n

∑n
j=1 xij . A moment-based estimator of ηi, say η̃i, can be obtained by nu-

merically solving (3.10). Then, from (3.8), a moment-based estimator of θi, say θ̃i, can be
obtained as

(3.11) θ̃i =
[

xi

Γ(1 + 1
eηi

)

]
eηi

, i = 1, 2.

Now, note that when (X1,X2)∼DBW(η1, θ1, η2, θ2, ρ), we have (Y1,Y2)∼DBE(θ1, θ2, ρ),
where Yi = Xηi

i , for i = 1, 2. A closed form expression for the moment µ′r1,r2
= E(Xr1

1 X
r2
2 )

of the (r1, r2)-th order of the DBE(θ1, θ2, ρ) distribution can be obtained from Al-Saadi et al.

(1979) as

µ′r1,r2
= r1! r2! θr1

1 θr2
2

r2∑
j=0

(
r2
j

)(
r1 + r2 − j

r1

)
ρr2−j(1− ρ)j ,

from which it follows that

(3.12) µ′1,1 = (1 + ρ) θ1θ2.

Al-Saadi and Young (1980) proposed moment-estimators for the parameters of the Downton’s
bivariate exponential (DBE) distribution based on this result. Balakrishnan and Ng (2001)
proposed methods for improving estimates of ρ for the DBE distribution through resampling
schemes. For the DBW(η1, θ1, η2, θ2, ρ) distribution, using the data (x1j , x2j), j = 1, ..., n,
and using (3.12), we define

(3.13) R =

∑n
j=1 y1j y2j

n θ̃1 θ̃2
− 1,
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where Yi = Xηi
i , i = 1, 2, and θ̃1 and θ̃2 are as given in (3.11). Finally, a moment-based

estimator for ρ can be proposed as

ρ̃ =


0, if R < 0,
R, if 0 ≤ R < 1,
1, if R ≥ 1.

(3.14)

The process described above can be organized in the form of an algorithm to compute the
moment-based estimators θ̃1, θ̃2, η̃1, η̃2, and ρ̃, using the data (x1j , x2j), j = 1, ..., n as follows:

Algorithm 2:

Step 1: Obtain η̃i, i = 1, 2, by numerically solving (3.10).

Step 2: Obtain θ̃i, i = 1, 2, from (3.11).

Step 3: Transform the data into (y1j , y2j), where yij = xeηi
ij , i = 1, 2, j = 1, ..., n.

Step 4: Based on the transformed data (y1j , y2j), obtain ρ̃ from (3.14).

Note that the moment-based estimates of parameters may be used as initial values for
numerical computation of the MLEs.

3.3. Numerical experiments: Monte Carlo simulations

To examine performance of the MLEs η̂1, θ̂1, η̂2, θ̂2, and ρ̂, and the asymptotic confidence
intervals, extensive Monte Carlo simulations are carried out by using the R software (2023).
For generating observations from the DBW distribution, the Algorithm 1 in Section 2.2 is
followed.

The scale parameters θ1 and θ2 are fixed at unity, without any loss of generality. Dif-
ferent values of the shape parameters η1 and η2, and the dependence parameter ρ are used.
The values of η1 and η2 are set at 0.50, 0.75, 1.00, and 1.25; ρ is taken as 0.25 (small), 0.5
(moderate), and 0.75 (high). Finally, all these settings are repeated for three different sample
sizes: 20, 40, and 100. The detailed results of this detailed Monte Carlo simulation study
are presented in the online supplementary materials of this paper in which we report bias
and mean squared error (MSE) of the MLEs. Coverage probability of the asymptotic 95%
confidence intervals are also reported.

It may be noted that the bias and MSE of the MLEs of all the parameters are quite
reasonable. Clearly, as one would expect, the bias and MSE decrease with increasing sample
size. The coverage probability of the confidence intervals for all parameters are reasonably
close to the nominal level of 95%, and as expected, they improve with increasing sample size.
The coverage probability of the confidence interval for ρ when ρ = 0.25 in smaller samples
(n = 20, 40) is somewhat less than the nominal level, but for larger samples (n = 75, 100) it
improves, and gets closer to the nominal level. Overall, the simulation results reflect that the
MLEs are reasonably close to the true parameter values for a very wide range of simulation
settings.
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For the accuracy of the asymptotic confidence intervals, an important factor of the
asymptotic normality of the MLEs. Here, we present histograms of the MLEs corresponding
to one of the simulation settings in Figure 4. As pointed out by one of the reviewers, the
asymptotic normality of the MLE of the parameter ρ can be questionable, especially when the
true value of ρ is close to 0 and 1. To address this issue, suitable transformations of the MLEs
may be considered. We optimized the likelihood function on a different scale transforming
the parameters, to avoid any such problem. Natural logarithm transformation was considered
for θ1, θ2, η1, and η2, and logit transformation was considered for ρ. The histograms of the
transformed estimates are given in Figure 5. Similar results are obtained for all simulation
settings considered.
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Figure 4: Histogram of the MLEs based on complete data when η1 = η2 = 1, θ1 = θ2 = 1, ρ = 0.5.
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Figure 5: Histogram of the transformed MLEs based on complete data when η1 = η2 = 1, θ1 = θ2 = 1,
ρ = 0.5.
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4. INFERENCE BASED ON RIGHT-CENSORED DATA

4.1. Maximum likelihood estimation

In reliability experiments, right-censoring, and by that we mean Type-I right censoring,
is perhaps the most common among different censoring mechanisms. For the univariate case,
it may be described as follows. In the right-censoring scheme, units under study are followed
up to a pre-fixed time-point, often called the right-censoring point. The units which are still
in working condition at this point, are called the right-censored units. The data on lifetimes
obtained from such a study are then a mixture of observed failures and right censored lifetimes.
Inferential procedures based on univariate data with right-censoring have been developed by
several authors; see for example Meeker and Escobar (1998).

For bivariate lifetime data, naturally the right-censoring model needs to consider cen-
soring on both components of the lifetime vector. We consider the following model for right-
censoring in the bivariate case. First, assume that all the n units under study are followed
starting from a common time point, say τ , and are followed until a pre-fixed time point,
say T ; the endpoint T is assumed to be common to both components of the lifetime vec-
tor (X1, X2) for each unit (though this assumption can be relaxed without complications).
At the end of the study, there are four possibilities for each unit:

(a) failure with respect to both components X1 and X2;
(b) failure with respect to X1, but X2 is right censored at T ;
(c) failure with respect to X2, but X1 is right censored at T ;
(d) both components are right-censored at T .

We assume non-informative censoring, i.e., the censoring mechanism is assumed to be inde-
pendent of the lifetimes.

We can now construct the likelihood function for right-censored data. Let ∆1 and ∆2

denote indicators of censoring of a unit with corresponding to X1 and X2, respectively, i.e.,
for i = 1, 2,

∆i =

{
0, if Xi > T − τ,

1, otherwise.

Let Sobs, S1, and S2, and Scen denote index sets such that

Sobs =
{
j : ∆1j = 1, ∆2j = 1

}
, S1 =

{
j : ∆1j = 1, ∆2j = 0

}
,

S2 =
{
i : ∆1j = 0, ∆2j = 1

}
, Scen =

{
i : ∆1j = 0, ∆2j = 0

}
.

Then the observed likelihood function for bivariate right-censored lifetime data is given by

L(ω) =
∏

j∈Sobs

fX1,X2(x1j , x2j) ×
∏
j∈S1

fX1(x1j)
[
1− FX2|X1=x1j

(T − τ)
]

×
∏
j∈S2

fX2(x2j)
[
1− FX1|X2=x2j

(T − τ)
]
×

∏
j∈Scen

SX1,X2(T − τ, T − τ).(4.1)
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To further generalize the right-censoring model, consider the case where different units
may start from different time points. For the j-th unit that starts from τj , the right-censoring
time Cj is defined as the length of its life up to the fixed right censoring point T , and in that
case, its observed lifetime corresponding to the two components X1 and X2 may be defined
as

Z1j = Min(X1j , Cj), Z2j = Min(X2j , Cj).

The likelihood function can then be generalized as

L(ω) =
n∏

j=1

{
fX1,X2(z1j , z2j)

}∆1j∆2j
{
fX1(z1j)

[
1− FX2|X1=z1j

(Cj)
]}∆1j(1−∆2j)

×
{
fX2(z2j)

[
1− FX1|X2=z2j

(Cj)
]}(1−∆1j)∆2j

{
SX1,X2(Cj , Cj)

}(1−∆1j)(1−∆2j)
.(4.2)

It is quite clear that explicit, closed-form MLE of the parameters ω̂ = (η̂1, θ̂1, η̂2, θ̂2, ρ̂) cannot
be obtained by optimizing (4.1) or (4.2); numerical techniques must be employed to compute
the MLEs. Asymptotic confidence intervals for the parameters may be constructed by using
asymptotic variance-covariance matrix which is possible to obtain through the observed Fisher
information matrix, in a similar fashion as discussed in Section 3. It is of importance to
mention here that when all the observations are right-censored, i.e., ∆1i = 0 and ∆2i = 0 for
all i, the likelihood estimates do not converge. In statistical analysis of reliability data, this is
a quite common issue that occurs due to insufficiency of the available information regarding
the underlying lifetime distribution in case of no observed failures.

4.2. Numerical experiments: Monte Carlo simulations

Detailed Monte Carlo simulations by using the R software are performed to assess
the performance of the MLEs of the DBW distribution based on right-censored data. The
bias and mean squared error (MSE) of the point estimates, and coverage probability of the
asymptotic confidence intervals are estimated through simulations.

Three different sample sizes are used: n = 20 (small), 40 (moderate), and 100 (large).
The scale parameters θ1 and θ2 are taken to be unity, without loss of generality. Three
different values, namely, 0.75, 1.00, and 1.25 are used for the shape parameters η1 and η2.
The dependence parameter ρ is fixed at 0.25 (moderate) and 0.75 (high). These settings are
used along with different right-censoring rates. The detailed simulation results are provided
in the online supplementary materials of this paper.

It is observed that bias and MSE of the MLEs in case of right-censored data are quite
reasonable throughout, demonstrating expected trend of reducing with increasing sample
size. The coverage probability of the confidence intervals for all parameters η1, θ1, η2, and
θ2 are very close to the nominal level of 95%. The coverage probability of the confidence
intervals for ρ is occasionally (e.g., when true value of ρ is 0.25) away from the nominal
level of 95% for smaller sample sizes (n = 20), but it gradually improves with increase in
sample size, and gets very close to the nominal level of 95% for larger sample size (n = 100).
In summary, it may be concluded that the MLEs of parameters of the DBW distribution
based on right-censored data are quite efficient in estimating the true parameters for a wide
range of simulation settings.
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In this case of time-censored data also, like the case with complete data, we optimized
the likelihood function on transformed scale of the parameters. We provide histograms of the
MLEs based on time-censored data, on the original scale as well as transformed scale, for one
of the simulation settings in Figures 6 and 7. This demonstrates asymptotic normality of the
MLEs.
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Figure 6: Histogram of the MLEs based on censored data when η1 = η2 = 1, θ1 = θ2 = 1, ρ = 0.5.
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Figure 7: Histogram of the transformed MLEs based on censored data when η1 = η2 = 1, θ1 = θ2 = 1,
ρ= 0.5.

5. APPLICATION TO A TWO-DIMENSIONAL WARRANTY MODEL

Several products such as automobiles, industry equipments, and heavy duty machines
are sold under a two-dimensional warranty. For such products, their age as well as usage
information are used to evaluate a warranty claim (Jung and Bai, 2007). For example, a
manufacturer may sell a car under a warranty of 5 years or 50,000 kilometers.
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Naturally, a bivariate distributional model will be suitable for analysing reliability data
with a two-dimensional warranty. Jung and Bai (2007) proposed a model for analysing two-
dimensional warranty data. Motivated by the work of Jung and Bai (2007), here we propose
a methodology to model two-dimensional warranty data by using a bivariate distribution.
Our methodology generalizes the method proposed by Jung and Bai (2007) by using more
information while estimating the underlying bivariate distribution in terms of different status
of failures of units sold under two-dimensional warranty.

Consider a product with two measurable quantities with respect to a two-dimensional
warranty; let the random variables U and V denote these measurable quantities (for example,
age and mileage of a car, respectively). Suppose the product is sold under a two-dimensional
warranty (ψ, ξ); that is, a failure is considered to be within warranty when (U, V ) ∈ ψ ~ ξ,
where

ψ ~ ξ =
{

(u, v) : 0 ≤ u ≤ ψ, 0 ≤ v ≤ ξ
}
.

Suppose U and V follow a bivariate distribution with CDF FU,V (u, v;ω) with corre-
sponding PDF fU,V (u, v;ω), where ω is the vector of relevant model parameters. Our aim is
to estimate the distribution FU,V (u, v;ω) based on field-failure data of the product, so that
relevant probabilities for the two-dimensional warranty can be estimated from F̂U,V (u, v; ω̂).

Consider n units of the concerned product that are sold at a common time (Ustart, Vstart)
= (0, 0), under a two-dimensional warranty (ψ, ξ). Further assume that the manufacturer ob-
serves the status of the units at (Uend, Vend) = (ψ, ξ). For each unit, there are four possibilities
at this stage:

(a) failure within the warranty region, i.e., (u,v) ∈ ψ~ξ — in this case its contribution
to the likelihood function would be fU,V (u, v);

(b) warranty expired with respect to U , but not with respect to V , i.e., U > ψ and
0 ≤ V ≤ ξ — in this case, its contribution to the likelihood function would be
fU (u) [1− FV |U=u(ξ)];

(c) warranty expired with respect to V , but not with respect to U , i.e., 0 ≤ U ≤ ψ

and V > ξ — in this case its contribution to the likelihood function would be
fV (v) [1− FU |V =v(ψ)];

(d) warranty expired with respect to both U and V , i.e., U > ψ and V > ξ — in
this case its contribution to the likelihood function would be SU,V (ψ, ξ), where
S(U,V )(·, ·) is the joint survival function of (U, V ).

Clearly, in cases (b), (c), and (d) above, at least one of the random variables is right-
censored. Analysing product field-failure data under two-dimensional warranty is particularly
challenging due to the right censored observations. Considering contributions of the n units
under study according to their status with respect to (a), (b), (c), and (d), the likelihood
function for field-failure data under two-dimensional warranty is given by

L(ω) =
n∏

i=1

{
fU,V (ui, vi)

}∆1i∆2i
{
fU (ui)

[
1− FV |U=ui

(ξ)
]}∆1i(1−∆2i)

×
{
fV (vi)

[
1− FU |V =vi

(ψ)
]}(1−∆1i)∆2i

{
SU,V (ψ, ξ)

}(1−∆1i)(1−∆2i)
,(5.1)

where

∆1 =

{
0, if U > ψ,

1, otherwise,
and ∆2 =

{
0, if V > ξ,

1, otherwise.
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It can be seen immediately that the likelihood in (5.1) follows from the general right-censored
likelihood in (4.2). The likelihood in (5.1) can be maximized using numerical approach to
obtain the MLE ω̂. Then, using ω̂, it is straightforward to estimate probabilities such as
F̂U,V (ψ, ξ; ω̂), i.e., the probability of a unit failing within the warranty region.

As the DBW distribution is a flexible model with Weibull marginals, it can accommo-
date a wide range of lifetime data, successfully capturing non-constant marginal hazard rates
as well the dependence between the components. Therefore, we propose to model the joint
distribution of U and V by the DBW distribution. When

(U, V ) ∼ DBW(η1, θ1, η2, θ2, ρ),

plugging-in the joint PDF, conditional CDFs, and joint survival function of the distribution in
(5.1), we can estimate the parameters by the MLE ω̂ = (η̂1, θ̂1, η̂2, θ̂2, ρ̂). Then, the probability
of a unit failing within the warranty region is given by

F̂U,V (ψ, ξ; ω̂) = 1− exp
(
−ψ

bη1

θ̂1

)
Q1

√
2

1− ρ̂

ξ bη2/2√
θ̂2

,

√
2ρ̂

1− ρ̂

ψ bη1/2√
θ̂1


− exp

(
−ξ

bη2

θ̂2

) 1−Q1

√
2ρ̂

1− ρ̂

ξ bη2/2√
θ̂2

,

√
2

1− ρ̂

ψ bη1/2√
θ̂1

.(5.2)

An illustrative example of this warranty model is given in Section 6.1.

6. CASE STUDIES

In this section, we provide analyses of two real datasets. The first example is based on
the car warranty data of Jung and Bai (2007). The second example is based on a general
bivariate data on bone mineral density, originally from Johnson and Wichern (1999). The car
warranty data demonstrates the use of the DBW distribution for reliability data, including
its application in the two-dimensional warranty model discussed above. The the bone mineral
density data is not a lifetime data as such, we present analysis of this data to demonstrate
the versatility of the DBW distribution in modelling different types of data.

6.1. Real Data 1: Car warranty data

The car warranty dataset, analysed by Jung and Bai (2007), and Yuan (2016), contains
data on age and mileage of 40 cars. Age and mileage of a car are two measurable quantities
to assess its lifetime. Yuan (2016) analysed this data to obtain generalized moment estimates
of a bivariate Weibull distribution, while Jung and Bai (2007) considered a two-dimensional
warranty model.
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Suppose U and V are the age and mileage of a car, respectively. In Figure 8, a scat-
terplot of U and V is given. It is clear from this scatterplot that age and mileage are highly
correlated, which suggests that a bivariate distribution that captures the dependence between
them will be suitable to model the car warranty data.

Figure 8: Scatterplot of Age (X1) and Mileage (X2) of cars for the car warranty data.

An option is to use the DBE distribution for this data. However, to observe that the
marginal distributions of age and mileage have non-constant hazard rates, see Figure 9. From
this plot, it is clear that the DBE distribution will not be suitable for the car warranty data,
as the marginal distributions of U and V cannot be modelled by exponential distributions.

Figure 9: Plot of hazard functions for the marginal distributions for the car warranty data:
car age (left), and car mileage (right).
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Therefore, to accommodate the non-constant marginal hazards rates, we model the car war-
ranty data by the DBW distribution, where the marginals are Weibull distributions. It may
be noted here that Jung and Bai (2007) also provided justification for using the Weibull dis-
tribution as the marginal models for age and mileage in the car warranty data; though their
bivariate model for age and mileage was not the DBW distribution.

The warranty data contains complete observations on U and V . However, for illustrative
purposes, here we artificially impose right censoring to analyse the data; see the results
presented in Table 1. Note that for greater amount of right-censored units, the confidence
intervals of the parameters are wider, implying larger standard errors. Naturally, this implies
that the estimates are relatively more reliable for smaller right censoring percentages, as
expected. The MLEs can be used further to compute suitable probabilities from the estimated
model. Table 1 also gives the estimated probabilities for units to fail within the warranty
region, for different two-dimensional warranty schemes: (ψ, ξ) = (0.5, 0.5), (1,1), (2,2). It is,
of course, possible to use different values for ψ and ξ, for example, (ψ, ξ) = (1,2) etc. for real
life applications.

Table 1: MLEs and asymptotic confidence intervals of parameters of
the DBW model based on Warranty Data for different right-
censoring points.

Right-censoring
Parameter MLE

Asymptotic
bFU,V (ψ, ξ)

Point 95% CI

θ1 3.909 (2.218, 6.891)
θ2 2.679 (1.573, 4.562)

(0.5,0.5) η1 0.428 (0.258, 0.710) bFU,V (0.5, 0.5) = 0.250
η2 0.379 (0.232, 0.620)
ρ 0.993 (0.983, 0.998)

θ1 2.537 (1.597, 4.032)
θ2 1.579 (1.049, 2.376)

(1,1) η1 0.404 (0.254, 0.642) bFU,V (1, 1) = 0.469
η2 0.414 (0.271, 0.632)
ρ 0.991 (0.977, 0.996)

θ1 1.778 (1.213, 2.609)
θ2 0.952 (0.695, 1.304)

(2,2) η1 0.719 (0.550, 0.941) bFU,V (2, 2; bω) = 0.763
η2 0.716 (0.546, 0.940)
ρ 0.985 (0.973, 0.992)

6.2. Real Data 2: Bone mineral density data

The bone mineral density data from Johnson and Wichern (1999) consists of mea-
surements on bone mineral density (BMD) in the unit g/cm2 for 24 adults. Within each
observation, the first value (X1) represents the BMD of the bone dominant radius before the
start of the study, and the second value (X2) represents the BMD of the bone after the study.
A scatterplot of the observed data indicates that the two variables are highly correlated.
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Figure 10: Plot of BMD before and after study.

Assuming DBW distribution for (X1, X2), we obtain the MLEs of the model parameters
based on the given BMD data; Table 2 gives the results. We also calculate asymptotic 95%
confidence intervals for the parameters.

Table 2: Estimates of parameters of the DBW model based on the BMD data.

Parameter Estimate 95% CI

θ1 0.407 (0.265, 0.623)
θ2 0.372 (0.236, 0.586)
η1 7.026 (5.427, 9.096)
η2 8.100 (5.846,11.222)
ρ 0.935 (0.860, 0.972)

To check if the model fit is reasonable, in Figure 11 we plot the estimated Weibull
survival function Ŝ(t) = exp

{
−

(
tη̂

θ̂

)}
against the empirical survival function, evaluated at

the ordered observed values, separately forX1 andX2. Noting that the plotted points roughly
form a straight line which indicates that the estimated values of the survival function are in
agreement, we conclude that the model fit is reasonable.

Finally, we can compare the suitability of the DBW model with other bivariate models
available in the literature. For this purpose, here we consider the Marshall–Olkin bivariate
Weibull (MOBW) distribution which was proposed by Marshall and Olkin as an extension of a
bivariate exponential distribution that is now known as Marshall–Olkin bivariate exponential
(MOBE) distribution (Marshall and Olkin, 1967). For the DBW and MOBW models, we
calculate the Akaike’s Information Criterion (AIC), and compare the values; the model with
the lower AIC value would be more suitable for a given data. For the bone mineral density
data, we obtain AICDBW = −103.297, and AICMOBW = −55.457. This suggests that the
DBW distribution is a more suitable model for the bone mineral density data.
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Figure 11: Plot of empirical survival function and Weibull survival function
for the marginal distributions at the ordered observations with
estimates parameters for X1 (left) and X2 (right).

7. CONCLUSION

In this article, a bivariate Weibull distribution, which we call the Downton’s bivariate
Weibull (DBW) distribution, is considered. Important statistical properties of the DBW
distribution are studied. Then, inferences based on complete, and right-censored bivariate
data are discussed for this distribution. Through extensive Monte Carlo simulation studies,
it is observed that the point and interval estimates of the parameters of this distribution
perform quite well — for both complete as well as right-censored data. A two-dimensional
warranty model is discussed, and the application of the DBW distribution in the warranty
model is considered. For illustrative purposes, two case studies based on real datasets are
provided.

The DBW distribution has desirable statistical properties. It is quite flexible for mod-
elling purposes, and it computationally convenient. It successfully captures the dependence
between the components of a lifetime vector. In particular, the DBW distribution is very use-
ful in modelling bivariate lifetime data when the marginal distributions indicate non-constant
hazard rates. Based on our explorations presented in this paper, we strongly recommend its
use in real life, particularly to model bivariate reliability data.
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1. INTRODUCTION

Recent advances in computer science and engineering enable scientists to collect and
store datasets, typically characterized by high dimensionality. Such data sets, also referred
to as Big Data, consist of numerous measured variables, the successful process of which
aim to provide production of accurate predictions, informative visualizations and foremost,
the in-depth understanding of the underlying patterns and relations between the variables
of a dataset. However, the complexity of Big Data raises new challenges in their effective
handling. The mitigation of noise accumulation and multicollinearity are two of the most
common obstacles that the researcher is called upon to address and resolve. By noise, it is
meant the part of data that brings insignificant information, while the term multicollinearity
is used to describe the existence of high intercorrelations between variables. Further, in many
cases, scientists have to deal with the existence of a small number of available observations
compared with the larger number of measured variables, a situation referred as“small n, large
p problem” (Ntotsis et al., 2021).

Therefore, Dimensionality Reduction Techniques, hereafter DRT, have been developed
and utilized to overcome these potential situations that can severely effect the modelling pro-
cess when analyzing Big Data. DRT are defined as techniques that process high-dimensional
datasets to produce representations of lower dimension, that retain as much as possible in-
formation from the original ones. Dimensionality reduction is used in statistical tasks that
serve various purposes, such as classification, linear regression, etc, and it can be achieved
either by feature selection or by feature extraction.

Any technique that selects and subsets a number of the initial variables that are con-
sidered statistically significant, and formulates a new dataset containing only these ones can
be characterized as feature selection. By this process, variables’ interpretation is preserved.
Nevertheless, despite the advantage of interpretability, information captured in interactions
and correlations between retained and removed variables is lost (Li and Zeng, 2009). Some
of the most frequently used feature selection techniques, based either on wrapper methods
(e.g. Forward Feature Selection, Backward Feature Elimination), or either on regularization
methods (e.g. Least Absolute Shrinkage and Selection Operator). On the contrary, in feature
extraction the produced data set is consisted of transformed variables and each variable is
considered as a combination of all the initial ones, that project data points to a low dimen-
sional space. These transformations are called components and they summarize information
of initial variables by using them to form linear combinations. Although, in this case the inter-
pretability of the initial variables is lost, feature extraction methods are very popular because
they effectively replace initial variables by a few components that compress the relevant in-
formation contained in the data and make visualizations feasible. Among the most popular
feature extraction techniques are Partial Least Squares Method (PLS), Principal Compo-
nent Analysis (PCA), and Linear Discriminant Analysis (LDA) and Canonical Correlation
Analysis (CCA).

Despite their different approach, both types of dimensionality reduction techniques can
successfully mitigate noise accumulation and multicollinearity. Further, analysis of data of re-
duced complexity leads to models with improved accuracy/precision generated with less com-
putational power and time, due to the parsimonious descriptions of the available observations.
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As a result, their implementation in Big Data is substantial and the increased scientific in-
terest about them has resulted in the proposal of various techniques.

In this article we attempt to evaluate the proficiency of a multilevel dimension reduction
scheme: In the first place we estimate the regression coefficients of original variables utilizing
PLS method. Combining testing thresholds and model assessment criteria, we are able to
identify and remove uninformative variables for the modelling of response variable. Further,
the dimension reduction is completed with the integration of Partial Least Squares Regression
on the modified reduced data set. The efficiency of the proposed algorithm is investigated
through the implementation of Principal Component Regression (PCR) on the reduced data
set, independently from PLS, to compare the performance of the resulted models, in terms
of AIC, Adjusted R2 value and RMSECV information criteria.

In the past, many researchers have modified PLS and proposed refinements of the
classical algorithm in order to achieve optimized results. Moving window partial least squares
regression (MWPLS; Jiang et al., 2002), group partial least squares (gPLS; Liquet et al.,
2016), sparse partial least squares (sPLS; Chung and Keles et al., 2010, and Lê Cao et al.,
2008) and sparse group partial least squares (sgPLS; Liquet et al., 2016) are among these
attempts. In our proposal, the main idea is based on the fact that in linear regression those
variables which are strongly related with the outcome and valuable for its prediction are
associated with a large PLS regression (PLSR) coefficient (Wold et al., 2001).

In Section 2 the basics of PCA is presented while Section 3 discuss the proposed feature
selection PLS (FS-PLS) method. Some model assessment criteria are provided in Section 4.
The application of FS-PLS and its comparison with PCA and PLS for the univariate and
multivariate case is provided in Section 5. The paper ends with the concluding remarks and
possible future expansions of this work.

2. PRINCIPAL COMPONENT ANALYSIS

Principal Components Analysis (PCA) is one of the most widespread dimensionality
reduction techniques. It is a multivariate feature extraction method through which it is
achieved the transformation of a data matrix X into a low dimension matrix. The newly
generated matrix contains the principal components, i.e. the transformed variables of X

matrix, that have been generated as linear combinations of the original variables. These
components have the following desirable properties: they are uncorrelated and their number
is significantly reduced compared to the corresponding number of the initial matrix. Thus,
due to the construction algorithm, they summary the majority of the initial information
discharged by noise.

Geometrically, through PCA data points are projected onto a low dimension space, the
coordinate system of which is oriented in the directions of maximized variance of data points,
the directions of Principal Components. The vectors containing the weights of the original
variables in the linear combinations that define these directions are called loadings, while the
coordinates of the available observations in the new space are called scores.
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Making use of these quantities, an X matrix of size n×p can be written as:

X = TmP ᵀ
m + E,

where T , P , E are correspondingly the matrices of scores, loadings and residual errors. The
latter expresses the information that is lost through this analysis and it is the cost of the
dimensionality reduction process. The index m indicates the dimension of the new space
— it is the number of selected Principal Components and it is defined by the analyst.

Finally, the Principal Component Analysis of the original matrix is:

X = TmP ᵀ
m.

This representation is an approximation of the initial matrix and can be used for modelling.

2.1. Construction algorithm

The main elements of PCA are scores and loadings matrices and they can be computed
based on the Eigen-decomposition of either covariance matrix or correlation matrix of the
initial variables (Ntotsis and Karagrigoriou, 2021).

Covariance matrix is used when all variables in X express the same measurement unit.
In opposite case, correlation matrix is used, since correlation is independent from the scale of
the variables. Regardless of the selected matrix, data standardization is highly recommended
in the presence of extreme multicollinearity. It is achieved by replacing each xij element in
X matrix by:

xij − x̄j

sj
,

where sj indicates the standard deviation of the j-th variable.

The selection and computation of the selected matrix is followed by the computation
of its eigenvectors and its eigenvalues (λi). The latter are ordered and based on them, the
determination of the number of the retained PCs (m) in the model is possible according to:

• Cumulative Percentage of total variation: The inclusion of PCs is interrupted when
the first m of them achieve to absorb 80%–90% of total variation of X. The cumu-
lative percentage of the PCs variation is computed by:

m∑
j=1

qj = 100

∑m
j=1 λj∑p
j=1 λj

.

• Kaiser’s rule: According to this rule the dimension of the summarized matrix is
equal to the number of eigenvalues that are larger than one.

• The scree graph: This graph illustrate the rank of eigenvalues against their value.
Usually, the curve that connects the points forms an elbow-like shape, with the rank
of the point located on its angle indicate the dimension of the new matrix.
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The formation of the p×m loadings matrix P follows, which consists of the eigenvectors
that correspond to the greatest m eigenvalues, set as columns. This matrix is useful for the
computation of the matrix T , the matrix of Principal Components through the formula:

T = XP,

where they constitute its columns, and they can be used in linear regression tasks according
to the following schema (Wehrens, 2011):

Y = XB + E = (TP ᵀ)B + E′ = T (P ᵀB) + E′ = TA + E′,

where A matrix indicates the regression coefficients of components and they arise with the
use of Ordinary Least Squares Method:

A = (T ᵀT )−1T ᵀY.

These coefficients can be transformed to coefficients of the original variables:

B = PA = P (T ᵀT )−1T ᵀY.

3. FEATURE SELECTION PARTIAL LEAST SQUARES (FS-PLS)

The FS-PLS procedure can be considered as an expansion of the original Partial Least
Squares Method (PLS). Thus, its definition arises through PLS. The PLS is a dimension
reduction technique that achieves feature extraction. It is quite popular in chemistry or
chemometrics due to high correlations frequently encountered among variables in those fields.
It shares a common approach with PCA: via its algorithm, few new uncorrelated variables
that summarize the information in X matrix are produced. They are called latent variables
and they arise as linear combinations of the initial ones. The difference in this approach is
that these variables aim to summarize information that is directly related to the response
variables in a regression problem. To accomplish this, both X and Y matrices are being
analyzed through an iterative procedure that generates latent variables (LV) oriented in the
direction that maximizes the covariance between the involved matrices. On the contrary,
PCA focuses on the explanation of the variability in X matrix independently from Y , an
approach that can result in loss of information, that could be proved valuable for prediction
purposes. Furthermore, another difference between the two methods is that PLS disposes of
a variation, that makes feasible the simultaneous modelling of multiple response variables,
where the intercorrelations among them are considered. Instead, PCA runs regression steps
multiple times to model multiple responses. PLS is often considered more appropriate than
PCA in cases with small sample sizes, multicollinearity and missing data.

From a geometrical point of view, similarly to PCA, X but here also Y data are
projected to low dimensional spaces defined by the latent variables. Making use of the scores
and loadings of the observations in the new spaces, an X data matrix of size n×p and a
Y data matrix of size n×k can be written as:

X = TmP ᵀ
m + E,

Y = UmQᵀ
m + F,
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where T and U are score matrices, P and Q are loading matrices and E and F are matrices
representing the information loss. The index m expresses the dimension of the new space
and it is determined by the analyst. Eventually, the summarized approximation of the initial
X matrix through PLS is:

X = TmP ᵀ
m

and it can be used in linear regression.

3.1. Construction algorithm

The construction of a PLS model can be completed by a number of relative algorithms.
In this article we use the Nonlinear Iterative Partial Least Squares algorithm (NIPALS),
which was proposed by Wold et al. (2001).

According to the NIPALS algorithm (De Jong, 1993), a PLS model can be produced by
a process in every iteration of which a latent variable emerges. More specifically, initially an
X score vector (t) and a Y score vector (u) with maximized covariance are generated. Their
directions are determined by weight vectors, w and c that correspond to X and Y matrices,
respectively:

t = Xw,

u = Y c/(cᵀc).

Next the computation of a loading vector p follows:

p = Xᵀt/(tᵀt),

that is used in a deflation process of the X matrix and through which the information ex-
plained by the produced latent variable is subtracted:

Xnew = Xold − tpᵀ.

This deflated matrix is then used in the next iteration of the algorithm for obtaining a new
latent variable.

The procedure of emerging new variables is terminated based on the indications of
model selection criteria. The computation of their values follows the implementation of the
regression step, demonstrating that in PLS dimension reduction and regression run simul-
taneously. The scheme in Partial Least Squares Regression (PLSR) is identical to Principal
Component Regression (PCR):

Y = XB + E = (TP ᵀ)B + E′ = T (P ᵀB) + E′ = TA + E′,

where
A = (T ᵀT )−1T ᵀY.

Here, T and P matrices are formed by the apposition of the output scores vectors (t) and
loading vectors (p) as columns, respectively. The i-th column in A matrix contains the
regression coefficients for the i-th response variable in Y matrix. These coefficients refer to
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the extracted latent variables, although the reference to the original variables is attainable
by the formula:

B = RA = R(T ᵀT )−1T ᵀY.

The vectors in R matrix represent the weights of every original variable of X matrix at the
extracted latent variables, unlike the weight vectors wi that refer to the deflated matrices Xi

and their apposition forms W matrix, which is related to R:

R = W (P ᵀW )−1.

As stated before, PLS is considered to be an effective dimension reduction technique
when it comes to obtaining an optimal statistical model. However, like many similar feature
extraction techniques, we end up with a model that involves all original variables, significant,
or not. What if there was a way to take advantage of PLS algorithm in order to utilize
it as a variable selection technique? The FS-PLS is a novel approach that allows the re-
searcher to use the PLS procedure to remove non-significant variables from the original dataset
and obtain a statistically significant model with minimum dimension when PLS is applied.
FS-PLS provides a new dataset with simpler structure than the original one and still when
its implementation is compared to PLS and PCA, the model arises from FS-PLS is more
efficient than the corresponding models of PLS and PCA. This “superiority” is due to the
fact that the constructed model of FS-PLS is easier to interpret since all irrelevant variables
have been removed.

The beta coefficients (β) that emerge from the PLSR in conjunction with the number
of selected latent variables can be seen as a general rule of thumb for disregarding variables
from a dataset. We propose the following rule to determine if a variable is significant:

Let us assume a model with Xj , j = 1, ...,m, independent variables and let v be the
number of latent variables that have been selected as optimal from the PLS regression of
the aforementioned model. Let us also assume that βv

j being the corresponding coefficient of
Xj variable in the v-latent variable (each latent contains all original variables). Now, let us
define equation (3.1) as follows:

(3.1) |βv
j | ≤ c,

where c ∈
[
0.05, |max{βv

j }/2|
)

is a pre-determined non-negative value close to zero and
|max{βv

j }| is the maximum (absolute) value that exists in the coefficient matrix of the se-
lected v latent variables. If (3.1) is satisfied for the j-th variable, i.e. |β1

j | ≤ c, and |β2
j | ≤ c, ...

and |βv
j | ≤ c, then this variable can be labelled as non-significant. By integrating this β-based

constraint in the PLS regression, it is feasible to discard the insignificant variables and still
maintain a robust model. A fixed value c is expected to complement effectively all other
aspects (purpose of the study, researcher’s judgement, etc.) of the decision-making process.
In that sense, it can be considered as a rule of thumb and is in the judgement of the researcher
which value of c is the one that results the optimal PLS model without underfitting or overfit-
ting the model under consideration. We recommend a step procedure of 0.05 units (i.e. 0.05,
0.10, 0.15, etc.) until model underfitting is observed based on the model selection criteria.

The FS-PLS algorithm consists of a two level implementation of the PLSR algorithm.
Initially, PLS method is applied on the original dataset and the regression coefficients of the
original variables are estimated with the use of models consisted of up to three latent variables.
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Those variables with absolute values of regression coefficients lower than the testing threshold
in all three models are considered insignificant for the prediction of response variable and
they are removed from the dataset. This distinction between the variables is followed by
the application of Partial Least Squares Regression to generate predictive models. Their
competency is evaluated based on information criteria, such as AIC, Adjusted R2 (R2

adj),
RMSECV and Adjusted Wold’s R criterion, that lead to the final model selection.

The following algorithm displays the proposed procedure:

Algorithm 1 — Pseudocode for FS-PLS. |
Input: A data set consisted by a n×p matrix X and a n×1 matrix Y , where each Xj

and Y column represents a variable, and a constant threshold c.
Output: A data set consisted of the minimum variables that can result in the optimal

PLS model.

Step 1: Application of PLSR on original data for the evaluation of regression coefficients.

Step 2: Usage of model selection criteria for number of optimal latent variables determi-
nation.

Step 3: Application of the constrain proposed in (3.1) for the location of the statistically
insignificant variables.

Step 4: Removal from the input dataset the variables that Step 3 indicate as insignificant.

Step 5: Repetition of Step 1 on the minimized original data.

4. MODEL ASSESSMENT

In this section we briefly discuss classical model assessment criteria for PLS and/or
PCA.

The selection of the optimal number of latent variables to retain in a PLS model is
determined on the basis of the following criteria:

• Wold’s R criterion: It is a criterion specially designed to evaluate PLSR models by
comparing the contribution of a new extracted variable with the previous one, to
the predictive ability of the model. For this purpose, cross validation technique is
involved to compute Predicted Error Sum of Squares (PRESS) statistic and R ratio
as follows (Li et al., 2002):

R =
PRESS(m + 1)

PRESS(m)
,

where m denotes the number of retained latent variables in the model. The inclusion
of the latent variable that makes R greater than one, terminates the construction
algorithm and the produce of new latent variables. The first m of them are then
included in the model.
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• Adjusted Wold’s R criterion: In this permutation of Wold’s R criterion the ratio R

is compared to the values 0.90 (R0.90
adj ) and 0.95 (R0.95

adj ) rather than 1, as in the
original version. As it has been proven in Li et al. (2002), these variations give
better results due to sample variability.

In many cases, when researchers deal with high dimensional datasets, variable selection
leads up to the construction of a PLS and/or a PCA model, in order to remove insignificant
variables in a preparatory level. As a result, the production of sets of models that differ in
the number of predictors they arise from and also differ in terms of complexity, occurs. The
selection of the optimal model can emerge from various model selection criteria (Faraway,
2002). The most frequently utilized criteria that one can use when in PCA, PLS and similar
techniques have been documented below:

• R-squared (R2) value: It expresses the percentage of the explained variability in
the response variable and it is computed by:

R2 =
∑n

i (ŷi − ȳ)2∑n
i (yi − ȳ)2

.

It varies from 0 to 1 and higher values indicate more sufficient model performance.

• Adjusted R2 value: It is a modification of R2 criterion that penalizes models of
higher complexity. It is computed by:

R2
adj = 1− (n− 1)

(n− p− 1)
(1−R2),

where n refers to the number of available observations and p to the number of
retained components.

• Akaike’s Information Criterion: This measure consider both the predictive accuracy
and the parsimony of a model to evaluate it, according to the following formula:

AICm = −2(maximum log-likelihood) + 2m,

where m is the number of the retained predictors in the model. Among the com-
parable models, the most sufficient performance is presented by the model with the
lowest AIC value.

• RMSECV: This measure involves cross validation to give an estimation of the varia-
tion/divergence of the predicted values from the true values of unseen observations,
in lack of available data that could be used as a test set. The criterion uses the
cross-validation approach and its value is computed as:

RMSECV =

√∑
j

P
i(yij−ŷij)2

Nj

k
,

where ŷij is the estimation of yij , Nj is the number of observations in the j-th fold
and k is the number of folds in cross validation procedure. Lower RMSECV values
indicate better predictive capacity of the compared models.
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By utilizing R2
adj, we aimed to assess the models’ ability to explain the variability in the

dependent variable while considering the complexity of the regression models. This metric
allows for a fair comparison between the PLS and PCA regression models, taking into account
their respective number of latent variables or principal components and potential differences
in the predictive performance. Moreover, adjusted R-squared aligns with the principle of
parsimony, which encourages the use of simpler models that explain the data effectively. The
inclusion of adjusted R-squared as one of our evaluation criteria supports the selection of
models that strike a balance between explanatory power and model complexity.

We acknowledge that R2
adj should not be the sole criterion for model evaluation, and we

have also incorporated other well-established metrics such as AIC, Wold’s R criterion, and
RMSECV. These metrics provide complementary insights into model performance, including
goodness of fit, model complexity, and prediction accuracy.

By utilizing a combination of these metrics, we aimed to provide a comprehensive
evaluation of the PLS and PCA regression models, taking into consideration various aspects
of model performance. This approach ensures a robust and thorough assessment of the models
and allows for informed comparisons between them.

To address the issue of information control in our proposed methodology, we evaluate
the same chemometrics datasets that have been extensively used in previous studies on PLS
regression. These studies, have already addressed the concern of information preservation
within PLS models. For instance, in first row of Table 1 (case where c is ‘—’), we present a
typical PLS model used as a baseline in previous works. Our goal is to simplify this model
by removing variables while maintaining its information content and robustness. To ensure
information control, we employ the Wold’s R criterion, specifically developed for evaluat-
ing PLS models. Additionally, we utilize other established metrics such as AIC, adjusted
R-squared, and RMSECV to comprehensively assess the performance of our methodology.
By incorporating these evaluation metrics and techniques, we ensure that the simplification
process retains the essential information captured by the original PLS model. This allows
us to strike a balance between model complexity and interpretability while preserving the
predictive performance of the PLS regression. It is important to note that the information
control aspect has already been addressed in the relevant literature on PLS regression, which
serves as the foundation for our work.

5. NUMERICAL APPLICATIONS

In this section the application of the FS-PLS on near infrared (NIR) spectroscopy data
is presented.

5.1. Univariate FS-PLS regression — FS-PLSR

In the first case, in the gasoline dataset, which is found in the pls package, X matrix
includes 401 diffuse reflectance measurements and Y matrix is consisted of one response vari-
able, that corresponds to the number of octanes of the total 60 observations (Kalivas, 1997).
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Due to the multicollinearity and the rate of available observations to X-variables, dimen-
sionality reduction is demanded in order to generate a linear regression model. Applying the
FS-PLS optimization, we first computed the estimators of PLS-regression coefficients of all
401 variables in models built with up to three components. Their absolute values were then
compared with predefined constant c of 0.10, 0.20, 0.25 and 0.30. The final X data matrices
contextually included only the predictive variables with absolute values of PLS-coefficients
higher than the testing threshold in one-, two- and three-component models (1LV, 2LV, and
3LV). In the next step we reapplied the PLSR method to the selected variables and the re-
sulted models were evaluated based on AIC, R2

adj, R0.90
adj , and R0.95

adj and RMSECV. Table 1
and Table 2 summarize the results.

Table 1: Information criteria values of FS-PLSR models, where Attributes
is the number of original variables.

1 LV 2 LV 3 LV 4 LV 5 LV 6 LV
c Attributes R0.90

adj R0.95
adj RMSECV

AIC R2
adj AIC R2

adj AIC R2
adj AIC R2

adj AIC R2
adj AIC R2

adj

— 401 4 4 7 203 30% 52 94% 3 97% −2 97% −25 98% −36 98%

0.10 374 4 4 7 203 30% 52 94% 4 97% −3 97% −25 98% −36 98%

0.20 307 4 4 7 203 31% 52 94% 6 97% −3 97% −24 98% −35 98%

0.25 245 4 6 6 202 31% 51 94% 9 97% −4 98% −23 98% −35 98%

0.30 217 4 4 6 202 31% 51 94% 12 97% −5 98% −22 98% −35 98%

In Table 1, the reduction in AIC values in all two-component models and the simultane-
ous increase of their R2

adj values is noteworthy. These changes strongly indicate the outstand-
ing enhancement of the corresponding models when the second component is retained in the
model. Further, the most sufficient FS-PLSR model is proposed, the four-component model,
which is based on the 0.30 testing threshold and it includes only 217 variables in X matrix,
which consist of 46% of the initial observations. This choice is established in accordance with
the adjusted Wold criterion, which is specialized to evaluate PLS models, complemented by
the high R2

adj value and the significant reduction in AIC value. It should be noted that AIC
values tend to decrease as more components are added to the model. However, the rate of
decrease is approximately fixed after the addition of the fourth component. Moreover, the
criteria values of the models that resulted from the thresholds 0.25 and 0.30 are alike, though
the latter constraint conveys to further dimensional reduction. At this point, it should be
mentioned that more restrictive thresholds were tested; they were found to lead to over-fitted
models and rejected.

The results of the PCA regression (PCR) models, generated with the datasets arising
from the aforementioned thresholds, are displayed in Table 2. As the most adequate model
is proposed the five-component model of the last threshold, since R2

adj value is close to 1
and AIC value does not change sufficiently with the addition of more components in the
model. In contradiction to the FS-PLSR models, the inclusion of the second component does
not improve the model performance in any case, while the minimization of RMSECV values
proposes much more complicated models than in FS-PLSR cases.
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Table 2: Information criteria values of PCR models.

1 LV 2 LV 3 LV 4 LV 5 LV 6 LV
c RMSECV

AIC R2
adj AIC R2

adj AIC R2
adj AIC R2

adj AIC R2
adj AIC R2

adj

— 17 213 17% 215 17% 192 43% 6 97% 6 97% 8 97%

0.10 17 213 17% 215 17% 189 46% 6 97% 6 97% 7 97%

0.20 15 213 17% 214 17% 174 58% 6 97% 5 97% 7 97%

0.25 15 213 17% 214 18% 147 73% 7 97% 5 97% 5 97%

0.30 14 213 17% 214 18% 133 79% 7 97% 5 97% 5 97%

Artigue and Smith (2019) have examined several challenges related to PCR. However,
our study specifically focuses on PLSR, which addresses a key limitation of PCR by con-
sidering both the independent and dependent variables, thereby offering a solution to the
mentioned issue which is one of the main arguments of the article.

14 E. Beki and K. Ntotsis

Figure 1: Percentage of explained variability of FS-PLSR and PCR mod-
els

5.2. Multivariate FS-PLS regression – FS-MPLSR

In the second case, the performance of the proposed FS-MPLSR optimiza-
tion over a multivariate response is investigated (the multivariate case of FS-
PLSR will be addressed by FS-MPLSR in the remaining article). In the corn
data set [4], that we processed, the Y matrix consists of four variables, -moisture,
oil, protein and starch, and X matrix includes 700 NIR spectroscopic attributes.
Note that the FS-MPLSR algorithmic procedure is similar to the FS-PLSR with
the only deference to be the number of response variables that form the latent
variables. In the multivariate case, the modelling process aims to reveal and
enable chemists to predict the moisture, oil, protein and starch content in dif-
ferent samples. In this situation, the implementation of Ordinary Least Squares
as a linear regression method would be an inappropriate choice, since the X
matrix is characterized by the existence of multicollinearity. Its mitigation is
achieved through dimensional reduction, based on the absolute values of the
FS-PLS-regression coefficients, in a similar way as in the univariate case. The
FS-MPLSR algorithm was applied on the initial dataset to estimate these values.
The computation of Adjusted Wold’s R criterion R0.90

adj led to the conclusion that
the sufficient modelling of the four Y-variables requires the inclusion of first 5,
21, 7 and 8 FS-PLS-components respectively. Based on this conclusion and the
use of testing thresholds we defined the final reduced set of predictors as the
intersection of the following four subsets:

• The first subset included the variables considered as statistically significant
for Y1. The absolute values of regression coefficients of these variables are

Figure 1: Percentage of explained variability of FS-PLSR and PCR models.

Additionally, taking into account the R2
adj criterion and the percentages of explained

variability in the models, as displayed in Figure 1, we conclude that in FS-PLSR the two-
component and three-component models can lead to reliable results, preserving the advantage
of visualization. Note that all c constrains resulted in similar explained variability and thus
only one’s results are being presented in Figure 1. These FS-PLSR models expose high R2

adj

values, while they leave unexplained a negligible percentage of the response variable. In PCR
instead, the inclusion of the first four components fails to provide a model with sufficient
performance. Finally, the comparison of these methods in terms of AIC values verifies the
predominance of FS-PLSR against PCR: all AIC values in PCR models (with up to three
components) are significantly smaller than the corresponding FS-PLSR model (Table 2).
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5.2. Multivariate FS-PLS regression — FS-MPLSR

In the second case, the performance of the proposed FS-MPLSR optimization over a
multivariate response is investigated (the multivariate case of FS-PLSR will be addressed
by FS-MPLSR in the remaining article). In the corn data set, that we processed, the
Y matrix consists of four variables, -moisture, oil, protein and starch, and X matrix in-
cludes 700 NIR spectroscopic attributes. Note that the FS-MPLSR algorithmic procedure
is similar to the FS-PLSR with the only deference to be the number of response variables
that form the latent variables. In the multivariate case, the modelling process aims to reveal
and enable chemists to predict the moisture, oil, protein and starch content in different sam-
ples. In this situation, the implementation of Ordinary Least Squares as a linear regression
method would be an inappropriate choice, since the X matrix is characterized by the exis-
tence of multicollinearity. Its mitigation is achieved through dimensional reduction, based
on the absolute values of the FS-PLS-regression coefficients, in a similar way as in the uni-
variate case. The FS-MPLSR algorithm was applied on the initial dataset to estimate these
values. The computation of Adjusted Wold’s R criterion R0.90

adj led to the conclusion that
the sufficient modelling of the four Y -variables requires the inclusion of first 5, 21, 7 and 8
FS-PLS-components respectively. Based on this conclusion and the use of testing thresholds
we defined the final reduced set of predictors as the intersection of the following four subsets:

• The first subset included the variables considered as statistically significant for Y 1.
The absolute values of regression coefficients of these variables are higher than the
tested thresholds in one- to five-component models.

• The second subset included the variables considered as statistically significant for
Y 2. The absolute values of regression coefficients of these variables are higher than
the tested thresholds in one- to twenty one-component models.

• The third subset included the variables considered as statistically significant for Y 3.
The absolute values of regression coefficients of these variables are higher than the
tested thresholds in one- to seven-component models.

• The fourth subset included the variables considered as statistically significant for
Y 4. The absolute values of regression coefficients of these variables are higher than
the tested thresholds in one- to eight-component models.

The thresholds that we tested were 2, 2.25, 2.50 and they resulted in the removal of
44, 69, and 99 variables from the original dataset, correspondingly. The new reduced data
matrices were then processed via the FS-MPLSR and PCR methods. Based on the values
of the aforementioned model selection criteria we inferred that the third threshold examined
(2.50) generated the most efficient models. Table 3 and Table 4 summarize the values. The
other options led to over-fitted or under-fitted models.

The optimum FS-MPLSR model retained twenty one components. The model complex-
ity was determined in accordance with the theory (Wold et al., 2001), which states that the FS-
MPLSR model should include every component that is found to be significant for at least one
variable of the set of responses. In this way information in Y matrix is significantly explained,
as the percentages of the explained variability are 99.95% for Y 1, 97.06% for Y 2, 99.43%
for Y 3 and 99.55% for Y 4, while the overall information of the new X matrix is utilized.
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Table 3: Information criteria values of the FS-MPLSR model
based on the remaining 601 attributes (700-99).

1 LV 2 LV 5 LV 7 LV 8 LV omitted
LV

21 LV

AIC R2
adj AIC R2

adj AIC R2
adj AIC R2

adj AIC R2
adj ··· AIC R2

adj

Y1 1 51% 2 52% −50 80% −142 96% −166 97% ··· −366 99%

Y2 −62 27% −62 27% −68 37% −87 55% −154 86% ··· −214 95%

Y3 76 17% 65 32% −35 88% −56 92% −60 92% ··· −181 99%

Y4 153 0% 145 13% 63 78% 28 88% 7 92% ··· −131 99%

Table 4: Information criteria values of the PCR model
based on the remaining 601 attributes.

1 LV 2 LV 5 LV 7 LV 8 LV omitted
LV

21 LV

AIC R2
adj AIC R2

adj AIC R2
adj AIC R2

adj AIC R2
adj ··· AIC R2

adj

Y1 1 52% 1 53% −115 93% −153 96% −151 96% ··· −371 99%

Y2 −62 27% −61 26% −69 38% −116 72% −124 76% ··· −158 88%

Y3 76 17% 74 22% 22 68% −24 86% −56 92% ··· −112 97%

Y4 153 0% 151 0% 120 44% 76 74% 52 83% ··· −47 97%

We can infer that the substantial dimensionality reduction that we achieved through the
PLS-optimization, resulted in the generation of a unique model capable to predict the four
responses at the same time, with the cost of an insignificant percentage of unexplained in-
formation. Nevertheless, a less strict consideration of the theoretical frame would yield an
eight-component model with the profit of further dimensionality reduction and with the cost
of a less accurate, but yet sufficient, prediction of Y 2 response variable.

On the contrary, the PCR method generated four individual models, one for the pre-
diction of each response variable, that needed twenty one components to capture 99.95%,
92.51%, 98.21% and 98.17% of the variability of the responses. These percentages, in com-
bination with the results of the information criteria presented in Table 3, demonstrate that
FS-MPLSR model is more adequate in all four responses.

6. CONCLUDING REMARKS

The aim of this study is to introduce PLS as a method for variable selection in a variety
of fields, including time series analysis. Although this method is commonly used in a regres-
sion analysis, it can also be implemented in various other applications such as discriminant
analysis, and hierarchical modelling. It can handle complex data sets and situations that
cannot be solved by standard methods.



The utilization of partial least squares for simultaneous feature selection and extraction 339

FS-PLS is considered optimal in evaluating more complex structures with a more realis-
tic and holistic view. It has been proved to be a non-time consuming process and statistically
efficient method with high prediction accuracy. As a recently found technique in the field,
many aspects of its underlying mechanism have recently been revealed and yet, there is no
strictly defined frame for its application. As a result, the method is considered to be very
flexible and many modifications and experimentations can be tested. In this work the uti-
lization of PLS approach was used as a variable selection criterion and by expansion as a
dimension reduction technique. The FS-PLS procedure was able to remove up to 45% and
14% of the original variables in two frequently used datasets in chemometrics, one univariate
set and one more complex multivariate one.

Although PLS is considered to be useful in small datasets, through the FS-PLS method-
ology it has been found to be useful in high-dimensional and/or big data analysis. Although,
the applications is chosen from the field of chemometrics, the applicability was quite wide
covering biology, physics, chemistry, business, and social sciences among others.

In the univariate case, the final selected model is based on only 217 predictors out of an
initial set of 401. The three-component model, which is suggested as optimum, explains the
major part of information captured in the data, while it is parsimonious, with high prediction
ability and can easily be used for visualizations. The comparison with the corresponding PCR
model, which was based on information criteria AIC, R2

adj, and RMSECV, demonstrates that
FS-PLSR model gave more sufficient results.

In the multivariate case, the problem appears to be more complicated. Initially FS-
MPLSR was implemented on the data out of necessity, due to the fact that correlations were
observed between the response variables. We estimated regression coefficients and we de-
termined the significant components for each response variable. We compared the absolute
values of the coefficients in significant components with thresholds and then, we defined four
sets of predictors, which contained the important predictors for the individual responses,
respectively. Their intersection consisted the final set of predictors for the multivariate re-
gression model. This way, in the final selected model 99 less predictors than in the initial
set were included. The simultaneous process of the response variables generated a single
regression model with AIC values lower than the individual PCR models in all four response
variables. The increased number of constructed models in the PCR method is associated with
high complexity and computational cost of the whole analysis. This, in combination with the
fact that less variability is explained in the second response variable with the PCR method,
leads to the suggestion that a FS-PLSR model is optimum also in the multivariate case.

While our work primarily focuses on the predictive performance and feature selection
aspects of the proposed FS-PLS methodology, we acknowledge the importance of addressing
the issue of interpretability in regression analysis. It is worth noting that interpretability is a
complex aspect in high-dimensional settings, and various techniques have been proposed in the
literature to enhance it. In future research, we can explore the application of these techniques,
such as sparse PLS (SPLS), non-negative matrix factorization (NMF), and independent com-
ponent analysis (ICA) have been proposed in the literature to enhance interpretability in
high-dimensional settings and improve techniques like PCA and PLS. By incorporating these
approaches, we can potentially provide a more comprehensive analysis that combines predic-
tive accuracy, feature selection, and enhanced interpretability. This avenue of research holds
promise for advancing the field of PLS regression and its applicability in practical domains.
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1. INTRODUCTION

In the statistical literature, the methods to understand the relationship of explanatory
variables on each individual outcome variable are well developed and widely applied. However,
in most health-related studies given the technological advancement and sophisticated methods
of obtaining and storing data, a need to perform joint analysis of mean and covariance
parameters simultaneously and accounting for the correlations is in high demand since a
good covariance modelling approach improves statistical inference of the mean of interest
(Liang and Zeger, 1986; Diggle et al., 2002; He et al., 2005). Furthermore, the covariance
structure itself may be of scientific interest (Lin and Carroll, 2006).

Model parsimony in regression analysis, specially in the context of longitudinal data re-
gression analysis, is important in biomedical fields. Zhang et al. (2015) propose joint paramet-
ric modelling of the means, the variances, and the correlations by decomposing the correlation
matrix via hyperspherical co-ordinates and show that this results unconstrained parameteri-
zation, fast computation, easy interpretation of the parameters, and model parsimony. Zhang
et al. (2015, pp. 237) comment that the decomposition of the correlation matrix opens many
new avenues for future research and that with unconstrained structures, we can model the
mean, the variance, and the correlation non-parametrically and semiparametrically. In this pa-
per we deal with the semiparametric modelling. Our main aim, though, is to find whether semi-
parametric modelling improves model parsimony over the parametric modelling approach.

Suppose longitudinalmeasurements yi=(yi1, ..., yimi)
′ andcovariatevectors (xi1, ...,ximi)

′

(i = 1, ..., n), with xij = (xij1, ..., xijp)′ for j = 1, ...,mi, collected from n subjects, are ob-
served at times ti = (ti1, ..., timi)

′. In longitudinal data analysis it is important that statis-
tical analysis takes into account that the repeated observations yij , j = 1, ...,mi, are corre-
lated (Liang and Zeger, 1986; Diggle et al., 2002; He et al., 2005). Accordingly we assume
that yi ∼ N(µi,Σi), where µi = (µi1, ..., µimi)

′, Σi = DiRiDi, Di = diag(σi1, ..., σimi), and
Ri = (ρijk)

mi
j,k=1 is the correlation matrix of yi with ρijk = corr(yij , yik) being the correlation

between the jth and kth measurements of the ith subject. The main purpose in such longi-
tudinal studies is to estimate the parameters involved in the means, the variances, and the
correlation matrices. This can be done by maximizing the log-likelihood or by solving the
maximum likelihood estimating equations. However, the constraints involved in the corre-
lation parameters create a challenge. This can be overcome by decomposing the correlation
matrix by Cholesky decomposition.

Zhang et al. (2015) proposed to parametrize the correlation matrix Ri for subject i

(we suppress i) via hyperspherical co-ordinates by the Cholesky decomposition R = TT ′,
where T = (Tjk) is a lower triangular matrix given by

T =



1 0 0 ··· 0
c21 s21 0 ··· 0
c31 c32s31 s32s31 ··· 0
...

...
...

. . . 0

cm1 cm2sm1 cm3sm2sm1 ···
m−1∏
l=1

sml


,

with cjk = cos(φjk) and sjk = sin(φjk) are trigonometric functions of angles φjk.
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For subject i, the total number of angles φijk (1 ≤ k < j ≤ mi) is mi(mi − 1)/2, which
is the same as that of the free parameters in the correlation matrix. The decomposition of R

has several advantages:

(i) diagonal elements of TT ′ are 1, and all other elements fall between −1 and 1;

(ii) TT ′ is always non-negative definite, satisfying the requirements of a correlation
matrix;

(iii) the angles φjk of T as parameters are unconstrained in the range [0, π).

It also establishes a hierarchical connection between the correlations and the angles (for
further discussion on this see Zhang et al., 2015). They then propose a joint regression model
for the means, the variances, and the correlations as

g(µij) = x′ijβ, log σ2
ij = z′ijλ, and φijk = w′

ijkγ,(1.1)

where xij are the usual known covariates as mentioned earlier, zij and wijk may contain
baseline covariates, as well as polynomials in time (time related to longitudinal data) and
their interactions. The unknown regression parameters β,λ, and γ are of dimensions p×1,
d×1, and q×1, respectively. In practice we may choose wijk as a polynomial of time lag
(tik− tij). Zhang et al. (2015) estimate the parameters β,λ, and γ of the model in equation (1)
via quasi-Fisher scoring algorithm, a review of which is given in Section 2.

For investigating the properties of the estimates of the regression parameters through
semiparametric modelling of the means and variances and to study the impact of this to
model parsimony we consider three models:

Model 1: the parametric model (Zhang et al., 2015) given above (equation (1.1));

Model 2: a model in which only the means are modelled semiparametrically, which is,

g(µij) = x′ijβ + f1(tij), log(σ2
ij) = z′ijλ, and φijk = w′

ijkγ;

Model 3: a model in which the means and the variances are modelled semiparamet-
rically, which is,

g(µij) = x′ijβ + f1(tij), log(σ2
ij) = z′ijλ + f2(tij), and φijk = w′

ijkγ.

In Model 2 and Model 3, f1(·) and f2(·) are smooth functions parametrized by regression
splines.

As in Zhang et al. (2015) we decompose the correlation matrix via hyperspherical co-
ordinates and as in Leng, Zhang and Pan (2010) we use B-spline to estimate the unknown
functions f1(·) in Model 2 and f1(·) and f2(·) in Model 3. Five further investigations were
conducted. First of these is to see the performance of the estimators of the regression parame-
ters in terms of bias and efficiency and to see the effect of fixing the knots in spline smoothing.
The second is to study the performance of the estimators of the regression parameters when
some covariates are correlated, the third is a robustness study where the normality assump-
tion of the error distribution is replaced by a mixture of normal distributions, the fourth is to
see whether use of penalized spline results in improved estimation of the non-parametric func-
tions in comparison to using B-spline, and the fifth is to see the effects of estimators by fitting
the data generated from the semiparametric model to the parametric model and vice versa.
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Section 2 deals with the method of estimation of the parameters of Model 3 in which the
correlation matrix is decomposed via hyperspherical co-ordinates and the unknown functions
f1(·) and f2(·) are estimated using B-spline basis functions. Estimation procedures in Model 2
and Model 1 are discussed as special cases of Model 3. An extensive simulation study is
conducted and results are summarized in Section 3. Detailed analysis of two real data sets is
given in Section 4 and a discussion follows in Section 5.

2. ESTIMATION IN JOINT SEMIPARAMETRIC MODELS

2.1. Estimation in Model 3 based on B-spline

We estimate the regression parameters of Model 3 (given above) where the means and
the variances are modelled semiparametrically. As in Zhang et al. (2015), we parametrize
Ri via hyperspherical co-ordinates. For simplicity, we assume that f1 and f2 have the same
smoothness property. Without loss of generality, we assume that the domain of tij is in the
interval [0, 1] with partitions 0 = a0 < a1 < ··· < akn < akn+1 = 1. Using the ai’s as knots,
we have K = kn + l normalized B-spline basis functions of order l that form a basis for the
linear spline space. The B-spline basis of order l, B

(l)
i (t), is defined as

B
(l)
i (t) =

t− ai

ai+l−1 − ai
B

(l−1)
i (t) +

ai+l − t

ai+l − ai+1
B

(l−1)
i+1 (t),

and

B
(1)
i (t) =

{
1, ai ≤ t < ai+1,

0, otherwise.

Note that B
(l)
i (t) is a polynomial function of degree l − 1. More details on the construction

of B-spline basis can be found in Schumaker (1981). Thus f1(t) and f2(t) are approximated
by π′(t)α and π′(t)α̃, respectively, where π(t) = (B(l)

1 (t), ..., B(l)
K (t))′ is the vector of basis

functions and α, α̃ ∈ RK are the spline coefficient vectors. Let πij = π(tij). With this
notation, the nonlinear regression models can be linearized as in what follows:

g(µij) = x′ijβ + π′(tij)α = Π′
ijθ and log(σ2

ij) = z′ijλ + π′(tij)α̃ = Υ′
ijρ,

where Π′
ij = (x′ij ,π

′
ij), Υ′

ij = (z′ij ,π
′
ij), θ = (β′,α′)′, and ρ = (λ′, α̃′)′. Suppose Πi =

(Π′
i1,Π

′
i2, ...,Π

′
imi

)′ and Υi =
(
Υ′

i1,Υ
′
i2, ...,Υ

′
imi

)′.
Thus, now the parameters of interest are θ, ρ, and γ. Let ri = yi − µi. Then, εi =

(εi1, ..., εimi)
′ = T−1

i D−1
i ri ∼ N(0, Imi). Denoting l to be the log-likelihood apart from a

constant it can be shown that

−2l =
n∑

i=1

mi∑
j=1

(
log σ2

ij + log T 2
ijj + ε2ij

)
.
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From this, omitting details, by usual derivations, we can show that the maximum likelihood
estimating equations for θ,ρ, and γ are

U1 =
n∑

i=1

Π′
i∆iΣ−1

i (yi − µi(Πiθ)) = 0,

U2 =
1
2

n∑
i=1

Υ′
i(qi − 1mi) = 0,

and

U3 =
n∑

i=1

mi∑
j=1

[
∂ log Tijj

∂γ
(ε2ij − 1) + εij

j−1∑
k=1

bijkεik

]
= 0,

respectively, where ∆i = ∆i(Πiθ) = diag{ġ−1(Π′
i1θ), ..., ġ−1(Π′

imi
θ)}, ġ−1(·) is the deriva-

tive of the inverse link function g−1(·), µ(·) = g−1(·), qi = diag(R−1
i D−1

i rir′iD
−1
i ), and bijk =

j∑
l=k

∂Tilk
∂γ aijl with aijl being the (j, l) element of T−1

i . As in Zhang et al. (2015) these equations

are solved by the quasi-Fisher scoring algorithm which is described in Appendix A.

2.2. Estimation in Model 2 based on B-spline

If we consider a semiparametric model with only the mean having semiparametric term
as g(µij) = x′ijβ + f1(tij), log(σ2

ij) = z′ijλ, and φijk = w′
ijkγ, then we need to estimate θ,λ,

and γ which are obtained by solving

V1 =
n∑

i=1

Π′
i∆iΣ−1

i

(
yi − µi(Πiθ)

)
= 0,

V2 =
1
2

n∑
i=1

Z′i(qi − 1mi) = 0,

and

V3 =
n∑

i=1

mi∑
j=1

[
∂ log Tijj

∂γ
(ε2ij − 1) + εij

j−1∑
k=1

bijkεik

]
= 0.

These equations can also be solved using the algorithm in Appendix A. At convergence the
variance-covariance of θ̂, λ̂, and γ̂ are obtained by inverting the Fisher information matrix
given in Appendix B. Parameters of Model 1, are estimated, of course, by setting f1(ti,j) = 0
in the above three equations.

2.3. Estimation in Model 2 based on penalized Spline

The B-spline methodology, in some applications, produces over fitting of the data
(Carroll et al., 1999). In such cases penalized spline has been used to overcome this (Eilers
and Marx, 1996). So, here, we further use the penalized spline in Model 2 instead of the
B-spline to see whether it produces improvement in estimation of the non-parametric functions.
As in Section 2.2, f1(·) can be approximated by π′(t)α. Now, we impose a penalization upon

the parameters α1, α2, ..., αK , so that they are constrained such that
K∑

i=1
α2

i ≤ C.
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With this constraint the log-likelihood apart from a constant can be written as

−2 l =
n∑

i=1

[
log |Σi|+

(
yi − µi(Πiθ)

)′ Σ1
i

(
yi − µi(Πiθ)

)]
− τθ′Dθ,

where τ > 0 is a constant and D =
[

0p×p 0p×K

0K×p IK×K

]
.

Using Lagrange multiplier the score equations for θ,λ, and γ can be written as

W1 = −
n∑

i=1

Π′
i∆iΣ−1

i ∆i(yi − µi) + τDθ = 0,

W2 =
1
2

n∑
i=1

Z′i(qi − 1mi) = 0,

and

W3 =
n∑

i=1

mi∑
j=1

[
∂ log Tijj

∂γ
(ε2ij − 1) + εij

j−1∑
k=1

bijkεik

]
= 0.

All these equations can then be solved using the same algorithm as what we use in Section 2.1.
All of the block components of the Fisher information matrix remain the same as Model 2
except I11 which in this case is

I11 = −E

[
∂2l

∂θ ∂θ′

]
=

n∑
i=1

Π′
i∆iΣ−1

i ∆iΠi + τD.

2.4. Knot selection

The importance of knot selection in spline smoothing work has been well described in
two pioneering papers by He, Fung and Zhu (2005) and Leng et al. (2010). These authors
found that knot selection is less critical for the estimation of β than for the estimation
of the nonparametric functions involved in Model 1 and Model 2 discussed in Section 1.
However, in most situations, they found it appropriate to use the sample quantiles of {tij ,
i = 1, ..., n, j = 1, ...,mi} as knots. We follow their suggestion and note that the number of

knots are not prespecified, rather, it depends on the total sample size N =
n∑

i=1
mi. Through

detailed asymptotic theoretical study Leng et al. (2010) show that the number of internal
knots to be used is the integer part of N1/5.

3. SIMULATION STUDY

As indicated in Section 1, an extensive simulation investigation is conducted in this sec-
tion. Our purpose in this simulation, in addition to the study of the performance of the esti-
mators of the regression parameters in terms of bias and efficiency, to study the effect of fixing
the number of knots, the effect of correlated covariates, the effect of misspecifying the error
distribution (robustness study), and compare performance of the estimation methods using
B-spline and penalized spline. These simulations are performed in Sections 3.1, 3.2, 3.3, and 3.4.
A further study, in Section 3.5, is conducted to compare the estimators by fitting the data
generated from the semiparametric model to the parametric model and vice versa.
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3.1. Study 1: Properties of the regression parameters

For this purpose we generate response data from each of the three models (Model 1,
Model 2, and Model 3):

yij = xij1β1 + xij2β2 + eij , log(σ2
ij) = zij1λ1 + zij2λ2;

yij = xij1β1 + xij2β2 + f1(tij) + eij , log(σ2
ij) = zij1λ1 + zij2λ2;

yij = xij1β1 + xij2β2 + f1(tij) + eij , log(σ2
ij) = zij1λ1 + zij2λ2 + f2(tij).

For each model, values of parameters considered were (β1, β2) = (1, 0.5), (γ1, γ2) =
(0.35, 0.5) and (λ1, λ2) = (−0.5, 0.2). Following Leng et al. (2010) we generate the observation
times as in what follows.

For each individual we consider a set of scheduled time points {0, 1, 2, ..., 12}. At each
scheduled time, except time 0, each individual has a 20% probability of missing a fixed time
point. To make it irregular and unequal time distances for different individuals a uniform
[0, 1] random variable is added to a non skipped scheduled time. This results in different
observed time points tij per subject. However, while analysis tij is transformed onto [0, 1].

For covariates, we take xij1 = tij + δij , where δij follows the standard normal distribu-
tion and xij2 is generated from a Bernoulli(0.5) distribution. The nonparametric functions
are taken as f1(t) = cos(πt) and f2(t) = sin(πt). The error (ei1, ..., eimi) is generated from a
multivariate normal distribution with mean 0 and covariance Σi = DiRiDi, where Ri = TiT

′
i

with wijk = (1, tij − tik)′, and zij = xij . The expected sample size (for the calculation of the
number of knots) is about 1040 (=100× 13× 0.8). The number of the knots is taken to be 4 ≈
10401/5 (He et al., 2005). Here, as can be seen, the number of knots is not prespecified. Param-
eters of the above models were estimated using the R package jmcm for the simulation studies.

Bias of the estimates of the parameters of all three models along with their standard
errors, and MSE (S) of the non-parametric functions f1 and f2, based on 1000 replications,
are given in Table 1.

Table 1: Bias and standard error of the estimated parameters based on 1000 replications;
all the results are multiplied by a factor of 103.

Par. Tr.

Zhang et al. Semi. with Semi. with Semi. with Semi. with

val.

(2015) mean mean and var mean and var mean and var
(Model 1) (Model 2) (Model 3) when knot=10 when knot=20

Bias SE Bias SE Bias SE Bias SE Bias SE

β1 1.0 0.00 0.02 −0.02 0.22 0.09 0.27 0.00 0.24 −0.01 0.25
β2 0.5 0.00 0.05 0.01 0.11 −0.03 0.14 0.01 0.12 0.01 0.13
γ1 0.35 −0.27 1.30 6.61 1.42 3.14 2.25 −21.51 2.42 −41.93 3.41
γ2 0.5 −0.35 2.29 6.62 2.53 5.56 4.12 −3.62 4.08 −5.74 5.04
λ1 −0.5 0.00 0.07 0.00 0.00 0.00 0.08 0.00 0.07 0.00 0.07
λ2 0.2 0.00 0.13 −0.01 0.01 0.01 0.15 0.01 0.14 0.00 0.14

S(f̂1) 11.89 10.90 496.59 516.37

S(f̂2) 112.87 373.95 642.26
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Table 1 shows that our semiparametric methods yield similar bias property of the
estimates as compared to that for the parametric model. We redo the simulations by fixing
the number of knots as kn = 10 and kn = 20. The results show that as the number of knots
increase, the MSE of the estimated functions f1 and f2, bias, and standard error of the
estimates of the parameters also increase.

3.2. Study 2: Properties of the regression parameters when some covariates are
correlated

We have done a simulation study where all the covariates are correlated. The data sets
are generated from the model

yij = xij0β0 + xij1β1 + xij2β2 + f1(tij) + eij (i = 1, ..., n; j = 1, ...,mi),

φijk = γ0 + wijk1γ1 + wijk2γ2,
and

log(σ2
ij) = zij0λ0 + zij1λ1 + zij2λ2 + f2(tij).

where (xij0, xij1, xij2)′ is generated from a multivariate normal distribution with mean 0,
marginal variance 1, and correlation 0.5. We take zij = xij and wijk = (1, tij−tik, (tij−tik)2)′.
tij , eij , f1(t), and f2(t) are same as study 3.1.

Table 2 shows that both parametric and semiparametric methods yield similar bias and
standard error property of the estimates.

Table 2: Bias and standard error of the estimated parameters based on 1000 replications
when the covariates are correlated; all the results are multiplied by a factor of 103.

Parameter True Parametric Semiparametric

value Bias SE Bias SE

β0 1.0 0.00 0.02 0.05 0.12
β1 −0.5 0.00 0.02 −0.05 0.11
β2 0.5 0.00 0.01 0.03 0.02
γ0 0.35 −0.04 1.43 3.42 2.34
γ1 0.5 −0.08 3.41 5.71 4.81
γ2 −0.3 0.05 1.93 −3.74 2.82
λ0 −0.5 0.00 0.01 0.00 0.05
λ1 0.5 0.00 0.02 0.00 0.04
λ2 −0.3 0.00 0.01 0.00 0.05

MSE(f̂1) 9.62

MSE(f̂2) 98.84
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3.3. Study 3: A robustness study. Properties of the regression parameters and
the functions f1 and f2 when error follows mixture of normal distributions

Again, another study, similar to what was done in study 3.1, has been conducted, in
which, for generating the response data of Model 2 and Model 3, we consider a mixture of
two multivariate normal distributions with error distributions Nmi(0,Σi) and Nmi(0, 0.252Σi)
with equal probability. The results for the simulation study are displayed in Table 3 which
show that the bias and the standard errors of the estimates, and the MSE of f1 remain almost
the same as those in study 3.1. However, MSE of the fitted function f2 in Model 3 increases
significantly. Note that the function f2 is associated with the variance and the function f1 is
associated with the mean.

Table 3: Simulation results for Study 3.3 in Model 2 and Model 3 over 1000 replications
when error terms follow mixture of normal distribution; n = 100; all the results
are multiplied by a factor of 103.

Par. Tr.

Semi. Semi. Semi. Semi.

val.

(Model 2) (Model 2) (Model 3) (Model 3)
(without mixed) (with mixed) (without mixed) (with mixed)

Bias SE Bias SE Bias SE Bias SE

β1 1.0 −0.02 0.22 −0.02 0.21 0.09 0.27 0.11 0.22
β2 0.5 0.01 0.11 0.01 0.13 −0.03 0.14 −0.04 0.11
γ1 0.35 6.61 1.42 6.61 6.32 3.14 2.25 8.84 2.36
γ2 0.5 6.62 2.53 −8.57 8.17 5.56 4.12 13.48 4.39
λ1 −0.5 0.00 0.00 0.00 0.1 0.00 0.08 0.00 0.09
λ2 0.2 −0.01 0.01 0.00 0.1 0.01 0.15 −0.02 0.18

MSE(f̂1) 11.89 11.89 10.90 11.00

MSE(f̂2) 112.87 693.49

Note that the mixed modeling affects only the MSE of the estimates of f2 in the semi-
parametric model 3, but not f1. Although we are not aware of a proof as to why mixed mod-
elling affects only the MSE of the estimates of f2, but not f1, experience in this context and
other similar contexts show that parameters or functions associated with the variance param-
eter are more difficult to estimate and show more bias and MSE than parameters or functions
associated with the mean parameter. See, for example, Zhang et al. (2015, pp. 234), and Saha
and Paul (2005, pp.183). In estimating the mean parameter m and the dispersion parameter c,
Saha and Paul (2005) find that estimates of the mean parameter m or regression param-
eters show much smaller bias and standard error than that of the dispersion parameter c.

3.4. Study 4: Comparison of using B-spline and penalized spline in Model 2

A further study is conducted to compare the B-spline and the penalized spline to
estimate the nonparametric function f1 in Model 2. The estimation procedure to estimate all
parameters are discussed in Section 2.3. We have used generalized cross-validation approach
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to find the penalty parameter for penalized splines. To generate response variable we consider
the same mean and variance models as those in study 3.1 and the results are presented in
Table 4. Results in Table 4 show no advantage of using the penalized spline over the B-spline.

Table 4: Bias and standard error of the estimated parameters in Model 2 based on 1000 replications
using B-spline and penalized spline; all the results are multiplied by a factor of 103.

Parameter
True

Semiparametric Model 2

value
B spline Penalized spline

Bias SE Bias SE

β1 1.0 −0.02 0.22 −0.01 0.22
β2 0.5 0.01 0.11 0.01 0.11
γ1 0.35 6.61 1.42 6.60 1.38
γ2 0.5 6.62 2.53 6.50 2.51
λ1 −0.5 0.00 0.00 0.00 0.08
λ2 0.2 −0.01 0.01 −0.02 0.15

MSE(f̂1) 11.89 11.89

3.5. Study 5: Comparison of the estimators by fitting the data generated from
the semiparametric model to the parametric model and vice versa

We have done a simulation study by fitting the data generated from the semiparametric
model to the parametric model and vice versa. We generate the response variable from Model 1
similar to study 3.2 and estimate the regression parameters by fitting Model 3 and vice
versa. The results for the simulation study are displayed in Table 5 which show that bias
and standard errors of the estimates are reasonable by fitting the data generated from the
parametric model and estimating the regression parameters by the semiparametric model.

Table 5: Bias and standard error of the estimated parameters based on 1000 replications
by fitting the data generated from the semiparametric model to the parametric
model and vice versa; all the results are multiplied by a factor of 103.

Parameter
True

Parametric to Semiparametric to

value
Semiparametric Parametric

Bias SE Bias SE

β0 1.0 0.00 0.06 −46.48 7.63
β1 −0.5 0.00 0.06 46.87 7.64
β2 0.5 0.00 0.04 −27.46 7.84
γ0 0.35 −1.74 2.53 473.47 15.79
γ1 0.5 −2.83 5.47 −40.41 13.92
γ2 −0.3 1.64 3.13 702.96 133.61
λ0 −0.5 0.00 0.05 95.04 16.74
λ1 0.5 0.00 0.05 −92.93 16.71
λ2 −0.3 0.00 0.05 57.25 16.72
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In contrast, bias and standard errors increase significantly if we generate response variable
using the semiparametric model and estimate the regression parameters by the parametric
model.

A note on the simulation results is that the choice of the values of the parameters, such
as, β1 and β2 in Table 1, does not affect the results on the properties of the estimates. For
example, the simulations for the results in Table 1 for Model 3 was re-run with β1 = 0.5 and
β2 = 2.5 instead of β1 = 1 and β2 = 0.5 as in Table 1. The bias and SE of the estimates of
all the parameters were virtually unchanged.

4. ANALYSIS OF TWO REAL DATA SETS ARISING IN BIOMEDICAL/
ENVIRONMENTAL STUDIES

The purpose of this section is to study the impact of semiparametric modelling on
model parsimony through the analysis of two real life longitudinal data sets arising in bio-
medical/environmental studies. The first data set is regarding progesterone metabolite
(pregnanediol-3-glucuronide, PdG) measures that was obtained by the Institute for Toxi-
cology and Environmental Health at the University of California, Davis in collaboration with
the Reproductive Epidemiology Section of the California Department of Health Services,
Berkeley (Brumback and Rice, 1998). The second data set is regarding CD4 cell counts of
369 HIV-infected men obtained by Kaslow et al. (1987). The first data set involves polyno-
mials in time and the second data set involves polynomials in time as well as real covariates.
Full description and analysis of the these two data sets are given in Sections 4.1 and 4.2.

In order to select the most parsimonious model we need to identify the best integer triple
representing, namely, the degrees of the three polynomial functions for the mean structure,
the correlation structure and the variance structure. Similar to Pourahmadi (2000) and Pan
and Mackenzie (2003), we use the Bayesian information criterion, BIC, to identify the best
triple as follows:

BIC(p, q, d) = −2l̂max/n + (p + q + d + 3) log(n)/n,

where l̂max is the maximum of the log-likelihood, p, q and d lie in the range of 0 to (m− 1)
with m = max1≤i≤n{mi}.

Thus, (p′, q′, d′) is the optimal triplet which minimizes BIC(p, q, d). Shao (1997) and
Shai and Tsai (2002) demonstrated that BIC-criterion can identify the true model consis-
tently. Although, in the literature BIC is preferred over the AIC (Akaike Information Crite-
rion)

AIC(p, q, d) = −2l̂max/n + 2(p + q + d + 3)/n,

we include the later here for comparison in our model selection.
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4.1. Progesterone metabolite data

The Brumback and Rice (1998) data consist of repeated progesterone metabolite
(pregnanediol-3-glucuronide, PdG) measures from day −8 to day 15 in the menstrual cycle
(day 0 denotes ovulation day) on a sample of 22 conceptive cycles from 22 women and 29
non-conceptive cycles from another 29 women to study of early pregnancy loss. Altogether
1130 observations were obtained from 51 women, with each woman contributing 9 to 24
observations over time. The data are reproduced in Table 1 of the Supplementary Material.

As in Brumback and Rice (1998), we take a log transformation of these data to make
the normality assumption reasonable. Using our semiparametric modelling, the full model is

g(µij) = β0 + xijβ1 + ···+ xp
ijβp + f1(tij),

φijk = γ0 + wijkγ1 + ···+ wq
ijkγq,and

log(σ2
ij) = λ0 + zijλ1 + ···+ zd

ijλd + f2(tij),

where xij = zij = tij , wijk = tij− tik and p, q, and d lie in the range of 1 to 23. The parametric
model, of course, will not have the non-parametric functions.

We now analyze the data using these parametric and semiparametric models. The re-
sults are given in Table 6. Note that here we give 9 most parsimonious models to capture the
model having smallest BIC and/or smallest AIC. Results in Table 6 show that the most par-
simonious model having the smallest BIC (BIC = 0.47) and the smallest AIC (AIC = −0.29)
obtained by parametric modelling has (p, q, d) = (7, 3, 7). Where as the corresponding most
parsimonious model by semiparametric modelling has (p, q, d) = (2, 2, 1) with BIC = −0.61
and AIC = −0.92. Thus the final models for these data are

g(µij) = f1(tij) + β0 + xijβ1 + x2
ijβ2,

φijk = γ0 + wijkγ1 + w2
ijkγ2,and

log(σ2
ij) = f2(tij) + λ0 + zijλ1,

where xij = zij = tij and wijk = tij − tik. Note that both the BIC and the AIC criteria choose
the same model for these data.

Table 6: Progesterone hormone data: A comparison of various models using
parametric (Zhang et al., 2015) and semiparametric approaches.

(p, q, d) No. of par.
Parametric Semiparametric

l̂max BIC AIC l̂max BIC AIC

(2,2,1) 8 −71.66 3.43 3.12 31.34 −0.61 −0.92
(2,2,2) 9 −66.59 3.31 2.96 31.34 −0.54 −0.88
(2,1,1) 7 −129.58 5.62 5.36 16.01 −0.09 −0.35
(2,1,4) 10 −66.98 3.40 4.53 16.38 0.12 −0.25
(3,1,4) 11 −28.97 1.98 3.09 16.38 0.21 −0.21
(3,1,5) 12 −28.20 2.03 3.00 19.58 0.16 −0.30
(2,1,6) 12 −65.84 3.51 4.42 23.73 −0.005 −0.46
(3,2,3) 11 −32.85 2.14 1.81 31.34 −0.38 −0.80
(7,3,7) 20 27.31 0.47 −0.29 42.06 −0.11 −0.87
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4.2. Analysis of CD4 cell data

The data comprise CD4 cell counts of 369 HIV-infected men with six covariates includ-
ing time since seroconversion (tij), age (relative to arbitrary origin, xij1), packs of cigarettes
smoked per day (xij2), recreation drug use (xij3), number of sexual partners (xij4), and mental
illness score (xij5). In total there are 2376 observations with multiple repeated measurements
taken for each individual at different times, covering a period of approximately eight and a
half years. The number of measurements for each individual varies from 1 to 12 taken at
unequally spaced time points.

Now, for these data mi varies from 1 to 12, so p, q, and d all lie in the range of 0
to 11. The values of p, q, and d for the most saturated model are 11. So, we have a total
11×11×11 = 1331 models of which we present 6 most parsimonious models.

4.2.1. Analysis using polynomials in time

This data set has been analyzed by others in the past (for example, Zeger and Diggle,
1994, and Ye and Pan, 2006) using polynomials in time. Most recently Zhang et al. (2015), in
order to jointly model the mean, correlation and variance structures, fit polynomial regressions
of time

g(µij) = β0 + xijβ1 + ···+ xp
ijβp,

φijk = γ0 + wijkγ1 + ···+ wq
ijkγq,and

log(σ2
ij) = λ0 + zijλ1 + ···+ zd

ijλd,

where xij = zij = tij and wijk = tij − tik.

We now analyze these data using the above parametric models and our method of
semiparametric modelling Model 3 developed in Section 2.1. The results, in terms of l̂max,
BIC and AIC of the parametric and semiparametric models are given in Table 7.

Table 7: CD4 cell data: A comparison of various models using parametric (Zhang et al., 2015)
and semiparametric approaches with polynomials in time.

(p, q, d) No. of par.
Parametric Semiparametric

l̂max BIC AIC l̂max BIC AIC

(4,1,1) 9 −4910.87 26.76 26.67 −4877.41 26.58 26.48
(3,1,1) 8 −4926.88 26.83 26.74 −4882.11 26.59 26.50
(8,1,1) 13 −4892.72 26.72 26.58 −4874.40 26.63 26.49
(8,3,1) 15 −4890.44 26.75 26.59 −4881.66 26.69 26.64
(3,3,3) 12 −4919.52 26.85 26.73 −4879.37 26.64 26.51
(8,3,3) 17 −4886.36 26.76 26.58 −4872.74 26.68 26.50

Note that here we provide all relevant information of 6 most parsimonious models. Of these,
the most parsimonious model obtained from parametric modelling has (p, q, d) = (8, 1, 1)
with l̂max = −4892.72, BIC = 26.72, and AIC = 26.58 (smallest BIC as well as smallest
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AIC among all these 6 models). This finding is in agreement with what was found by
Zhang et al. (2015). The semiparametric modelling, however, shows (p, q, d) = (4, 1, 1) with
l̂max = −4877.41, BIC = 26.58, and AIC = 26.48 (smallest BIC as well as smallest AIC
among all these 6 models). Including the intercept parameters the semiparametric model has
9 parameters as opposed to 13 parameters of the model obtained by the parametric model.
Thus, the semiparametric modelling shows a significant improvement in model parsimony as
compared to the parametric modelling and the most parsimonious model for these data is

g(µij) = f(tij) + β0 + xijβ1 + x2
ijβ2 + x3

ijβ3 + x4
ijβ4,

φijk = γ0 + wijkγ1,and
log(σ2

ij) = g(tij) + λ0 + zijλ1,

where xij = zij = tij and wijk = tij − tik.

Note that the same parsimonious model is obtained by both the BIC and the AIC
procedures. To investigate the stability of AIC and BIC, a simulation study is conducted by
choosing p, q, and d from 1, 2, ..., 11 and obtain that the stability of AIC and BIC are very
similar which is 62%. From the same simulation study, we further investigate the parametric
and semiparametric models performances in terms of AIC and BIC and found that parametric
models perform better than semiparametric models.

4.2.2. Analysis using polynomials in time and the covariates

We now analyze the CD4 data using the Model 3 regression models after including
5 covariates in the mean model. The results, in terms of l̂max, BIC, and AIC of the para-
metric and the semiparametric models, are given in Table 8. Here also we provide all rele-
vant information of 6 best (parsimonious) models. Of these, the most parsimonious model
by the parametric modelling has (c, p, q, d) = (3, 8, 1, 1) with 16 parameters by both the
BIC and the AIC procedures, where c represents the number of covariates in the model.
However, the most parsimonious model by the semiparametric modelling has (c, p, q, d) =
(3, 2, 1, 1) with 10 parameters using the BIC procedure (BIC = 26.47) and has (c, p, q, d) =
(3, 4, 1, 1) with 12 parameters using the AIC procedure (AIC = 26.38).

Thus, the most parsimonious models for the CD4 data involving time and the covariates
is

g(µij) = β0 + xijβ1 + x2
ijβ2 + xij2β3 + xij3β4 + xij5β5 + f(tij),

φijk = γ0 + wijγ1,and
log(σ2

ij) = λ0 + zijλ1 + g(tij),

where xij = zij = tij and wijk = tij − tik.

Our finding is that both the BIC and the AIC select same or similar models, although,
BIC has some advantage over the AIC in the sense that, in some cases, the model selected
by the BIC is slightly more parsimonious than the model selected by the AIC. Further, the
semiparametric modelling obtains a model that is much more parsimonious than the model
obtained by the parametric modelling approach.
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Table 8: CD4 cell data: A comparison of various models using parametric (Zhang et al., 2015)
and semiparametric approaches with polynomials in time and covariates.

(c, p, q, d) No. of par.
Parametric Semiparametric

l̂max BIC AIC l̂max BIC AIC

(3,2,1,1) 10 −4944.54 26.91 26.84 −4863.43 26.47 26.40
(5,2,1,1) 12 −4938.40 26.88 26.80 −4862.52 26.47 26.39
(3,4,1,1) 12 −4891.12 26.65 26.56 −4858.68 26.48 26.38
(5,4,1,1) 14 −4889.44 26.65 26.55 −4857.85 26.47 26.38
(5,3,1,1) 13 −4905.57 26.72 26.63 −4862.52 26.48 26.40
(3,8,1,1) 16 −4873.51 26.62 26.49 −4857.16 26.53 26.40

5. DISCUSSION

We develop joint estimation procedure for the mean (regression) and the variance pa-
rameters in longitudinal data using semiparametric modelling of the mean and the variance,
regression spline, and by decomposing the correlation matrix via hyperspherical co-ordinates.
Through an extensive simulation study we compare our method with the parametric method
by Zhang et al. (2015). Further, the effect of the misspecification of the error distribu-
tion and of the number of knots used in the estimation of the nonparametric functions,
and whether the penalized spline procedure improves the estimation of the nonparametric
functions over the B-spline are investigated. Furthermore two real data sets arising from
biomedical/environmental study are analyzed.

The main findings of the simulation study are:

(a) the parametric modelling and the semiparametric modelling produce similar bias
and efficiency property of the regression parameters;

(b) good choice of number of knots can have significant impact of estimation and
inference on non-linear trends (e.g., the nonparametric functions) using regression
B-splines;

(c) use of the penalized spline does not improve the efficiency of the estimates of the
nonparametric functions.

Through data analysis:

(i) our findings regarding the model selection procedures are that both the BIC and
the AIC select same or similar models, although, BIC has some advantage over
the AIC in the sense that, in some cases, the model selected by the BIC is slightly
more parsimonious than the model selected by the AIC;

(ii) the main advantage of the semiparametric modelling over the parametric mod-
elling is that the former produces a much more parsimonious model than the latter.

We also analyzed some other real bio-medical data sets and obtained similar conclusions,
the details of which are not given here.
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A. APPENDIX: Solution of the Estimating Equations of Model 3

We apply the quasi-Fisher scoring algorithm to solve estimating equations of Model 3
where the parameters θ,ρ and γ solve sequentially one by one with other parameter keep
fixed in optimization:

Step 1: Choose initial values of the parameters as θ(0),ρ(0) and γ(0). Set k = 0.

Step 2: Calculate Σi by using ρ(k) and γ(k). Update θ as

θ(k+1) = θ(k) + I−1
11 U1|θ=θ(k) .

Step 3: Given θ = θ(k+1), update γ and ρ by using(
γ(k+1)

ρ(k+1

)
=

(
γ(k)

ρ(k

)
+

[(
I22 I23

I32 I33

)−1(
U3

U2

)]
| γ=γ(k),ρ=ρ(k) .

Step 4: Set k ← k + 1 and repeat steps 2 and 3 until a desired convergence criteria
is satisfied.

Note that block components of Fisher information matrix I are:

I11 = −E

[
∂2l

∂θ∂θ′

]
=

n∑
i=1

Π′
i∆iΣ−1

i ∆iΠi,

I12 = −E

[
∂2l

∂θ∂γ ′

]
= −

n∑
i=1

[
Π′

i∆i
∂Σ−1

i

∂γ ′
(E(yi)− µi)

]
= 0,

I13 = −E

[
∂2l

∂θ∂ρ′

]
= 0,

I22 = −E

[
∂2l

∂γ∂γ ′

]
=

n∑
i=1

mi∑
j=1

[
2
∂ log Tijj

∂γ

∂ log Tijj

∂γ ′
+

j−1∑
k=1

bijkb
′
ijk

]
,

I23 = −E

[
∂2l

∂γ∂ρ′

]
=

n∑
i=1

mi∑
j=1

[
∂ log Tijj

∂γ
Υ′

ij +
1
2

j−1∑
k=1

bijk

j∑
l=k

aijlTilkΥ′
il

]
,

I33 = −E

[
∂2l

∂ρ∂ρ′

]
=

1
4

n∑
i=1

Υ′
i

[
Imi + R−1

i ◦Ri

]
Υi,

where ‘◦’ represents the Hadamard product.
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B. APPENDIX: Block Components of Fisher Information Matrix of the Esti-
mating Equations of Model 2

I11 = −E

[
∂2l

∂θ∂θ′

]
=

n∑
i=1

Π′
i∆iΣ−1

i ∆iΠi,

I12 = −E

[
∂2l

∂θ∂γ ′

]
= −

n∑
i=1

[
Π′

i∆i
∂Σ−1

i

∂γ ′
(E(yi)− µi)

]
= 0,

I13 = −E

[
∂2l

∂θ∂λ′

]
= 0,

I22 = −E

[
∂2l

∂γ∂γ ′

]
=

n∑
i=1

mi∑
j=1

[
2
∂ log Tijj

∂γ

∂ log Tijj

∂γ ′
+

j−1∑
k=1

bijkb
′
ijk

]
,

I23 = −E

[
∂2l

∂γ∂λ′

]
=

n∑
i=1

mi∑
j=1

[
∂ log Tijj

∂γ
Z ′

ij +
1
2

j−1∑
k=1

bijk

j∑
l=k

aijlTilkZ
′
il

]
,

I33 = −E

[
∂2l

∂λ∂λ′

]
=

1
4

n∑
i=1

Z′i
[
Imi + R−1

i ◦Ri

]
Zi,

where ‘◦’ represents the Hadamard product.
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1. INTRODUCTION

Relating the standard deviation (σ) to the range is a well-studied topic (see Tippett,
1925; Popoviciu, 1935; Shone, 1949; David et al., 1954). However, most of the results found
in the literature in this regard propose inequalities or relationships that depend on the shape
of the population distribution. Matsushita et al. (2020, 2023) recently suggested a power law
between σ and the semi-range ` without knowing the population distribution, but assuming
symmetric truncated forms restricted to ` � 1. They argued that truncation is a phenomenon
naturally generated by the sampling process. In their approach, conditional distribution
properties can link the usual unbounded distribution for describing unobserved data.

Here, we obtain a general closed-form expression for the variance of truncated distri-
butions valid for all ` > 0. We start with the general case (Section 2.1) by considering a
truncated variable X over the interval [a, b] based on a cumulative distribution function G

with unbounded support as a skewing function. We present a general form for the centralized
moment of order p > 0, E[(X − c)p], where c ∈ (a, b) denotes a centering parameter. We also
derive its asymptotic behavior as the support’s semi-range tends to zero and ∞, as well as
some interesting inequalities.

Section 2.2 presents some properties and examples regarding the symmetrically trun-
cated distribution as a particular case. Importantly, we deduce the form of the ratio σ/`

as a function of G and `. We illustrate the established result with an example using actual
financial data (Section 3). They consist of 16 million tick-by-tick returns of four currencies
against the US dollar transacted on foreign exchange markets. Finally, Section 4 makes some
brief concluding remarks.

2. MAIN RESULTS

2.1. General case

Suppose we have a random variable with cumulative distribution function (CDF) G(x)
and with infinite support. Based on G, given two real numbers a and b, such that a < b, we have

FX(x) =
G(x)−G(a)
G(b)−G(a)

, a < x < b,(2.1)

to be the truncated CDF of a random variable X with support (a, b). Then, we have the
following result concerning its moments.

Theorem 2.1. Let c and p be real numbers such that a < c < b and p > 0. Then,

the p-th moment about c is given by

E[(X − c)p] =
1

G(b)−G(a)
[
(b− c)pG(b)− (a− c)pG(a)− pIG(c; a− c, b− c, p)

]
,(2.2)

where IG(c; s, t, p) is defined as

IG(c; s, t, p) =
∫ t

s
yp−1G(y + c) dy, s < t.
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Proof: From (2.1), we have

E[(X − c)p] =
1

G(b)−G(a)

∫ b

a
(x− c)p dG(x)(2.3)

=
p

G(b)−G(a)

{∫ c

a

[ ∫ x−c

0
yp−1 dy

]
dG(x) +

∫ b

c

[ ∫ x−c

0
yp−1 dy

]
dG(x)

}
.

Upon changing the order of integration, the expression in (2.3) can be written as

=
p

G(b)−G(a)

{∫ a−c

0
yp−1

[ ∫ y+c

a
dG(x)

]
dy +

∫ b−c

0
yp−1

[ ∫ b

y+c
dG(x)

]
dy

}
=

1
G(b)−G(a)

[(b− c)pG(b)− (a− c)pG(a)]

− p

G(b)−G(a)

∫ 0

a−c
yp−1G(y + c) dy − p

G(b)−G(a)

∫ b−c

0
yp−1G(y + c) dy,

which completes the proof of the theorem.

Corollary 2.1. Under the conditions of Theorem 2.1, we have

E[(X − c)p] 6

(b− c)p[1− FX(c)] + (a− c)pFX(c), if p is even,

(b− c)p[1− FX(c)], if p is odd,

where FX is as given in (2.1).

Proof: It is evident that

IG(c; a− c, b− c, p) = IG(c; a− c, 0, p) + IG(c; 0, b− c, p).(2.4)

Assuming p to be even, for a−c < y < 0, we have yp−1G(c) < yp−1G(y+c) < yp−1G(a),
and for 0 < y < b− c, we have yp−1G(c) < yp−1G(y + c) < yp−1G(b). Consequently, we get

IG(c; a− c, 0, p) > −G(c)(c− a)p

p
and IG(c; 0, b− c, p) >

G(c)(b− c)p

p
.(2.5)

Now, upon using the inequalities in (2.5) into (2.4), we obtain

IG(c; a− c, b− c, p) >
G(c)

p

[
(b− c)p − (c− a)p

]
.(2.6)

Using the inequality in (2.6) in the expression (2.2) of Theorem 2.1, we get

(2.7) E[(X− c)p] 6
1

G(b)−G(a)

{
(b− c)pG(b)− (a− c)pG(a)−G(c)

[
(b− c)p− (c− a)p

]}
.

From (2.1), the right-hand side of the inequality (2.7) can be rewritten as

= (b− c)p[1− FX(c)] + (a− c)pFX(c).

This proves the inequality for the case when p is even.

The inequality for the case when p is odd can be established in an analogous manner.
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When p is even, a lower bound for E[(X − c)p] can be established as below.

Proposition 2.1. Under the conditions of Theorem 2.1, for p even, we have

E[(X − c)p] > (t− c)p[FX(b)− FX(t)], if c < t < b.

Proof: Suppose p is even. Then, as (X− c)p > 0 and (X− c)p > (t− c)p for X > t > c,
it is clear that

E[(X − c)p] > E
[
(X − c)p1{X>t}

]
> (t− c)p E

[
1{X>t}

]
,

which yields the required result.

Proposition 2.2. Under the conditions of Theorem 2.1, we have

min
a<c<b

E[(X − c)p] 6


(

b− a

2

)p

, if p is even,

0, if p > 1 is odd.

Proof: Suppose p is even. In this case, from Corollary 2.1, we have

E[(X − c)p] 6 (b− c)p[1− FX(c)] + (a− c)pFX(c) 6 S(F (c))T (c),(2.8)

where S(F (c)) = max{1− FX(c), FX(c)} and T (c) = (b− c)p + (a− c)p. As FX(c) = 1/2
is a minimum point of M(F (c)), we have

min
0<F (c)<1

S(F (c)) =
1
2
.

Taking the minimum over 0 < F (c) < 1 in (2.8), we get

E[(X − c)p] 6
1
2

T (c).(2.9)

Now, taking the minimum over a < c < b in (2.9) and using the fact that the function T (c)
reaches a minimum value at the point c = (a + b)/2, we get

min
a<c<b

E[(X − c)p] 6
1
2

T

(
a + b

2

)
=

(
b− a

2

)p

.

This proves the inequality for the case when p is even. Further, the inequality for the case
when p is odd trivially follows from Corollary 2.1.

Proposition 2.3. The variance σ2 = Var(X) can be expressed as

σ2 =
1

G(b)−G(a)
[
(b− µ)2G(b)− (a− µ)2G(a)− 2IG(µ; a− µ, b− µ)

]
,

where µ = E(X) and

IG(µ; s, t) =
∫ t

s
yG(y + µ) dy, s < t.

Proof: By taking c = µ and p = 2 in Theorem 2.1, we readily obtain the required
result.
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Proposition 2.4. The Popoviciu inequality (Popoviciu, 1935) on variances given by

σ2 6

(
b− a

2

)2

,

follows from Proposition 2.2.

Proof: The proof follows immediately by setting p = 2 in Proposition 2.2.

A reverse form of Popoviciu’s inequality can be obtained upon taking p = 2, c = µ =
E(X) and t = (µ + b)/2 in Proposition 2.1.

Proposition 2.5. We have

σ2 >

(
b− µ

2

)2[
FX(b)− FX

(
µ + b

2

)]
.

Asymptotic behavior

In the following theorem, we establish the asymptotic behaviour of the p-th moment.

Theorem 2.2. If X is distributed as in (2.1), then we have

lim
b−a
2
−→0+

E
[(

X − a

b− a

)p ]
=

1
p + 1

, p > −1,

and

lim
b−a
2
−→∞

E
[(

X − a

b− a

)p ]
=

1
2p

.

Proof: From (2.1), we find (for 0 < z < 1)

FX−a
b−a

(z) =
G

(
z(b− a) + a

)
−G(a)

G(b)−G(a)
=

G
(

b−a
2 (2z − 1) + a+b

2

)
−G

(
a+b
2 − b−a

2

)
G

(
b−a
2 + a+b

2

)
−G

(
a+b
2 − b−a

2

) .

Now, it is a simple task to verify that

lim
b−a
2
−→0

FX−a
b−a

(z) = FU (z), ∀z ∈ R,

and

lim
b−a
2
−→∞

FX−a
b−a

(z) = FY (z), ∀z 6= 1
2
,

where U ∼ U(0, 1) and Y is a discrete random variable such that P(Y = 1/2) = 1.
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Moreover, we note that [(X − a)/(b− a)]p is uniformly integrable because 0 < (X − a)/
(b−a) < 1. As convergence in distribution along with uniform integrability imply convergence
in mean (cf. Billingsley, 1968, Theorem 5.4), we have

lim
b−a
2
−→0+

E
[(

X − a

b− a

)p ]
= E(Up), p > −1,

and

lim
b−a
2
−→∞

E
[(

X − a

b− a

)p ]
= E(Y p),

which completes the proof of the theorem.

Corollary 2.2. We further have

lim
b−a
2
−→0+

σ2 + (µ− a)2

(b− a)2
=

1
3

and lim
b−a
2
−→∞

σ2

(b− a)2
= 0,

where µ = E(X) and σ2 = Var(X).

Proof: By taking p = 2 in Theorem 2.2, the above results follow readily.

2.2. Symmetric case

In this section, we assume that G is a skewing function, i.e., it is such that G(x) > 0
and G(−x) = 1−G(x), and X is as distributed in (2.1) with a = −` and b = ` > 0; that is,
X has its CDF as

FX(x) =
G(x) + G(`)− 1

2G(`)− 1
, −` < x < `.(2.10)

Proposition 2.6. The variance σ2 can be expressed as

σ2 = `2H(`),

where

H(`) = 1− 2C(`)− 1
2G(`)− 1

,

with C(`) = C(`,G) being defined as

C(`) =
2
`2

∫ `

0
yG(y) dy.

Moreover, 1/2 6 C(`) 6 G(`).
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Proof: As G is a skewing function, we have µ = E(X) = 0. Moreover, IG(µ; a−µ, b−µ)
in Proposition 2.3 satisfies the identity

IG(µ; a− µ, b− µ) = `2

[
C(`)− 1

2

]
.(2.11)

Upon substituting (2.11) in Proposition 2.3 and carrying out some simple algebraic steps, the
required result follows.

Remark 2.1. It is useful to observe that, knowing C(`) (see Table 1 for some explicit
examples of these constants), Proposition 2.6 gives a more informative result than Popoviciu’s
inequality and present in particular a method for the exact calculation of the variance of
truncated distributions of the form in (2.10).

Table 1: Some examples of constants C(`), for use in Proposition 2.6.

Distribution G(x) C(`)

Normal Φ(x)
1

2`2

8<
:`

"
` + exp

�
− `2

2

�r 2

π

#
+ (`2−1) erf

� `√
2

�9=
;

Student-t (ν = 2)
1

2

 
1 +

r
x2

x2 + 1

!
1

2`2

8<
:`2+

1

`

r
`2

2+`2

"
2`+`3−2

p
2+`2 arcsinh

� `√
2

�#9=
;

Cauchy
1

π
arctan(x) +

1

2

1

2π`2

h
`(`π − 2) + 2(1 + `2) arctan(`)

i

Laplace
1

2
+

1

2
sgn(x)

h
1− exp(−|x|)

i 1

`2
exp(−`)

h
1 + ` + exp(`)(`2 − 1)

i

Logistic
1

1 + exp(−x)

2

`2

�
π2

12
+ ` log[1 + exp(`)] + Li2[− exp(`)]

�

In Table 1, Φ is the CDF of a standard normal distribution, Li2[z] = −
∫ z
0 log(1−x)/xdx

is the polylogarithm function of order 2, and erf(z) = (2/
√

π)
∫ z
0 exp(−x2)dx is the error

function.

Proposition 2.7. We further have

lim
`−→0+

H(`) = lim
`−→0+

σ2

`2
=

1
3

and lim
`−→∞

H(`) = lim
`−→∞

σ2

`2
= 0.

Proof: Upon taking a = −`, b = ` and µ = 0 in Corollary 2.2, the required result
follows.

Next, we present two further examples in addition to these in Table 1.

Example 2.1. Let X have a truncated symmetric standard Cauchy distribution with
density function f(x) = (2 arctan `)−1 · (1+x2)−1 if |x|< `, with ` 6 1, and f(x) = 0 if |y|> `.
As its variance is σ2 = `/ arctan `− 1 (see Johnson et al., 1994, p. 322), we obtain

H(`) =
1

` arctan `
− 1

`2
.
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Example 2.2. Let X have a symmetrically truncated standard Gaussian distribution
with density function f(x) = {

√
2π[1− 2Φ(−`)]}−1 exp(−x2/2) if |x| < `, where ` 6 1 and

Φ is the standard Gaussian cumulative distribution function, and f(x) = 0 if |x| > `. As its
variance can be expressed as σ2 = 1− 2`f(`) (see Johnson et al., 1994, p. 158), we find

H(`) =
1
`2
− 2

`3f(`)
.

In both these examples, we observe that H(`) → 1/3 as ` ↓ 0 and H(`) ↑ 0 as ` ↑ ∞,
as stated in Proposition 2.7. However,

`H(`) =
σ2

`

behaves differently as ` ↑ ∞. In the first example, `H(`) → 2/π, but in the second example,
we find `H(`) → 0.

3. ILLUSTRATION WITH FINANCIAL DATA

We illustrate the results developed here with intraday spot exchange rate data of four
currencies against the US dollar transacted on the foreign exchange (Forex) market. There are
16 million tick-by-tick returns of bid prices provided by Tick Data, LLC (Table 2). Following
the discussion regarding the truncated nature of the past (Matsushita et al., 2020, 2023), we
consider the symmetric case here.

Table 2: Intraday spot exchange rate data description.

Country Currency Code Period Number of days (d) Data points (n)

Britain British pound GBP 31 Aug 08 − 12 Jun 15 2,116 2,754,615
Canada Canadian dollar CAD 12 Jun 00 − 12 Jun 15 4,419 3,931,202
Japan Japanese yen JPY 30 May 00 − 12 Jun 15 4,598 4,804,463
Switzerland Swiss franc CHF 30 May 00 − 12 Jun 15 4,587 4,838,100

Total 15,720 16,328,380

Source: Tick Data, LLC.

For each currency, let {Xij} denote the j-th return observed on day i =1, ..., d (Table 2).
Taking the daily sample standard deviation si and the maximum daily absolute return `i =
max1≤j≤ni{Xij}, where ni denotes the sample size on day i with n =

∑d
i=1 ni, Figure 1

depicts the daily sample ratios {si/`i} in the form of dots.

Now, consider the general sequence ignoring days as {Xt}, where t = 1, ..., n. Letting
`∗ = max1≤t≤n{Xt}, we generated a grid of 1,000 truncation points, {` : ` = m`∗/1000, where
m = 1, ..., 1000}. For each ` over this grid, we obtained the sample standard deviation of the
conditional (truncated) data {Xt : |Xt| ≤ `}. In this way, we empirically find the form of
the ratio σ/` for the returns of each currency (Figure 1). Then, Proposition 2.6 provides a
feasible and practical way of describing the relationship between the variance and the cutoff `.
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Figure 1: Display of ` versus the sample ratio σ/` (lines) from data described in Table 2,
where dots represent daily values.

Figure 2: Display of ln ` versus ln(σ/`) (dashed lines) from data described in Table 2,
where dots represent daily values.
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For small `, Matsushita et al. (2020, 2023) proposed the power law σβ/` ≈ ζ from a second-
order approximation, where β > 0 and ζ are real constants. So, we may approximate σ/` as

σ

`
≈ ζ1/β`−1+1/β .

Figure 2 depicts the log-log plots of this approximate result, and shows the validity of such a
power law approximation for σ/`. Considering the symmetric case, Figure 1 illustrates how
H1/2(`) = σ/` goes to zero as ` increases from the actual data. This decay approximately
follows a power law of form H1/2(`) ∝ `−1+1/β (Figure 2), which is consistent with previous
findings (Matsushita et al., 2020). However, while we put forward a general form for any
` > 0, the power law is valid only for ` close to zero (Matsushita et al., 2023). Thus, our
results can be applied to analyze other types of data besides financial data.

4. CONCLUDING REMARKS

In this work, we have presented a general approach for understanding the relationship
between the variance and the range of a general family of truncated distributions based on
skewing functions. We have established a closed-form expression for its moments and their
asymptotic behavior as the support’s semi-range tends to zero and ∞.

As discussed previously by Matsushita et al. (2020, 2023), if the truncated form arises
naturally from the past, the function relating truncation length and standard deviation may
assist in connecting the bounded past and unbounded future data. For this reason, we expect
our results to be useful in many practical situations like the one demonstrated here with a
real financial data.
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Popoviciu, T. (1935). Sur les équations algébriques ayant toutes leurs racines réelles. Mathematica
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1. INTRODUCTION

Numerous applied as well as theoretical fields, such as medicine, sports, insurance, etc.,
deal with a large number of count data sets. Hence, count data modelling is of paramount
importance. The Poisson (P) and negative binomial (NB) distributions are the most com-
monly used for this purpose. When an over-dispersion problem occurs, the P distribution
is not considered ideal due to its equi-dispersion nature. The NB distribution is then more
useful. However, when data sets have large skewness and kurtosis, the NB distribution is not
well-adapted, and thus we look for more flexible distributions.

Mixed P distributions were then introduced for modelling non-homogeneous popula-
tions (see Karlis and Xekalaki, 2005, for more details). It consists of mixing the P distribution
with well-known distributions. Mixed P distributions include the P Weibull distribution in
Bereta et al. (2011), P transmuted Lindley distribution in Abd El-Monsef and Sohsah (2016),
P transmuted exponential distribution in Bhati et al. (2017), P quasi Lindley distribution
in Grine and Zeghdoudi (2017), new P weighted exponential distribution in Altun (2020),
P Bilal distribution in Altun (2020), and P xgamma distribution in Altun et al. (2022), among
others.

For other purposes, the Lindley distribution was originally proposed in Lindley (1958)
in the context of Bayesian statistics. Various extensions and generalizations of the Lindley
distribution have been proposed in the literature over the last decade. Chesneau et al. (2020)
developed a continuous probability distribution with simple operations on two independent
Lindley random variables. In particular, the distribution of the sum of two independent Lind-
ley random variables with the same parameter is studied and named the 2S-Lindley (2S-L)
distribution. They investigated the applications and structural properties of the correspond-
ing model.

On the other hand, to model over-dispersed data, various count regression models based
on many discrete distributions, including mixed P distributions with auxiliary variables, were
introduced recently. They aim to predict the behavior of the count response variable similar
to that of the P regression model. A count regression model based on the generalized Waring
distribution was developed in Rodŕıguez-Avi et al. (2009). A study on crash data was done
in Lord and Geedipally (2011) based on the NB-Lindley regression model. Sáez-Castillo and
Conde-Sánchez (2013) introduced the hyper-P regression model. Cheng et al. (2013) analyzed
the P Weibull regression model with real-life data sets. The P-weighted exponential distribu-
tion with its count regression model was developed in Zamani et al. (2014). Bhati et al. (2017)
introduced a regression model for the over-dispersed dependent variable based on the P trans-
muted exponential distribution. Also, many authors compounded P with various generalized
versions of the Lindley distribution and hence introduced count regression models based on it
(see Mahmoudi and Zakerzadeh, 2010; Wongrin and Bodhisuwan, 2017; and Altun, 2021).

When the P distribution is used as the innovation distribution for the INAR(1) process,
equi-dispersion (empirical mean equals empirical variance) turns out to be a disadvantage for
modelling over-dispersed (empirical mean less than empirical variance) time series of counts,
primarily in McKenzie (1985) and Al-Osh and Alzaid (1987), independently. Hence, to solve
this, researchers came up with various alternatives. The INAR(1) process with P-Lindley
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innovations (INAR(1)PL) in Ĺıvio et al. (2018), INAR(1) process with new P weighted expo-
nential innovations ((INAR(1)NPWE)) in Altun (2020), INAR(1) process with discrete three-
parameter Lindley innovations in Eliwa et al. (2020), INAR(1) process with P quasi xgamma
innovations (INAR(1)PQX) in Altun et al. (2021), INAR(1) process with Bell innovations
(INAR(1)BL) in Huang and Zhu (2021), INAR(1) with P transmuted exponential innovations
(INAR(1)PTE) in Altun and Khan (2022), INAR(1) with discrete pseudo Lindley innova-
tions (INAR(1)DPsL) in Irshad et al. (2021) are some of the recently developed over-dispersed
INAR(1) processes.

In this paper, we construct a new one-parameter compound distribution based on the P
distribution and the probability density function (pdf) of the 2S-L distribution as described
above. The newly proposed distribution, named the P2S-L distribution, is a one-parameter
distribution having simple and explicit forms for its probability mass function (pmf), cumu-
lative distribution function (cdf), moments, probability generating function (pgf), moment
generating function (mgf), stress-strength reliability function, etc. Under the P2S-L distribu-
tion, a count regression model and an INAR(1) process are proposed to model over-dispersed
data sets. Four data sets are used to illustrate its applicability.

The important feature of the P2S-L distribution is that it has a simpler explicit expres-
sion for moments as well as other statistical properties, and the P2S-L distribution is effective
in modelling over-dispersed data sets. Furthermore, the 2S-L distribution was chosen over
the Lindley and exponential distributions because the convolution operation defining its pdf
makes it more flexible and suitable.

The rest of the paper is organized as follows: In Section 2, the proposed distribution is
defined and some statistical properties are derived. Section 3 describes the estimation meth-
ods used to estimate the unknown parameter, and their finite sample performance through a
simulation study is checked. Section 4 introduces a new count regression model, and Section 5
defines a new INAR(1)P2S-L process. Section 6 deals with four real-life data sets to prove
the potential of the proposed distribution. Section 7 includes concluding observations.

2. THE POISSON 2S-LINDLEY DISTRIBUTION

Let us first define the 2S-L distribution proposed in Chesneau et al. (2020). Suppose
that Y1 and Y2 are two independent random variables following the one-parameter Lindley
distribution in Lindley (1958) with the same parameter denoted by θ. Then the random
variable Y defined as the sum of Y1 and Y2, i.e., Y = Y1 + Y2, possesses the following pdf:

f(y; θ) =
θ4

(1 + θ)2
y

(
y2

6
+ y + 1

)
e−θy, y, θ > 0.

It is understood that f(y; θ) = 0 for y ≤ 0. This pdf characterizes the 2S-L distribution. The
corresponding cdf is given as

F (y; θ) = 1− 1
6(1 + θ)2

[
θ3y

(
y2 + 6y + 6

)
+3θ2

(
y2 + 4y + 2

)
+6θ(y +2)+6

]
e−θy, y, θ > 0.
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The 2S-L distribution is the basis of our proposed one-parameter discrete compound
distribution, which is mathematically formulated in the definition below.

Definition 2.1. Suppose that X is a random variable having the Poisson 2S-Lindley
(P2S-L) distribution such that

X|λ ∼ P(λ) and λ|θ ∼ 2S-L(θ),

where λ > 0, θ > 0, and ∼ D denotes “follows the D distribution”. Then, the unconditional
pmf of X is

(2.1) P (x; θ) =
θ4(1 + x)

6(1 + θ)6+x

[
x2 + 6(θ + 2)2 + x(11 + 6θ)

]
, x = 0, 1, 2, ...

The distribution defined with the pmf (2.1) is referred to as the P2S-L distribution with
parameter θ.

Proof: Using the procedure of compounding and integral developments, we have

P (x; θ) =
∫ ∞

0

e−λλx

x!
θ4

(1 + θ)2
λ

(
λ2

6
+ λ + 1

)
e−θλdλ

=
θ4

x!(θ + 1)2

[
1
6

∫ ∞

0
e−λ(θ+1)λx+3dλ +

∫ ∞

0
e−λ(θ+1)λx+2dλ +

∫ ∞

0
e−λ(θ+1)λx+1dλ

]
=

θ4(1 + x)
6(1 + θ)6+x

[
x2 + 6(θ + 2)2 + x(11 + 6θ)

]
.

The proof is completed.

After some mathematical developments, the corresponding cdf of the P2S-L distribution
is

F (x; θ) =
1

6(1 + θ)6+x

{
6
(
−1 + (1 + θ)x

)
+ θ

[
−6(6 + x)− 3(5 + x)(6 + x)θ

− (4 + x)(5 + x)(6 + x)θ2 − 6
(
11 + x(7 + x)

)
θ3 − 6(2 + x)θ4

+ 6(1 + θ)x(2 + θ)(1 + θ + θ2)
(
3 + θ(3 + θ)

)]}
.

Proposition 1. The pmf given in (2.1) is log concave.

Proof: We need to prove that P (x+1;θ)
P (x;θ) is a decreasing function in x. We have

P (x + 1; θ)
P (x; θ)

=
(2 + x)

[
x2 + 6(2 + θ)(3 + θ) + x(13 + 6θ)

]
(1 + x)(1 + θ)

[
x2 + 6(2 + θ)2 + x(11 + 6θ)

] .

Hence, by considering this ratio as a continuous function with respect to x and taking its
derivative, we obtain

∂

∂x

P (x + 1; θ)
P (x; θ)

= −
3
[

1
θ+1 +

(4θ+4x+10)+2(x+1)(2θ(x+1)+3x+4)
(6(θ+2)2+x2+(6θ+11)x)2

]
(x + 1)2

,

which is clearly negative, implying that P (x+1;θ)
P (x;θ) is a decreasing function in x for every possible

value of θ. This ends the proof.
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Figure 1 shows the possible pmf shapes of the P2S-L distribution for various values of θ.
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Figure 1: Some plots of the pmf of the P2S-L distribution for chosen values for θ.

The figure clearly indicates that the P2S-L distribution is right-skewed and, as θ goes
larger, the mass will concentrate more on nearer to 0 values.

2.1. Moments, skewness and kurtosis

Some moment functions, skewness and kurtosis of the P2S-L distribution are now under
investigation. If X represents a random variable having the P2S-L distribution, then the pgf
of X is

G(s) = E(sX) =
∞∑

x=0

sxP (x; θ) =
θ4(2− s + θ)2

(1 + θ)2(1− s + θ)4
,(2.2)

for |s| < 1 + θ. The mgf of X can be obtained by substituting s in (2.2) by et, and we obtain

M(t) = E(etX) =
θ4

(
2− et + θ

)2

(1 + θ)2(1− et + θ)4
,

for t ≤ ln(1 + θ). The r-th factorial moment of X is described in the next result.

Proposition 2. The r-th factorial moment of X is derived as

µ[r] = E
(
X (X − 1) ··· (X − r + 1)

)
=

[
r2 + 6(1 + θ)2 + r(5 + 6θ)

]
(r + 1)!

6θr(1 + θ)2
.
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Proof: The r-th factorial moment of X is obtained by integrating. That is,

µ[r] =
∫ ∞

0

θ4

(1 + θ)2
λr+1

(
λ2

6
+ λ + 1

)
e−θλdλ

=
θ4

(θ + 1)2

(
1
6

∫ ∞

0
λr+3e−θλdλ +

∫ ∞

0
λr+2e−θλdλ +

∫ ∞

0
λr+1e−θλdλ

)
=

[
r2 + 6(1 + θ)2 + r(5 + 6θ)

]
(r + 1)!

6θr(1 + θ)2
.

Hence the proof.

Based on Proposition 2, the first four moments of X follow as

E(X) =
2(2 + θ)
θ(1 + θ)

,

E(X2) =
2
(
θ3 + 6θ2 + 14θ + 10

)
θ2(θ + 1)2

,

E(X3) =
2
(
θ4 + 12θ3 + 50θ2 + 90θ + 60

)
θ3(θ + 1)2

,

E(X4) =
2
(
θ5 + 24θ4 + 158θ3 + 490θ2 + 720θ + 420

)
θ4(θ + 1)2

,

and the variance of X is

Var(X) =
2
(
θ3 + 4θ2 + 6θ + 2

)
θ2(θ + 1)2

.

It is worth noting that when θ tends to 0, the above moment measures tend to ∞, and when
θ tends to ∞, they tend to 0. The skewness and kurtosis of the P2S-L distribution can be
calculated using the following formulas:

(2.3) Skewness(X) =
E(X3)− 3E(X2)E(X) + 2[E(X)]3

[Var(X)]3/2

and

(2.4) Kurtosis(X) =
E(X4)− 4E(X3)E(X) + 6E(X2)[E(X)]2 − 3[E(X)]4

[Var(X)]2
,

respectively. Both equations (2.3) and (2.4) will result in explicit forms.

2.2. Dispersion index and coefficient of variation

The expressions of the coefficient of variation (CV) and dispersion index (DI) of the
P2S-L distribution are obtained in this section. The coefficient of variation is calculated as

CV(X) =

√
2(θ3 + 4θ2 + 6θ + 2)

2(θ + 2)
.

The dispersion index is given by

DI(X) = 1 +
1
θ

+
1

θ + 1
− 1

θ + 2
.
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Clearly, DI(X) is always greater than 1. As a result, the P2S-L distribution has over-dispersed
properties.

Numerical values for the mean, variance, DI, skewness, and kurtosis for different sets
of parameter values are reported in Table 1.

Table 1: Numerical values for some moment measures of the P2S-L dis-
tribution for various values of θ.

Measures
θ

0.1 0.5 1.9 2.0 5.0 8.0

Mean 38.1818 6.6667 1.4156 1.3333 0.4667 0.2778
Variance 436.5289 21.7778 2.2858 2.1111 0.5711 0.3156
DI 11.4329 3.2667 1.6147 1.5833 1.2238 1.1361
Skewness 1.0120 1.1297 1.4551 1.4731 1.9126 2.2638
Kurtosis 4.5261 4.8364 5.9078 5.9709 7.5983 9.0977

From Table 1, the P2S-L distribution would be appropriate for modelling over-dispersed,
right-skewed and leptokurtic data sets.

2.3. Stress-strength analysis

Stress-strength reliability has wide applications in almost all fields of engineering and
machine learning. Let Xstress and Xstrength be discrete random variables with positive integer
values that model the stress and strength of a system, respectively. Then, the expected
reliability can be calculated using the following formula:

RStress-Strength = Pr(XStress < XStrength) =
∞∑

x=0

PXStress
(x)

(
1− FXStrength

(x)
)
,

where PX(x) and FX(x) are the pmf and cdf of a random variable X, respectively. The expres-
sion for stress-strength reliability when XStress ∼ P2S-L with parameter θ1 and XStrength ∼
P2S-L with parameter θ2, and XStress and XStrength are independent, is obtained in explicit
form as follows:

RStress-Strength =
θ4
2

(1 + θ1)
2(1 + θ2)

2(θ2 + θ1(1 + θ2)
)7

× θ3
1

{
35 + θ1(5 + 2θ1)

{
30 + θ1

[
39 + θ1

[
30 + θ1(11 + 2θ1)

]]}}
+ θ2

1

{
21 + θ1

{
217 + θ1

[
711 + θ1

[
1111 + θ1

(
953 + θ1

(
471 + 16θ1(8 + θ1)

))]]}}
θ2

+ θ1(1 + θ1)(7 + θ1)
{

91 + θ1

{
434 + θ1

[
918 + θ1

[
987 + θ1

(
573 + θ1(177 + 25θ1)

)]]}}
θ2
2

+ (1 + θ1)
2

{
1 + θ1

{
21 + θ1

[
126 + θ1

[
350 + θ1

(
477 + θ1

(
331 + θ1(119 + 19θ1)

))]]}}
θ3
2

+ (1 + θ1)
3

{
2 + θ1

{
19 + θ1

[
65 + θ1

(
110 + θ1

(
92 + θ1(39 + 7θ1)

))]}}
θ4
2 + (1 + θ1)

9θ5
2.
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Some numerical values for RStress-Strength for different values of the parameters are given in
Table 2.

Table 2: Numerical values for RStress-Strength for different values of θ1 and θ2.

θ1 →
θ2 ↓

0.1 0.2 0.5 0.9 1 1.5 2 2.3

0.1 0.507498 0.196622 0.031747 0.008971 0.007219 0.003305 0.002029 0.001639
0.2 0.817939 0.514575 0.154903 0.058235 0.048808 0.025438 0.016749 0.013911
0.5 0.974228 0.871305 0.534687 0.310976 0.27908 0.183003 0.13734 0.120468
0.9 0.993732 0.958349 0.765952 0.560421 0.52376 0.397247 0.326012 0.297247
1 0.995124 0.966264 0.796984 0.602639 0.56673 0.439911 0.366428 0.336299
1.5 0.998087 0.984944 0.886158 0.742172 0.712211 0.597391 0.523796 0.49193
2 0.998971 0.991334 0.925507 0.815831 0.79141 0.693082 0.626112 0.596133
2.3 0.999227 0.993309 0.939357 0.844368 0.822612 0.733147 0.670611 0.642212

From Table 2, it is clear that the stress-strength reliability increases as θ2 →∞ and it
decreases as θ1 →∞.

2.4. Generating random values from the P2S-L distribution

Random values from the P2S-L distribution can be generated using the steps given
below. For i = 1, 2, 3, ..., n, consider:

1. λi ∼ Lindley(θ) and λ∗i ∼ Lindley(θ), independently;

2. an observation xi of Xi ∼ P(λi + λ∗i ).

The obtained generated values are x1, x2, ..., xn.

3. ESTIMATION METHODS

To accurately predict the behavior of a given distribution, the unknown parameter(s)
must be precisely estimated. Here, four classical estimation methods, such as the method
of moments (MM), maximum likelihood (ML), least square (LS) and weighted least square
(WLS) estimation methods, are used for this purpose. We assume that n observations of
a random variable X with the P2S-L distribution having the unknown parameter θ are
x1, x2, ..., xn.

3.1. Method of moments

In the first method of estimation, the parameter of the P2S-L distribution is estimated
with theMM.The theoretical and empiricalmoments are equated and solved to obtain the same.
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Based on the first sample moment given as xn = 1
n

∑n
i=1 xi, the MM estimate (MME) of θ,

say θ̂MME, satisfies E(X) = xn, which implies that

θ̂MME =
2− xn +

√
4 + 12xn + x2

n

2xn
,

provided that xn > 0. A biased property of the MME is provided in the next proposition.

Proposition 3. The estimate θ̂MME is positively biased.

Proof: We have θ̂MME = g(xn), where g(t) = 2−t+
√

4+12t+t2

2t , with t > 0. Now, since

g′′(t) =
8
[
2 +

√
4 + t(12+t)

]
+2t

{
12

[
3 +

√
4 + t(12+t)

]
+ t

[
30 +3t +

√
4 + t(12+t)

]}
t3

[
4 + t(12 + t)

]3/2
> 0,

g(t) is strictly convex. The Jensen inequality states that E
(
g
(
X̄n

))
> g

(
E

(
X̄n

))
when con-

sidering the random version of xn, denoted by X̄n. This implies that the random version of
θ̂MME, say θ̃MME, satisfies the inequality E(θ̃MME) > θ. Therefore, θ̂MME is positively biased.
This ends the proof.

3.2. Maximum likelihood estimation

The second method of estimation consists of finding the ML estimate (MLE) of θ.
To this end, the likelihood function is

L =
n∏

i=1

θ4(1 + xi)
6(1 + θ)6+xi

[
x2

i + 6(θ + 2)2 + xi(11 + 6θ)
]

and the log of the likelihood function is

log L = 4n log θ − 6n log(1 + θ)− n log(6) +
n∑

i=1

log(1 + xi)

+
n∑

i=1

log
[
x2

i + 6(θ + 2)2 + xi(11 + 6θ)
]
− log(θ + 1)

n∑
i=1

xi.

Now, the MLE of θ, say θ̂MLE, satisfies

θ̂MLE = argmaxθ>0 L or θ̂MLE = argmaxθ>0 log L,

where argmax{c}G(c) are the points c of some function G at which the function values are
maximized. It can be obtained by solving the following non-linear equation:

∂ log L
∂θ

= 0 =⇒ 4n

θ
− 6n

θ + 1
− 1

1 + θ

n∑
i=1

xi +
n∑

i=1

6(4 + xi + 2θ)
x2

i + 6(2 + θ)2 + xi(11 + 6θ)
= 0.(3.1)

We obtain θ̂MLE by numerically solving (3.1) using a mathematical software like MATHEMATICA,
MATHCAD and R. In our study, we employ the optim function of the R software to obtain θ̂MLE.
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The variance and standard error (SE) of θ̂MLE are calculated using the inverse of the observed
scalar information matrix. The fdHess function of the R software is used for the same purpose.
For α ∈ (0, 1), the asymptotic 100(1− α)% confidence interval (CI) for the parameter θ is[

θ̂MLE ± zα/2

√
Var(θ̂MLE)

]
,

where zα/2 is the upper α/2 quantile of the standard normal distribution.

3.3. Least square and weighted least square estimation

Let the ordered values of x1, x2, ..., xn be x(1), x(2), ..., x(n) and set

LS =
n∑

i=1

[
F

(
x(i); θ

)
− i

n + 1

]2

and

WLS =
n∑

i=1

(n + 1)2(n + 2)
i(n− i + 1)

[
F

(
x(i); θ

)
− i

n + 1

]2

.

We obtain the LS estimate (LSE) and WLS estimate (WLSE) of θ by

θ̂LSE = argminθ>0 LS and θ̂WLSE = argminθ>0 WLS,

respectively, where argmin{c} G(c) are the points c of some function G at which the function
values are minimized. The LS and WLS estimates are optimized using the optim function of
the R software.

3.4. Simulation study

An extensive simulation study is used in this section to compare the above-mentioned
methods for estimating the unknown parameter θ. Some arbitrarily chosen values for θ, i.e.,
θ = 0.2, 0.5, 0.8, 1.3, 1.7, 2.2, are considered for different sample sizes (n = 25, 50, 100, 200,
400 and 800). Also, N = 1000 replications are used for the same. In addition, measures such
as bias and mean square error (MSE) are calculated with the following formulas:

Bias =
1
N

N∑
i=1

|θ̂i − θ|, MSE =
1
N

N∑
i=1

(θ̂i − θ)2,

where the index i refers to the i-th experiment. Simulation results, including the bias and
MSEs of the MME, MLE, LSE, and WLSE, are reported in Table 3.
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Table 3: Simulation results for the P2S-L distribution.

θ = 0.2

n
MME MLE LSE WLSE

Bias MSE Bias MSE Bias MSE Bias MSE

25 0.002781 0.000533 0.002770 0.000533 0.005383 0.000513 0.005375 0.000487
50 0.001035 0.000257 0.001018 0.000257 0.005271 0.000272 0.005362 0.000257

100 0.000993 0.000126 0.000991 0.000126 0.005270 0.000146 0.005299 0.000145
200 0.000832 0.000061 0.000833 0.000061 0.005268 0.000085 0.005206 0.000081
400 0.000315 0.000028 0.000314 0.000028 0.005161 0.000056 0.005172 0.000055
800 0.000109 0.000015 0.000111 0.000015 0.004723 0.000042 0.004943 0.000042

θ = 0.5

n
MME MLE LSE WLSE

Bias MSE Bias MSE Bias MSE Bias MSE

25 0.008855 0.003876 0.008701 0.003872 0.034054 0.004318 0.036604 0.004153
50 0.003064 0.001945 0.002984 0.001943 0.034036 0.002693 0.036014 0.002635

100 0.002575 0.001028 0.002517 0.001028 0.033953 0.001911 0.035450 0.001949
200 0.001375 0.000482 0.001366 0.000481 0.033330 0.001505 0.035239 0.001593
400 0.000750 0.000225 0.000731 0.000226 0.033178 0.001346 0.034293 0.001471
800 0.000674 0.000123 0.000667 0.000123 0.031546 0.001264 0.032465 0.001431

θ = 0.8

n
MME MLE LSE WLSE

Bias MSE Bias MSE Bias MSE Bias MSE

25 0.012386 0.012897 0.012017 0.012838 0.089365 0.014970 0.110187 0.015583
50 0.008235 0.006071 0.007991 0.006056 0.089177 0.011887 0.105940 0.012316

100 0.002922 0.003083 0.002862 0.003090 0.089012 0.009989 0.102034 0.012215
200 0.002850 0.001628 0.002788 0.001627 0.087833 0.008724 0.096044 0.011598
400 0.001502 0.000753 0.001477 0.000754 0.086976 0.008421 0.088295 0.011250
800 0.000509 0.000358 0.000511 0.000358 0.078654 0.008254 0.088295 0.010699

θ = 1.3

n
MME MLE LSE WLSE

Bias MSE Bias MSE Bias MSE Bias MSE

25 0.029639 0.048833 0.034871 0.052769 0.245340 0.072775 0.338869 0.115103
50 0.013136 0.022640 0.016509 0.022893 0.243812 0.067841 0.324150 0.105609

100 0.006243 0.011242 0.009289 0.010663 0.243389 0.064562 0.310919 0.097875
200 0.005737 0.005420 0.006728 0.005411 0.241816 0.060674 0.297188 0.091021
400 0.005690 0.002699 0.002866 0.002688 0.240467 0.060552 0.281971 0.085582
800 0.000949 0.001443 0.001221 0.001348 0.230707 0.059784 0.2664455 0.084874

θ = 1.7

n
MME MLE LSE WLSE

Bias MSE Bias MSE Bias MSE Bias MSE

25 0.067738 0.109771 0.053360 0.103309 0.417770 0.188135 0.590104 0.348501
50 0.024998 0.044997 0.034529 0.047393 0.417183 0.182087 0.569252 0.324724

100 0.007982 0.023980 0.017156 0.022596 0.416915 0.181277 0.546202 0.299772
200 0.006952 0.011087 0.007388 0.010343 0.414872 0.175299 0.524531 0.278230
400 0.002851 0.004889 0.001480 0.005598 0.411906 0.175281 0.498656 0.256103
800 0.000955 0.002690 0.000496 0.002784 0.399852 0.174821 0.465326 0.233700

θ = 2.2

n
MME MLE LS WLS

Bias MSE Bias MSE Bias MSE Bias MSE

25 0.116734 0.290218 0.115604 0.290072 0.688772 0.483882 0.954364 0.911138
50 0.037157 0.095885 0.036454 0.095643 0.686642 0.482239 0.925549 0.857396

100 0.012432 0.045527 0.012031 0.045469 0.686362 0.480097 0.894067 0.801097
200 0.009737 0.024009 0.009611 0.024004 0.686263 0.475233 0.863627 0.749363
400 0.005487 0.009871 0.005440 0.009866 0.684225 0.472904 0.826796 0.692542
800 0.004243 0.005719 0.004180 0.005725 0.666975 0.472544 0.780233 0.629468



382 C. Chesneau, V. D’cruz, R. Maya and M.R. Irshad

According to Table 3, as n increases, the bias and MSE tend to 0. As a result, it is clear
that MME and MLE perform almost identically when estimating the unknown parameter θ,
and thus both methods are appropriate for small and large sample sizes.

4. P2S-L REGRESSION MODEL

In Section 2.1, it is clearly mentioned that the P2S-L model is capable of modelling
over-dispersed data sets. Such data sets are of paramount importance since they are most
often observed in real life. Hence, we specialize in over-dispersion. This section introduces
a count regression model based on the P2S-L distribution for modelling over-dispersed data
sets.

4.1. Model construction

Let Y be the random variable which represents the counted number of occurrences of
an event. We assume that it has the P2S-L distribution and satisfies E(Y ) = µ, implying the
following reparametrization:

θ =
2− µ +

√
4 + 12µ + µ2

2µ
.

Assume we have n observations of Y , which is also the response variable, with the i-th
observation being a realization of a random variable Yi for i = 1, 2, ..., n, and the mean of Yi

is linked to the random covariate X>= (X1, X2, ..., Xk) using the log-link function given by

(4.1) µi = E(Yi) = ex>i γ ,

where x>i = (xi1, xi2, ..., xik) is the covariate vector and γ = (γ0, γ1, γ2, ..., γk) is the unknown
vector of regression coefficients. Based on (4.1), a linear form for the pmf of Yi|X>

i = x>i which
follows the P2S-L distribution with parameter µi is obtained as

P (yi; ex>i γ) =

2−ex>i γ+

r
4+12ex>

i
γ+

(
ex>

i
γ
)2

2ex>
i

γ

4

(1 + yi)

6

1 +

2−ex>
i

γ+

r
4+12ex>

i
γ+

(
ex>

i
γ
)2

2ex>
i

γ


6+yi

×

y2
i + 6

2− ex>i γ +
√

4 + 12ex>i γ +
(
ex>i γ

)2
2ex>i γ

 + 2

2

+ yi

11 + 6

2− ex>i γ +
√

4 + 12ex>i γ +
(
ex>i γ

)2
2ex>i γ


,

where yi = 0, 1, 2, ...
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4.2. Estimation of the model

The ML method is used to estimate the regression coefficients in γ. The log of the
likelihood function, say U, of the P2S-L count regression model is given by

log U = 4
n∑

i=1

[
log

(
2− ex>i γ +

√
4 + 12ex>i γ +

(
ex>i γ

)2)− log
(
2ex>i γ

)]
+

n∑
i=1

log(1 + yi)

− n log 6 −
n∑

i=1

(6 + yi) log

1 +

2− ex>i γ +
√

4 + 12ex>i γ +
(
ex>i γ

)2
2ex>i γ


+

n∑
i=1

log

y2
i + 6

2− ex>i γ +
√

4 + 12ex>i γ +
(
ex>i γ

)2
2ex>i γ

 + 2

2

+ yi

11 + 6

2− ex>i γ +
√

4 + 12ex>i γ +
(
ex>i γ

)2
2ex>i γ


.(4.2)

Now an estimation of the unknown vector γ is obtained by maximizing (4.2):

γ̂ = argmaxγ log U.

In this regard, we use the optim function in the R software. Also, the SE of this estimate is
calculated using the fdHess function in the R software.

4.3. Simulation of the P2S-L regression model

In this part, the ML method employed to estimate the unknown regression param-
eters is analyzed via a simulation study. By taking k = 2, the parametric combinations
(γ0 = 0.5, γ1 = 0.1, γ2 = 0.4) and (γ0 = 0.2, γ1 = 0.7, γ2 = 0.5) are used to generate N = 1000
samples of sizes n = 50, 250, 500 and 1000 from the model, log(µi) = γ0 + γ1xi1 + γ2xi2.

Table 4: Simulation results for the P2S-L regression model.

n Parameters
γ0 = 0.5, γ1 = 0.1, γ2 = 0.4 γ0 = 0.2, γ1 = 0.7, γ2 = 0.5

Estimates Bias MSE Estimates Bias MSE

50
γ0 0.459330 0.040670 0.069193 0.158021 0.041979 0.078119
γ1 0.115366 0.015366 0.077800 0.716583 0.016583 0.073192
γ2 0.403656 0.003656 0.079126 0.502873 0.002873 0.079101

250
γ0 0.492112 0.007888 0.011192 0.190608 0.009392 0.013913
γ1 0.097662 0.002338 0.014621 0.702769 0.002769 0.014656
γ2 0.402847 0.002847 0.014029 0.500762 0.000762 0.013577

500
γ0 0.494108 0.005892 0.006232 0.193702 0.006298 0.006675
γ1 0.098186 0.001814 0.007140 0.702319 0.002319 0.007309
γ2 0.401727 0.001727 0.007149 0.500547 0.000547 0.006969

1000
γ0 0.496372 0.003628 0.002971 0.197913 0.002087 0.003236
γ1 0.099694 0.000307 0.003512 0.702143 0.002143 0.003694
γ2 0.400233 0.000233 0.003518 0.500348 0.000348 0.003456



384 C. Chesneau, V. D’cruz, R. Maya and M.R. Irshad

We assume that xi1 and xi2 are generated from the U(0, 1) distribution. Here, measures
such as estimates, bias, and MSEs are used to prove the asymptotic property of the MLEs.
Table 4 reports the simulation results.

From Table 4, it is clear that as sample size increases, the bias and MSEs are nearer to 0,
implying the consistency property of the MLEs for estimating the regression parameters.

5. INAR(1) PROCESS WITH P2S-L INNOVATIONS

In this section, we use the P2S-L distribution as an innovation distribution for the
INAR(1) process for modelling over-dispersed count data sets. We have seen in the earlier
sections that the P2S-L distribution is appropriate for over-dispersed count data sets. Also, in
the empirical results section discussed later, we clearly prove that the P2S-L model provides
better fits and results than some other recently developed overdispersed models. So the P2S-L
distribution is applied here as an innovation distribution, and then the statistical properties
of the process are investigated. A simulation study is included, and the parameters are
estimated using the conditional maximum likelihood.

The process {Xt}t∈Z defined by

(5.1) Xt = p ◦Xt−1 + εt,

with p ∈ [0, 1), is called the INAR(1) process if the innovations {εt}t∈Z are independent and
identically distributed (iid). The symbol ◦ in (5.1) denotes the binomial thinning operator,
which is described as

p ◦Xt−1 =
Xt−1∑
j=1

Cj ,

where {Cj}j∈Z is a sequence of iid Bernoulli random variables with parameter p. Therefore,
the corresponding INAR(1) process has the following one step transition probability:

Pr
(
Xt = k |Xt−1 = l

)
=

min(k,l)∑
i=0

Pr
(
B(l, p) = i

)
Pr

(
εt = k − i

)
, k, l = 0, 1, ...,

where B(l, p) ∼ Binomial(l, p) and p ∈ [0, 1). Historically, the P distribution was the first to
be used with the INAR(1) process (for more information, see McKenzie, 1985 and Al-Osh
and Alzaid, 1987).

If {εt}t∈Z has a P2S-L distribution with parameter θ, then the corresponding
INAR(1)P2S-L process has the one step transition probability given as

Pr
(
Xt = k |Xt−1 = l

)
=

min(k,l)∑
i=0

(
l

i

)
pi(1− p)l−i

× θ4[1 + (k − i)]
6(1 + θ)6+(k−i)

[
(k − i)2 + 6(θ + 2)2 + (k − i)(11 + 6θ)

]
.

By using the expressions for the mean, variance, DI, conditional mean and conditional
variance of {Xt}t∈Z (see Wei, 2018 and Al-Osh and Alzaid, 1987), the mean, variance, DI,
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conditional mean and conditional variance of the INAR(1)P2S-L process are derived as

µ∗ = E(Xt) =
2(2 + θ)

(1− p)θ(1 + θ)
,

σ2
∗ = Var(Xt) =

2
(
θ3(p + 1) + θ2(3p + 4) + 2θ(p + 3) + 2

)
θ2(θ + 1)2(1− p2)

,

DI∗ = DI(Xt) =
θ3(p + 1) + θ2(3p + 4) + 2θ(p + 3) + 2

θ(θ + 1)(θ + 2)(p + 1)
,

E(Xt |Xt−1) = pXt−1 +
2(2 + θ)
θ(1 + θ)

(5.2)

and

Var(Xt |Xt−1) = p(1− p)Xt−1 +
2
(
θ3 + 4θ2 + 6θ + 2

)
θ2(θ + 1)2

.(5.3)

5.1. Estimation of the process

Here, the estimation procedure using the conditional maximum likelihood (CML) method
for the INAR(1)P2S-L process is examined. Let us consider T observations x1, x2, ..., xT

of the INAR(1)P2S-L process from the random sample X1, X2, ..., XT . Then the conditional
log likelihood function is

`(Θ) =
T∑

t=2

log
[
Pr

(
Xt = xt |Xt−1 = xt−1

)]

=
T∑

t=2

log


min(xt,xt−1)∑

i=0

(
xt−1

i

)
pi(1− p)xt−1−i

× θ4[1 + (xt − i)]
6(1 + θ)6+(xt−i)

[
(xt − i)2 + 6(θ + 2)2 + (xt − i)(11 + 6θ)

],

where Θ = (θ, p)T is the unknown parametric vector to be estimated. The CML estimates
(CMLEs) are obtained by

Θ̂ = argmaxΘ `(Θ).

The optim and fdHess functions of the R program are used to obtain the CMLEs, observed
information matrix, and therefore the SEs of the parameter estimates.

5.2. Simulation of the INAR(1)P2S-L process

A simulation study is used to thoroughly investigate the CML method for estimating
the parameters of the INAR(1)P2S-L process. Hence, we generated N = 1000 samples, each
of sizes n = 20, 50, 100, 500, 1000, from the INAR(1)P2S-L process for the following four sets
of parameter values: (θ = 0.2, p = 0.3), (θ = 0.25, p = 0.5), (θ = 1.2, p = 0.7) and (θ = 1.6,
p = 0.9). For each n, the average bias and MSE for the parameters were calculated, and the
simulation results are presented in Table 5.
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Table 5: Simulation results for the INAR(1)P2S-L process.

n Parameters
θ = 0.2, p = 0.3 θ = 0.25, p = 0.5

Estimates Bias MSE Estimates Bias MSE

20
θ 0.219149 0.019149 0.002210 0.265957 0.015957 0.003318
p 0.337932 0.037932 0.008395 0.510654 0.010654 0.006919

50
θ 0.210206 0.010206 0.000677 0.258585 0.008585 0.001116
p 0.323072 0.023072 0.003635 0.507034 0.007034 0.002768

100
θ 0.205219 0.005219 0.000241 0.251768 0.001768 0.000489
p 0.308560 0.008560 0.001226 0.498929 -0.001071 0.001371

500
θ 0.203217 0.003217 0.000062 0.250827 0.000827 0.000094
p 0.311741 0.011741 0.000414 0.500856 0.000856 0.000272

1000
θ 0.204506 0.004506 0.000043 0.250165 0.000165 0.000045
p 0.312342 0.012342 0.000288 0.500012 0.000012 0.000136

n Parameters
θ = 1.2, p = 0.7 θ = 1.6, p = 0.9

Estimates Bias MSE Estimates Bias MSE

20
θ 1.326347 0.126347 0.134854 1.751818 0.151818 0.402999
p 0.724984 0.024984 0.006737 0.897135 -0.002865 0.001089

50
θ 1.289355 0.089355 0.055774 1.647628 0.047628 0.097429
p 0.716579 0.016579 0.002509 0.897772 -0.002228 0.000349

100
θ 1.282011 0.082011 0.014919 1.625991 0.025991 0.048762
p 0.711249 0.011249 0.000982 0.899145 -0.000855 0.000189

500
θ 1.243593 0.043593 0.008646 1.600812 0.000812 0.008673
p 0.705575 0.005575 0.000652 0.899731 -0.000269 0.000034

1000
θ 1.220952 0.020952 0.008867 1.602889 0.002889 0.004258
p 0.702504 0.002504 0.000261 0.900023 0.000023 0.000018

Table 5 makes it clear that the CML method is suitable for the estimation of the pa-
rameters since the bias and MSEs decrease to 0 quickly for small as well as large sample sizes.

6. EMPIRICAL STUDY

In this section, the proposed models under the P2S-L distribution are compared with
some discrete models using four real data sets to prove their efficiency. The first two data
sets illustrate the performance of the P2S-L distribution. The new P weighted exponential
(NPWE) distribution (see Altun, 2020), P xgamma (PX) distribution (see Altun et al., 2022),
P Bilal (PBl) distribution (see Altun, 2020), P Lindley (PL) distribution (see Sankaran, 1970)
and P distribution are considered for this purpose. The estimates of the involved parameters
are computed along with their SEs, CIs (in the form of lower and upper bounds (LCI and UCI,
respectively)), goodness of fit statistic (χ2 statistic), degrees of freedom, p-values, and model
adequacy measures such as the minus maximized log likelihood function (-Log L), Akaike in-
formation criterion (AIC) and Bayesian information criterion (BIC). The third data set is used
to check the efficiency of the P2S-L regression model by comparing it with the new P general-
ized Lindley (NPGL) regression model (see Altun, 2021), the PX regression model, the PL re-
gression model, and the P regression model by using the measures -Log L, AIC, and BIC. The
last data set is used to check the capability of an integer-valued auto-regressive process with
P2S-L innovations, the INAR(1)P2S-L process. The INAR(1)P2S-L process is compared with
the INAR(1)PTE process (see Altun and Khan, 2022), INAR(1)PX process (see Altun et al.,
2022), INAR(1)PL process (see Ĺıvio et al., 2018), INAR(1)P process, and the INAR(1)G
process by means of -Log L, AIC, BIC, and fitted measures such as mean, variance, and DI.
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6.1. Bacterial clumps

This data set contains measures of the distribution of bacterial clumps per field in
a milk film. A microscope slide was split into 400 regions of equal area, and the number
of bacterial clumps on each was counted. Bliss and Fisher (1953) considered this data set
and fitted it by the NB distribution rather than the P distribution. Table 6 contains some
descriptive measures of the fitted P2S-L distribution using this data set. Hence, it is evident
that the fitted P2S-L distribution is over-dispersed, right-skewed, and leptokurtic.

Table 6: Values of some descriptive statistics of the P2S-L distribution
for the bacterial clumps data set.

Mean Variance DI Skewness Kurtosis

2.4625 5.7029 2.3159 2.1017 10.7154

The MLEs with their corresponding SEs, CIs under the form (LCI,UCI) for the pa-
rameter(s) and goodness-of-fit statistic for the bacterial clumps data set are given in Table 7.

Table 7: The MLE, LCI, UCI, -Log L, AIC, BIC, χ2 and p-values for the distributions considered
using the bacterial clumps data set.

X
Observed Expected frequency

frequency P2S-L NPWE PX PBl PL P

0 56 74.13 116.28 105.96 82.04 100.07 34.86
1 104 88.85 82.48 79.90 89.32 83.40 85.07
2 80 76.84 58.50 61.50 73.14 64.29 103.78
3 62 57.42 41.49 46.40 53.38 47.28 84.41
4 42 39.36 29.43 33.95 36.63 33.68 51.49
5 27 25.46 20.88 24.09 24.20 23.44 25.13
6 9 15.79 14.81 16.63 15.58 16.04 10.22
7 9 9.48 10.50 11.21 9.85 10.83 3.56
8 5 5.55 7.45 7.40 6.15 7.24 1.09
9 3 3.18 5.28 4.81 3.80 4.79 0.29

10 2 1.79 3.75 3.08 2.33 3.15 0.07
11 0 0.99 2.66 1.94 1.42 2.06 0.02
12 1 1.17 6.49 3.13 2.17 3.74 0.00

Total 400 400 400 400 400 400 400

θ

MLE 1.1915 0.3724 0.8540 0.3411 0.6523 2.4400
SE 0.0023 0.2782 0.0018 0.0008 0.0015 0.0039
LCI 1.1870 0 0.8505 0.3395 0.6493 2.4323
UCI 1.1960 0.9177 0.8576 0.3427 0.6552 2.4477

α

MLE — 0.1004 — — — —
SE — 0.8219 — — — —
LCI — 0 — — — —
UCI — 1.7114 — — — —

χ2 10.9593 73.5180 52.3447 18.3150 43.9591 42.7049
degrees of freedom 8 7 8 8 8 8

p-value 0.2785 < 0.001 < 0.001 0.0317 < 0.001 < 0.001

-Log L −795.5053 −829.4187 −817.7587 −798.9790 −813.0958 −831.6082
AIC 1593.0106 1660.8373 1637.5174 1599.9580 1628.1917 1665.2165
BIC 1597.0021 1664.8288 1641.5089 1603.9495 1632.1831 1669.2079
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According to Table 7, the P2S-L distribution performs well because it has the lowest
AIC, BIC, and χ2 values with a higher p-value. Also, the estimated pmfs of the fitted
distributions are diagrammatically represented in Figure 2.
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Figure 2: The estimated pmfs of the fitted distributions for the bacterial clumps data set.

From Figure 2 also, we can infer that the P2S-L distribution yields the best fit among
other fitted distributions.

6.2. Yeast cells

The second data set contains measurements of yeast cell distribution per square in a
hemocytometer (see Bliss and Fisher, 1953). The authors of this reference also used this data
set to claim the fit of the NB distribution because it lacks randomness. Table 8 contains some
descriptive measures of the fitted P2S-L distribution for this data set. Hence, here also, it is
evident that the fitted P2S-L distribution is over-dispersed, right-skewed, and leptokurtic.

Table 8: Values of some descriptive statistics of the P2S-L distribution
for the yeast cells data set.

Mean Variance DI Skewness Kurtosis

0.69 0.91118 1.3205 1.7254 6.7372

Table 9 shows the MLEs with their corresponding SEs, CIs in the form (LCI, UCI) for
the parameter(s), and goodness-of-fit statistic for the yeast cells data set.

From Table 9, it is clear that the P2S-L distribution is the best among the considered
competitive models since it has the lowest -Log L, AIC, BIC and χ2 value with the highest
p-value.
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Table 9: The MLE, LCI, UCI, -Log L, AIC, BIC, χ2 and p-values for distributions considered
using the yeast cells data set.

X
Observed Expected frequency

frequency P2S-L NPWE PX PBl PL P

1 213 221.22 237.74 237.14 199.88 234.04 202.14
2 128 114.24 96.44 95.85 116.68 99.41 137.96
3 37 43.56 39.12 39.87 51.43 40.50 47.08
4 18 14.58 15.87 16.41 20.29 16.04 10.71
5 3 4.53 6.44 6.59 7.55 6.22 1.83
6 1 1.86 4.39 4.14 4.17 3.79 0.28

Total 400 400 400 400 400 400 400

θ

MLE 3.5683 1.1235 2.3330 0.9990 1.9502 0.6825
SE 0.0109 2.2302 0.0072 0.0031 0.0064 0.0021
LCI 3.5470 0 2.3189 0.9930 1.9377 0.6785
UCI 3.5897 5.4947 2.3470 1.0050 1.9627 0.6865

α

MLE - 0.3041 - - - -
SE - 2.5888 - - - -
LCI - 0 - - - -
UCI - 5.3782 - - - -

χ2 3.0015 13.8457 14.4230 9.1358 11.0452 10.0362
degrees of freedom 2 1 2 2 2 2

p-value 0.3914 0.0031 0.0024 0.0275 0.0115 < 0.001

-Log L −447.3560 −454.4330 −454.3928 −451.9304 −452.6185 −449.5038
AIC 896.7120 910.8660 910.7857 905.8609 907.2370 901.0076
BIC 900.7035 914.8574 914.7771 909.8524 911.2285 904.9990

From Figure 3, we can infer that the P2S-L distribution yields the best fit among other
fitted distributions.
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Figure 3: The estimated pmfs of the fitted distributions for the yeast cells data set.
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6.3. Length of hospital stay

The third data set is utilized to examine the proficiency of the count regression model
proposed under the P2S-L distribution. The data set consists of 3589 observations from the
files of 1991 Arizona cardiovascular patients found in the COUNT package in R software.
The P2S-L regression model is used to model the length of stay (yi) by using the covariates:
cardiovascular procedure (x1i) (1 = CABG, 0 = PTCA), sex (x2i) (1 = male, 0 = female),
type of admission (x3i) (1 = urgent, 0 = elective) and age (x4i) (1 = age > 75, 0 = age ≤ 75).
Given below is the regression structure that will be fitted by the P2S-L, NPGL, PX, PL, and
P regression models:

µi = eγ0+γ1x1i+γ2x2i+γ3x3i+γ4x4i .

The mean and variance of the dependent variable are calculated as 8.831 and 47.973, respec-
tively, stating the clear over-dispersion. Table 10 gives the parameter estimates and results
of the information criteria.

Table 10: The MLE, -Log L, AIC and BIC of the fitted regression models
for the length of stay data set.

Covariates

P PL PX NPGL P2SL

Estimate
SE

p-value
Estimate

SE
p-value

Estimate
SE

p- value
Estimate

SE
p-value

Estimate
SE

p-value

γ0
1.4560

< 0.001
1.4133

< 0.001
1.3996

< 0.001
1.4044

< 0.001
1.4159

< 0.001
0.0158 0.0372 0.0349 0.0353 0.0298

γ1
0.9606

< 0.001
0.9843

< 0.001
0.9725

< 0.001
0.9761

< 0.001
0.9835

< 0.001
0.0122 0.0291 0.0270 0.0274 0.0231

γ2
−0.1240

< 0.001
−0.1288

< 0.001
−0.1269

< 0.001
−0.1267

< 0.001
−0.1262

< 0.001
0.0118 0.0304 0.0280 0.0285 0.0240

γ3
0.3266

< 0.001
0.3843

< 0.001
0.3732

< 0.001
0.3759

< 0.001
0.3746

< 0.001
0.0121 0.0302 0.0280 0.0284 0.0240

γ4
0.1224

< 0.001
0.1193

< 0.001
0.1202

< 0.001
0.1198

< 0.001
0.1197

< 0.001
0.0124 0.0323 0.0298 0.0303 0.0255

-Log L −11189.8976 −10625.5957 −10569.8162 −10563.2551 −10164.8969
AIC 22389.7952 21239.1913 21127.6324 21114.5102 20317.7938
BIC 22420.7233 21202.0775 21090.5187 21077.3964 20280.6801

Altun (2021) used this data set to prove the better fit of the NPGL regression model.
Hence, the obtained -Log L, AIC and BIC were better than those of the NB regression model.
From Table 10, it is clear that the P2S-L regression model is also better than the NB regression
model. Now, since the P2S-L regression model has minimized values for its -Log L, AIC,
and BIC, we conclude that it will be a more appropriate model than the other models for
modelling this data set. As a result, we can say that the length of hospital stay increases
when people have CABG cardiovascular surgery, are admitted urgently, and are over the age
of 75. Additionally, female individuals have a longer hospital stay than male individuals.
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6.4. Number of weakly sales

The fourth data set that we consider is the series of weekly sales (in integer units) of
a particular soap product in a supermarket. The information comes from the Kilts Cen-
ter for Marketing, Graduate School of Business, University of Chicago, and can be found
at: http://gbswww.uchicago.edu/kilts/research/db/dominicks. (The product is ‘Zest White
Water 15 oz.’, with code 3700031165). We consider it to prove the applicability of the P2S-L
distribution as an innovation distribution for the INAR(1) process. The one step transi-
tion probabilities of the competitive INAR(1) models used here for comparison are given in
Appendix A.

The mean, variance, and DI of the data set are 242, 5.44, and 15.40, respectively.
The test proposed in Schweer and Wei (2014) for determining statistically significant over-
dispersion shows a p-value less than 0.001, indicating the data possess significant over-
dispersion. The autocorrelation function (ACF), partial ACF (PACF), histogram, and time
series plots are displayed in Figure 4 and in the PACF plot, the only first-lag significance
proves that this data set can be used for modelling the INAR(1) process.
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Figure 4: ACF, PACF, time series and histogram plots
for the numbers of weekly sales data.

The fitted INAR(1) processes with the P2S-L innovation and other corresponding in-
novations used for comparison yield the parameter estimates along with SE, AIC, BIC, the-
oretical mean, variance, and DI as given in Table 11. The minimum values of AIC and
BIC statistics for the INAR(1)P2S-L process prove that it provides a better fit than the
INAR(1)PTE, INAR(1)PX, INAR(1)PL, INAR(1)P and INAR(1)G processes. Furthermore,
the theoretical DI value of the INAR(1)P2S-L process is close to the empirical DI value.
As a result, it is convincing that the INAR(1)P2S-L process effectively explains the data set’s
characteristics.

http://gbswww. uchicago.edu/kilts/research/db/dominicks
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Table 11: The estimates and modelling adequacy statistics of the fitted distributions
for the number of weekly sales data set.

Model Parameters Estimates SE AIC BIC µ∗ σ2
∗ DI∗

INAR(1)P2S-L
θ 0.7569 0.0485

1244.4780 1251.4559 5.3926 12.6378 2.3436
p 0.2407 0.0426

INAR(1)PTE
α −0.9999 0.2946

1246.4137 1256.8805 1.6240 3.1983 1.9694θ 0.3839 0.0353
p 0.2860 0.0516

INAR(1)PX
θ 0.6086 0.0397

1250.5878 1257.5656 3.1074 7.1419 2.2983
p 0.3241 0.0369

INAR(1)PL
θ 0.4533 0.0325

1249.0689 1256.0467 5.4545 15.2780 2.8010
p 0.3202 0.0369

INAR(1)P
θ 4.1853 0.2110

1363.8119 1370.7898 5.5041 5.4045 0.9819
p 0.2341 0.0324

INAR(1)G
θ 0.2253 0.0152

1260.3368 1267.3147 0.3347 0.3315 0.9904
p 0.3713 0.0324

Empirical 5.4421 15.3376 2.8183

A residual analysis is done to check whether the fitted INAR(1)P2S-L process is sta-
tistically accurate. For that, the Pearson residuals r1, ..., rT are calculated, where, for any
t = 1, 2, ..., n,

rt =
xt − E(Xt |Xt−1 = xt−1)

Var(Xt |Xt−1 = xt−1)
1/2

,

where E(Xt |Xt−1) and Var(Xt |Xt−1) are given in (5.2) and (5.3), respectively. The sta-
tistical validity of the fitted INAR(1) process is proved by acquiring a zero mean and unit
variance for the uncorrelated Pearson residuals (see Harvey and Fernandes, 1989). The mean
and variance of the Pearson residuals of the INAR(1)P2S-L process were 0.0419 and 1.0033,
respectively, which are very close to the desired values. This proves our INAR(1)P2S-L pro-
cess is statistically valid for the data set. According to the findings in Jazi et al. (2012), the
INAR(1)P2S-L process for the data is such that

Xt = 0.2407 ◦Xt−1 + εt,

where the innovation process satisfies εt ∼ P2S-L(0.7569).
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Figure 5: The predicted values of the number of weekly sales data set
(left) and the ACF plot of the Pearson residuals (right).
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Additionally, the ACF plot of the Pearson residuals in Figure 5 specifies that there is
no presence of autocorrelation for the Pearson residuals. The plot for actual and predicted
values of the monthly number of claims is displayed on the left side of Figure 5.

7. CONCLUDING REMARKS

A one-parameter discrete compound distribution, namely the Poisson 2S-Lindley
(P2S-L) distribution, was proposed. It was shown that it can effectively model over-dispersed
data sets. Flexibility is attained by having a closed form for almost every statistical and
mathematical property. Methods such as the MM, ML, LS, and WLS methods were used
for estimating the unknown parameter and were compared using a broad simulation study.
More importantly, a new count regression model and an INAR(1) process based on the P2S-L
distribution were introduced and described in detail. Four real-life data sets were evaluated
to determine the applicability of the proposed model. Thus, the P2S-L distribution-based
models will be effective in modelling count data, particularly over-dispersed count data sets.
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A. APPENDIX

Transition probabilities for the processes used for comparison in Section 6.4.

1. Transition probability for the INAR(1)PTE process:

Pr
(
Xt = k |Xt−1 = l

)
=

min(k,l)∑
i=0

(
l

i

)
pi(1− p)l−iθ

(
1− α

(1 + θ)1+k−i
+

2α

(1 + 2θ)1+k−i

)
,

with |α| ≤ 1 and θ > 0.

2. Transition probability for the INAR(1)PX process:

Pr
(
Xt = k |Xt−1 = l

)
=

min(k,l)∑
i=0

(
l

i

)
pi(1− p)l−i ×

θ2
[
2(1 + θ)2 + θ(k − i + 2)(k − i + 1)

]
2(1 + θ)k−i+4

,

with θ > 0.

3. Transition probability for the INAR(1)PL process:

Pr
(
Xt = k |Xt−1 = l

)
=

min(k,l)∑
i=0

(
l

i

)
pi(1− p)l−i θ

2(k − i + θ + 2)
(θ + 1)k−i+3

,

with θ > 0.

4. Transition probability for the INAR(1)P process:

Pr
(
Xt = k |Xt−1 = l

)
=

min(k,l)∑
i=0

(
l

i

)
pi(1− p)l−i e

−θθk−i

(k − i)!
,

with θ > 0.

5. Transition probability for the INAR(1)G process:

Pr
(
Xt = k |Xt−1 = l

)
=

min(k,l)∑
i=0

(
l

i

)
pi(1− p)l−iθ(1− θ)k−i,

with θ ∈ (0, 1).

ACKNOWLEDGMENTS

We acknowledge the valuable suggestions from the learned referees.



Poisson 2S-Lindley distribution 395

REFERENCES

Abd El-Monsef, M.M.E. and Sohsah, N.M. (2016). Poisson–transmuted Lindley distribution. Journal
Of Advances In Mathematics, 11(9):5631–5638.

Al-Osh, M.A. and Alzaid, A.A. (1987). First-order integer-valued autoregressive (INAR(1)) process.
Journal of Time Series Analysis, 8(3):261–275.

Altun, E. (2020). A new generalization of geometric distribution with properties and applications.
Communications in Statistics – Simulation and Computation, 49(3):793–807.

Altun, E. (2020). A new one-parameter discrete distribution with associated regression and integer-
valued autoregressive models. Mathematica Slovaca, 70(4):979–994.

Altun, E. (2021). A new two-parameter discrete Poisson-generalized Lindley distribution with prop-
erties and applications to healthcare data sets. Computational Statistics, 36:2841–2861.

Altun, E. and Khan, N.M. (2022). Modelling with the Novel INAR(1) PTE process. Methodology
and Computing in Applied Probability, 24:1735–1751.

Altun, E., Bhati, D., and Khan, N.M. (2021). A new approach to model the counts of earthquakes:
INARPQX(1) process. SN Applied Sciences, 3(2):1–17.
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1. INTRODUCTION

Composite type distributions have attracted much attention for modeling insurance
data lately. Nearly all of the proposed models are made up of two pieces. The most gen-
eral two-piece composite distribution has its probability density and cumulative distribution
functions specified by

f(x) =


1

1 + Φ
f1(x)
F1(θ)

, x ≤ θ,

Φ
1 + Φ

f2(x)
1− F2(θ)

, θ < x,

(1.1)

and

F (x) =


1

1 + Φ
f1(x)
F1(θ)

, x < θ,

Φ
1 + Φ

[
1 + Φ

F2(x)− F2(θ)
1− F2(θ)

]
, θ < x,

(1.2)

respectively, where f1, f2 are smooth and valid probability density functions, F1, F2 are the
corresponding cumulative distribution functions and Φ > 0.

Various particular cases of (1.1) and (1.2) have been studied in the literature: Cooray
and Ananda (2005), Scollnik (2007), Teodorescu (2010), Lee (2011), Pigeon and Denuit
(2011), Eliazar and Cohen (2012), Pak (2013), Bee (2015), Cooray and Cheng (2015), Luck-
stead and Devadoss (2017), Luckstead et al. (2017) and Mutali and Vernic (2020) considered
lognormal and Pareto distributions for f1 and f2, respectively; Teodorescu and Vernic (2009),
Aminzadeh and Deng (2018) and Gencturk et al. (2018) considered exponential and Pareto
distributions for f1 and f2, respectively; Cooray (2009), Teodorescu and Panaitescu (2009),
Scollnik and Sun (2012), Calderin-Ojeda (2018) and Deng and Aminzadeh (2019) considered
Weibull and Pareto distributions for f1 and f2, respectively; Cooray et al. (2010) consid-
ered Weibull and inverse Weibull distributions for f1 and f2, respectively; Teodorescu and
Vernic (2013) considered the Pareto distribution for f2; Nadarajah and Bakar (2013, 2014)
considered the lognormal distribution for f1; Maghsoudi et al. (2014) considered Weibull and
inverse transformed gamma distributions for f1 and f2, respectively; Calderin-Ojeda (2015)
considered Weibull and Burr distributions for f1 and f2, respectively; Calderin-Ojeda and
Kwok (2016) considered the Stoppa distribution for f1; Kim et al. (2016) and Park and Baek
(2018) considered lognormal and generalized Pareto distributions for f1 and f2, respectively;
Maghsoudi and Abu Bakar (2017) considered transformed gamma and inverse transformed
gamma distributions for f1 and f2, respectively; Aminzadeh and Deng (2019) considered
inverse gamma and Pareto distributions for f1 and f2, respectively; Kim et al. (2019) consid-
ered gamma and generalized Pareto distributions for f1 and f2, respectively; Benatmane et al.

(2020) considered Rayleigh and Pareto distributions for f1 and f2, respectively; and so on.
Liu and Ananda (2022, 2023) studied an exponentiated version of (1.1) and (1.2). Grün and
Miljkovic (2019) provided a comprehensive analysis on two-piece composite distributions. Liu
and Ananda (2023) proposed an exponentiated version of inverse gamma-Pareto composite
distribution.
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Yet we are aware of no work giving the observed information matrix for the general form
of composite distributions. Even the particular cases mentioned in the cited papers do not
appear to have derived the observed information matrices. Observed information matrices
are important for tests of hypothesis and interval estimation.

Observed information matrices are commonly computed numerically. This can be prone
to errors especially for composite type distributions because they involve continuity and dif-
ferentiability conditions at θ. The aim of this paper is to derive explicit expressions for the
observed information matrices for the most general two-piece, three-piece and m-piece com-
posite distributions. These expressions are given in Sections 2, 3 and 4. Some particular
cases of these expressions when f1 is taken to correspond to exponential and Weibull distri-
butions are given in the supplementary file. A simulation study showing practical use of the
expressions in Section 4 is described in Section 5.

m-piece composite distributions when m > 2 can be useful models for portfolio losses
when the portfolio consists of more than two assets behaving differently. Examples could
include portfolios consisting of losses relating to food, energy and metals.

All of the differentiation was performed manually. The correctness of differentiation
was verified numerically. Mathematica code implementing the expressions in Sections 2 to 4
can be obtained from the corresponding author.

2. GENERAL TWO-PIECE COMPOSITE DISTRIBUTION

Suppose that the body and tail are described probability density functions f1 and f2,
respectively. Then the probability density and cumulative distribution functions of the most
general two-piece composite distribution are (1.1) and (1.2), respectively. Suppose f1 and f2

are parameterized by Ω1 and Ω2, respectively. Conditions for continuity and differentiability
at θ ensure that θ = θ(Ω1,Ω2) and Φ = Φ(Ω1,Ω2) = f1(θ)[1−F2(θ)]

F1(θ)f2(θ) . If x1, x2, ..., xn is a random
sample from (1.1)–(1.2) then the log-likelihood function of (Ω1,Ω2) is

log L(Ω1,Ω2) =
∑
xi≤θ

log f1(xi) +
∑
θ<xi

log f2(xi)− a[log(1 + Φ) + log F1(θ)]

+ (n− a){log Φ− log(1 + Φ)− log[1− F2(θ)]},

where

a =
n∑

i=1

I{xi ≤ θ}.

Given the facts that

∂

∂θ
I{x ≥ θ} = ∆(θ)

and

∂

∂θ
I{x < θ} = −∆(θ)
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(see https://en.wikipedia.org/wiki/Indicator_function), where ∆(·) denotes the Dirac-
delta function, we obtain the first order partial derivatives as

∂ log L

∂Ω1
=
∑
xi≤θ

∂f1(xi)
∂Ω1

f1(xi)
+

∂θ

∂Ω1

n∑
i=1

∆(xi − θ)[log f1(xi)− log f2(xi)]

− ∂a

∂Ω1
[log(1 + Φ) + log F1(θ)]

− ∂a

∂Ω1
{log Φ− log(1 + Φ)− log[1− F2(θ)]}

− a

[
∂Φ
∂Ω1

1 + Φ
+

f1(θ)
F1(θ)

∂θ

∂Ω1

]
+ (n− a)

[(
1
Φ
− 1

1 + Φ

)
∂Φ
∂Ω1

+
f2(θ)

1− F2(θ)
∂θ

∂Ω1

]
and

∂ log L

∂Ω2
=
∑
θ<xi

∂f2(xi)
∂Ω2

f2(xi)
+

∂θ

∂Ω2

n∑
i=1

∆(xi − θ)[log f1(xi)− log f2(xi)]

− ∂a

∂Ω2
[log(1 + Φ) + log F1(θ)]

− ∂a

∂Ω2
{log Φ− log(1 + Φ)− log[1− F2(θ)]}

− a

[
∂Φ
∂Ω2

1 + Φ
+

f1(θ)
F1(θ)

∂θ

∂Ω2

]
+ (n− a)

[(
1
Φ
− 1

1 + Φ

)
∂Φ
∂Ω2

+
f2(θ)

1− F2(θ)
∂θ

∂Ω2

]
.

Hence, the observed information matrix is

J = −


∂2 log L

∂Ω2
1

∂2 log L

∂Ω1∂Ω2

∂2 log L

∂Ω1∂Ω2

∂2 log L

∂Ω2
2

,(2.1)

where

∂2 log L

∂Ω2
1

=
∑
xi≤θ

∂2f1(xi)
∂Ω2

1
f1(xi)−

[
∂f1(xi)

∂Ω1

]2
[f1(xi)]

2 + 2
∂θ

∂Ω1

n∑
i=1

∆(xi − θ)
∂f1(xi)

∂Ω1

f1(xi)

+
∂2θ

∂Ω2
1

n∑
i=1

∆(xi − θ)[log f1(xi)− log f2(xi)]

− ∂2a

∂Ω2
1

[log(1 + Φ) + log F1(θ)]−
∂2a

∂Ω2
1

{log Φ− log(1 + Φ)− log[1− F2(θ)]}

− 2
∂a

∂Ω1

[
∂Φ
∂Ω1

1 + Φ
+

f1(θ)
F1(θ)

∂θ

∂Ω1

]
− 2

∂a

∂Ω1

[(
1
Φ
− 1

1 + Φ

)
∂Φ
∂Ω1

+
f2(θ)

1− F2(θ)
∂θ

∂Ω1

]

− a

∂2Φ
∂Ω2

1
(1 + Φ)−

(
∂Φ
∂Ω1

)2

(1 + Φ)2
− a

∂f1(θ)
∂Ω1

F1(θ)− ∂θ
∂Ω1

[f1(θ)]
2

[F1(θ)]
2

∂θ

∂Ω1
− a

f1(θ)
F1(θ)

∂2θ

∂Ω2
1

+ (n− a)
[

1
(1 + Φ)2

− 1
Φ2

](
∂Φ
∂Ω1

)2

+ (n− a)
(

1
Φ
− 1

1 + Φ

)
∂2Φ
∂Ω2

1

+ (n− a)
∂f2(θ)
∂Ω1

[1− F2(θ)] + [f2(θ)]
2 ∂θ

∂Ω1

[1− F2(θ)]
2

∂θ

∂Ω1
+ (n− a)

f2(θ)
1− F2(θ)

∂2θ

∂Ω2
1

,

https://en.wikipedia.org/wiki/Indicator_function
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∂2 log L

∂Ω1∂Ω2
=

∂θ

∂Ω2

n∑
i=1

∆(xi − θ)
∂f1(xi)

∂Ω1

f1(xi)
+

∂2θ

∂Ω1∂Ω2

n∑
i=1

∆(xi − θ)[log f1(xi)− log f2(xi)]

− ∂θ

∂Ω1

n∑
i=1

∆(xi − θ)
∂f2(xi)

∂Ω2

f2(xi)
− ∂2a

∂Ω1∂Ω2
[log(1 + Φ) + log F1(θ)]

− ∂2a

∂Ω1∂Ω2
{log Φ− log(1 + Φ)− log[1− F2(θ)]} −

∂a

∂Ω2

[
∂Φ
∂Ω1

1 + Φ
+

f1(θ)
F1(θ)

∂θ

∂Ω1

]

− ∂a

∂Ω1

[
∂Φ
∂Ω2

1 + Φ
+

f1(θ)
F1(θ)

∂θ

∂Ω2

]
− ∂a

∂Ω1

[(
1
Φ
− 1

1 + Φ

)
∂Φ
∂Ω2

+
f2(θ)

1− F2(θ)
∂θ

∂Ω2

]

− ∂a

∂Ω2

[(
1
Φ
− 1

1 + Φ

)
∂Φ
∂Ω1

+
f2(θ)

1− F2(θ)
∂θ

∂Ω1

]

− a
∂2Φ

∂Ω1∂Ω2
(1 + Φ)− ∂Φ

∂Ω1

∂Φ
∂Ω2

(1 + Φ)2
− a

∂f1(θ)
∂Ω2

F1(θ)− [f1(θ)]
2 ∂θ

∂Ω2

[F1(θ)]
2

∂θ

∂Ω1

− a
f1(θ)
F1(θ)

∂2θ

∂Ω1∂Ω2

+ (n− a)
[

1
(1 + Φ)2

− 1
Φ2

]
∂Φ
∂Ω1

∂Φ
∂Ω2

+ (n− a)
(

1
Φ
− 1

1 + Φ

)
∂2Φ

∂Ω1∂Ω2

+ (n− a)
∂θ

∂Ω1

∂f2(θ)
∂Ω2

[1− F2(θ)] + [f2(θ)]
2 ∂θ

∂Ω2

[1− F2(θ)]
2 +

f2(θ)
1− F2(θ)

∂2θ

∂Ω1∂Ω2

and

∂2 log L

∂Ω2
2

=
∑
xi>θ

∂2f2(xi)
∂Ω2

2
f2(xi)−

[
∂f2(xi)

∂Ω2

]2
[f2(xi)]

2 + 2
∂θ

∂Ω2

n∑
i=1

∆(xi − θ)
∂f2(xi)

∂Ω2

f2(xi)

+
∂2θ

∂Ω2
2

n∑
i=1

∆(xi − θ)[log f1(xi)− log f2(xi)]

− ∂2a

∂Ω2
2

[log(1 + Φ) + log F1(θ)]−
∂2a

∂Ω2
2

{log Φ− log(1 + Φ)− log[1− F2(θ)]}

− 2
∂a

∂Ω2

[
∂Φ
∂Ω2

1 + Φ
+

f1(θ)
F1(θ)

∂θ

∂Ω2

]
− 2

∂a

∂Ω2

[(
1
Φ
− 1

1 + Φ

)
∂Φ
∂Ω2

+
f2(θ)

1− F2(θ)
∂θ

∂Ω2

]

− a

∂2Φ
∂Ω2

2
(1 + Φ)−

(
∂Φ
∂Ω2

)2

(1 + Φ)2
− a

∂f1(θ)
∂Ω2

F1(θ)− ∂θ
∂Ω2

[f1(θ)]
2

[F1(θ)]
2

∂θ

∂Ω2
− a

f1(θ)
F1(θ)

∂2θ

∂Ω2
2

+ (n− a)
[

1
(1 + Φ)2

− 1
Φ2

](
∂Φ
∂Ω2

)2

+ (n− a)
(

1
Φ
− 1

1 + Φ

)
∂2Φ
∂Ω2

2

+ (n− a)
∂f2(θ)
∂Ω2

[1− F2(θ)] + [f2(θ)]
2 ∂θ

∂Ω2

[1− F2(θ)]
2

∂θ

∂Ω2
+ (n− a)

f2(θ)
1− F2(θ)

∂2θ

∂Ω2
2

.
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3. GENERAL THREE-PIECE COMPOSITE DISTRIBUTION

Suppose that the lower tail, middle part and the upper tail are described probability
density functions f1, f2 and f3, respectively. Then the probability density and cumulative
distribution functions of the most general three-piece composite distribution are

f(x) =



1
1 + Φ2 + Φ3

f1(x)
F1(θ1)

, x ≤ θ1,

Φ2

1 + Φ2 + Φ3

f2(x)
F2(θ2)− F2(θ1)

, θ1 < x ≤ θ2,

Φ3

1 + Φ2 + Φ3

f3(x)
1− F3(θ2)

, θ2 < x,

(3.1)

and

F (x) =



1
1 + Φ2 + Φ3

F1(x)
F1(θ1)

, x ≤ θ1,

1
1 + Φ2 + Φ3

[
1 + Φ2

F2(x)− F2(θ1)
F2(θ2)− F2(θ1)

]
, θ1 < x ≤ θ2,

1
1 + Φ2 + Φ3

[
1 + Φ2 + Φ3

F3(x)− F3(θ2)
1− F3(θ2)

]
, θ2 < x,

(3.2)

respectively. Suppose f1, f2 and f3 are parameterized by Ω1, Ω2 and Ω3, respectively.
Conditions for continuity and differentiability at θ1, θ2 ensure that θ1 = θ1(Ω1,Ω2,Ω3),
θ2 = θ2(Ω1,Ω2,Ω3), Φ2 = Φ2(Ω1,Ω2,Ω3) = f1(θ1)[F2(θ2)−F2(θ1)]

F1(θ1)f2(θ1) and Φ3 = Φ3(Ω1,Ω2,Ω3) =
f1(θ1)f2(θ2)[1−F3(θ2)]

F1(θ1)f2(θ1)f3(θ2) . If x1, x2, ..., xn is a random sample from (3.1)–(3.2) then the log-likelihood
function of (Ω1,Ω2,Ω3) is

log L(Ω1,Ω2,Ω3) =
∑

xi≤θ1

log f1(xi)− a log F1(θ1)− n log(1 + Φ2 + Φ3)

+ b{log Φ2 − log[F2(θ2)− F2(θ1)]}

+
∑

θ1≤xi≤θ2

log f2(xi) + c{log Φ3 − log[1− F3(θ2)]}+
∑

θ2<xi

log f3(xi),

where

a =
n∑

i=1

I{xi ≤ θ1},

b =
n∑

i=1

I{θ1 < xi ≤ θ2}

and

c =
n∑

i=1

I{θ2 < xi}
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with a + b + c = n. The first order partial derivatives are

∂ log L

∂Ω1
=

∂θ1

∂Ω1

n∑
i=1

∆(xi − θ1) log f1(xi) +
∑

xi≤θ1

∂f1(xi)
∂Ω1

f1(xi)
− ∂a

∂Ω1
log F1(θ1)−

af1(θ1) ∂θ1
∂Ω1

F1(θ1)

−
n
(

∂Φ2
∂Ω1

+ ∂Φ3
∂Ω1

)
1 + Φ2 + Φ3

+
∂b

∂Ω1
{log Φ2 − log[F2(θ2)− F2(θ1)]}

+ b

[
∂Φ2
∂Ω1

Φ2
−

f2(θ2)∂θ2

∂Ω1
− f2(θ1)∂θ1

∂Ω1

F2(θ2)− F2(θ1)

]
− ∂θ1

∂Ω1

∑
xi≤θ2

∆(xi − θ1) log f2(xi)

+
∂θ2

∂Ω1

∑
θ1≤x

∆(xi − θ2) log f2(xi)

+
∂c

∂Ω1
{logΦ3− log[1−F3(θ2)]}+ c

[
∂Φ3
∂Ω1

Φ3
+

f3(θ2)∂θ2

∂Ω1

1−F3(θ2)

]
− ∂θ2

∂Ω1

n∑
i=1

∆(xi−θ2) logf3(xi),

∂ log L

∂Ω2
=

∂θ1

∂Ω2

n∑
i=1

∆(xi − θ1) log f1(xi)−
∂a

∂Ω2
log F1(θ1)−

af1(θ1) ∂θ1
∂Ω2

F1(θ1)

−
n
(

∂Φ2
∂Ω2

+ ∂Φ3
∂Ω2

)
1 + Φ2 + Φ3

+
∂b

∂Ω2
{log Φ2 − log[F2(θ2)− F2(θ1)]}

+ b

[
∂Φ2
∂Ω2

Φ2
−

f2(θ2)∂θ2

∂Ω2
− f2(θ1)∂θ1

∂Ω2

F2(θ2)− F2(θ1)

]
− ∂θ1

∂Ω2

∑
xi≤θ2

∆(xi − θ1) log f2(xi)

+
∂θ2

∂Ω2

∑
θ1≤xi

∆(xi − θ2) log f2(xi)

+
∑

θ1≤xi≤θ2

∂f2(xi)
∂Ω2

f2(xi)
+

∂c

∂Ω2
{log Φ3 − log[1− F3(θ2)]}+ c

[
∂Φ3
∂Ω2

Φ3
+

f3(θ2)∂θ2

∂Ω2

1− F3(θ2)

]

− ∂θ2

∂Ω2

n∑
i=1

∆(xi − θ2) log f3(xi)

and

∂ log L

∂Ω3
=

∂θ1

∂Ω3

n∑
i=1

∆(xi − θ1) log f1(xi)−
∂a

∂Ω3
log F1(θ1)−

af1(θ1) ∂θ1
∂Ω3

F1(θ1)

−
n
(

∂Φ2
∂Ω3

+ ∂Φ3
∂Ω3

)
1 + Φ2 + Φ3

+
∂b

∂Ω3
{log Φ2 − log[F2(θ2)− F2(θ1)]}

+ b

[
∂Φ2
∂Ω3

Φ2
−

f2(θ2)∂θ2

∂Ω3
− f2(θ1)∂θ1

∂Ω3

F2(θ2)− F2(θ1)

]
− ∂θ1

∂Ω3

∑
xi≤θ2

∆(xi − θ1) log f2(xi)

+
∂θ2

∂Ω3

∑
θ1≤xi

∆(xi − θ2) log f2(xi) +
∂c

∂Ω3
{log Φ3 − log[1− F3(θ2)]}

+ c

[
∂Φ3
∂Ω3

Φ3
+

f3(θ2)∂θ2

∂Ω3

1− F3(θ2)

]
− ∂θ2

∂Ω3

n∑
i=1

∆(xi − θ2) log f3(xi) +
∑

θ2<xi

∂f3(xi)
∂Ω3

f3(xi)
.
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Hence, the observed information matrix is

J = −



∂2 log L

∂Ω2
1

∂2 log L

∂Ω1∂Ω2

∂2 log L

∂Ω1∂Ω3

∂2 log L

∂Ω1∂Ω2

∂2 log L

∂Ω2
2

∂2 log L

∂Ω2∂Ω3

∂2 log L

∂Ω1∂Ω3

∂2 log L

∂Ω2∂Ω3

∂2 log L

∂Ω2
3


,

where

∂2 log L

∂Ω2
1

=
∂2θ1

∂Ω2
1

n∑
i=1

∆(xi − θ1) log f1(xi) +
2∂θ1

∂Ω1

n∑
i=1

∆(xi − θ1)
∂f1(xi)

∂Ω1

f1(xi)

+
∑

xi≤θ1

∂2f1(xi)
∂Ω2

1
f1(xi)−

[
∂f1(xi)

∂Ω1

]2
[f1(xi)]

2 − ∂2a

∂Ω2
1

log F1(θ1)

−

[
∂a

∂Ω1
f1(θ1) ∂θ1

∂Ω1
+ a∂f1(θ1)

∂Ω1

∂θ1
∂Ω1

+ af1(θ1)∂2θ1

∂Ω2
1

]
F1(θ1)− a[f1(θ1)]

2
(

∂θ1
∂Ω1

)2

[F1(θ1)]
2

− ∂a

∂Ω1

f1(θ1) ∂θ1
∂Ω1

F1(θ1)
−

n

[(
∂2Φ2

∂Ω2
1

+ ∂2Φ3

∂Ω2
1

)
(1 + Φ2 + Φ3)−

(
∂Φ2
∂Ω1

+ ∂Φ3
∂Ω1

)2
]

(1 + Φ2 + Φ3)
2

+
∂2b

∂Ω2
1

{log Φ2 − log[F2(θ2)− F2(θ1)]}+ 2
∂b

∂Ω1

[
∂Φ2
∂Ω1

Φ2
−

f2(θ2) ∂θ2
∂Ω1

− f2(θ1) ∂θ1
∂Ω1

F2(θ2)− F2(θ1)

]

+
b∂2Φ2

∂Ω2
1
Φ2 − b

(
∂Φ2
∂Ω1

)2

Φ2
2

−
b
[

∂f2(θ2)
∂Ω1

∂θ2
∂Ω1

+ f2(θ2)∂2θ2

∂Ω2
1
− ∂f2(θ1)

∂Ω1

∂θ1
∂Ω1

− f2(θ1)∂2θ1

∂Ω2
1

]
F2(θ2)− F2(θ1)

+
b
[
f2(θ2) ∂θ2

∂Ω1
− f2(θ1) ∂θ1

∂Ω1

]2
[F2(θ2)− F2(θ1)]

2

− 2
∂θ1

∂Ω1

∂θ2

∂Ω1

n∑
i=1

∆(xi − θ1)∆(xi − θ2) log f2(xi)

− ∂2θ1

∂Ω2
1

∑
xi≤θ2

∆(xi − θ1) log f2(xi) +
∂2θ2

∂Ω2
1

∑
θ1≤xi

∆(xi − θ2) log f2(xi)

+
∂2c

∂Ω2
1

{log Φ3 − log[1− F3(θ2)]} + 2
∂c

∂Ω1

[
∂Φ3
∂Ω1

Φ3
+

f3(θ2)∂θ2

∂Ω1

1− F3(θ2)

]

+ c
Φ3

∂2Φ3

∂Ω2
1
−
(

∂Φ3
∂Ω1

)2

Φ2
3

− ∂2θ2

∂Ω2
1

n∑
i=1

∆(xi − θ2) log f3(xi)

+
c
[

∂f3(θ2)
∂Ω1

∂θ2
∂Ω1

+ f3(θ2)∂2θ2

∂Ω2
1

]
[1− F3(θ2)] + c

[
f3(θ2) ∂θ2

∂Ω1

]2
[1− F3(θ2)]

2 ,
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∂2 log L

∂Ω1∂Ω2
=

∂2θ1

∂Ω1∂Ω2

n∑
i=1

∆(xi − θ1) log f1(xi) +
∂θ1

∂Ω2

n∑
i=1

∆(xi − θ1)
∂f1(xi)

∂Ω1

f1(xi)

− ∂2a

∂Ω1∂Ω2
log F1(θ1) −

∂a

∂Ω1

f1(θ1) ∂θ1
∂Ω2

F1(θ1)

−
n
(

∂2Φ2
∂Ω1∂Ω2

+ ∂2Φ3
∂Ω1∂Ω2

)
(1 + Φ2 + Φ3)− n

(
∂Φ2
∂Ω1

+ ∂Φ3
∂Ω1

)(
∂Φ2
∂Ω2

+ ∂Φ3
∂Ω2

)
(1 + Φ2 + Φ3)

2

−
∂a

∂Ω2
f1(θ1) ∂θ1

∂Ω1
+ a∂f1(θ1)

∂Ω2

∂θ1
∂Ω1

+ af1(θ1) ∂2θ1
∂Ω1∂Ω2

F1(θ1)
+

a[f1(θ1)]
2 ∂θ1

∂Ω1

∂θ1
∂Ω2

[F1(θ1)]
2

+
∂2b

∂Ω1∂Ω2
{log Φ2 − log[F2(θ2)− F2(θ1)]}

+
∂b

∂Ω1

[
∂Φ2
∂Ω2

Φ2
−

f2(θ2) ∂θ2
∂Ω2

− f2(θ1) ∂θ1
∂Ω2

F2(θ2)− F2(θ1)

]

+
∂b

∂Ω2

[
∂Φ2
∂Ω1

Φ2
−

f2(θ2) ∂θ2
∂Ω1

− f2(θ1) ∂θ1
∂Ω1

F2(θ2)− F2(θ1)

]
+

b ∂2Φ2
∂Ω1∂Ω2

Φ2 − b ∂Φ2
∂Ω1

∂Φ2
∂Ω2

Φ2
2

−
b
[

∂f2(θ2)
∂Ω2

∂θ2
∂Ω1

+ f2(θ2) ∂2θ2
∂Ω1∂Ω2

− ∂f2(θ2)
∂Ω2

∂θ1
∂Ω1

− f2(θ1) ∂2θ1
∂Ω1∂Ω2

]
F2(θ2)− F2(θ1)

+
b
[
f2(θ2) ∂θ2

∂Ω1
− f2(θ1) ∂θ1

∂Ω1

][
f2(θ2) ∂θ2

∂Ω2
− f2(θ1)

∂θ1)
∂Ω2

]
[F2(θ2)− F2(θ1)]

2

− ∂2θ1

∂Ω1∂Ω2

∑
xi≤θ2

∆(xi − θ1) log f2(xi)

− ∂θ1

∂Ω1

∂θ2

∂Ω2

n∑
i=1

∆(xi − θ1)∆(xi − θ2) log f2(xi)

− ∂θ1

∂Ω1

∑
xi≤θ2

∆(xi − θ1)
∂f2(xi)

∂Ω2

f2(xi)

+
∂2θ2

∂Ω1∂Ω2

∑
θ1≤xi

∆(xi − θ2) log f2(xi)

− ∂θ1

∂Ω2

∂θ2

∂Ω1

n∑
i=1

∆(xi − θ1)∆(xi − θ2) log f2(xi)

+
∂θ2

∂Ω1

∑
θ1≤xi

∆(xi − θ2)
∂f2(xi)

∂Ω2

f2(xi)
+

∂2c

∂Ω1∂Ω2
{log Φ3 − log[1− F3(θ2)]}

+

[
∂Φ3
∂Ω2

Φ3
+

f3(θ2) ∂θ2
∂Ω2

1− F3(θ2)

]
∂c

∂Ω1
+

∂c

∂Ω2

[
∂Φ3
∂Ω1

Φ3
+

f3(θ2) ∂θ2
∂Ω1

1− F3(θ2)

]

+
c ∂2Φ3

∂Ω1∂Ω2
Φ3 − c ∂Φ3

∂Ω1

∂Φ3
∂Ω2

Φ2
3

+
c
[

∂f3(θ2)
∂Ω2

∂θ2
∂Ω1

+ f3(θ2) ∂2θ2
∂Ω1∂Ω2

]
[1− F3(θ2)] + c[f3(θ2)]

2 ∂θ2
∂Ω1

∂θ2
∂Ω2

[1− F3(θ2)]
2

− ∂2θ2

∂Ω1Ω2

n∑
i=1

∆(xi − θ2) log f3(xi),



406 J. Lyu and S. Nadarajah

∂2 log L

∂Ω1∂Ω3
=

∂2θ1

∂Ω1∂Ω3

n∑
i=1

∆(xi − θ1) log f1(xi) +
∂θ1

∂Ω3

n∑
i=1

∆(xi − θ1)
∂f1(xi)

∂Ω1

f1(xi)

− ∂2a

∂Ω1∂Ω3
log F1(θ1)

−
∂a

∂Ω3
f1(θ1) ∂θ1

∂Ω1
+ a∂f1(θ1)

∂Ω3

∂θ1
∂Ω1

+ af1(θ1) ∂2θ1
∂Ω1∂Ω3

F1(θ1)

+
a[f1(θ1)]

2 ∂θ1
∂Ω1

∂θ1
∂Ω3

[F1(θ1)]
2 − ∂a

∂Ω1

f1(θ1) ∂θ1
∂Ω3

F1(θ1)

−
n
(

∂2Φ2
∂Ω1∂Ω3

+ ∂2Φ3
∂Ω1∂Ω3

)
(1 + Φ2 + Φ3)− n

(
∂Φ2
∂Ω1

+ ∂Φ3
∂Ω1

)(
∂Φ2
∂Ω3

+ ∂Φ3
∂Ω3

)
(1 + Φ2 + Φ3)

2

+
∂2b

∂Ω1∂Ω3
{log Φ2 − log[F2(θ2)− F2(θ1)]}

+
∂b

∂Ω1

[
∂Φ2
∂Ω3

Φ2
−

f2(θ2) ∂θ2
∂Ω3

− f2(θ1) ∂θ1
∂Ω3

F2(θ2)− F2(θ1)

]

+
∂b

∂Ω3

[
∂Φ2
∂Ω1

Φ2
−

f2(θ2) ∂θ2
∂Ω1

− f2(θ1) ∂θ1
∂Ω1

F2(θ2)− F2(θ1)

]
+

b ∂2Φ2
∂Ω1∂Ω3

Φ2 − b ∂Φ2
∂Ω1

∂Φ2
∂Ω3

Φ2
2

−
b
[

∂f2(θ2)
∂Ω3

∂θ2
∂Ω1

+ f2(θ2) ∂2θ2
∂Ω1∂Ω3

− ∂f2(θ2)
∂Ω3

∂θ1
∂Ω1

− f2(θ2) ∂2θ1
∂Ω1∂Ω3

]
F2(θ2)− F2(θ1)

+
b
[
f2(θ2) ∂θ2

∂Ω1
− f2(θ1)

∂θ1)
∂Ω1

][
f2(θ2) ∂θ2

∂Ω3
− f2(θ1) ∂θ1

∂Ω3

]
[F2(θ2)− F2(θ1)]

2

− ∂2θ1

∂Ω1∂Ω3

∑
xi≤θ2

∆(xi − θ1) log f2(xi)

− ∂θ1

∂Ω1

∂θ2

∂Ω3

n∑
i=1

∆(xi − θ1)∆(xi − θ2) log f2(xi)

+
∂2θ2

∂Ω1∂Ω3

∑
θ1≤xi

∆(xi − θ2) log f2(xi)

− ∂θ1

∂Ω3

∂θ2

∂Ω1

n∑
i=1

∆(xi − θ1)∆(xi − θ2) log f2(xi)

+
∂2c

∂Ω1∂Ω3
{log Φ3 − log[1− F3(θ2)]}

+

[
∂Φ3
∂Ω3

Φ3
+

f3(θ2) ∂θ2
∂Ω3

1− F3(θ2)

]
∂c

∂Ω1
+

∂c

∂Ω3

[
∂Φ3
∂Ω1

Φ3
+

f3(θ2) ∂θ2
∂Ω1

1− F3(θ2)

]

+
c ∂2Φ3

∂Ω1∂Ω3
Φ3 − c ∂Φ3

∂Ω1

∂Φ3
∂Ω3

Φ2
3

+
c
[

∂f3(θ2)
∂Ω3

∂θ2
∂Ω1

+ f3(θ2) ∂2θ2
∂Ω1∂Ω3

]
[1− F3(θ2)] + c[f3(θ2)]

2 ∂θ2
∂Ω1

∂θ2
∂Ω3

[1− F3(θ2)]
2

− ∂2θ2

∂Ω1Ω3

n∑
i=1

∆(xi − θ2) log f3(xi)−
∂θ2

∂Ω1

n∑
i=1

∆(xi − θ2)
∂f3(xi)

∂Ω3

f3(xi)
,
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∂2 log L

∂Ω2
2

=
∂2θ1

∂Ω2
2

n∑
i=1

∆(xi − θ1) log f1(xi)

− ∂2a

∂Ω2
2

log F1(θ1)−
∂a

∂Ω2

f1(θ1) ∂θ1
∂Ω2

F1(θ1)

−

[
∂a

∂Ω1
f1(θ1) ∂θ1

∂Ω2
+ a∂f1(θ1)

∂Ω2

∂θ1
∂Ω2

+ af1(θ1)∂2θ1

∂Ω2
2

]
F1(θ1)− a[f1(θ1)]

2
(

∂θ1
∂Ω2

)2

[F1(θ1)]
2

−
n
(

∂2Φ2

∂Ω2
2

+ ∂2Φ3

∂Ω2
2

)
(1 + Φ2 + Φ3)− n

(
∂Φ2
∂Ω2

+ ∂Φ3
∂Ω2

)2

(1 + Φ2 + Φ3)
2

+
∂2b

∂Ω2
2

{log Φ2 − log[F2(θ2)− F2(θ1)]}

+
2∂b

∂Ω2

[
∂Φ2
∂Ω2

Φ2
−

f2(θ2) ∂θ2
∂Ω2

− f2(θ1) ∂θ1
∂Ω2

F2(θ2)− F2(θ1)

]
+

b∂2Φ2

∂Ω2
2
Φ2 − b

(
∂Φ2
∂Ω2

)2

Φ2
2

−
b
[

∂f2(θ2)
∂Ω2

∂θ2
∂Ω2

+ f2(θ2)∂2θ2

∂Ω2
2
− ∂f2(θ1)

∂Ω2

∂θ1
∂Ω2

− f2(θ1)∂2θ1

∂Ω2
2

]
F2(θ2)− F2(θ1)

+
b
[
f2(θ2) ∂θ2

∂Ω2
− f2(θ1) ∂θ1

∂Ω2

]2
[F2(θ2)− F2(θ1)]

2

− ∂2θ1

∂Ω2
2

∑
xi≤θ2

∆(xi − θ1) log f2(xi) −
∂θ1

∂Ω2

∑
xi≤θ2

∆(xi − θ1)
∂f2(xi)

∂Ω2

f2(xi)

− 2
∂θ1

∂Ω2

∂θ2

∂Ω2

n∑
i=1

∆(xi − θ1)∆(xi − θ2) log f2(xi)

+
∂θ2

∂Ω2

∑
θ1≤xi

∆(xi − θ2)
∂f2(xi)

∂Ω2

f2(xi)

+
∂2θ2

∂Ω2
2

∑
θ1≤xi

∆(xi − θ2) log f2(xi) +
∂2c

∂Ω2
2

{log Φ3 − log[1− F3(θ2)]}

+ 2
∂c

∂Ω2

[
∂Φ3
∂Ω2

Φ3
+

f3(θ2) ∂θ2
∂Ω2

1− F3(θ2)

]
+ c

Φ3
∂2Φ3

∂Ω2
2
−
(

∂Φ3
∂Ω2

)2

Φ2
3

− ∂2θ2

∂Ω2
2

n∑
i=1

∆(xi − θ2) log f3(xi)

+
c
[

∂f3(θ2)
∂Ω2

∂θ2
∂Ω2

+ f3(θ2)∂2θ2

∂Ω2
2

]
[1− F3(θ2)] + c

[
f3(θ2) ∂θ2

∂Ω2

]2
[1− F3(θ2)]

2

− ∂θ1

∂Ω2

∑
xi≤θ2

∆(xi − θ1)
∂f2(xi)

∂Ω2

f2(xi)
+

∂θ2

∂Ω2

∑
θ1≤xi

∆(xi − θ2)
∂f2(xi)

∂Ω2

f2(xi)

+
∑

θ1≤xi≤θ2

∂2f2(xi)
∂Ω2

2
f2(xi)−

[
∂f2(xi)

∂Ω2

]2
[f2(xi)]

2 ,
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∂2 log L

∂Ω2∂Ω3
=

∂2θ1

∂Ω2∂Ω3

n∑
i=1

∆(xi − θ1) log f1(xi)−
∂2a

∂Ω2∂Ω3
log F1(θ1)

−
∂a

∂Ω3
f1(θ1) ∂θ1

∂Ω2
+ a∂f1(θ1)

∂Ω3

∂θ1
∂Ω2

+ af1(θ1) ∂2θ1
∂Ω2∂Ω3

F1(θ1)

+
a[f1(θ1)]

2 ∂θ1
∂Ω2

∂θ1
∂Ω3

[F1(θ1)]
2 − ∂a

∂Ω2

f1(θ1) ∂θ1
∂Ω3

F1(θ1)

−
n
(

∂2Φ2
∂Ω2∂Ω3

+ ∂2Φ3
∂Ω2∂Ω3

)
(1 + Φ2 + Φ3)− n

(
∂Φ2
∂Ω2

+ ∂Φ3
∂Ω2

)(
∂Φ2
∂Ω3

+ ∂Φ3
∂Ω3

)
(1 + Φ2 + Φ3)

2

+
∂2b

∂Ω2∂Ω3
{log Φ2 − log[F2(θ2)− F2(θ1)]}

+
∂b

∂Ω2

[
∂Φ2
∂Ω3

Φ2
−

f2(θ2) ∂θ2
∂Ω3

− f2(θ1) ∂θ1
∂Ω3

F2(θ2)− F2(θ1)

]

+
∂b

∂Ω3

[
∂Φ2
∂Ω2

Φ2
− f2(θ2)

∂θ2
∂Ω2

− f2(θ1) ∂θ1
∂Ω2

F2(θ2)− F2(θ1)

]
+

b ∂2Φ2
∂Ω2∂Ω3

Φ2 − b ∂Φ2
∂Ω2

∂Φ2
∂Ω3

Φ2
2

−
b
[

∂f2(θ2)
∂Ω3

∂θ2
∂Ω2

+ f2(θ2) ∂2θ2
∂Ω2∂Ω3

− ∂f2(θ2)
∂Ω3

∂θ1
∂Ω2

− f2(θ1) ∂2θ1
∂Ω2∂Ω3

]
F2(θ2)− F2(θ1)

+
b
[
f2(θ2) ∂θ2

∂Ω2
− f2(θ1) ∂θ1

∂Ω2

][
f2(θ2) ∂θ2

∂Ω3
− f2(θ1) ∂θ1

∂Ω3

]
[F2(θ2)− F2(θ1)]

2

− ∂2θ1

∂Ω2∂Ω3

∑
xi≤θ2

∆(xi − θ1) log f2(xi)

− ∂θ1

∂Ω2

∂θ2

∂Ω3

n∑
i=1

∆(xi − θ1)∆(xi − θ2) log f2(xi)

− ∂θ1

∂Ω3

∑
xi≤θ2

∆(xi − θ1)
∂f2(xi)

∂Ω2

f2(xi)
+

∂θ2

∂Ω3

∑
θ1≤xi

∆(xi − θ2)
∂f2(xi)

∂Ω2

f2(xi)

+
∂2θ2

∂Ω2∂Ω3

∑
θ1≤xi

∆(xi − θ2) log f2(xi)

− ∂θ1

∂Ω3

∂θ2

∂Ω2

n∑
i=1

∆(xi − θ1)∆(xi − θ2) log f2(xi)

+
∂2c

∂Ω2∂Ω3
{log Φ3 − log[1− F3(θ2)]}

+

[
∂Φ3
∂Ω3

Φ3
+

f3(θ2) ∂θ2
∂Ω3

1− F3(θ2)

]
∂c

∂Ω2
+

∂c

∂Ω3

[
∂Φ3
∂Ω2

Φ3
+

f3(θ2) ∂θ2
∂Ω2

1− F3(θ2)

]

+
c ∂2Φ3

∂Ω2∂Ω3
Φ3 − c ∂Φ3

∂Ω2

∂Φ3
∂Ω3

Φ2
3

+
c
[

∂f3(θ2)
∂Ω3

∂θ2
∂Ω2

+ f3(θ2) ∂2θ2
∂Ω2∂Ω3

]
[1− F3(θ2)] + c[f3(θ2)]

2 ∂θ2
∂Ω2

∂θ2
∂Ω3

[1− F3(θ2)]
2

− ∂2θ2

∂Ω2Ω3

n∑
i=1

∆(xi − θ2) log f3(xi)−
∂θ2

∂Ω2

n∑
i=1

∆(xi − θ2)
∂f3(xi)

∂Ω3

f3(xi)
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and

∂2 log L

∂Ω2
3

=
∂2θ1

∂Ω2
3

n∑
i=1

∆(xi − θ1) log f1(xi)−
∂2a

∂Ω2
3

log F1(θ1)−
∂a

∂Ω3

f1(θ1) ∂θ1
∂Ω3

F1(θ1)

−

[
∂a

∂Ω3
f1(θ1) ∂θ1

∂Ω3
+ a∂f1(θ1)

∂Ω3

∂θ1
∂Ω3

+ af1(θ1)∂2θ1

∂Ω2
3

]
F1(θ1)− a[f1(θ1)]

2
(

∂θ1
∂Ω3

)2

[F1(θ1)]
2

−
n

[(
∂2Φ2

∂Ω2
3

+ ∂2Φ3

∂Ω2
3

)
(1 + Φ2 + Φ3)−

(
∂Φ2
∂Ω3

+ ∂Φ3
∂Ω3

)2
]

(1 + Φ2 + Φ3)
2

+
∂2b

∂Ω2
3

{log Φ2 − log[F2(θ2)− F2(θ1)]}

+ 2
∂b

∂Ω3

[
∂Φ2
∂Ω3

Φ2
− f2(θ2)

∂θ2
∂Ω3

− f2(θ1) ∂θ1
∂Ω3

F2(θ2)− F2(θ1)

]

+
b∂2Φ2

∂Ω2
3
Φ2 − b

(
∂Φ2
∂Ω3

)2

Φ2
2

−
b
[

∂f2(θ2)
∂Ω3

∂θ2
∂Ω3

+ f2(θ2)∂2θ2

∂Ω2
3
− ∂f2(θ1)

∂Ω3

∂θ1
∂Ω3

− f2(θ1)∂2θ1

∂Ω2
3

]
F2(θ2)− F2(θ1)

+
b
[
f2(θ2) ∂θ2

∂Ω3
− f2(θ1) ∂θ1

∂Ω3

]2
[F2(θ2)− F2(θ1)]

2

− 2
∂θ1

∂Ω3

∂θ2

∂Ω3

n∑
i=1

∆(xi − θ1)∆(xi − θ2) log f2(xi)

− ∂2θ1

∂Ω2
3

∑
xi≤θ2

∆(xi − θ1) log f2(xi) +
∂2θ2

∂Ω2
3

∑
θ1≤xi

∆(xi − θ2) log f2(xi)

+
∂2c

∂Ω2
3

{log Φ3 − log[1− F3(θ2)]}

+ 2
∂c

∂Ω3

[
∂Φ3
∂Ω3

Φ3
+

f3(θ2) ∂θ2
∂Ω3

1− F3(θ2)

]
+ c

Φ3
∂2Φ3

∂Ω2
3
−
(

∂Φ3
∂Ω3

)2

Φ2
3

− ∂2θ2

∂Ω2
3

n∑
i=1

∆(xi − θ2) log f3(xi)

+
c
[

∂f3(θ2)
∂Ω3

∂θ2
∂Ω3

+ f3(θ2)∂2θ2

∂Ω2
3

]
[1− F3(θ2)] + c

[
f3(θ2) ∂θ2

∂Ω3

]2
[1− F3(θ2)]

2

− 2
∂θ2

∂Ω3

n∑
i=1

∆(xi − θ2)
∂f3(xi)

∂Ω3

f3(xi)
+
∑

θ2<xi

∂2f3(xi)
∂Ω2

3
f3(xi)−

[
∂f3(xi)

∂Ω3

]2
[f3(xi)]

2 .
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4. GENERAL m-PIECE COMPOSITE DISTRIBUTION

Suppose every piece of the distribution is described by fi, Fi for i = 1, 2, ...,m. Then
the probability density and cumulative distribution functions of the most general m-piece
composite distribution are

f(x) =



ζ
f1(x)
F1(θ1)

, x ≤ θ1,

ζφi
fi(x)

Fi(θi)− Fi(θi−1)
, θi−1 < x < θi,

ζφm
fm(x)

1− Fm(θm−1)
, θm−1 < x,

(4.1)

and

F (x) =



ζ
F1(x)
F1(θ1)

, x ≤ θ1,

ζ

 i∑
j=1

φj + φi
Fi(x)− Fi(θi−1)
Fi(θi)− Fi(θi−1)

, θi−1 < x < θi,

ζφm

m−1∑
j=1

φj + φm
Fm(x)− Fm(θm−1)

1− Fm(θm−1)

, θm−1 < x,

(4.2)

respectively, where θi, i=2, ...,m−1, mark the section boundaries and ζ = 1/(1+φ2+ ···+φm).
We take φ1 = 1. Suppose fi are parameterized by Ωi. Conditions for continuity and differ-
entiability at θi ensure that θi = θi(Ω1, ...,Ωm) and

φi = φi(Ω1, ...,Ωm) =

i−1∏
j=1

fj(θj)[Fi(θi)− Fi(θi−1)]

F1(θ1)
i∏

j=2

fj(θj−1)

.

Let

a1 =
n∑

i=1

I{xi ≤ θ1},

am =
n∑

i=1

I{θm−1 < x}

and

aj =
n∑

i=1

I{θj−1 ≤ xi ≤ θj}
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for j = 2, ...,m− 1. Note that a1 + a2 + ···+ am = n. If x1, x2, ..., xn is a random sample
from (4.1)–(4.2) then the log-likelihood function of (Ω1, ...,Ωm) is

log L(Ω1, ...,Ωm) = n log ζ − a1 log[F1(θ1)]−
m−1∑
i=2

ai log[Fi(θi)− Fi(θi−1)]

− am log[1− Fm(θm−1)] +
∑

xi≤θ1

log f1(xi)

+
m−1∑
i=2

ai log φi +
∑

θi−1≤xi≤θi

log fi(xi)

+ am log φm +
∑

θm−1<xi

log fm(xi).

The first order partial derivatives are

∂ log L

∂Ω1
=

n

ζ

∂ζ

∂Ω1
− ∂a1

∂Ω1
log[F1(θ1)]−

∂θ1
∂Ω1

a1f1(θ1)
F1(θ1)

−
m−1∑
i=2

∂ai

∂Ω1
log[Fi(θi)− Fi(θi−1)]

−
m−1∑
i=2

ai

∂θi
∂Ω1

fi(θi)− ∂θi−1

∂Ω1
fi(θi−1)

Fi(θi)− Fi(θi−1)
− ∂am

∂Ω1
log[1−Fm(θm−1)] + am

∂θm−1

∂Ω1
fm(θm−1)

1− Fm(θm−1)

+
∂θ1

∂Ω1

n∑
i=1

∆(xi − θ1) log f1(xi) +
∑

xi≤θ1

∂f1(xi)
∂Ω1

f1(xi)

+
m−1∑
i=1

 ∂ai

∂Ω1
log φi + ai

∂φi

∂Ω1

φi
− ∂θi−1

∂Ω1

∑
xi≤θi

∆(xi − θi−1) log fi(xi)


+

m−1∑
i=1

∂θi

∂Ω1

∑
θi−1≤xi

∆(xi − θi) log fi(xi)

+
∂am

∂Ω1
log φm + am

∂φm

∂Ω1

φm
− ∂θm−1

∂Ω1

n∑
i=1

∆(xi − θm−1) log fm(xi),

∂ log L

∂Ωi
=

n

ζ

∂ζ

∂Ωi
− ∂a1

∂Ωi
log[F1(θ1)]−

∂θi
∂Ωi

a1f1(θ1)

F1(θ1)
−

m−1∑
i=2

∂ai

∂Ωi
log[Fi(θi)− Fi(θi−1)]

−
m−1∑
i=2

ai

∂θi
∂Ωi

fi(θi)− ∂θi−1

∂Ωi
fi(θi−1)

Fi(θi)− Fi(θi−1)
− ∂am

∂Ωi
log[1−Fm(θm−1)] + am

∂θm−1

∂Ωi
fm(θm−1)

1− Fm(θm−1)

+
∂θ1

∂Ωi

n∑
i=1

∆(xi − θ1) log f1(xi) +
m−1∑
i=2

∑
θi−1≤xi≤θi

∂fi(xi)
∂Ωi

fi(xi)

+
m−1∑
i=1

 ∂ai

∂Ωi
log φi + ai

∂φi

∂Ωi

φi
− ∂θi−1

∂Ωi

∑
xi≤θi

∆(xi − θi−1) log fi(xi)


+

m−1∑
i=1

∂θi

∂Ωi

∑
θi−1≤xi

∆(xi − θi) log fi(xi)

+
∂am

∂Ωi
log φm + am

∂φm

∂Ωi

φm
− ∂θm−1

∂Ωi

n∑
i=1

∆(xi − θm−1) log fm(xi)
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and

∂ log L

∂Ωm
=

n

ζ

∂ζ

∂Ωm
− ∂a1

∂Ωm
log[F1(θ1)]−

∂θ1
∂Ωm

a1f1(θ1)
F1(θ1)

−
m−1∑
i=2

∂ai

∂Ωm
log[Fi(θi)− Fi(θi−1)]

−
m−1∑
i=2

ai

∂θi
∂Ωm

fi(θi)− ∂θi−1

∂Ωm
fi(θi−1)

Fi(θi)− Fi(θi−1)
− ∂am

∂Ωm
log[1−Fm(θm−1)]+ am

∂θm−1

∂Ωm
fm(θm−1)

1−Fm(θm−1)

+
∂θ1

∂Ωm

n∑
i=1

∆(xi − θ1) log f1(xi)

+
m−1∑
i=1

 ∂ai

∂Ωm
log φi + ai

∂φi

∂Ωm

φi
− ∂θi−1

∂Ωm

∑
xi≤θi

∆(xi − θi−1) log fi(xi)


+

m−1∑
i=1

∂θi

∂Ωm

∑
θi−1≤xi

∆(xi − θi) log fi(xi)

+
∂am

∂Ωm
log φm + am

∂φm

∂Ωm

φm
− ∂θm−1

∂Ωm

n∑
i=1

∆(xi − θm−1) log fm(xi) +
∑

θm−1<xi

∂fm(xi)
∂Ωm

fm(xi)

for i = 2, ...,m− 1. Hence, the observed information matrix is

J = −



∂2 log L

∂Ω2
1

∂2 log L

∂Ω1∂Ω2
··· ∂2 log L

∂Ω1∂Ωm

∂2 log L

∂Ω1∂Ω2

∂2 log L

∂Ω2
2

··· ∂2 log L

∂Ω2∂Ωm

...
...

. . .
...

∂2 log L

∂Ω1∂Ωm

∂2 log L

∂Ω2∂Ωm
··· ∂2 log L

∂Ω2
m


,

where

∂2 log L

∂Ω2
1

=
n

ζ

∂2ζ

∂Ω2
1

− n

ζ2

(
∂ζ

∂Ω1

)2

− ∂2a1

∂Ω2
1

log F1(θ1)−
∂a1

∂Ω1

∂θ1

∂Ω1

f1(θ1)
F1(θ1)

+

(
∂θ1
∂Ω1

)2
a1[f1(θ1)]

2

[F1(θ1)]
2

−
∂2θ1

∂Ω2
1
a1f1(θ1) + ∂θ1

∂Ω1

∂a1
∂Ω1

f1(θ1) + ∂θ1
∂Ω1

a1
∂f1(θ1)

∂Ω1

F1(θ1)

−
m−1∑
i=2

∂2ai

∂Ω2
1

log[Fi(θi)− Fi(θi−1)] − 2
m−1∑
i=2

∂ai

∂Ω1

fi(θi) ∂θi
∂Ω1

− fi(θi−1)
∂θi−1

∂Ω1

Fi(θi)− Fi(θi−1)

−
m−1∑
i=2

ai

[
∂2θi

∂Ω2
1
fi(θi) + ∂θi

∂Ω1

∂fi(θi)
∂Ω1

− ∂2θi−1

∂Ω2
1

fi(θi−1)− ∂θi−1

∂Ω1

∂fi(θi−1)
∂Ω1

]
Fi(θi)− Fi(θi−1)

+
m−1∑
i=2

ai

[
∂θi
∂Ω1

fi(θi)− ∂θi−1

∂Ω1
fi(θi−1)

]2
[Fi(θi)− Fi(θi−1)]

2 − ∂2am

∂Ω2
1

log[1− Fm(θm−1)]
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+ 2
∂am

∂Ω1

∂θm−1

∂Ω1
fm(θm−1)

1− Fm(θm−1)
+ am

∂2θm−1

∂Ω2
1

fm(θm−1) + ∂θm−1

∂Ω1

∂fm(θm−1)
∂Ω1

1− Fm(θm−1)

+ am

[
∂θm−1

∂Ω1
fm(θm−1)

]2
[1− Fm(θm−1)]

2 +
∂2θ1

∂Ω2
1

n∑
i=1

∆(xi − θ1) log f1(xi)

+ 2
∂θ1

∂Ω1

n∑
i=1

∆(xi − θ1)
∂f1(xi)

∂Ω1

f1(xi)
+
∑

xi≤θ1

∂2f1(xi)
∂Ω2

1
f1(xi)−

[
∂f1(xi)

∂Ω1

]2
[f1(xi)]

2

+
m−1∑
i=2

∂2ai

∂Ω2
1

log φi + 2
∂ai

∂Ω1

∂φi

∂Ω1

φi
+ ai

∂2φi

∂Ω2
1
φi −

(
∂φi

∂Ω1

)2

φ2
i

− ∂2θi−1

∂Ω2
1

∑
xi≤θi

∆(xi − θi−1) log fi(xi)


+

m−1∑
i=2

∂2θi

∂Ω2
1

∑
θi−1<xi

∆(xi − θi) log fi(xi)− 2
∂θi

∂Ω1

∂θi−1

∂Ω1

n∑
i=1

∆(xi − θi−1)∆(xi − θi) log fi(xi)


+

∂2am

∂Ω2
1

log φm + 2
∂am

∂Ω1

∂φm

∂Ω1

φm
+ am

∂2φm

∂Ω2
1

φm −
(

∂φm

∂Ω1

)2

φ2
m

− ∂2θm−1

∂Ω2
1

n∑
i=1

∆(xi− θm−1) log fm(xi),

∂2 log L

∂Ω1Ωi
=

n

ζ

∂2ζ

∂Ω1∂Ωi
− n

ζ2

∂ζ

∂Ω1

∂ζ

∂Ωi
− ∂2a1

∂Ω1∂Ωi
log[F1(θ1)]−

∂a1

∂Ω1

∂θ1

∂Ωi

f1(θ1)
F1(θ1)

+
∂θ1
∂Ω1

∂θ1
∂Ωi

a1[f1(θ1)]
2

[F1(θ1)]
2 −

∂2θ1
∂Ω1∂Ωi

a1f1(θ1) + ∂θ1
∂Ω1

∂a1
∂Ωi

f1(θ1) + ∂θ1
∂Ω1

a1
∂f1(θ1)

∂Ωi

F1(θ1)

−
m−1∑
i=2

∂2ai

∂Ω1∂Ωi
log[Fi(θi)− Fi(θi−1)]

−
m−1∑
i=2

∂ai

∂Ω1

fi(θi) ∂θi
∂Ωi

− fi(θi−1)
∂θi−1

∂Ωi

Fi(θi)− Fi(θi−1)
−

m−1∑
i=2

∂ai

∂Ωi

fi(θi) ∂θi
∂Ω1

− fi(θi−1)
∂θi−1

∂Ω1

Fi(θi)− Fi(θi−1)

−
m−1∑
i=2

ai

[
∂2θi

∂Ω1∂Ωi
fi(θi) + ∂θi

∂Ω1

∂fi(θi)
∂Ωi

− ∂2θi−1

∂Ω1∂Ωi
fi(θi−1)− ∂θi−1

∂Ω1

∂fi(θi−1)
∂Ωi

]
Fi(θi)− Fi(θi−1)

+
m−1∑
i=2

ai

[
∂θi
∂Ω1

fi(θi)− ∂θi−1

∂Ω1
fi(θi−1)

][
∂θi
∂Ωi

fi(θi)− ∂θi−1

∂Ωi
fi(θi−1)

]
[Fi(θi)− Fi(θi−1)]

2

− ∂2am

∂Ω1∂Ωi
log[1− Fm(θm−1)] +

∂am

∂Ω1

∂θm−1

∂Ωi
fm(θm−1)

1− Fm(θm−1)
+

∂am

∂Ωi

∂θm−1

∂Ω1
fm(θm−1)

1− Fm(θm−1)

+ am

∂2θm−1

∂Ω1∂Ωi
fm(θm−1) + ∂θm−1

∂Ω1

∂fm(θm−1)
∂Ωi

1− Fm(θm−1)

+ am

[
∂θm−1

∂Ω1
fm(θm−1)

][
∂θm−1

∂Ωi
fm(θm−1)

]
[1− Fm(θm−1)]

2

+
∂2θ1

∂Ω1∂Ωi

n∑
i=1

∆(xi − θ1) log f1(xi) +
∂θ1

∂Ωi

n∑
i=1

∆(xi − θ1)
∂f1(xi)

∂Ω1

f1(xi)
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+
m−1∑
i=2

[
∂2ai

∂Ω1∂Ωi
log φi +

∂ai

∂Ω1

∂φi

∂Ωi

φi
+

∂ai

∂Ωi

∂φi

∂Ω1

φi
+ ai

∂2φi

∂Ω1∂Ωi
φi − ∂φi

∂Ω1

∂φi

∂Ωi

φ2
i

]

+
m−1∑
i=2

 ∂2θi

∂Ω1∂Ωi

∑
θi−1<xi

∆(xi − θi) log fi(xi)−
∂2θi−1

∂Ω1∂Ωi

∑
xi≤θi

∆(xi−θi−1) log fi(xi)


−

m−1∑
i=2

[(
∂θi

∂Ω1

∂θi−1

∂Ωi
+

∂θi

∂Ωi

∂θi−1

∂Ω1

) n∑
i=1

∆(xi − θi−1)∆(xi − θi) log fi(xi)

]

+
m−1∑
i=2

 ∂θi

∂Ω1

∑
θi−1≤xi

∆(xi − θi)
∂fi(xi)

∂Ωi

fi(xi)
− ∂θi−1

∂Ω1

∑
xi≤θi

∆(xi − θi−1)
∂fi(xi)

∂Ωi

fi(xi)


+

∂2am

∂Ω1∂Ωi
log φm +

∂am

∂Ω1

∂φm

∂Ωi

φm
+

∂am

∂Ωi

∂φm

∂Ω1

φm
+ am

∂2φm

∂Ω1∂Ωi
φm − ∂φm

∂Ω1

∂φm

∂Ωi

φ2
m

− ∂2θm−1

∂Ω1∂Ωi

n∑
i=1

∆(xi − θm−1) log fm(xi)

for 2 ≤ i ≤ m− 1,

∂2 log L

∂Ω1Ωm
=

n

ζ

∂2ζ

∂Ω1∂Ωm
− n

ζ2

∂ζ

∂Ω1

∂ζ

∂Ωm
− ∂2a1

∂Ω1∂Ωm
log[F1(θ1)]−

∂a1

∂Ω1

∂θ1

∂Ωm

f1(θ1)
F1(θ1)

+
∂θ1
∂Ω1

∂θ1
∂Ωm

a1[f1(θ1)]
2

[F1(θ1)]
2 −

∂2θ1
∂Ω1∂Ωm

a1f1(θ1) + ∂θ1
∂Ω1

∂a1
∂Ωm

f1(θ1) + ∂θ1
∂Ω1

a1
∂f1(θ1)
∂Ωm

F1(θ1)

−
m−1∑
i=2

∂2ai

∂Ω1∂Ωm
log[Fi(θi)− Fi(θi−1)]

−
m−1∑
i=2

∂ai

∂Ω1

fi(θi) ∂θi
∂Ωm

− fi(θi−1)
∂θi−1

∂Ωm

Fi(θi)− Fi(θi−1)
−

m−1∑
i=2

∂ai

∂Ωm

fi(θi) ∂θi
∂Ω1

− fi(θi−1)
∂θi−1

∂Ω1

Fi(θi)− Fi(θi−1)

−
m−1∑
i=2

ai

[
∂2θi

∂Ω1∂Ωm
fi(θi) + ∂θi

∂Ω1

∂fi(θi)
∂Ωm

− ∂2θi−1

∂Ω1∂Ωm
fi(θi−1)− ∂θi−1

∂Ω1

∂fi(θi−1)
∂Ωm

]
Fi(θi)− Fi(θi−1)

+
m−1∑
i=2

ai

[
∂θi
∂Ω1

fi(θi)− ∂θi−1

∂Ω1
fi(θi−1)

][
∂θi

∂Ωm
fi(θi)− ∂θi−1

∂Ωm
fi(θi−1)

]
[Fi(θi)− Fi(θi−1)]

2

− ∂2am

∂Ω1∂Ωm
log[1− Fm(θm−1)] +

∂am

∂Ω1

∂θm−1

∂Ωm
fm(θm−1)

1− Fm(θm−1)
+

∂am

∂Ωm

∂θm−1

∂Ω1
fm(θm−1)

1− Fm(θm−1)

+ am

∂2θm−1

∂Ω1∂Ωm
fm(θm−1) + ∂θm−1

∂Ω1

∂fm(θm−1)
∂Ωm

1− Fm(θm−1)

+ am

[
∂θm−1

∂Ω1
fm(θm−1)

][
∂θm−1

∂Ωm
fm(θm−1)

]
[1− Fm(θm−1)]

2

+
∂2θ1

∂Ω1∂Ωm

n∑
i=1

∆(xi − θ1) log f1(xi) +
∂θ1

∂Ωm

n∑
i=1

∆(xi − θ1)
∂f1(xi)

∂Ω1

f1(xi)

+
m−1∑
i=2

[
∂2ai

∂Ω1∂Ωm
log φi +

∂ai

∂Ω1

∂φi

∂Ωm

φi
+

∂ai

∂Ωm

∂φi

∂Ω1

φi
+ ai

∂2φi

∂Ω1∂Ωm
φi − ∂φi

∂Ω1

∂φi

∂Ωm

φ2
i

]
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+
m−1∑
i=2

 ∂2θi

∂Ω1∂Ωm

∑
θi−1<xi

∆(xi − θi) log fi(xi)−
∂2θi−1

∂Ω1∂Ωm

∑
xi≤θi

∆(xi − θi−1) log fi(xi)


−

m−1∑
i=2

[(
∂θi

∂Ω1

∂θi−1

∂Ωm
+

∂θi

∂Ωm

∂θi−1

∂Ω1

) n∑
i=1

∆(xi − θi−1)∆(xi − θi) log fi(xi)

]

+
∂2am

∂Ω1∂Ωm
log φm +

∂am

∂Ω1

∂φm

∂Ωm

φm
+

∂am

∂Ωm

∂φm

∂Ω1

φm
+ am

∂2φm

∂Ω1∂Ωm
φm − ∂φm

∂Ω1

∂φm

∂Ωm

φ2
m

− ∂2θm−1

∂Ω1∂Ωm

n∑
i=1

∆(xi − θm−1) log fm(xi)−
∂θm−1

∂Ω1

n∑
i=1

∆(xi − θm−1)
∂fm(xi)

∂Ωm

fm(xi)

for 2 ≤ i ≤ m− 1,

∂2 log L

∂Ω2
i

=
n

ζ

∂2ζ

∂Ω2
i

− n

ζ2

(
∂ζ

∂Ωi

)2

− ∂2ai

∂Ω2
i

log F1(θ1)−
∂a1

∂Ωi

∂θ1

∂Ωi

f1(θ1)
F1(θ1)

+

(
∂θ1
∂Ωi

)2
a1[f1(θ1)]

2

[F1(θ1)]
2

−
∂2θ1

∂Ω2
i
a1f1(θ1) + ∂θ1

∂Ωi

∂a1
∂Ωi

f1(θ1) + ∂θ1
∂Ωi

a1
∂f1(θ1)

∂Ωi

F1(θ1)
−

m−1∑
i=2

∂2ai

∂Ω2
i

log[Fi(θi)− Fi(θi−1)]

− 2
m−1∑
i=2

∂ai

∂Ωi

fi(θi) ∂θi
∂Ωi

− fi(θi−1)
∂θi−1

∂Ωi

Fi(θi)− Fi(θi−1)

−
m−1∑
i=2

ai

[
∂2θi

∂Ω2
i
fi(θi) + ∂θi

∂Ωi

∂fi(θi)
∂Ωi

− ∂2θi−1

∂Ω2
i

fi(θi−1)− ∂θi−1

∂Ωi

∂fi(θi−1)
∂Ωi

]
Fi(θi)− Fi(θi−1)

+
m−1∑
i=2

ai

[
∂θi
∂Ωi

fi(θi)− ∂θi−1

∂Ωi
fi(θi−1)

]2
[Fi(θi)− Fi(θi−1)]

2 − ∂2am

∂Ω2
i

log[1− Fm(θm−1)]

+ 2
∂am

∂Ωi

∂θm−1

∂Ωi
fm(θm−1)

1− Fm(θm−1)
+ am

∂2θm−1

∂Ω2
i

fm(θm−1) + ∂θm−1

∂Ωi

∂fm(θm−1)
∂Ωi

1− Fm(θm−1)

+ am

[
∂θm−1

∂Ωi
fm(θm−1)

]2
[1− Fm(θm−1)]

2 +
∂2θ1

∂Ω2
i

n∑
i=1

∆(xi − θ1) log f1(xi)

− 2
∂θi−1

∂Ωi

m−1∑
i=2

∑
xi≤θi

∆(xi − θi−1)
∂fi(xi)

∂Ωi

fi(xi)
+ 2

∂θi

∂Ωi

m−1∑
i=2

∑
θi−1≤xi

∆(xi − θi)
∂fi(xi)

∂Ωi

fi(xi)

+
m−1∑
i=2

∑
θi−1≤xi≤θi

∂2fi(xi)
∂Ω2

i
fi(xi)−

[
∂fi(xi)

∂Ωi

]2
[fi(xi)]

2

+
m−1∑
i=2

∂2ai

∂Ω2
i

log φi + 2
∂ai

∂Ωi

∂φi

∂Ωi

φi
+ ai

∂2φi

∂Ω2
i
φi −

(
∂φi

∂Ωi

)2

φ2
i

− ∂2θi−1

∂Ω2
i

∑
xi≤θi

∆(xi − θi−1) log fi(xi)


+

m−1∑
i=2

∂2θi

∂Ω2
i

∑
θi−1<xi

∆(xi − θi) log fi(xi)− 2
∂θi

∂Ωi

∂θi−1

∂Ωi

n∑
i=1

∆(xi − θi−1)∆(xi − θi) log fi(xi)


+

∂2am

∂Ω2
i

log φm + 2
∂am

∂Ωi

∂φm

∂Ωi

φm
+ am

∂2φm

∂Ω2
i

φm −
(

∂φm

∂Ωi

)2

φ2
m

− ∂2θm−1

∂Ω2
i

n∑
i=1

∆(xi − θm−1) log fm(xi)

for 2 ≤ i ≤ m− 1,
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∂2 log L

∂ΩiΩj
=

n

ζ

∂2ζ

∂Ωi∂Ωj
− n

ζ2

∂ζ

∂Ωi

∂ζ

∂Ωj
− ∂2a1

∂Ωi∂Ωj
log[F1(θ1)]−

∂a1

∂Ωi

∂θ1

∂Ωj

f1(θ1)
F1(θ1)

+
∂θ1
∂Ωi

∂θ1
∂Ωj

a1[f1(θ1)]
2

[F1(θ1)]
2 −

∂2θ1
∂Ωi∂Ωj

a1f1(θ1) + ∂θ1
∂Ωi

∂a1
∂Ωj

f1(θ1) + ∂θ1
∂Ωi

a1
∂f1(θ1)

∂Ωj

F1(θ1)

−
m−1∑
i=2

∂2ai

∂Ωi∂Ωj
log[Fi(θi)− Fi(θi−1)]

−
m−1∑
i=2

∂ai

∂Ωj

fi(θi) ∂θi
∂Ωi

− fi(θi−1)
∂θi−1

∂Ωi

Fi(θi)− Fi(θi−1)
−

m−1∑
i=2

∂ai

∂Ωi

fi(θi) ∂θi
∂Ωj

− fi(θi−1)
∂θi−1

∂Ωj

Fi(θi)− Fi(θi−1)

−
m−1∑
i=2

ai

[
∂2θi

∂Ωi∂Ωj
fi(θi) + ∂θi

∂Ωi

∂fi(θi)
∂Ωj

− ∂2θi−1

∂Ωi∂Ωj
fi(θi−1)− ∂θi−1

∂Ωi

∂fi(θi−1)
∂Ωj

]
Fi(θi)− Fi(θi−1)

+
m−1∑
i=2

ai

[
∂θi
∂Ωi

fi(θi)− ∂θi−1

∂Ωi
fi(θi−1)

][
∂θi
∂Ωj

fi(θi)− ∂θi−1

∂Ωj
fi(θi−1)

]
[Fi(θi)− Fi(θi−1)]

2

− ∂2am

∂Ωi∂Ωj
log[1− Fm(θm−1)] +

∂am

∂Ωi

∂θm−1

∂Ωj
fm(θm−1)

1− Fm(θm−1)
+

∂am

∂Ωj

∂θm−1

∂Ωi
fm(θm−1)

1− Fm(θm−1)

+ am

∂2θm−1

∂Ωi∂Ωj
fm(θm−1) + ∂θm−1

∂Ωi

∂fm(θm−1)
∂Ωj

1− Fm(θm−1)

+ am

[
∂θm−1

∂Ωi
fm(θm−1)

][
∂θm−1

∂Ωj
fm(θm−1)

]
[1− Fm(θm−1)]

2 +
∂2θ1

∂Ωi∂Ωj

n∑
i=1

∆(xi − θ1) log f1(xi)

+
m−1∑
i=2

 ∂θi

∂Ωj

∑
θi−1≤xi

∆(xi − θi)
∂fi(xi)

∂Ωi

fi(xi)
− ∂θi−1

∂Ωj

∑
xi≤θi

∆(xi − θi−1)
∂fi(xi)

∂Ωi

fi(xi)


+

m−1∑
i=2

∑
θi−1≤xi≤θi

∂2fi(xi)
∂Ωi∂Ωj

fi(xi)− ∂fi(xi)
∂Ωi

∂fi(xi)
∂Ωj

[fi(xi)]
2

+
m−1∑
i=2

 ∂2ai

∂Ωi∂Ωj
log φi +

∂ai

∂Ωi

∂φi

∂Ωj

φi
+

∂ai

∂Ωj

∂φi

∂Ωi

φi
+ ai

∂2φi

∂Ωi∂Ωj
φi − ∂φi

∂Ωi

∂φi

∂Ωj

φ2
i


+

m−1∑
i=2

 ∂2θi

∂Ωi∂Ωj

∑
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5. A SIMULATION STUDY

In this section, we perform a simulation study to show the practical value of the ex-
pressions in the paper. We used the following scheme:

(i) simulate a sample of size 1000 from the m-piece composite distribution in Sec-
tion 4 with each piece described by an exponential distribution and θj = j,
j = 1, 2, ...,m− 1;

(ii) estimate the maximum likelihood estimates for the distribution;

(iii) compute the information matrix given in Section 4;
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(iv) compute the information matrix numerically using the package numDeriv in R

(R Development Core Team, 2023);

(v) take the squared sum of elementwise differences of the two matrices in steps (iii)
and (iv);

(vi) repeat steps (i) to (v) 100 times;

(vii) draw a boxplot of the 100 squared sums of elementwise differences of the two
matrices;

(viii) repeat steps (i) to (vii) for m = 2, 5, 10, 50.

Figure 1 shows the boxplots. Figure 2 shows the boxplots when the lognormal distribu-
tion was used to model each piece in step (i). Figure 3 shows the boxplots when the Pareto
distribution was used to model each piece in step (i).
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Figure 1: The squared sum of elementwise differences versus m
when each piece was modeled by the exponential distribution.
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Figure 2: The squared sum of elementwise differences versus m
when each piece was modeled by the lognormal distribution.
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Figure 3: The squared sum of elementwise differences versus m
when each piece was modeled by the Pareto distribution.

We can see that the squared sum of elementwise differences is significant whatever m

is. The magnitude of the squared sum increases with increasing values of m. This is expected
because of:

i) numerical errors;

ii) the increasing number of boundaries in the composite distribution as m increases;

iii) the increasing number of conditions on continuity;

iv) the increasing number of conditions on differentiability.

The differences appear as large as 25 when m = 50. Hence, the expressions in the paper
should be trusted (over numerical derivatives) for accurate computation of the information
matrices and hence for accurate modeling of insurance data especially when m is large.

For simplicity, we have chosen the exponential, lognormal and Pareto distributions to
describe each piece of the composite distribution. But the results were similar when other
distributions were considered. In particular, the squared sum of elementwise differences were
significant for any m and always increased with increasing values of m.
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1. INTRODUCTION

Count data is commonly analyzed in many real-world applications. This includes exam-
ples such as the number of days lost due to work accidents, the number of occurrences of thun-
derstorms in a calendar year, or the number of insurance claims. The Poisson distribution is the
primary choice for modeling such data due to its simplicity, but it assumes that the mean and
variance of the distribution are equal, known as the equidispersion assumption. This makes the
Poisson distribution unsuitable for modeling overdispersed data, where the variance is larger
than the mean. Various factors can cause overdispersion, such as an insufficient number of
interaction terms in the regression model or the omission of important explanatory variables.

Various statistical distributions have been proposed to model overdispersed data, with
the negative binomial (NB) distribution being the most popular. The NB distribution allows
for the variance to exceed the mean of the data and can be obtained as a mixture of Poisson
and gamma distributions. In regression models, when the dependent variable, yi, takes the
form of non-negative integers or counts, the NB regression model, which is a particular case
of generalized linear models (GLMs), can be applied. The NB regression model is widely
used in applied areas such as social, economic, and health sciences (Månsson, 2012). The
coefficients of the NB regression model can be estimated using the maximum likelihood (ML)
estimation method, which involves solving a non-linear equation through iterative algorithms
such as the iterative weighted least squares (IWLS) algorithm.

The PIG distribution is another distribution used to model overdispersed data that is
discussed in the literature. It is a special case of the Sichel distribution with two parameters
(Stein et al., 1987). Like the NB distribution, the PIG distribution can also be expressed as
a mixture of distributions (Willmot, 1987). However, the PIG distribution uses a mixture
of the Poisson and inverse Gaussian distributions, while the NB distribution uses a gamma
distribution as the mixing distribution. The PIG distribution is particularly useful for count
data with longer tails and larger kurtosis, making it an alternative to the NB distribution
(Dean et al., 1989). The PIG distribution is better suited for data with a high initial peak
that may be skewed to the right, giving it a modeling capacity superior to that of the NB
distribution (Hilbe, 2014). Furthermore, the PIG distribution has an easily obtainable likeli-
hood function that has a closed-form representation, making parameter estimation relatively
simple (Zha et al., 2016). These properties make the PIG distribution more effective than the
NB distribution in dealing with highly overdispersed data. The PIG distribution has been
applied in a variety of contexts, including modeling vehicle crash data in Zha et al. (2016)
and comparing NB and PIG regression models for horseshoe crabs data in Putri et al. (2020).

In regression models, another issue that can arise is the problem of multicollinearity.
This occurs when the explanatory variables are highly correlated with each other, as defined
by Frisch (1934). Multicollinearity has a negative impact on the ML estimator, resulting in
estimated coefficients with larger variances and unreliable inference. Confidence intervals for
unknown parameters may also have a wider range than usual, and it becomes difficult to
estimate the unique effects of the explanatory variables. To address this issue, Hoerl and
Kennard introduced the ridge estimator in the linear regression model (LRM). Since then,
many different biased estimators have been proposed to combat multicollinearity, including
the Liu estimator (Liu, 1993), Liu-type estimator (Liu, 2003), and two-parameter estimator
(Özkale and Kaçıranlar, 2007 and Qasim et al., 2022), among others.
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In GLMs, the problem of multicollinearity was first addressed by Schaefer et al. (1984),
who proposed the ridge estimator for logistic regression, a particular case of GLMs (Schaefer
et al., 1984). Since then, the ridge estimator has been adapted for other special cases of
GLMs. For instance, Månsson and Shukur (2011) introduced the ridge estimator in the
Poisson regression model and Locking et al. (2013) defined it for the Probit regression model.
Algamal (2019) proposed the ridge estimator for gamma and inverse Gaussian regression
models, while Månsson (2012) developed it for the negative binomial model. Khalaf et al.

(2014) introduced the ridge estimator in the Tobit regression model, and Qasim et al. (2021)
proposed it for the Beta regression model. Recently, Awwad et al. (2022) proposed two-
parameter estimators for the logistic regression model. Other biased estimators have also
been proposed by different authors to address multicollinearity in GLMs (see, e.g., Abbasi
and Özkale, 2021; Abonazel et al., 2023; Ahmed et al., 2021; Akram et al., 2022; Algamal
et al., 2022; Alheety et al., 2021; Amin et al., 2019; Amin et al., 2020; Asar and Genç, 2018;
Bulut, 2021; Kibria, 2022; Lukman et al., 2022; Lukman et al., 2022; Mahmoudi et al., 2020;
Nooi Asl et al., 2021; Omer et al., 2021; Özkale, 2019; Qasim et al., 2020; Qasim et al., 2022;
Toker et al., 2019; Toker et al., 2021). To the best of our knowledge, no ridge regression or
quantile-based ridge regression estimators have been defined for the PIG regression model.
Moreover, we suggest using a Wald-type method to calculate the confidence interval for the
mean response function of the PIG ridge regression (PIGRR). Gómez-Deniz and Caldeŕın-
Ojeda (2018) investigated the mixture of Poisson-reciprocal inverse Gaussian distributions,
which, under specific conditions, outperforms the PIG model. This paper introduces the
PIGRR and a confidence interval that can be extended to a mixed Poisson regression model
utilizing the reciprocal inverse Gaussian as the mixing distribution . The implementation of
these enhancements holds substantial potential for advancing future research.

This paper is organized as follows. In Section 2, we introduce the PIG regression model,
and an estimation of the parameters is given. In Section 3, we define the ridge estimator for
the PIG regression model and propose some estimators of the ridge parameter, also, the Wald
confidence interval is given. In Section 4, the Monte Carlo simulation study is conducted.
In Section 5, we give a real data example. Finally, the paper ended with conclusions.

2. METHODOLOGY

In this section, we present the PIG regression model and introduce the ridge regression
estimator, which was defined by Hoerl and Kennard (1970a,b) in the PIG regression model.
Furthermore, we introduce the properties of matrix mean squared error (MMSE) and scalar
mean squared error (MSE). We will also propose certain biasing parameters to improve the
performance of the proposed estimator.

2.1. The Poisson-inverse Gaussian regression model

The probability mass function (pmf) of the PIG distribution is given as

(2.1) P
(
yi;µi, τ

)
=
(

2αi

π

)1
2 µyi

i exp
(

1
τ

)
Kyi− 1

2
(αi)

(αiτ)yi yi!
, yi = 0, 1, 2, ...,
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where αi =
√

1+2µiτ
τ and Ks(·) is the modified Bessel function of the second kind (Stein et al.,

1987). The mean and variance are given as respectively

E(Yi) = µi,(2.2)

Var(Yi) = µi (1 + τµi).(2.3)

In the regression framework, generally, the mean of the response variable is modeled. Because
Var(Yi) > E(Yi), the PIG model is suitable to model overdispersed data.

Let Y1, Y2, ..., Yn be n independent random variables from the PIG distribution with
the parameters µ and τ (Yi ∼ PIG(µ, τ)). Then, we assume that the mean of Yi satisfies the
following functional relation:

(2.4) g(µi) = ηi = x>i β, i = 1, 2, ..., n,

where ηi is the linear predictor, x>i = (xi1, xi2, ..., xin) denotes the vector of covariates, and
β = (β1, β2, ..., βp) is the regression coefficient’s vector with size p. It is assumed that the
mean link function g : (0,∞) → R is strictly monotonic and twice differentiable. In literature,
there are different link functions such as identity link function (g(µ) = µ), logarithmic link
function (g(µ) = log(µ)), and square root link function (g(µ) =

√
µ) for more details about

the link function, please see McCullagh and Nelder (1989). In this study, we use the log link
function.

Generally, the estimate of β is usually found using the ML estimation method. The
likelihood function of the PIG is given as

L(µ, τ ; y) =
n∏

i=1

P (yi;µ, τ)(2.5)

=
n∏

i=1

(
2αi

π

)1
2 µyi exp

(
1
τ

)
Kyi− 1

2
(αi)

(αiτ)yi yi!
.

The log-likelihood function is obtained by taking the natural logarithm of both sides of the
equation (2.5) as follows:

`(µ, τ ; y) =
n∑

i=1

{
1
2

log(2αi)−
1
2

log(π) + yi log(µi) +
1
τ

+ log
(
Kyi− 1

2
(αi)

)
− yi log(αi)− yi log(τ)− log(yi!)

}
.(2.6)

When we take µi = exp
(
x>i β

)
, the log-likelihood function is rewritten as follows:

`(β, τ ; y) =
n∑

i=1

 1
2

log

2

√
1 + 2 exp

(
x>i β

)
τ

τ

− 1
2

log(π)

+ yi log
(
exp
(
x>i β

))
+

1
τ

+ log

Kyi− 1
2


√

1 + 2 exp
(
x>i β

)
τ

τ




− yi log


√

1 + 2 exp
(
x>i β

)
τ

− yi log(τ)− log(yi!)

.(2.7)
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The vector of coefficients using the ML estimation method is estimated by solving the fol-
lowing equation:

S(β) =
∂`(β, τ ; y)

∂β

=
n∑

i=1


xi

yi −
Ryi− 1

2

(q
1+2 exp(x>i β)τ

τ

)
(
1 + 2 exp

(
x>i β

)
τ
)1

2

exp
(
x>i β

)



= 0,(2.8)

where Rν(z) = Kν+1(z)
Kν(z) is calculated recursively as R− 1

2
(z) = 1; Rν(z) = 2ν

z + 1
Rν−1(z) .

Since (2.8) is a nonlinear, S(β) can not be solved explicitly. Iterative methods, such as
Newton-Raphson or Iteratively Reweighted Least Squares (IRLS), are necessary to solve this
equation. When estimating unknown coefficients using the IRLS algorithm, the unknown
parameters are obtained in each iteration as follows:

(2.9) β(m+1) = β(m) + I−1
(
β(m)

)
S
(
β(m)

)
,

where S
(
β(m)

)
is the score vector evaluated at β(m) and I−1

(
β(m)

)
is the Fisher information

matrix evaluated at β(m). When convergence holds, the vector of coefficients can be obtained
as follows:

(2.10) β̂ML = (D)−1X>Ŵ û,

where ûi = log(µ̂i)+ (yi−bµi)bµi
, W = diag

( bµi

1+bτ bµi

)
and D = X>ŴX. Also, to estimate dispersion

parameter τ , partial derivative of the log-likelihood function is obtained as

S(τ) =
∂`(β, τ ; y)

∂τ

=
n∑

i=1

−
1
τ2
− yi

τ
+ Ryi− 1

2


√

1 + 2 exp
(
x>i β

)
τ

τ

 1 + τ exp
(
x>i β

)
τ2
(
1 + 2 exp

(
x>i β

))1
2

 = 0.

The covariance matrix of the ML estimator is obtained as follows:

(2.11) Cov
(
β̂ML

) ∼= (D)−1.

The asymptotic mean squared error (MSE) of ML estimator can be defined as

(2.12) MSE
(
β̂ML

) ∼= tr
[
(D)−1] =

p∑
j=1

1
λj

,

where λj is the j-th eigenvalue of the X>ŴX matrix. When the explanatory variables in
a PIG regression model are highly intercorrelated, it results in a multicollinearity problem.
This often causes the matrix of weighted cross products to become ill-conditioned, with some
eigenvalues being small. As a consequence, the estimated MSE of the ML estimator is inflated.
To overcome this issue, we propose a biased estimator, the PIGRR estimator.
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3. Poisson inverse Gaussian ridge regression

We propose PIGRR method as a solution to the problem caused by multicollinearity ap-
plied to count data on overdispersion case. Let B̂ be any estimator of the parameter vector β.
The difference between the log-likelihood functions assessed at ML estimate and B̂ is

diff(`) = `max − `
(
B̂
)
.

By following Segerstedt (1992), we define the PIGRR as the solution of the optimization
problem

min B̂>B̂ subject to diff(`) = c0,

where c0 is the fixed number and by developing the Lagrange function, we define

Q
(
B̂, k

)
= B̂>B̂ −

(
2
k

) n∑
i=1

{
1
2

log
(

2αi

π

)
+ yi log

(
exp
(
x>i β

))
+

1
τ

+ log
(
Kyi− 1

2
(αi)

)
− yi log

(αi

τ

)
− log(yi!)

}
+ (c0 − `max)

,

where αi =

q
1+2 exp(x>i β)τ

τ , 2
k is the Lagrange multiplier and Q

(
B̂, k

)
is a p×1 vector with

elements qj

(
B̂, k

)
:

qj

(
B̂, k

)
=

∂Q
(
B̂, k

)
∂B̂j

= 2B̂j −
(

2
k

)
∂`
(
B̂
)

∂B̂j

= 2B̂j −
(

2
k

) n∑
i=1


 yi − exp

(
x>i β

)
exp
(
x>i β

)[
1+ τ exp

(
x>i β

)]
 ∂ exp

(
x>i β

)
∂ηi

xij

, j =1, 2, ..., p.(3.1)

Now define H
(
B̂, k

)
as a p×p matrix with elements hjq

(
B̂, k

)
and taking the second order

derivates of qj

(
B̂, k

)
as

hjq

(
B̂, k

)
=

∂2Q
(
B̂, k

)
∂B̂j ∂B̂q

= 2δjq −
(

2
k

)
∂2`
(
B̂
)

∂B̂j ∂B̂q

.

Taking the expectation of both sides of (3.1) as

E

[
∂2Q

(
B̂, k

)
∂B̂j∂B̂q

]
= 2

δjq −
(

1
k

)
E

{
−

∂`
(
B̂
)

∂B̂j

∂`
(
B̂
)

∂B̂q

},

= 2

δjq +
(

1
k

) n∑
i=1

xij xiq

exp
(
x>i β

)[
1 + τ exp

(
x>i β

)]
{

∂ exp
(
x>i β

)
∂ηi

}2
,(3.2)
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where δjq =

{
1, if j = q,

0, otherwise.
By means of the Fisher scoring method in this case yields

(3.3) H
(
B̂(m), k

)
β̂(k)(m+1) = H

(
B̂(m), k

)
β̂(k)(m) +Q

(
B̂(m), k

)
,

where qj

(
B̂, k

)
and hjq

(
B̂, k

)
are the elements of the vector H

(
B̂(m), k

)
and matrix Q

(
B̂(m), k

)
,

respectively, and both can be assessed at the preliminary estimate β̂(k)(m). From equations
(3.1)–(3.2), identifying that

Q
(
B̂(m), k

)
= 2 β̂(k)(m) −

(
2
k

)[
X>Ŵ û−D β̂(k)(m)

]
,

H
(
B̂(m), k

)
=
(
−2

k

)[
D + kI

]
.

Now, (3.3) is equivalent to

(D + kI) β̂(k)(m+1) =

(
2 β̂(k)(m) −

(
2
k

)[
X>Wu−D β̂(k)(m)

]
−
(

2
k

)
(D + kI) β̂(k)(m)

)
×
(
−k

2

)
(D + kI)−1,

(D + kI) β̂(k)(m+1) = X>Wu.

When the successive estimates β̂(k)(m) converges to β̂(k) as m →∞, then we find the fol-
lowing PIGRR estimator:

(3.4) β̂PIGRR = β̂(k) =
(
D(k)

)−1
X>Wu,

where k is the ridge parameter and D(k) = D + kI.

The mean squared error (MSE) of β̂PIGRR equals

MSE
(
β̂PIGRR

) ∼= E
[(

β̂PIGRR − β
)>(

β̂PIGRR − β
)]

∼= tr
[(
D(k)

)−1D
(
D(k)

)−1
]

+ k2β>
(
D(k)

)−2
β

∼=
p∑

j=1

λj

(λj + k)2
+

p∑
j=1

k2α2
j

(λj + k)2
,(3.5)

where λj(λ1, λ2, ..., λp) > 0 are the eigenvalues of the matrix D, α2
j is the j-th element of

T>β̂ML and T is the matrix whose columns are the eigenvectors of the matrix D such that
D = ξΛξ>, where Λ = diag(λj). Månsson and Shukur (2011) investigated the MSE properties
of the Poisson ridge regression, and these properties are same for the PIGRR. Månsson and
Shukur (2011) showed that Poisson ridge regression is superior to the ML estimator in terms
of scalar MSE. Similarly, the β̂PIGRR is also superior to the β̂ML when k > 0.
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3.1. Proposed estimators of ridge parameter k

The performance of the PIGRR method depends on the choice of ridge parameter (k).
Therefore, we suggest some new methods for estimating k. First, we derive the optimal value
of k by taking the derivative of MSE

(
β̂PIGRR

)
with respect to k:

(3.6)
∂MSE

(
β̂PIGRR

)
∂k

= −2
p∑

j=1

λj

(
1− kα2

j

)
(λj + k)3

.

By equating (3.6) to zero, we find the value of k that minimizes MSE
(
β̂PIGRR

)
as

(3.7) kj =
1
α2

j

.

Different estimators of k recommended by Månsson and Shukur (2011) for the Poisson re-
gression and some of these estimators are generalized for the PIGRR:

k̂1 =
1

α2
max

, k̂2 =

(
p∏

j=1

1
mj

)1
p

, k̂3 = max
(

1
mj

)
,

where α2
max is the maximum value of α2

j and mj = (k)
1
2 . By following Qasim et al. (2021),

we suggest k̂4 estimator for the PIGRR:

k̂4 =
p∑p

j=1 α2
j

.

Now, we propose a quantile-based ridge estimation. Let X be a continuous random variable
with a cumulative distribution function (cdf) F(x). Then the q-th quantile of a population
is denoted as Q(q) and characterized the functional inverse of the cdf taken at q, such as

(3.8) Q(q) = F−1(q) = inf
[
x : F(x) ≥ q

]
for predetermined 0 < q < 1. (3.8) can also be defined as P [x ≤ Q(q)] = q, which indicates
that 100q% of the observations less than or equal to the population quantile Q(q).

By means of (3.7), we begin by setting S1 =
(
L, k(1)

)
, S2 = [ k(1), k(2)

)
, ..., Sp−1 =

[ k(p), U
)
, where k(1), k(2), ..., k(p) are order statistics of kj (j = 1, 2, ..., p), and L and U are

lower and upper bounds of k (which can be > 0 and ∞, respectively). In addition, the q-th
quantile of Qq lies in one of these intervals. As a result, the quantile-based ridge estimator
can be computed as

P
[
k ≤ Q(q)

]
= q, 0 < q < 1.

The q-th quantile can also be expressed as P
[
k > Q(q)

]
= 1− q. We set four levels (q = 0.25,

0.50, 0.75, 0.95) of the quantiles and therefore, we propose four different quantile-based ridge
estimators for the PIGRR, namely, Q0.25, Q0.50, Q0.75 and Q0.95. These ridge estimators are
proposed in order to get the lowest MSE of the PIGRR.
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3.2. Wald confidence interval

We first examine the coverage properties of Wald-type confidence intervals on the
mean response function, µi = exp

(
x>i β

)
. Recall that in the LRM, a confidence interval on

E(y |x = x0) with p parameter is

ŷ(x0) ± tα
2

,n−p σ̂

√
x>0
(
X>X

)−1
x0.

Myers and Montgomery (1997) provide an analogous illustration for the GLMs. The
asymptotic 100(1− α)% confidence interval on the mean response function at the point x0

as follows:

(3.9) µ̂(x0) ± zα
2

√
c>0
(
C>Ŵ−1C

)−1
c0,

where µ̂(x0) is the estimated mean response function at the point of x0, C is the ma-
trix of derivatives stimulated by the Taylor series expansion applied in the GLMs, W =
diag{Var(yi)}, where Var(yi) = b̈(θ) a(φ) from the exponential family of distribution, and c0

is the vector of these derivatives. By following McCullagh and Nelder (1989) and Myers et al.

(2002), the development of (3.9) is relatively simple. The PIG regression is the member of
the exponential family of distribution. For a link, say, g(µ) = x>β, we have µ = g−1

(
x>β
)

and its estimated mean function µ̂ = g−1
(
x>β̂

)
. We know that µ is a nonlinear function of β.

We make use of the delta method to approximate Var[µ̂(x0)] for the confidence interval on
µ(x0). The delta method allows for approximation of the variance of a quantity that is a
nonlinear function. Since µ̂(x0) is a nonlinear function of parameter in estimates β̂ and by
means of the delta method

Var
(
µ̂(x0)

)
= c>0

{
Cov

(
β̂
)}

c0,

where c0 = ∂bµ(x0)

∂bβML
is a vector of derivatives and Cov

(
β̂
)

is the asymptotic variance-covariance

matrix of the ML estimator for the GLMs, such as I
(
β̂
)−1 =

(
C>W−1C

)−1 and therefore,
Var
(
µ̂(x0)

)
= c>0 is approximated by c>0

(
C>W−1C

)−1
c0. We define the pivotal quantity

z =
µ̂(x0)− µ(x0)[

c>0
(
C>W−1C

)−1
c0

] 1
2

has a normal distribution with mean 0 and variance 1. Hence the useful general form of
the approximate 100(1 − α)% confidence interval on µ(x0) for the GLMs is µ̂(x0) ±
zα

2

√
c>0
(
C>Ŵ−1C

)−1
c0. Then, we consider the special case of the GLMs is PIG regres-

sion. By using the canonical link function C =
(

WX
a(φ)

)(
C>W−1C

)−1=
(
X>W−1X

)−1{a(φ)}2,

c0 = {Var(y0)}x0

a(φ) , and finally the required confidence interval is defined as

µ̂(x0) ± zα
2
V̂ar(y0)

√
x>0
(
X>Ŵ−1X

)−1
x0.
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Now we define the Wald confidence interval for µi = exp
(
x>i β

)
by using the mean and variance

functions of the PIG regression

(3.10) exp
(
x>i β̂ML

)
± zα

2

[
exp
(
x>i β̂ML

){
1 + τ̂ exp

(
x>i β̂ML

)}]√
x>iD−1xi,

where D = X>Ŵ−1X. By using the asymptotic variance-covariance matrix of the PIGRR,
we define the Wald confidence interval for µi = exp

(
x>i β

)
(3.11)

exp
(
x>i β̂PIGRR

)
± zα

2

[
exp
(
x>i β̂PIGRR

){
1 + τ̂ exp

(
x>i β̂PIGRR

)}]√
x>iD(k)−1DD(k)−1xi,

where D(k) = X>Ŵ−1X + kI.

4. MONTE CARLO SIMULATION

In this section, we conduct a Monte Carlo simulation to demonstrate the performance
of the proposed estimator compared to the ML estimator. In the following subsection, we
present the simulation design.

4.1. Design of the simulation

The factors considered in the simulation to evaluate the performance of the proposed
estimator include sample size (n), degree of correlation (ρ), and the number of explanatory
variables (p). To investigate the impact of these factors, we set up a simulation design that
comprises four different sample sizes: 50, 100, 150, and 200, with three distinct correlation
coefficient values (ρ) of 0.90, 0.95, and 0.99. Moreover, we use three different values for the
number of explanatory variables, namely 3, 5, and 7.

We generate the dependent variable of the PIG regression model as follows:

(4.1) yi ∼ PIG(µi, τ),

where µi =exp
(
x>i β
)
, τ =2.5, β =(β1,β2, ...,βp) with

∑p
j=1β2

j =1. We use the following method,
which was given by McDonald and Galarneau (1975), to generate explanatory variables:

(4.2) xij =
(
1− ρ2

)1
2 zij + ρzip,

where zij are independent pseudo-random numbers following the standard normal distri-
bution, ρ represents the correlation between the explanatory variables and i = 1, 2, ..., n,
j = 1, 2, ..., p. To compare the performance of the estimators, we estimate the MSE, which is
calculated based on 1000 simulation replications for various combinations of n, ρ, and p:

(4.3) MSE
(
β̂
)

=
∑1000

r=1

(
β̂r − β

)>(
β̂r − β

)
1000

,

where β̂r is the estimated value of coefficients in the r-th replication. Also, we obtain the
average confidence lengths on the means response functions of ML estimator and PIGRR
methods.
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4.2. Results of the simulation study

Tables 1–2 present the results of simulation study, which aimed to investigate the impact
of several factors on the accuracy of estimation. Specifically, we provide MSE values for
different combinations of p, n, and ρ values. These factors include the number of explanatory
variables (p), sample sizes (n), and correlation degrees (ρ), all of which can significantly
affect the reliability of statistical analysis. In addition to the MSE values, we also report
the average confidence lengths for the means response functions of ML and PIGRR methods.
These measures provide insight into the precision and stability of the estimated response
functions under varying conditions.

Table 1: MSE values of ML and PIGRR estimators with different ridge parameters.

PIGRR
p n ρ ML

k1 k2 k3 k4 Q0.25 Q0.50 Q0.75 Q0.95

3

50
0.90 3.9629 3.6578 3.7991 3.5100 3.4228 3.3892 3.1003 2.5715 2.3345
0.95 5.3212 4.8090 4.6749 3.9837 4.3833 4.2103 3.7195 3.0916 2.8166
0.99 16.4580 14.2634 8.6817 7.3257 12.0915 10.3336 7.9850 6.8134 6.2833

100
0.90 3.2531 3.0851 3.2157 3.1278 3.0607 3.0814 2.9287 2.4258 2.2284
0.95 4.0130 3.7358 3.8521 3.6021 3.5256 3.5081 3.2874 2.8365 2.6232
0.99 9.8350 8.6379 6.4043 5.3192 7.5223 6.8228 5.6322 4.9925 4.7043

150
0.90 3.1694 3.0541 3.1495 3.0964 2.9636 2.9847 2.8415 2.4136 2.2074
0.95 3.6547 3.4477 3.5705 3.4123 3.2946 3.2951 3.1528 2.6992 2.4918
0.99 7.3670 6.5738 5.5960 4.6865 5.8786 5.4267 4.7384 4.2610 4.0352

200
0.90 3.1255 3.0402 3.1128 3.0654 2.9555 2.9785 2.8237 2.3700 2.1659
0.95 3.5378 3.3804 3.4881 3.3811 3.2627 3.2783 3.1339 2.6926 2.4826
0.99 6.3801 5.7209 5.1625 4.3956 5.1791 4.8949 4.4018 3.9482 3.7147

5

50
0.90 5.9567 5.4809 5.6316 4.5465 4.8643 4.7143 4.0507 3.2758 2.3346
0.95 9.7346 8.7749 8.0036 5.4935 7.4877 7.0213 5.7144 4.5515 3.0213
0.99 42.3171 37.2487 14.5175 10.6302 29.5380 23.9425 15.8654 11.3122 8.6180

100
0.90 4.2455 4.0043 4.2025 3.9079 3.7171 3.7109 3.4010 2.8741 2.1255
0.95 5.9535 5.4818 5.6709 4.6344 4.8770 4.7407 4.1433 3.5055 2.5924
0.99 20.7169 18.2691 10.4827 7.1336 14.6964 12.5546 9.1581 7.2057 5.8155

150
0.90 3.7633 3.6038 3.7489 3.5885 3.4036 3.4129 3.1439 2.7543 2.0351
0.95 5.0467 4.7354 4.9369 4.3738 4.3428 4.2698 3.8872 3.3723 2.5377
0.99 15.1806 13.5483 9.4951 6.5243 11.1794 9.8631 7.6467 6.3033 5.1333

200
0.90 3.6360 3.5172 3.6278 3.5229 3.3640 3.3716 3.1369 2.6800 1.9944
0.95 4.5471 4.3075 4.4927 4.1243 4.0071 3.9783 3.6564 3.1451 2.3418
0.99 11.8073 10.5958 8.6331 5.8646 8.8742 7.9941 6.4428 5.3743 4.2514

7

50
0.90 9.1405 8.4541 8.5601 6.0465 7.2886 7.0655 5.8112 4.1206 2.3914
0.95 15.6450 14.2603 12.2415 6.9601 11.6641 10.6449 7.9813 5.6598 3.4269
0.99 77.3166 69.2965 20.3857 14.8155 53.4698 44.5839 28.7129 17.5815 11.8956

100
0.90 5.5511 5.2208 5.5038 4.7570 4.6679 4.6057 4.0392 3.0931 1.9922
0.95 8.6180 7.9574 8.1922 5.8951 6.8185 6.5105 5.4209 4.1414 2.7296
0.99 35.9445 32.2017 15.3524 8.6824 24.9931 22.1400 14.8486 9.5913 6.4953

150
0.90 4.6103 4.3901 4.5963 4.2505 4.0346 4.0119 3.6539 2.8875 1.8452
0.95 6.5878 6.1419 6.4549 5.2634 5.4149 5.2693 4.5961 3.6723 2.3812
0.99 22.3684 20.0214 13.8088 7.5938 15.7448 14.5071 10.2449 7.2399 5.2942

200
0.90 4.4384 4.2867 4.4326 4.1912 4.0171 4.0027 3.6143 2.8580 1.8242
0.95 6.1816 5.8494 6.1113 5.1619 5.2816 5.1938 4.5491 3.6021 2.3417
0.99 18.6922 16.8889 12.5442 7.5197 13.6177 12.4779 9.3996 7.0053 5.0791
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Table 1 presents several important findings from our simulation study. Firstly, the
results show that PIGRR methods with all ridge parameters outperform the ML method in
terms of MSE values, which confirms our initial expectation. Additionally, the MSE values
of the PIGRR estimator with the ridge parameter Q0.95 are consistently smaller than the
MSE values of other PIGRR estimators and ML across all conditions. Furthermore, our
simulation results reveal that correlation degrees have a negative impact on the MSE values
for fixed values of p and n. Specifically, as the degree of correlation increases, the MSE values
of all estimators increase, indicating reduced accuracy and reliability of statistical inference.
Conversely, increasing the sample size has a positive effect on the MSE values, as larger
samples provide more reliable estimates and reduce sampling variability. It is also important
to note that the MSE values of ML are approximately twice as large as those of the PIGRR
method with Q0.95 across all simulation scenarios. This suggests that the PIGRR method is a
more accurate and reliable estimator than the ML method, particularly in high-dimensional
settings. Finally, we observe that increasing the number of explanatory variables also leads
to an increase in MSE values when other factors are held constant. This highlights the
importance of careful variable selection and regularization techniques in statistical modeling.

Table 2 presents the average confidence lengths for the ML and PIGRR methods with
Q0.95. Similar to the MSE results, we observe several important findings related to the average
confidence lengths. Firstly, the results show that the average confidence lengths of the PIGRR
method with Q0.95 are generally shorter than those of the ML method, indicating a higher
precision and more accurate inference. Moreover, as the degree of correlation increases,
the average confidence lengths of both methods also increase, highlighting the impact of
correlation on statistical inference. We also find that the number of explanatory variables has
an adverse effect on the average confidence lengths. Specifically, as the number of explanatory
variables increases from 3 to 7, the average confidence length of both methods also increases,
suggesting that careful variable selection and regularization are important in minimizing the
impact of overfitting. Additionally, the simulation results show that increasing the sample
size generally leads to a decrease in the average confidence lengths for both methods, as larger
samples provide more reliable estimates and reduce sampling variability. However, we note
that there are some exceptions to this trend, as the average confidence lengths do not always
decrease when the sample size changes from 150 to 200.

Table 2: Comparison of 95% average confidence lengths on the means response functions
of ML and PIGRR estimators.

ML PIGRR[Q0.95]

n np ρ

50 100 150 200 50 100 150 200

0.90 139.84 48.42 40.63 58.54 26.68 14.84 13.01 11.00
3 0.95 239.95 65.23 46.57 63.21 40.92 21.44 14.54 12.19

0.99 273.31 66.00 59.94 68.10 194.36 44.19 21.76 18.22

0.90 1613.70 227.33 309.02 269.58 423.15 27.24 30.05 26.33
5 0.95 2677.17 468.77 317.27 330.86 955.23 67.50 31.49 29.73

0.99 14011.06 529.45 605.12 482.90 963.27 151.18 105.99 37.39

0.90 19381.12 1554.10 626.95 965.84 453.31 41.55 42.09 18.07
7 0.95 25894.30 1563.55 716.83 1143.08 718.47 122.27 37.51 50.53

0.99 29457.73 3702.62 10852.13 2389.50 4633.72 600.87 175.96 258.32
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Overall, these findings provide important insights into the impact of various factors
on the precision and accuracy of statistical inference and have important implications for
researchers and practitioners in selecting appropriate methods and interpreting their results.

5. APPLICATION: TRAFFIC FATALITIES

In this application, we model the traffic fatalities for 48 US states (excluding Alaska
and Hawaii) during 1988. The data is taken from the AER package in R and it is denoted
Fatalities. We fit PIG regression for the number of night-time vehicle fatalities of the age
group 21–24 years old (yi). We consider the following regressors: per capita personal income
in 1987 dollars (X1), spirits that measures the spirits consumption (X2), population which is
the population in the respective age group such as, population age group 21–24 years old (X3),
total population (X4) and miles-total measured as the total vehicle miles in millions (X5). We
see the impact of per capita personal income, spirits consumption, population age group 21–24
years old, miles-total, and total population on the number of night-time vehicle fatalities. The
square root transformation is used to find the positive predictive confidence interval values
of the number of night-time vehicle fatalities. Our analysis aimed to understand how these
variables are related to the number of night-time vehicle fatalities. The impact of per capita
personal income, spirits consumption, population age group 21–24 years old, miles-total,
and total population on the number of night-time vehicle fatalities was explored using PIG
regression. Our computations are carried out by using R programing language. The problem
of multicollinearity is tested by the condition index,which is calculated by taking the square
root of the maximum eigenvalue divided by the minimum eigenvalue. CI =

√
λmax
λmin

= 95.12,
which indicate a strong multicollinearity in the dataset (for more details, please see Abbasi
and Özkale, 2021; Amin et al., 2020; Bulut and Işılar, 2021). The eigenvalues are 2605.7,
92.5, 40.3, 11.6, 0.57 and 0.29.

The MSE of the conventional ML estimator is inflated in the presence of multicollinearity.
Therefore, we used biased estimation methods to overcome the problem of multicollinearity.
The benefit of our proposed estimator is shown by using this dataset in the PIG regression
model. Table 3 presents the estimates of the parameters and scalar MSE of the ML and
PIGRR estimators. Application results reveal that a substantial decrease of the MSE when
applying PIGRR. This is in line with the simulated results where PIGRR always have a better
performance than the ML in almost all considered conditions. Previous empirical results
according to OECD (2015) is mixed but in general robustness as shown by our new estimator
is desirable. The estimated coefficient using ML and PIGRR of per capita personal income is
positive which shows the higher number of night-time vehicle fatalities. Furthermore, spirits
are negative which is counterintuitive sine a higher consumption of alcohol should lead to
more accidents on average. However, when using proposed PIGRR with quantile based ridge
estimation the value of the coefficients is shrunken towards zero. Finally, total population is
positive in age group 21–24 which according to OECD (2015) is in line with previous research.
The values using PIGRR is shrunken towards zero but not as much as for income and spirits
variables. Miles-total is actually positive, and it increases the number of night-time vehicle
fatalities.



436 M. Qasim, Y.M. Bulut and K. M̊ansson

Table 3: Estimated coefficient and MSE of estimators.

Intercept X1 X2 X3 X4 X5
Estimators

β0 β1 β2 β3 β4 β5

MSE

ML 1.644 0.117 −0.126 −0.628 0.777 0.130 5.349

PIGRR

k1 1.641 0.097 −0.094 −0.220 0.350 0.154 2.111
k2 1.639 0.094 −0.092 −0.194 0.326 0.154 2.063
k3 1.617 0.066 −0.075 −0.058 0.201 0.155 2.151
k4 1.615 0.063 −0.074 −0.051 0.195 0.155 2.174
Q0.25 1.615 0.063 −0.074 −0.051 0.195 0.155 2.174
Q0.50 1.564 0.017 −0.058 0.015 0.148 0.160 2.437
Q0.75 1.504 −0.025 −0.049 0.044 0.136 0.166 2.577
Q0.95 1.145 −0.128 −0.048 0.109 0.148 0.193 2.864

Note: The explanatory variables are defined as: the per capita personal income in 1987 dollars (X1),
spirits that measures the spirits consumption (X2), population which is the population in the respective
age group such as, population age group 21–24 years old (X3), total population (X4) and miles-total
measured as the total vehicle miles in millions (X5).

The results presented in Table 4 (Appendix A) demonstrate the Wald-type 95% confi-
dence interval on the mean response function for each observation of the number of night-time
vehicle fatalities using the ML and PIGRR with a shrinkage parameter k2. It can be seen
that in the presence of multicollinearity, the confidence intervals for the ML estimator are
wider compared to those of PIGRR. This indicates that the PIGRR method is better at
shrinking the coefficients towards zero and producing narrower confidence intervals. More-
over, the average 95% confidence length on the mean response function using the ML and
PIGRR are 6.56 and 5.44, respectively, which further confirms the superiority of the PIGRR
method in terms of producing narrower confidence intervals and coefficient shrinkage. These
findings provide additional evidence that the proposed PIGRR method is more effective in
reducing the impact of multicollinearity on the estimation of the mean response function.
Furthermore, it is worth noting that the estimated MSE of the proposed PIGRR estimator
is smaller than that of the traditional ML estimator, which highlights the advantage of using
the PIGRR method in this context.

6. CONCLUSION

The Poisson inverse Gaussian ridge (PIGRR) regression and Wald-type confidence in-
terval for the predictive response function are proposed and is compared to alternative ML
estimator. Also, quantile-based ridge estimation (Q0.25, Q0.50, Q0.75, Q0.95) and shrinkage es-
timators (k1, k2, k3, k4) are suggested to obtain the optimal value of the PIGRR for the GLM.
Results show that the PIGRR method outperforms the traditional ML estimator, providing
narrower confidence intervals for the predictive response function. Monte Carlo simulations
and an application to a traffic fatalities dataset further demonstrated the effectiveness of the
proposed PIGRR estimator. In conclusion, the results of this study indicate that the PIGRR
method can be used as an alternative estimator for the PIG regression and GLMs, especially
in the presence of multicollinearity.
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A. APPENDIX

Table 4: Comparison of 95% Confidence Interval (CI) on the means response function
using ML and PIGRR estimators.

Observation
MLE PIGRR Length of 95% CI

µi 95% CI µi 95% CI MLE PIGRR

1 4.84 (2.86, 6.82) 4.84 (3.08, 66.60) 3.96 3.52
2 4.66 (3.20, 6.12) 4.67 (3.42, 5.92) 2.91 2.50
3 4.47 (2.57, 6.37) 4.36 (2.58, 6.15) 3.81 3.56
4 20.30 (14.10, 26.51) 20.45 (14.25, 26.64) 12.41 12.39
5 4.76 (2.81, 6.71) 4.73 (2.88, 6.57) 3.90 3.69
6 5.78 (0.00, 14.00) 5.54 (0.00, 13.13) 14.00 13.13
7 3.85 (1.12, 6.59) 3.91 (1.35, 6.47) 5.47 5.12
8 8.34 (4.12, 12.57) 7.77 (4.98, 10.55) 8.45 5.57
9 5.22 (2.82, 7.63) 5.47 (3.94, 7.00) 4.81 3.06

10 4.18 (2.63, 5.73) 4.07 (2.64, 5.51) 3.10 2.87
11 7.47 (0.32, 15.27) 7.34 (2.80, 11.89) 14.95 9.09
12 5.53 (3.68, 7.38) 5.51 (3.97, 7.04) 3.70 3.07
13 5.09 (2.68, 7.50) 4.87 (2.74, 7.00) 4.82 4.26
14 5.15 (2.24, 8.06) 4.91 (2.38, 7.44) 5.82 5.06
15 4.63 (3.00, 6.26) 4.65 (3.04, 6.25) 3.27 3.21
16 4.37 (1.94, 6.81) 4.51 (2.42, 6.60) 4.87 4.18
17 4.01 (2.63, 5.38) 4.02 (2.73, 5.31) 2.75 2.59
18 5.31 (0.83, 9.79) 5.35 (1.19, 9.52) 8.96 8.34
19 5.63 (0.50, 11.76) 5.72 (0.22, 11.23) 11.26 11.01
20 6.50 (4.28, 8.71) 6.62 (4.83, 8.40) 4.43 3.57
21 5.11 (3.05, 7.17) 5.05 (3.09, 7.01) 4.12 3.92
22 4.02 (1.68, 6.35) 4.08 (1.82, 6.34) 4.67 4.52
23 5.65 (3.59, 7.70) 5.47 (3.75, 7.19) 4.11 3.44
24 3.87 (2.60, 5.14) 3.85 (2.61, 5.09) 2.54 2.48
25 4.52 (2.91, 6.14) 4.40 (2.90, 5.90) 3.24 3.00
26 2.83 (0.00, 7.41) 3.12 (0.00, 7.47) 7.41 7.47
27 3.12 (0.00, 7.88) 3.39 (0.00, 7.90) 7.88 7.90
28 7.44 (0.00, 16.28) 7.05 (0.94, 15.04) 16.28 14.10
29 4.10 (2.60, 5.60) 4.08 (2.63, 5.52) 3.01 2.89
30 9.91 (0.00, 33.90) 9.75 (0.00, 22.63) 33.90 22.63
31 5.45 (3.85, 7.05) 5.56 (4.21, 6.91) 3.20 2.71
32 3.63 (2.10, 5.16) 3.67 (2.24, 5.10) 3.06 2.86
33 7.82 (3.51, 12.13) 7.48 (4.44, 10.51) 8.62 6.07
34 4.93 (2.67, 7.19) 4.80 (3.04, 6.57) 4.52 3.53
35 4.84 (3.20, 6.48) 4.67 (3.31, 6.04) 3.28 2.74
36 8.31 (0.26, 16.37) 7.81 (3.33, 12.29) 16.10 8.96
37 4.09 (1.77, 6.40) 4.07 (1.95, 6.19) 4.63 4.23
38 4.06 (1.94, 6.18) 4.25 (2.38, 6.11) 4.24 3.73
39 3.80 (2.49, 5.11) 3.80 (2.52, 5.07) 2.62 2.55
40 5.24 (3.58, 6.90) 5.19 (3.68, 6.70) 3.32 3.02
41 10.63 (2.53, 18.72) 10.77 (5.06, 16.47) 16.18 11.41
42 4.38 (2.37, 6.39) 4.28 (2.37, 6.20) 4.03 3.84
43 3.85 (2.38, 5.33) 3.87 (2.50, 5.25) 2.94 2.75
44 6.01 (1.60, 10.42) 6.11 (2.40, 9.82) 8.82 7.42
45 5.58 (3.05, 8.12) 5.39 (3.22, 7.56) 5.07 4.34
46 4.42 (2.15, 6.68) 4.28 (2.20, 6.37) 4.53 4.17
47 5.05 (3.65, 6.45) 5.07 (3.78, 6.36) 2.81 2.58
48 3.81 (2.70, 4.92) 3.81 (2.73, 4.89) 2.23 2.17
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son ridge estimators-method and application. Iranian Journal of Science and Technology, Transac-
tions A: Science, 44(6):1775–1789.
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