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Abstract:

e In this work we derive the exact joint distribution of a linear combination of con-
comitants of order statistics and linear combinations of their order statistics in a
multivariate normal distribution. We also investigate a special case of related joint
distributions discussed by He and Nagaraja (2009).
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1. INTRODUCTION

Suppose that the joint distribution of two n-dimensional random vectors X
and Y follows a 2n dimensional multivariate normal vector with positive definite
covariance matrix, i.e.

o (3)emem(2) (B )

where iy, p,, are respectively the mean vectors and ), Zyy are the positive
definite variance matrices of X and Y, while ny is their covariance matrix. Let
Xy = (X1, Xom, - Xnn)T be the vector of order statistics obtained from X
and Y () = (Y1, Y2, o) Y,.n)T be the vector of order statistics obtained from
Y. Further, let Y7, = (Y[lzn], Yoy - Y[n:n])T be the vector of Y-variates paired
with the order statistics of X. The elements of Y7, are called the concomitants
of the order statistics of X.

Nagaraja (1982) has obtained the distribution of a linear combination of
order statistics from a bivariate normal random vector where the variables are
exchangeable. Loperfido (2008a) has extended the results of Nagaraja (1982) to
elliptical distributions. Arellano-Valle and Genton (2007) have expressed the ex-
act distribution of linear combinations of order statistics from dependent random
variables. Sheikhi and Jamalizadeh (2011) have showed that for arbitrary vectors
a and b, the distribution of (X, aTY(g), bTY(g))T is a singular skew-normal and
carried out a regression analysis. Yang (1981) has studied the linear combina-
tion of concomitants of order statistics. Tsukibayashi (1998) has obtained the
joint distribution of (Yj.,, ¥[;.,]), while He and Nagaraja (2009) have obtained the
joint distribution of (Y., Y[j.y) for all 4, j =1, 2,..., n. Goel and Hall (1994)
have discussed the difference between concomitants and order statistics using the
sum Y " h(Yim — Yjip)) for some smooth function h. Recently much attention
has been focused on the connection between order statistics and skew-normal
distributions (see e.g. Loperfido 2008a and 2008b and Sheikhi and Jamalizadeh
2011). In this article we shall obtain the joint distribution of aTY(n) and bTY[n],
where a = (a1, ag, ..., an)T and b = (b1, bo, ..., bn)T are arbitrary vectors in R"™.
Since we do not assume independence, our results are more general than those of
He and Nagaraja (2009). On the other hand, He and Nagaraja (2009) have not
assumed normality.

The concept of the skew-normal distribution was proposed independently
by Roberts (1966), Ainger et al. (1977), Andel et al. (1984) and Azzalini (1985).
The univariate random variable Y has a skew-normal distribution if its distribu-
tion can be written as

(1.2) fy () =20 (y; 02)<I><Ay_”> yeR

o
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where ¢ (.; 7 02) is the normal density with mean p and variance o and ®(.)
denotes the standard normal distribution function.

Following Arellano-Valle and Azzalini (2006), a d-dimensional random vec-
tor Y is said to have a unified multivariate skew-normal distribution (Y ~
SUNgm (&, 0, Q, I', A)), if it has a density function of the form
(1.3)

D (6 +ATQ N (y—€); T-ATQ A
fx () = ealy; & Q) ( )

d
@, (65 T) yeR

where pq4(., &, Q) is the density function of a multivariate normal and ®,,,(.; ¥) is
the multivariate normal cumulative function with the covariance matrix .

A Q
singular unified skew-normal and write SSUNg (&, 6,2, I', A). For more de-
tails see Arellano-Valle and Azzalini (2006) and Sheikhi and Jamalizadeh (2011).

T
If ¥ = ( A ) is a singular matrix we say that the distribution of X is

In Section 2, we show that for two vectors a and b, the joint distribution of
aTY(n) and bTY[n] belongs to the unified multivariate skew-normal family. We
also discuss special cases of these distributions under the setting of independent
normal random variables. Finally, in section 3 we present a numerical application
of our results.

2. MAIN RESULTS

Define S(X) as the class of all permutation of components of the ran-
dom vector X, i.e. S(X) = {X(i) =P;X;i=1, 2,..., nl}, where P; isan n x n
permutation matrix. Also, suppose A is the difference matrix of dimension
(n — 1) x n such that the ith row of A is eg’iﬂ— ez’i,
e1, €2, ..., e,are n-dimensional unit basis vectors. Then AX = (X — X3, X3 —
Xo, ..., X — Xn_1)T. (See e.g. Crocetta and Loperfido 2005).

i1=1,...,n—1, where

Further, let X and Y be the ith permutation of the random vectors X
and Y respectively. We write G;;(t, &, >) =P (AX(i) >0, AYY > 0) .

A
Theorem 2.1. Suppose the matrix | a’ | is of full rank. Then under
bT
the assumption of model (1.1) the cdf of the random vector (a’ Y ), bTY[n})T
is the mixture

n! n!

Fary ), b7y, (Y1, 42) = Z ZFSUN(ybyQ; &ij» 0ij» Ligy Qij, Aij) Gis (2, €, Z)
i=1 j=1
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where Fsun(.; &;;, 6ij, Tij, Qij, Aij) is the cdf of unified multivariate skew-
normal with

%] bTHg;) Y Apé']) ’ J AZ]J AT

TN0) 5 o7 S0 @\ 7T
Q= a'> Ma a Z( 3 and Ay = AZ(Z a Az?y)b
b7 U b AW 7) a AU

yy
are respectively the mean vectors of the ith permutation

(4)

where py’ and u,(])

of tbe random vector X and the jth permutatjpn of the random vector Y and
S0 = Var(X®), $29) = Var(YD) and 0 = Cov(X®), YO),

Proof: We have

Fary ), b7y W1 42) = P (a7 Yy < g1, BT Y < o)
n! n!
=33 r (aTYu) <y, BTYW < y2|A(z‘j)) P (A(w‘))
i=1 j=1
where A7) = {AX® >0, AY"Y > 0}. Since
AX® A 00 X 00)
AYW) 0 AO .
= ()
(21) TY(z) - 00 aT i(ﬁ) )
T
bTY() 2nx1 0b 0 2nx3n Snx1

the full rank assumption implies nonsingularity of the matrix on the right hand
side of (2.1). Furthermore,

AX®
AY W
aly®
bTyY @)
Apd) AYIAT ASWAT A W a A Db
N A,u,g,j) Azm AT AZ ”)a AZ(J])b
~ 2n i )
a” g a’ Zyy a a’ Zyy) b
o S

Now, similar to Sheikhi and Jamalizadeh (2011), we immediately conclude
that

. N\T . .
(aY®, bTYD) | AXD >0, AYD >0 ~ SUN, 5,1 (€5, 8iss Ty i Ass)

This proves the Theorem. O
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Remark 2.1. If the rank of the matrix (A, al, bT)T is at most n — 1, the
joint distribution of (aTY(n), bTY[n])T is a mixture of a unified skew-normals
and a singular unified skew-normals. In this section we assume that the matrix
(A, al, bT)T is of full rank. A special case will be investigated later in the paper.

Let (X;,Y;),i=1, 2,..., n be a random sample of size n from a bivariate

2
Yo

e (3) e (u (M) 2 (P =)

where > = 021, Zyy = O'ZIn and ny = po’zaylnlg where p is the correla-

normal Ny (ux, Ly, 02, O p) , then the model (1.1) reduces to the following:

tion coefficient between X and Y.

The following corollary describes the joint distribution of a linear combi-
nation of concomitants of order statistics and a linear combination of their order
statistics under the independence assumption.

Corollary 2.1. Suppose the matrix (A, al, bT)T is of full rank. Then
under the assumption of model (2.2) the distribution of the random vector
T .
(aTY(n), bTY[n]) 1S SUNQ’ 2(n—1) (E, Ogn_g, Q, F, A) where

T T T 2 T T
_( peatl, _ ofa'aa'b [ 0 AAT poyo,AA
v B G R G F e |

A pozoyAa poyo,Ab
UZAa agAb '

Proof: We have

Fary ., b7y W1 42) = P (a7 Yy < g1, BT Y < o)
n!  n!
= Z Z p (aTY(i) <y, bTYD < y2|A(ij)) p (A(ij)) '
i=1 j=1

Since P (AX(i) >0, AY) > 0) = (%)2 , 1,7 =1,...,n!, by independence

we have

Fary,,, b7y, W 92) = P(a"Y <y, BTY <yp|AX >0, AY > 0).

Moreover, (AX, AY, a'Y, bTY)T follows an 2n dimensional multivari-

ate normal distribution with p = (On—1, 0 uyaTln, ,ubeln)T and

n—1»
o2 AAT pawayAAT pogoyAa po,oyAb
a2AAT  s2Aa oAb
Z — Y
- agaTa a?aTb

JZbTb



Joint Distribution of Concomitants and their Order Statistics 127

So, as in Theorem 2.1 the proof is completed. O

We easily find that I' =[v;;], where

207 i—jl=0
%ij = —0% i —jl =1
0 i—j|=2,.,2(n—1)
Al O . T
and A = [ 01 A2:| with A1 = ()\11, ceey )‘(nfl)l) where A1 = 0920 {ak+1 — ak},

k=1,.on—1 and Az = M2,y An_1)2)’  where Mg = 02 {bp1 — by},
k=1,...,n—1.

Let the difference matrix Aj of dimension n — 1 X n be such that its first

2,1_ eik, k=2,3,...,1—1 and the last n — i rows are ez,k—

1 — 1 rows are e
egy 1, k=1, ...n—1. Also, let the matrix As of dimension n —1 x n be such that
its first j — 1 rows are 92,1_ eik, k=2,3,...,7 — 1 and the last n — j rows are
egyj— ea 1, k=jJ, ...n—1and 1,; be an — 1 dimensional vector with the first
1 elements equal to 1 and the rest —1. Further, let X; be a permutation of the

random vector X, such that its ¢th element is located in the first place.

Theorem 2.2. For a random sample of size n from a bivariate normal
random vector (X,Y'), the joint distribution of Y., Y[j. is

FYi:m Y[j;n](yla y2) = leSUN(min(ylﬂ y2)7 My 02(n—1)7 027 F7 A)
+ kQFSSUN(yh Y2 ;3 My]-Q 702(n—1)7 05127 1-‘7 A)

where Fsun(-; fly; 02(-1), O'Z, I, A) is the cdf of a non-singular unified multi-
variate skew-normal distribution SUN1, 2,2 (uy, 0, 05, T, A) with

r— JﬁAlAip pazayAlAiF _ pPOLoyly;
UZAIA{ ’ Uzln,i

and Fssun(.; pylo, 05(n—1)> O'ZIQ, I', A) is the cdf of a singular unified multi-
variate skew-normal distribution SSU N3, op—2(fty1l2, 0201 UZIQ, I', A) where
I, is an identity matrix of dimension 2 and

r— J§A2A2T paxayAgAr{ A— —poz0yIn_1 pozoyly, ;
aZA AT ) oplni  —0ydn1 )’

ki =nl(3 + 5= sin~(=2p))" and ks = n(n — 1)((n — 1))?(F + 5= sin~!(=2p))™.

Proof: Let B;; denote the event that Y; is the ith order statistic among
{¥1, Ys,..., Y,,} and Xj is the jth order statistic among {Xi, Xo,..., X, }. So,
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Bij = {A1Y;> 0, AyX; > 0} and we have

FYtizny Y'[j:n] (u7 U)

= P (Yin <1, V]ju) < 0)

n n
=Y > P(Yi<u, Y; <v|By) P(By)
i=1 j=1

=Y P(Yi<u, Y; <v|By)P(By)+» Y _P(Yi<u, Y; <v|Bjj) P(Bj))
i=1 i=1 j=1
i#]
= nlP (Y1 S min(u,v)\BH)P(Bn)
+(n? —n)((n—1N2P (Y] < u,Ys < v|Bia) P (Bia).

The last equality holds by the independence assumption. Since the distribution
of Y1| By is identical to the distribution of Y1|{A;Y1> 0, A1X; > 0}, we have

A1 X4 0,-1 U%AlAr{ paxayAlA{ POy Ly
A1Y; | ~ Nopa 0p—1 |, oiALAT o1y,
Yi Iy 0’2

SO, Yl‘BH ~ SUNL 2n—2 (,uy, 02(n—1)a UZ, F, A) where

agAlA{ paxayAlA{ POy Ly
I‘-( aﬁAlAlT ) and A-( ' )

Also, the conditional distribution of Y7 and Y5 given Bj, is the same as
the distribution of (Y7, Y2)T|{AsX5> 0, A;Y; > 0}. Moreover, (AsXs, A;Y7,
Yy, Y2)T follows a 2n multivariate singular normal distribution with rank 2n — 1,
n= (On—1, 0,,_1, ,uylg)T and

agAgAZT pamayAgA{ —p00yIpn_1 poroyly

2 T 2 2
Z . UyAlAl Uy1n7i —O'an_l
- 2
ogy O2
Uy

where J,,_1 = (1, 0,,_2)7.

We note that the matrix (AsXz, A;Y1)7 is of full rank but (A X, A,Y7,
Yy, Y2)T is not. Hence, according to the case (3) of Arellano-Valle and Azzalini
(2006) we conclude that (Y1, Y2)T|{A2Xs, A;Y; >0} ~ SSUN2 2n—2(fy12,
02(n—1); UZIQ, ', A) where

2 T T
02 AQAS pogo,AsA —po0ydn_1 poroyly i
r—(%% 2 Y 1 and A — zTydn z0yinj |
( ol A AT ool —02dn1



Joint Distribution of Concomitants and their Order Statistics 129

On the other hand, using the orthant probabilities (e.g. Kotz et al. 2000)
we easily obtain

P(BH) = P(XQ > X, X35> X1,..., Xg> X, oY, YV5>Y,..,Y,> Yl)

(P(X2 > X1, Yo >1))"
(i + —sin~ (—2p))".

So, ki = nl(3 + = sin ™' (—2p))". Similarly, ko = n(n — 1)((n — )1)?(: +
2 sin 1 (=2p))".

This completes the proof. O

Remark 2.2. As a special case, we assume n = 2, (X, Y)T ~ BN(0, 0,
1, 1, p), i=1and j = 2. Then the joint pdf of Y1.2 and Y]y.9) is obtained as

FY1, Yig (1, ¥2) = k1 Fsun(min(y1, y2) ) + k2Fssun(y1, y2)

where k; and kg are as in Theorem 2.2 with n = 2 and Fsyn(.)and Fssyn(.,.)
are the cdfs of

P, ((Pa —1)" min(y1, y2); M1)
By ((o,o)T; MQ)

¢((min(y1, y2))

and
Py ((P, 1" (g1 — y2); Ms)

o, ((0, )7 M4>

o(y1)e(y2)

respectively where

— 2 —
= (1) (L)
p 1 —p 1

2
M3:<2 Op 8) and My = <;§>,

and their joint pdf is
(2.3)

Do ((p, —1)Ty; M ,
e(y) fp(Q p(o,o)T;yMQ)l) if m=1y2=y

Plyn)plye) HORTHRIEif g < g

fY1:2, Y[z;z](yla y2) =
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Remark 2.3. When X and Y are independent, the joint density (2.3)
becomes

20()(1 =@ (y) if yi=y2=y

P, Yiooy (415 42) :{ 2¢(y1)¢(y2) if <y

which is the same as the joint distribution (8) of He and Nagaraja (2009) under
these assumptions (see e.g. He, 2007, p. 35).

Furthermore, He and Nagaraja (2009) discussed some relations between Y;.,,
and Y;.,) in a bivariate setting. In particular, they showed that Corr(Yin, Y[j:n]) =
Corr(Yn—it1n, Yjn—j41:m]). The following remark shows that, in addition, the
joint distribution of Y., Y[ and Yy—it1m, Yjp—jt1.m) belong to a same family
and differ only in one parameter. The relation (24) of He and Nagaraja (2009) is
a direct consequence.

Remark 2.4. Let B;j denote the event that Y; is the (n — i+ 1)th order
statistic among {Y7, Ya,..., Y;,} and X is the (n — j + 1)th order statistic among
{X1, Xo,..., Xp}. Then Bj; = {A1Y;< 0, AxX; <0} ={-A,Y;>0, —AX;
> 0}. Hence, the joint distribution of Yy, —it1:m, Yip—jy1m] i

FYan’H»lzru }/[71*]'4*1:77«](:[/17 y2) = leSUN(mln(gl’ y2) ;/,Ly7 07 0—27 I" A,)
+k2FSSUN(y17 Y2 ;Ny]-z 707 05127 ]-‘7 A/)

where A’= —A and the parameters as in Theorem 2.2.

3. NUMERICAL EXAMPLE

Loperfido (2008b), with the assumption of exchangeability, have estimated
the distribution of extreme values of vision of left eye (Y1) and vision of right eye
(Y2) and the conditional distribution of age (X), given these extreme values as a
skew-normal family. Johnson and Wichern (2002, p.24) provide data consisting
of mineral content measurements of three bones (radius, humerus, ulna) in two
arms (dominant and non dominant) for each of 25 old women. We consider the
following variables:

X7 : Dominant radius
X5 : Non dominant radius
Y7 : Dominant ulna

Y5: Non dominant ulna
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The sample data is presented in Table 1. We apply model (1.1) to this data
and obtain the unbiased estimates of the parameters of these models as

1084381 1 0.7044 $2 _ 0.0130 0.0103
~ | 0.8191 |7 7Y | 0.6938 | T T 0.0103 0.0114 |~

B {0.0115 0.0088] - [0.0091 0.0085}

™M
<

0.0088 0.0105 | 4 2 =1 0 0085 0.0105

Table 1: Data of measurements of two bones in 25 old women.

Dominant radius Non dominant radius Dominant ulna Non dominant ulna,

1.103 1.052 0.873 0.872
0.842 0.859 0.590 0.744
0.925 0.873 0.767 0.713
0.857 0.744 0.706 0.674
0.795 0.809 0.549 0.654
0.787 0.799 0.782 0.571
0.933 0.880 0.737 0.803
0.799 0.851 0.618 0.682
0.945 0.876 0.853 0.777
0.921 0.906 0.823 0.765
0.792 0.825 0.686 0.668
0.815 0.751 0.678 0.546
0.755 0.724 0.662 0.595
0.880 0.866 0.810 0.819
0.900 0.838 0.723 0.677
0.764 0.757 0.586 0.541
0.733 0.748 0.672 0.752
0.932 0.898 0.836 0.805
0.856 0.786 0.578 0.610
0.890 0.950 0.758 0.718
0.688 0.532 0.533 0.482
0.940 0.850 0.757 0.731
0.493 0.616 0.546 0.615
0.835 0.752 0.618 0.664
0.915 0.936 0.869 0.868

Yang (1981) has considered general linear functions of the form

I~ i
L= - ; J(E)Y[z‘:n]
where J is a smooth function. He has established that L is asymptotically normal
and may be used to construct consistent estimator of various conditional quanti-
ties such as E(Y|X =), P(Y € A|X = z) and Var(Y|X = z). We assume that
J is a quadratic function and estimate the joint distribution of L and the sample
midrange of Y, ie. T = %23:1 Y;... The joint distribution of T" and L is as in

Theorem 2.1 with A =( =1 1 ),a=( 1/2 1/2 ) andb=( 1/8 1/2 ).



132 A. Sheikhi and M. Tata

In particular,

0.6991 0.6991
=t = ( 0.4345 ) and - £19=8 = ( 0.4389 ) '
Also, if
e _ /n) — Fp(x)
M, =n"1Y h(n)'K (Z/n)—”)Ym
e gy e

where F,,(z) is the proportion of the X; less than or equal to z, K(x) is some
pdf on real line and h(n) — 0 as n — oo, then M, is a mean square consistent
estimator of the regression function E(Y|X = z). We assume that K(x) is the
pdf of the normal distribution with mean 0.8314 and variance 0.0108, i.e. K(x) is
the pdf of the radius. Moreover, we set h(n) = —1. At z = 0.8, we obtain M, =
0.012Y]1.9) + 0.515Y]2.9). Again, the joint distribution of 7" and M3 is as in Theo-

rem 21 with A=( -1 1 ),a=(1/2 1/2 )'and b=( 0.012 0515 ).

4. CONCLUSION

In this paper we model the joint distribution of a linear combination of con-
comitants of order statistics and linear combinations of their order statistics as
a unified skew-normal family assuming a multivariate normal distribution. How-
ever, there are many interesting further work which may be carried out. Viana
and Lee (2006) have studied the covariance structure of two random vectors X,
and Y[, in the presence of a random variable Z. We may generalize their work
by extending our results in the presence of one or more covariates. The results
of this paper may be extended to elliptical distributions or using exchangeability
assumption. Other results such as the regression analysis of concomitants using
their order statistics are also of interest.
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1. INTRODUCTION

GARCH models are prominent stochastic models in finance, designed to
capture the time-varying conditional volatilities and heavy tail phenomenon of
financial time series. We refer to Bollerslev ([5]); Bougerol and Picard ([6]);
Nelson ([16]); Basrak et al. ([1]); Berkes et al. ([3]), and for its estimation, to Hall
and Yao ([9]); Berkes and Horvath ([2]); Francq and Zakoian ([8]). In ordinary
discrete time GARCH models, time series are assumed to be equally spaced.
However, in some situations, time series are often observed irregularly. This
phenomenon happens, for instance, in tick-by-tick data and daily data which is
not observed on weekends and holidays. To accommodate the irregularity of time
spaces, several authors have made efforts to extend the discrete time GARCH
model to a continuous time counterpart. Nelson ([15]) demonstrated that the
discrete time GARCH process with Gaussian innovations is a finite approximation
of a bivariate diffusion process. Therein, the limiting diffusion process is driven by
two independent Brownian motions, which unfortunately undermines the spirit of
GARCH processes since they are originally designed to have a single innovation
sequence. Later, Kliippelberg et al. ([12]) proposed a continuous time GARCH
(COGARCH) process driven by a Lévy process, which can be seen as an analogue
of discrete time GARCH process. Also, Maller et al. ([13]) demonstrated that the
discrete time GARCH process embeds in COGARCH processes and further, the
embedded GARCH process converges in a strong sense to the original COGARCH
process that embeds it as the discrete grid used for obtaining the embedded
process gets finer (cf. Theorem 2.1 of [13]). For more details, we refer to Kallsen
and Vesenmayer ([11]).

Concerning the estimation of COGARCH parameters, Haug et al. ([10])
considered a method of moment estimator which is suitable for equally spaced
time series and verified its consistency and asymptotic normality under some
regularity conditions, which, however, is not directly applicable to irregularly
spaced time series. On the other hand, Miiller ([14]) proposed an MCMC-based
estimation for COGARCH(1,1) models driven by a compound Poisson process,
which is suitable for irregularly spaced time series, which, however, has a defect
that computation is somewhat intensive. Maller et al. ([13]) proposed using a
Gaussian maximum likelihood estimator (MLE) in COGARCH(1,1) models but
its asymptotic properties such as consistency and asymptotic normality has not
been thoroughly investigated yet in the literature. Motivated by this, we are led
to study the asymptotic behavior of the MLE in COGARCH(1,1) models. Since
some empirical study to evaluate finite sample performance has been already
implemented by [13], here we focus on the rigorous verification of the asymptotic
properties of the MLE.

The organization of this paper as follows. In Section 2.1, we give a brief
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review for COGARCH(1,1) processes. In Section 2.2, we present the main result
of this paper. In Section 3, we provide the proof for the result presented in Section
2.2.

2. THE COGARCH(1,1) MODEL AND ESTIMATION

2.1. COGARCH(1,1) Processes

In this subsection, we summarize the COGARCH(1,1) process. Let (2, F, P,
{Fy : t > 0}) be a filtered probability space satisfying the usual conditions:

e Fy has all the measurable sets of P-measure 0,

e cach F; is right continuous, i.e., F; = ﬂt<s Fs.

Let L:={Ly,F;:t>0} be a cadlag Lévy process with characteristic triplet
(v, ¢, 1I) satisfying [ min{1,2?}II(dz) < co. The characteristic function of Ly
is given by
iulL . t¢2u2 iuz :
u — Ee'"t = exp < ityu — 5 +t [ {e™ =1 —iurly <) HI(dr) ¢ .
e <

which is called Lévy-Khintchine’s representation (cf. Theorem 43 of Chapter I of
Protter ([17])). In this paper, we assume ¢ = 0.

Let n° > 0, ¢° > 0, and 8° > 0 satisfying n° > ¢°. Define ALg; := Ly — L,
and

Xp=nt— Y log (1 +¢°(ALs)%),
0<s<t

which is a cadlag process. Let o3 be an integrable random variable which is
independent of {L;}. Define

t
o2 = <ﬁo/ eXSds—l—Ug) e Xt-,
0

which is a caglad process. According to Proposition 3.2 of Kliippelberg et al.
([12]), the process {o?} satisfies the stochastic integral equation

t
(2.1) o? o2 = / (8 = r7o?)ds +¢° 3 0A(AL)2.
0

0<s<t

Note that due to ¢ =0, L is a quadratic pure jump, i.e., [L,L]; — [L, L]y =
ZO<s§t(ALS)2 (cf. p. 71 of [17]) and (2.1) is rewritten as

t
(2.2) of — ol = / (B° —n°ol)ds + goo/ o2d[L, L],
0 (0,t)
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i.e., {o7_} is the almost surely unique and cadlag solution of the stochastic dif-
ferential equation

do?, = (8° —1°o?d)dt + o o2d]L, L.

Later, we take o3 so that the solution is strictly stationary (see (3.1)). Finally,
we define the integrated COGARCH(1,1) process as

Gy = / osdLgs, t>0.
(0,4]

2.2. Gaussian ML Estimation

In this subsection, we consider the maximum likelihood estimation method
as proposed by Maller et al. ([13]) and study its asymptotic properties. Particu-
larly, we consider the situation in which {G; : ¢t > 0} is observed discretely with
irregular time spaces. For each n € N, we set N = N,, € N,

O=th<t1 <- <ty <oo, Aty :=tp—tr_1,
and
Ynk = Gtk - Gtk,17

where {At} are allowed to be nonidentical. By putting A:= A, =
max{Aty, ..., Aty }, we assume that A — 0 and ty — oo as n — 0.

Let 6° = (8°,¢°,n°) be the vector of (unknown) true parameters. Let
0= (B,n,¢) and

O:={0=(08.10):5:<B<F << 0 << @ — @ > el

where 0 < B, < " <00, 0 <1 < <00, 0< e < * <00, and 0 < ¢, < 0.
We assume that 6° € ©.

Following [13], we set 62, () (k=0,1,2,...,N) to be the solution of the
recursion formula:

- B
‘71210(9) = m7
G24(0) = BAL + e MG2 L (0) + e MY for k=1,2,..., N.

More precisely,

k-1 k
Go(0) =8> Atgy_je™1mt0=i) 4 o720 () 4 ek D ey,

=0 i=1
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which can be viewed as an estimate of 0't2k when 6 = 0°. By observing the argu-
ment:

E{(Gt+h _ Gt)Q‘ft} — <0_t2 . Oﬁo O) (eXP{(nOO_ @Ozh} - 1) + O,Boh -
n—-e n - n -

provided that E{L?} = 1 and {o?} is strictly stationary (see the proof of Propo-
sition 5.1 of [12]), we use the terms:

Pap(0) == (63,“(9) - f (p) (exp{(n ; f)ﬁtk} — 1) N Sét:;

as estimates of conditional variances of Y, when 6 = 6°.

Let m = m,, be a positive integer. Then we define a Gaussian log-likelihood
function of 8 = (8, ¢, n) as

N 2 ~2
Ex(0) = 3 LAt a0 = <ﬁ%4®-+mg 0},

which is slightly different from that of [13] in which Aty does not appear. Below,
we show that 6,, a measurable maximum point of Ly, i.e.,

Ln(0n) = max Ln(0)

is consistent and asymptotically normal under some regularity conditions such as

Cl: 0°c©. A—0andty — oo. t, = o(ty) and e m = O(Al/?).
C2: ¢=0,1ie., {L;:t>0}1is aquadratic pure jump.

C3: E{L1} =0, E{L?} =1, and E{L{} < oo; ¥(2) < 0, where ¥(z) :=
log Ee=#%1,

C4: 6° is an interior point of ©; tyA — 0; E|Gy|*° = O(h) for some
6> 0; [pa’dll(z) =0.

The following is the main result of this paper, the proof of which is presented
in the next section.

Theorem 2.1. Under C1-C3,

(2.3) 0, 2 0°.
Suppose that C4 also holds. Then,
(2.4) Vin (0, —6°) = N(0,7271Y),

where

T = / 2*TI(dz) = lim WE{(Gh = Go)*|Fo}
e no {E{(Gp, — Go)2|Fo} )

and Y is a positive definite matrix presented in Proposition 3.3.



MLE in COGARCH(1,1) 141

3. PROOFS

In what follows, K denotes a generic constant. We begin with the existence
of a strictly stationary solution of (2.2). Let {L;} be an independent copy of
{L;:0 <t < oo}. We extend the time domain of {L;} and {X;} to R by letting

L; = —L’(kft)f for —co <t <0

and
X =0t + Z log (1 + ¢°(ALs)?)  for —oo <t < 0.
t<s<0
Note that {L; : t € R} and {X; : ¢t € R} are cadlag processes and still have inde-
pendent and strictly stationary increments. We define

u
(3.1) o2 = Bo/ eXv=Xu=dy  for u <0.
—o0
Lemma 3.1. Suppose that C3 holds. Then, o2 is square integrable.

Proof: Note that

u 2 u 2
E{/ eX”X“—dv} = lim E{/ eX”X“—dv} < 00,
—00 h—o0 u—h

(cf. the proof of Proposition 4.1 of [12]). This completes the proof. O

It can be easily checked that {¢2} with o3 = ffoo eXv=Xo-dy is the almost
surely unique strictly stationary solution of (2.2).

3.1. The Proof of Consistency

In this subsection, we assume that C1-C3 hold. Note that

02(0) = B/n + /( | oL, I,

is integrable, since
h—oo

E/ e™o?d[L, L], = lim E/ eMo?d[L, L], = Eog/ e Mdu < oo.
(—00,0] (=h,0] 0

We set

2(0) = B/ + (52(6) — B/m)e ™ + pe /( )ensagd[L, s, (t>0)
0,t

which is a caglad process.
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Lemma 3.2. {02(0)} is strictly stationary and satisfies the stochastic dif-
ferential equation

(3.2) do?, (0) = (B — no7 (0))dt + po7d[L, L];.

Especially, c2(0) > 3/n and Ecf(6) < co.

Proof: Note that

o14(0) =08 0)= (6300) - /) (¢ ) e [ votaln o).
(0,4]

By using Fubini’s theorem, we can see that

/ (6 — no2(6))ds = / (8 — 102, (6))ds
0 0

-/ { n(o2(0) — B/m)e ™ — pne ™ / Mo2d(L, L], }d
0

= (05(0) = B/n) (7 — / ne ”5/0 ]e”“ o2d[L, L]uds

_ 2 o e —-nt _ o e M5ds b emu 2
= (03(0) — B/n) ( 1) —¢ /( . { / d } oad[L, L],
= (05(0) = B/n) (e =1) —¢ / (e7m — ™M) eMo2d[L, L],

(0,4]

— (oB0) = p/n) (" =1)— ¢ [

02d[L, L], + @e™ ™ / e™o2d[L, L)y,
0.4]

(0,2]

and which implies (3.2). Now that the strict stationarity can be easily checked,
03(0) > B/n obviously implies o?(0) > 3/n. Moreover,

é —nj
n Z / i— 1—3] L L]

7=0

which indicates the square integrability since E{ f(o 1 o2d[L, L], }* < oo due to
C3. This gives the lemma. O

Lemma 3.3. 03(0°) = 02 a.s. Hence, 07(0°) =07 a.s. for every t >0

and 0’? > 5°/n°.
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Proof: By using Fubini’s theorem, we obtain

a2(6°) = 5°/n° +s0°/( 0 e ond|L, L],

= B°/n° + s0°/ e <5/ eX”_X“ch)) d[L, L],
(—00,0) —00
0 o
— 50/?70 + 50()00/ / el U*Xu—d[L’L]u erdv
—00 (v,0)
O o O o
= 5° / e Vdv + 3°¢° / / e v Xu=d[L, L], | eXvdv
—c0 —00 (v,0)
O o o
= ﬂo/ e v Xo —i—goo/ e’ “*X“—d[L, L], eXvdu.
—0o0 (’U,O)

On the other hand, we have

e’V Xy —exp { — Z log(1 4+ ¢°(ALg)?)

v<s<0

= Z exp § — Z log(1 + ¢°(AL)?)

v<w<0 w<s<0

—exp{ — Z log(1+ ¢°(AL)?) p | +1

w<s<0

= —¢° > expi— > log(1+¢°(AL,)%) ¢ (ALy)? +1

v<w<0 w<s<0
= —goo/ e Xu=d[L, L], + 1,
(v,0]
and thus,
0
02(6°) = ﬁo/ {1 —¢°e X0~ (ALy)*} e dv.
Since (ALg)? = 0 = Xo_ a.s., we obtain
0
02(0°) = ﬁo/ eXvXo—dy =62 as.

This verifies the uniqueness of the solution of (3.2) and completes the proof. [

The following proposition plays a key role in proving the consistency.

Proposition 3.1. Ifo3(0) = 0} a.s., then § = 6°. Hence,

02
T(9) := —E{U(Q](Oe) +1oga§(e)} , 0ecoe
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has the unique maximum at 6 = 6°. Moreover, Y (0) is uniformly continuous in
0eo.

Proof: Suppose that 02(0) = 03, a.s. Then, we have
/ {gpe”” - cpoenou} o2d[L,L), = B°/n° — B/n, as.
(—O0,0)
Also, by the strict stationarity, for every t,

/( | {s@e"(t’“) —~ sooe"o(t*“)} o2d[L, L), = B°/n° — B/n, as.
—o0,t

which implies ¢7() = o2, a.s. Moreover, both the processes are caglad processes
and so are indistinguishable. Thus, we have

t t
[o-nohas+e [ oir.n,= [(@ - woas+e [ oL.L.
0 (0,t) 0 (0,t)

Suppose that ¢° # ¢. Then,

1 t
/ o2d[L, L]; = / {B° =B+ (n—n°)o}ds,
(0,t) Y =% Jo

which implies that there exist constants «,~ such that

t
ol =08 + / (a+ yo?)ds.
0

If v #£0, 07 = v H(a +703)e’ — a}, which contradicts the strictly stationarity
of {o2}. On the other hand, if ¥ = 0, 07 = 02 + at. In this case, o # 0 contradicts
the strictly stationarity of {o?} as well. Thus, a = v = 0, which in turn produces

02 = o a.s. for every t > 0. Then, we should have

0=p3°— noag + gooag [L,L]; — [L,L]o} a.s.

However, the above is also false since [L, L]; — [L, L]o is independent of 03. There-
fore, p = ¢°. If n # n°, then o? = c for some constant c. Thus from the same

reasoning, we conclude that n = n°, and 8° = (.

Now, we have that for h > 0, 11, 19 satisfying n. < ns <n1 < n*,

/ |e7]1u _ e”2u|05d[L,L]u / 6772u|e(771—772)u _ 1|0‘5d[L,L]u
(—00,0) (—00,0)

9

2 2
< || sup |em—m)u _ 1|/ e”2d[L, L),
—h<u<0 (—00,0)
+e_”2h/ 6”2(“+h)03d[L, L],
(_007_h] 2

/ em“crid[L, L],
—h<u<0 (—00,0] 9
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which implies

=0.
2

lim sup
0=0 |y 2| <5

/ eMUo2d[L, L), — / o2 d[L, L),
(—00,0) (—00,0)

This in turn implies that Y is continuous. So the proposition is established. [

The proof of the consistency is based on the uniform convergence of the like-
lihood function, which can be obtained from the ergodic theorem and smoothness
condition on the likelihood function.

Lemma 3.4. Let 0,217;3_1(9) := 07, (). Then,

1 & Op 1 2 P i 2
— R 4 0) Y At, — E 1 0) 5.
P 0 I {aw) Hlosanl >}

k=m

Proof: Since

sup_ |oy: o—1(8) — 03 (0)]
te—1<u<lty

ti tk—1
< pelAt / ofd[L,L); + (1 - e_”Atk) Lp/ e Mt—1=524[L, L],

tk—1 —0o0

and .
k
sup 02(0) <ol (B)+ ¢ / o2d[L, I];,

tp_1<s<ty te—1

we have that Esup,, .« 04(f) < oo and

sup [0y, o—1(8) — 03 (0)]
tr—1<u<ty

max
m<k<N

= o(1).

2

Thus, we have
N 2 t 2
1 O k=1 9 1 N o 9
il Z {03 0 +logan7k_1(0)} Aty — / {03(80) +log oz (0) ¢ ds

tNtm
1
S—E E sup {

—m tp—1<s<tg

® N

2
Onk—1 g

Uz,k—1(9) o3

+ |log ag,k_l(e) — log 03(9)‘} Aty — 0.

—

0)

On the other hand, by the ergodic theorem,

1 [ o2 2 P i P
tN/ {03(9)+10g05(0)}ds—>E{03(0)—i—logao(H)},

tm

(cf. Lemma A.1). Hence, the lemma is validated. O
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Lemma 3.5. There exists a constant ¢ > 0 such that for all large n,

~2
inf Pnk (9>

min _inf §2,(6) A min >c a.s.
m<k<N 060 i (6) m<k<No0co Aty
Proof: Since
k—1
52.(0) > ﬁZAtk_ie_"(tk_t’“—i) a.s.,
i=0
we have that for all large n,
min _inf 52, (0) > b >0 as.
m<k<N 0€0© 2n*

and

(n—@)Aty _ 1 ;
min {inf&flk_l(ﬂ)—sup p {e —1}}245* >0 a.s.
’ n

m<k<N | 6€0 pcon—¢ | (n—p)Aty

This completes the proof. O

Now, we prove that {52,(0)} approximates to {o2,(0)} well.
Lemma 3.6.

2
E ( GS_anLS> =O(h?) ash— 0.
(0.1]

Proof: From Corollary 4.1 of [12], we obtain
Elof — 08\2 = 2{Var(a(2)) — Cov(af,og)} = 2Var(o'8){]_ _ et‘lf(l)}7

ie., Elo? — 02> = O(t) as t — 0. Further, for h > 0,
t 0

2
E( Gsades> = / E{G? _o%}ds
(0,h] (0,h]

_ / BG2_{0? — o2}ds + / BG2_o2ds.
(0,h] (0,h]

Since

|EG?_{0? — 03}| <EYV2GI_EY2(0? - 0d)*=0(s) ass—0

s —

and
E{G? 03} = E{E(G?_|R)) 03} = O(s) as s —0,

the lemma is established. O
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Lemma 3.7. Suppose that e tm = O(Al/Q). Then,

1/2
Jmax flon(6) = 574(0) 2 = O(AY?).

Proof: Since

k k
~72m 0)=p Z Atk_ie_n(tk_tk—i) + e—ntka-%o(‘g) + Spe_ﬁtk Z entk_iYn%k'—i-i-l
i=0 =1

and

—n(tr—tr— 2
E :6 ( lYnk i+1

- Z otk —tis) {[G, Gliy 10y — GGy, +2 / (Gu- — Gy, _,)dGy,
X (t

k—itk—it1] }
} )

k
= Z e*ﬁ(tk*tkﬂ') {/ Uid[L, L]u + 2/ (Gu_ — Gtk_i)UudLu
i=1 (tk—istk—it1] (tk—irtk—it1]

we only have to deal with

k

. e 'k e"o —e el"k—i o
33) e 3 ereldL ey em | 24[L, L],
0<s<ty i=1 (th—isth—it1]
and
k
(3.4) et (Gu- — Giy)oudLy.
i=1 (tke—istk—it1]
Note that (3.3) is bounded by
k
Z(enAtqu _ 1)677(tktki)/ Uid[L,L]u
i=1 (th—isth—it1]
k
— Z(enAtkfiJrl _ 1)e7l(tktki)/ Ugdu
i=1 (th—istl—it1]
k
+ Z(enAtkf’iJrl _ 1)6*77(%*15194) / O'gd {[L, L], —u},
i=1 (th—isti—it1]

where the second term is a sum of martingale differences. Thus, the L?-norm of
(3.3) is O(A'/2) uniformly in m < k < N, since

E </(87t] o2d{[L,L], — u}) =E </(O,t—s] o2d{[L, L], — u})

= Eog -E[L,L)3 - (t — s).

Moreover, since (3.4) is also a sum of martingale differences, the L?-norm of (3.4)
is O(A'/?) due to Lemma 3.6. Hence, the proof is completed. O
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For vector x = (21, x2,23)’, we denote |x| := Vx'x.

Lemma 3.8.

max
m<k<N

< 00.
2

1 |0,
12520
P 32 9 ‘aep”’“( )

Proof: Due to Lemma 3.5, we have

1 0 ‘
SUpP —5—— | 7:Pnk(0)| < Ksup {
oco P2, (0) |08 #(6) 0cO

k—1
< K{1+Ze— M4 /2) (b —1—th—i— 1)Y112k . 1}
=1

Further, according to the proof of Lemma 3.7,

0 . -
i8] + 01805, 1)}

—(1+/2) (-1 —tr—i-1) Y2 / —(n/2)(t-1=9) 5241 L. L 0
max e ki e o%d[L, L]s|| — 0.
m<k<N Z k—i-1 (Ote1] [ ] )
Since
max / e ¥ ) / /252411, 1| < o0,
mEREN 10,5 1] ) (—00,0] 5
the lemma is validated. O

In fact, Lemma 3.10 below shows a more general result. However, Lemma
3.8 is sufficient to verify the consistency. Finally, we verify the uniform conver-
gence of the likelihood function. In what follows, we denote

p2.(0) = (ag,kl(e) - f (p) <exp{(n ; f)ﬁtk} - 1) N gét:;

and p?2, := p2,(6°).

Proposition 3.2.

1
sup tEN(H)—T(G)‘ — op(1)
9eo | tN
Proof: We have
1 N
tn
k=m
N N
1 1
= a Z {1k (0) — E(Luk(0)[Frp—1) } Atk + - > " E(lnk(0)| Fp—1) Aty
k=m
N 2 ~9
1 Pk p. k(e)}
ST Fop1)} At Pk o Pur\P) L Ay
Z{ KO0 = B O Fne)) S0 1o 37 { o2 1og P |
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where the first term is a sum of martingale differences, which converges to 0 in
probability. Then, we obtain from Lemmas 3.5 and 3.7 that

PQk sz 2 2
po n - L + log ﬁn (0) - log Pn (6)
Pik(e) Pik(e) F k

< K max (Haik,lHQ + 1) Héi,kq(e) - U?z,kfl(e)Hg —0

max
m<k<N 1

m<k<N
and
2
P k(g)
— i s — 1| = O(A),
D22 SO | R 1 (0) (8)

which implies

N 2 ~2 N 2
1 Pk p k(ﬁ)} 1 o2, ,
tn 5 (g) T108~ Aty — — ————— +logo; ._1(0) p At
tn k:m{pikw) 5 A, g ; 2 (g) " Bk 1(0) p Aty
= op(1).

Note that due to Lemma 3.4, the pointwise convergence holds:
1N

(3.5) = 3" L(0)Aty = T(9), for each ¢ € ©.
tN =

Below, we verify the uniform convergence. Letting 1,z (6) := %lnk(ﬁ), we have

N
1 1 .
— sup |Ly(0) = Ly (02)| < — Y sup 1nk(e)‘ Atyh
N |91—92|<h N k—=m 0O

since 01 + A\(f2 — 01) € O for any A € (0,1). Moreover, due to Lemmas 3.1, 3.5,
and 3.8,

. Y2k
Esup [l (6)] < E o !
m?/?%{zv Slelg nk(0)| < m?l?%{N Zlelg {5ik(9) " }

Y2
< K max E{-" 4+1%sup
m<k<N [ Aty 0o

1
o)

1 0.
maeﬂik(e)'

- s e (AT ol |
< g B 1) g o )
< K max, sup [%:w)(%ﬁik(@) ) < 0.
Therefore, we obtain
(3.6) lim imsup B——  sup | (01) — L (62)] = 0.

h=0 n—oco N |9,—0,|<h
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Now, for given h > 0, take finitely many open balls By (6;) := {0 € © : |0 —
6;] < h} with 6; € © such that © C |J, Bx(6;). Then,

L o) - Tw)]

sup
9co |tN
1 1 1
< max sup |-—Ln(0)— —Ln(0;)| +max | —Ln(0;) — Y(0;)
i geB(0;) | TN IN i |tn
+max sup |Y(0;) —Y(0)|.
v 0eBy(0:)

Thus, we obtain from (3.5) that for every € > 0,

tizN(e) _ T(@)‘ > e)

lim sup P (sup
N

n—00 0cO

< limsup P sup
n—oo |91792|<h

s €
3

so that the uniform convergence is achieved by letting h — 0 thanks to (3.6) and

1 1
—Ln(01) — —Ln(02)
N tn

+P ( sup |Y(01) — Y(62)] > 6) ,
‘91792‘<h 3

Proposition 3.1. O

The Proof of Consistency. Let € > 0 and B.(6°) :={0 € ©:]0 —6°| <
€}. Then, © — B.(#°) is compact, since © is taken as a compact subset in R3.

Hn:{ee@:T(9)<T(9°)—1}, neN

n

constitute a collection of open subsets relative to ©, which covers © — B.(6°)
since T(0) < T (6°) for each § € © — B.(0°) (cf. Proposition 3.1). By virtue of
compactness, there is ng € N such that © — B.(6°) C H,,, i.e.,
1
sup{Y(0):0 € © —B(0°)} <Y(6°) — —

ng

Therefore, by Proposition 3.2, we have that with probability tending to 1,

1 1
sup {EN(G) 10 €0 — BS(QO)} <Y(0°) — —.
tN 2n0
On the other hand,
1 1 1 A
— LN (0°) 55 Y (6°), —LN(0°) < —Ln(6y).
tn tN tN

Hence, lim, ., P (én S Be(ﬁo)) =1. 0O
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3.2. The Proof of Asymptotic Normality

In this subsection, we assume that C1-C4 hold. By Taylor’s theorem, we

have
1 L.
3.7 0= —— Lk (6,) At
30 0= = S luisn
1 N
= — Lk (6°) At 1n (0F) At 0 _p°
tngm i k+{ Z k k} VN ( )
where
i 9 | 19
1 90 = ] 00 — nk -1 - YD 00
nk( ) 60 le‘( ) <ﬁ%k(90) >ﬁik(00) agpnk;( ),

. . B B ol 10, 1 0
Yok 1
(o) mw mﬂnk”)'

More precisely,

D1 (0° + M (0 — 0°))
Lx(0) = | 5% 6771 1(0° 4+ Xa (6, — 6°))
L1 (60° + A3 (6 — 6°))

for some A1, A2, A3 € (0,1).

Let %%:j&p, be a differential operator of order g, where ¢, i, j,l are non-

negative integers with ¢ + j + [ = ¢. Observe that

R T
h% » o,
= 9o Gp g 1(0) + O(Aty) {ZZWW T k— 1(9)+1}

p<q a,b,c

(3.8)
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uniformly in 8 € ©, and

01 -9
(3.9) W%k(e)

94 k—1
= — A . _n(tk_tk—i)
Gﬁaanb&pc {ﬁ; tg—qe }

+H=1)"(a=0,c=0)p Y (ty — ty—y)le My 2

n

M- LM~

(2

H(=1)1M(a=0,e=1)Y (tg — ty_y) e M l=dY 2,

=1

-
Il

04 56—77%
+ - .
BN O n — ¢

Define
aq 9 o aq é
ggantas"t ") = ggapag

(1)1 (a=0,c=0)p / (t— 8)1e1=9) 0241, L),

—oo<s<t

1) (a=0,c=1) / (t— )1 Le M=) 0241, I,
—oo<s<t

Below, we show that a nice approximation to {%aik ((9)} is achievable similarly to
Lemma 3.7. For a random vector X = (X1, X2, X3)’, we denote || X||2 := VEX'X.

Lemma 3.9.

9, 9

el _Z — 1/2
s |557300) - Jpotue)| = o)
Proof: We can express
k
Z (te —tr—s) efn(trtkfi)yi,k—iﬂ
i=1
k
=) (tn — tp—g) e M) {/ o2d[L, L], + 2/ (Gu — Gy, )0 dLu}
i—1 (th—isth—it1] (th—isth—it1]
and
k 12
> (t — tpi) e TE) / o2d[L, L], — / (ty, — w)e " We2d[L, L],
i=1 (th—isth—i+1] 0
k

< Z sup (tk — tk—l) e_n(tk_tkfi) _ (tk _ u)e—'f](tk—u)

i—1 WE(tr—istk—it1]

| ok,
(tk—isth—it1]
k

< KDY Aty M=t — ;4 1) / ood[L, L]

i=1 (tk—istk—it1]
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By virtue of the above facts, the lemma can be proven in the same fashion to
O

prove Lemma 3.7.

Lemma 3.10. For any p > 0 and any nonnegative integer q,

p P

V E sup
0

1 9%3(0)

1 aq&i,k—1 (0)
02(0) 0B'0n 0!

52,_,(0) 05100

1 E
(310 max, Esup

and
P

q 2
9 pnk(e) < 00

P21 (0) 0B OmI D!

p

1 092,00
pnk( ) \/Esup
0

2 (0) 0B 0nI 0t

max Esup
m<k<N 0

Proof: Assume that p > 1. In view of (3.9), we have

1+z}0251<k—tk i)
/8/77+302 tk b Z)Ynk 1+1

] 8‘15721’,6_1(0) q—1 *n(tk*tkfi)yr’ik_i_‘rl

G k1(0) 950000

Since = < 2P holds for every z > 0 and ¢ > 0, letting Bj={i:j<ti<j+1,

i< k:} We have

—n(tk—tr—:)y2 P
€ ’ Ynk: i+1

Sy (b — thi)?
kit
B/n+ Y e tk_’)Yn,k—iH
P
[tk ZzeB e~ M(te— tl)YnQ,H-l

< Es te] =3 +1)7
S e T Sy eV

Esup
0

[tk]

< Bsup| =3 (] =i+ ) | 3 ey )

§=0 i€B;

[tk]
KE Z ([tk] _j + 1) € =1 /((te]=3) Z Yn z+1)

1€B;

IN

1/p|P
1/p|P
Jj=0
1/p|P

[tr]
K|S (] —j+1te - (B3 v2,
j=0 zeB

IN

uniformly in m < k < N. Similarly, we also have

L 203(0) _ 1+ Sk [ () emoddlL. 1),

02(0) 0F oo = B/n+ ¢ f_oo enuagd[L, L.
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and

SO (—w)ema?d[L, L), |
B+ ¢ [ ema2d[L, L],
f;}{l eMo2d[L, L,

B+ [ emoldlL, L],

1 o0 —j 1/p
< Esup |— Z (j+1)1 (/ e”“agd[L,L]u)
0 |¥P —j—1

' —j 1/p
: ( / ozd[L,uu)
—j—1

sup

oo
< Esup |Y (j+1)7

A
=
e

NgL

<

_|_

=
7
z
D

Therefore, we obtain (3.10).

Now, due to (3.8),

1 992, (0) 1 9575 ,4(0)
p21,(0) 931N ! o2 1 (0) OB OnI0
1 or Jnk 1(9)
O(Aty)
I;%:c or w1(0) 0B OnP A"
uniformly in 6 € ©. Further, a similar argument can be applied to
2
L 970,,(6) . Hence, the lemmas is proved. ]

SUPo |2 (@) 957 on o1

Below, we establish a central limit theorem for the asymptotic normality.
To this end, we show that the score function can be approximated by a sum of
square integrable martingale differences. For vector x = (x1,x2,z3)’, we denote
x| := v/x’x. And for random vector X = (X1, X3, X3)', we denote ||X||; := E|X].

Lemma 3.11. Suppose that tyA — 0. Then,

N

Y? 1 0
tN§<pnknk° 1) s a0
1 al Yn2k e)
(311) = tNZ;n <pnk o) ) epnkw )Aty, +op(1)
1 Y Yn2k o
(312) = mk;(pk L ) 5 a1 070 o)
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Proof: Due to Lemmas 3.5, 3.7, 3.9, and 3.10, we have

H( Yn2k: _ Yn2k ) 1 3Pnk(90)
f’%k(eo) pik(go) ﬁik(eo) a9

1 1 0p3,(6°)
— E YnQ (~ o ) _ nk
{ . Pik(eo) P?Lk 6°) P?Lk(go) 90

- e{e0im(5

B E'(?ZEZ; - 1) 7,

‘ pik(9°) — P (6°)
pnk (00)

KHU?z,kfl(Ho) G k—1(0°)

1

|

1

(

1 ) 1 9p2,(0°)
5 (6°) Pik(ao) pik(eo) 90
3Pnk( °)
6°) 00
1 apnk( °)
pry(0°) 00 2

1 (9pnk( °)
pr(6°) 00

|

IN

IA

= 0(A'?)
2

uniformly in m < k < N, and

Y2 { 1 (9pnk(9°)_ 1 8pik(0°)}
Prk

o0 L6200 pl (69 o0 I,
_ 2 1 1 3Pnk( °) __ 1 8p$”“(00)
=E {E(Ynk‘ftk_l)p%k(eo) ~2 (90) 00 pik(eo) 90

L 0pni(0°) L 0pu(0°)

:‘ﬁikww 00 P2 (0°) o0
K{ 65Z,k—1(90) 803,/&—1(90)

+{|om k1 (0°) — on i a (0],

1

IN

00 00

1 8Pik(9°)
Py (0°) 00

)

— 0(a"?),

uniformly in m < k < N. Thus, (3.11) follows.

Further, note that

1 8 2 o\ __ 1 2 2 o
maepnk(g ) = 7027 (6% 690n,k—1(9 )

2
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uniformly in m < k < N and

Y2 1 0 o
Z ( nk ) ~ (90)@027,6_1(0 VAt
n,k—1

k=m pnk 00
N
1 0 ,

< — +1)|——F==— 0°)| At
= /i ; <pnk 90 > 0-7217k_1(90) aean,k—l( ) k

N P ,
< 0°)| Aty = O(t)”
- / Z J2k 190)89 nk 1( ) k (N)’

so that (3.12) holds. This completes the proof. O

The following proposition and lemma are concerned with the stability of
the sum of conditional variances of the score function.

Proposition 3.3. Suppose that C2-C3 hold and fR x3dIl(x) = 0. Then,
ash |0,
(3.13) E{(Gun—G)YF} = h </ 24 (dz) + 0(1)> oy,
R
(3.14) E{(Gron— GAIF} = h(1+ o(1))o?
uniformly in t > 0, and therefore,

- ._/ #TI(dz) = lim hE {( Giyn — Gyt |7+ }
e hio {E {(Gpn — Gi)? |~7:t}}

Further,

for every t > 0.

o 1 2 2 /0o i o
=iy 0070 ) g0

is positive definite.

Proof We defer the proof of (3.13) and (3.14) to Lemma A.2. Since

Egg(lgo) 550 0(00)’ < oo (cf. Lemma 3.10), ¥ is well defined and symmetric.
Moreover, since we have that for A € R3, )\’%08(00) =0 a.s. if and only if A = 0,
Y. is positive definite. O

1/2
For a matrix A = (a;j)i j=1,23, we denote |A| := (Zz] ’aij‘z) .

Lemma 3.12.

N
! 1 9 5 0 , p
tn = oy (0°) 08 ) 55 0°) Aty — .
In Pl 0;11 o 1(0°) 890n,k—1( )89’ Un,k_1( YAty
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Proof: Notice

o Uik11((,0)fgoi,kq(w)f@,aik_l(w) T S ) )
= o a,%,ki(eo) " o20°) aae"iv’f-lwc’)a?,k_ll(eo)aaef"i”“—l(m)
F oo | (0o ) 7)) e @)
+u€(f;13tk] 05(190)889 U(GO);H, T e—1(6°) 0’3,1@_11(90) ~ 2
F o o a0t @) e (g7 @) - 5ot

We concentrate on the third term since the other terms can be treated similarly.

Note that
1 1 0 1 o 5
sup o | | 757mk-100°) 55 7770nk-1(0°)
wetosta] |02 1(0°)  02(6°)[ |06 T T2 (60) 96

1 9 1 o
— 75159 0° D 20|
0-721716—1(90) agan,k—l( )0_5(90) a@lo_U( )

<K sup  opyq(6°) — ou(6°)]
uE(tk_l,tk]

Since

sup oy 1 (6°) — 03 (6°)]

u€(tg—1,tx]

th . tk—1 o
< °en Atk/ Utzd[L,L]t + (,00 (1 —_e M Atk) / e " (tkflft)U?d[L,L]ta
lg—1

o0

we can have

2 o 2 (po
max sup o, _1(0°) — o, (0 =o(1).
| o o) = 0| = o)
Similarly,
0 0
o o — 1 .
RN |[ue e 11|00 Tur1 () = ggoul®) ) o)
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Moreover, we have that for A > 0 and p > 1,¢g > 0,

f q —n(h u)O'Qd[L L]
ﬂ/n+<pf n(h=w)g2d[L, L],
o —Jj —n(h—u) 2
< f e~ n(h 2d[L L], +Z q f_j_lf,n( )Uud[L,L]u
B+ fyenh=votdlL L, 5 ﬂ/n+gof_f_lefnwfu)aad[L,L]u

" hw) 2 & T 1/p[”

< e nh—u audL,Lu> — j+ 1) (/ e N(h—u UudL,Lu>
</o L, Z] @Z L. I]

" e l & . —Jj 1/p|"
< (/ Uid[L,L]u> + =) (j+1)Te ) </ o2d[L, L]u>

0 Y0 -j-1
Thus, it can be seen that

1 0
sup o5 (6° < o0
UE(tp—1,tx] ( )09/ ( ) H
and
1 0 o 1 o
sup 770’”{ B 90 - u 00
UE (t—1,tk] Uz,kfl(eo) 00 ok 1( ) (9 )89’ ( )
1 9 1 9
< W =755 25n6-1(0°) sup u(9°) < 00.
Ug,kq(‘go)ae ket wE(th_1,tx) | O oZ(6° )89’ .y
Therefore,
1 9 4 1 9 o

E - 22 0°) — 2 )y -~ Y 2 0° 9°
we (et 5 5-1(0°) 55 -1 g 71 @) ol (6°) 907" ) 550 7u(0%)| = 0

uniformly in m < k < N. Then the lemma is validated by the ergodic theorem
(cf. Lemma A.1). O

Now, we establish the asymptotical normality of the score function.

Proposition 3.4. Suppose that there exists § > 0 such that E|Gj,|*T0 =
O(h). Then,

N
1 )
ﬁ E lnk(eo)Atk = N(07 TZ)
k=m

Proof: Due to Lemma 3.11, it suffices to show that
Yo

W Z <pnk(9°)

19,
-1 — 0°)At N ).
> 0_721’]{:_1(00) aean,k—l( ) k= (057- )
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Let A be any vector in R? and

_ 1 9 N
it = oy (Voo @}

Note that

B B I s N (0 T T
Vix \o9 ) oz e aa )

are row-wise martingale differences with respect to {F;, : k =m,...,N}. Since

due to Proposition 3.3 and Lemma 3.12

N 4
1 E Y2 |F
- Aty {Z#sk—l} — 1|} &nr1Aty, P, TNEN,
tN pnk(e )

it suffices to verify Lindeberg’s condition for martingale differences (cf. Theorem
35.12 of Billingsley ([4])). For € > 0 and A > 0, we have

N 2 2
Y? At2 Y? At?
E nk_ _ 1> Enk—1 I < nk 1> &n k—lik > €
- <pik(9°) 7 pik(eo) 7 tNn
N
Y? At? Y? At?
gZE(Q"’fO—1>A kT (2”’f0—1)A > €

N 2
Y2 At?
+ E( nk - 1) gn,k— JI gn,k— > A )
kzr:n Poi(6°) Yty ¢ ' J

and further, due to Lemma 3.5 and the fact E|G},[**° = O(h),

N

Y2 At? Y2 At?
ZE<2”’fO—1)AtI (2”k —1> A%
- P (0°) tN Py (0°) tN

k=m
6/2 <A>5/4 Ati/Q

N
Y2 At?
SZE( nk 1) A=k i
tN
2+6/2 At2+5/2 N EIY.,|4+6 At2+6/2

k=m p"k 00) tn
N

<K> E

- 146/4 — 2+46/2 1446/4
= e h AT £/

N 24-3/2
(Aty) Aty
K E +1 — 0,
P { (At2+5/2 ) } t1+5/4

m

k=m

e
Pik(eo)

€

Y2
—1

=m

VAN

and due to Proposition 3.3,

N 2

2
Y At?

S B (o —1> e kT s A

<p2 (6°) Enk i {&np—1 }

k=m nk
N F
= ZE{Atk <{k|(9tok)l} >fn,k 1Atk1{fnk 1>A}}
k=m Pk

< KE{§I {§ > A}}.

Then by letting A — oo, we establish the proposition. ]
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Note that every component of Zk o nk( )Aty is expressed as
N
1 0* 0?
— ———— 1k (0)A, = k(09 AL
i 2 7 oo ) Atk Z « 0B0n gt b (6%) At
i §N: OO | 605+ (1—8)0°) (07— 6°) At
o9 apiomagt "0 " "
with § € (0,1). The rest of this subsection is devoted to verifying the convergence

of 7 >l Ik (65) Aty

Lemma 3.13.

N
— 1L 05 1 0 o p
_ o o L 0 . s

k= <1 2~2k(90)) P (6°) 89pnk(9 )ﬁik(Go) 80’p”k(0 )AL

N
1 Y2 1 0?
— nk 1) 5 Aty
<~2< >p @) dwag Atk 0
Hence,

1 .
— N 0k(00)At 2 -3,

Proof: For convenience, we set 01 := %’%W and Jy := W to de-

note any differential operators of the first order. Due to Lemmas 3.5 and 3.7, we
alﬁ%k( °) 82pnk( °)

Poi(0°) Py (6°) }
81ﬁik(9°) 02, (60°)

have

1 1
P2u(0°)  p2,(6°)
= E {P k ! - ! -

M p2(0°) 2 (0°) ]| pr(0°)  pr(6°)
E{ Pai(0°) 1‘ 01021,(6°) Dapyy, (6°)

E {Yn?k

|
Pr(0°) Poi(0°) Py (6°) }

- 017 (0°) D21 (6°)
K O_i L (6°) — 0_721 L (6° nk = nk
H k 1( ) k 1( ) pnk(eo) pik(eo)

IN

2

— 0,

uniformly in m < k < N, since

1Py, (0°) D2y, (6°)

- < 00
Pap(0°) 7oy (0°)

2

max
m<k<N
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(cf. Lemma 3.10). Moreover, due to Proposition 3.3,
N 2 ~ 0o\ 2
t?\/ e Pik(‘go) ﬁik(eo) Pnk(eo)
N 4 ~2 g° 2
E (Y3 |F
N Prie(0°) pnk(a ) Pnk(9 )

0192, (6°) 022, (0°)
%(90) Pnk(eo)

) Aty — 0,

L (YA (2209 25200 A,
w2 (e 1) (ot iy ) e =t

N k=m pnk
ie.,
N
1 Y2k > 1 0 2 1 0
. gy L) = 52 (0°) = 2, (0°) Ay, = 0.
tn kzr;m <p31k(90) p2.(6°) 90 g p2,(6°) 00’ F

Similarly, we can see that
N

1 Y2 > 1 0?
— e _ 1) ———— 0°) At —>0
i ,;(ﬁ,%k(eo) 7, @) aoaw " O

On the other hand, we have

oy (6°)
Ok (0°) — D1pii (0°)] | =~
< y 17 SRl
N o o Dapz,, (6°)
< K Halgg,k—ﬂe ) — 8102,k_1(0 ) 7’590) 0,
n 2
and
E 1 _ 81P2k( )82pnk(90) _ Pik(eo) . } 81pik(9°) 82/3%1@(90)
ﬁik(‘go) P%k(‘go) " (90) Pnk(eo) pik(eo) ﬁ%k(‘go)
- 51pn ¢°) ﬁzpn ¢°)
< K|67 4 100°) —op 16 ko S —0
uniformly in m < k < N. Therefore,
0
— 1, (0°)Aty, = —— o2 0°) — o2 0°)At 1).
Z 5 ( k ; o) 39 Tn-1(0) 57 0n k-1 (0°) Aty +op (1)

Henceforth, the lemma is validated by Lemma 3.12. O
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Lemma 3.14. We have

3
e e
Hence,
N
1 9 0 * o\ [ p* o P
v 2 9 GFoaA 0+ (= DF)E, )00 0

N =

Proof: Observe that Wlnk (#) is a finite sum of the terms:

Y2 Lo 0 Yiooo1 ) 1 2
- onk =k 2,0 Z___52.(0),
2o U e 7.0 7.0 omoras" 0 52, @ ogamas O
vZ o1 o?

~2
_ ~ :(0),
72.(0) 72, (0) apeorpage ")

where 0;, (i = 1,2, 3) are differential operators of the first order. Now, by Lemmas
3.5 and 3.10,

3 -
Esup — Y"Qk H Zp"k ‘ KE- 1k Yo Lgik(e) ‘
6 pnk z:l pnk Atk i—1 0 pnk(e)
~9 3 ~9

Pak 9ip; k(e)‘ 2 i1, (0)
< KE22 | | sup |—22—=| < KE (0, .1 + O(A) sup | —5—=

Atk 0 P%k(g) ( k=t )]‘;[1 6 pik(e)
< K02 41+ 0(A)]l3 Hsup ”)“’f

2
12 (9) D221, (0) D321, (0)

< Kljog 1+ O(A)|2 |lsup | =5 =7 = || <
uniformly in m < k < N. The other terms can be treated in essentially the same
fashion. Hence, the lemmas is asserted. ]

The following proposition is due to Lemmas 3.13-3.14:

Proposition 3.5.

721,1,{ )AL, 5 —3.

The Proof of Asymptotic Normality. (2.4) can be proven by using
standard arguments (cf. the proof of Theorem 2.2 in Francq and Zakoian ([8]))

and the results in (3.7) and Propositions 3.3-3.5. 0
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APPENDIX

Lemma A.1. Suppose that C3 holds. Then,

1 tn 2 2
(A.1) / { T +loga§(9)}ds i E{ 70 +logag(0)},
tm

Iy o2(0) 73()
L™ 1 0 50000 5oy Pop 10 50000 o0
a2 o f () 007 ) 5O s o B o) (o).

Proof: We only verify (A.1) since (A.2) can be proved similarly. Let h > 0
and

o2(0,h) == B/n+ ¢ / 1= 624 (L, L),

(s—h,s)

Then we have

(A.3) % g2 Vs — - [T iogozoom))a
J 9 gO' S - (Q’h) gUS 5 S
2
99

< EH 206 +1ogao(0)} { (02h) +log o5 (0, h)H

< EK {o5]05(0) — 050, h)[} < Kllogl2llog(8) — o5 (8, h)[|2 < Ke™™.
Note that \
O'? = BO/ X=X~y + ag_hefxsf’ﬁXs—

s—h
and thus,

% logo®(0.h) € G

ogo
o2(6,n) ¢ s=h

where G¢ := 0{0y, Ly, — Ls : s <u < t}. Let

a(v) = sup sup{P(ANB)—P(A)P(B): AcG" ,BeGY,},

0<t<o0

and define o* in the same way with replacing Gt by 0{o2 : s < u < t}. According
to the proof of Theorem 3.5 of Haug et al. ([10]), we can have

0<av) <6a*(v) -0 asv— oo,

(cf. Fasen ([7])), which implies that {703?57}1)
strictly stationary and strong mixing. Thus,

+loga2(0,h): s > 0} is caglad,

i O'? : .
Z; = /i_l (a?(&,h) +log a%(h, h)> dse€ Gj_,_1, 1=1,2, ..
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is strictly stationary and ergodic. Then, since by the ergodic theorem,

1 tn o2 9 (]
— 3 1 0,h) pds = — Z;
tN /tm {03<6,h> log oy (6, } ’ tZ:]H Forll

2
P 9 2
— E 1 0,h

owing to (A.3), by letting h — oo, we get

tjv/t:V {05(39) + log o} (9)}ds LE{U(;:(%) +10g08(9)}-

This completes the proof. O

Lemma A.2. Suppose that C2-C3 hold and [, x3dIl(x) = 0. Then, as
h 10,

E{(Gun—G)YF} = h </R 2 I (dx) + 0(1)) oy,
E{(Giyn — G)?|Fi} = k(1 +0(1))o}

uniformly in t > 0.

Proof: By the strict stationarity, it suffices to consider the case ¢t = 0. For
h >0,

GG =2 GudGut[G.Clh=2] GCuoudly+ / o2d[L, L],
(0,h] (0,5] (0,h]

(Gh — Go)* = 2 o G:_dG: + (G, G,
0,

=4 G2 _odLg + 2 G?_o%d|L, L),
(0,h] (0,h]

I e R 1] / otd([L, L), [L, L])s
(0,h] (0,h]

+4 Gs_o3d[[L, L], L],
(0,h]

where

E G?_o4dL,
(0,h]

fo} o
fo} o

Since [ 23dIl(z) =0,

E { Gs_02d[[L, L], L),
(0,h]
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Thus, we have

E{(G) — Go)*|Fo} :6/ E{Ggagyfo}ds+/x4n(dx)/ E{o}|Fo} ds.
(0,h] R (0,h]

)

Let Z; = f(o N Gy—oydL,. By the integration by parts and associativity
(cf. [17]), we can write

ZsazJr = 06°| Zy_du — 770/ Zy_o2du + goo/ Zs_o2d[L, L], —l—/ 03G,_dL,
(0,s] (0,s] (0,s] (0,s]

+

/ (8° — UOUZ)d’LL + goo/ o2d[L, L)y, / Gu_oyudL,
(07'} (07'} (07'}

S

Note that for F' € Fy,
E{/ Zu_du-lp} - / E{Zu_lp}du—/ E{E(Zu_|Fo)1r} du = 0,
(0,s] (0,s] (0,s]

E{ / Zd} - [ w{zciym
(0,s] (0,s]

Since

[/ (ﬁ°—n°a§)du+¢°/ agd[L,L]u,/ Gu_0ydLy,
(07’] (07'} (07'}

= [/ (8 _noag)du,/ Gu—oyudLy, @0/ agd[L,L]u,/ Gy—_oudLy,
(0»'] (07'] (0»'] (0"}

= goo/ Gu_03d[[L, L], L]y,
(07'}

_|_

we have

E { [/ (ﬁo - anﬁ)du + SOO/ Uid[L, L]ua/ Gy—oydLy
(07'] (Ou'] (07'}

due to [ z*dIl(x) = 0. Thus,

1F}=0

S
E {Zsaglp} = (¢° — 770)/ E{Zuaglp} du, E{ZoO'glF} =0,
0

which implies E {Zsaglp} =0 for each F' € Fy. This in turn implies E {Zsag \.7:0}
0,5 (0]

=0 and
]—"0}
= wglE{ai {U§+—a§+—ﬁos+no/ agdu} ]-"0}
0

_ {E{a;*\fo} - (of + PR} + o E{ozoi|fo}du} .
0

E{G: o2|F} = E{G20}|Fo} =E { 03/ o2d[L, L]y + 202 | Gy_0,dL,
(
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Since 02 = 3° [, e~ Xs==Xu)qdy 4 o2e~ s~ we can have
S S
E{c?|Fo} = ﬂo/ EefXS—“du—FogEe*XS = ﬁo/ Ee Xudu + agEe*XS
0 0

= ﬁo/ Ee Xudu + oEe %
0

_ 60(65\11(1) _ 1)

s¥(1) 2
T(1) +e oq-

Then, observing

S 2 s
O‘;L = ﬁg {/ e_(Xs—Xu)du} 4 20’86_X5ﬁ0/ e—(XS,—Xu)du + 0'(%6_2)(57,
0 0

we obtain

s 2 s
E{c}F} = @?E{/O eX“du} +2ﬂ°a§E{/0 eXuQXSdu} + ogBe2Xs

) 9 ) es¥(2) es¥ (1)
=Y smee) T e —en) \ ve) ~ wa)
(

(2 w(1l
¥ )_es ) +O_§es\ll(2)

SO Ty Ty

and
E {agag\fo} =E { O’ZE {03].7:“}‘ .7:0}
_ E{ o B0l — 1) L (s w() 44

Oy \I/(l) U
of (s—u)¥(1) _
_ E{O’?Afo}ﬁ {6 \Ij(l) 1} +e(s—u)\11(1)E {0'3|F0}
_ Bo(em'™ — 1) L eut(1) 2 Be{els—wv® — 1}
(1) 0 (1)

s—u 2 2 e“‘I'(Q) eu\p(l)
fels—we) g2 {\P(l)w@) + T(2) — U(1) < v(2)  w(l) >}

eu\I/(Q) _ eu\I’(l)

_|_2€(s—u)\11(1)ﬁ00,2

(s—u)¥(1) 4 ul(2)
0 \11(2)—\11(1) +e oge .

Hence,

E{(Gn - Go)'|Fo} = 6/ E{G§a§|f0}ds+/x4n(dx)/ E {0} Fo} ds
(0,h] R (0,h]

= 1'4 X 0] 0'4
—h(é Hw>+<n)o,
E{(Gh— Go)*|Fo} = h(1+o(1))ag.

This completes the proof. O
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1. INTRODUCTION

Given X1, ..., X,; independent copies of an absolutely continuous real ran-
dom variable with unknown density and distribution functions f and F', respec-
tively, a kernel estimator of F' is introduced by authors such as Tiago de Oliveira
[33], Nadaraya [20] or Watson and Leadbetter [35]. Such an estimator arises as
an integral of the Parzen-Rosenblatt kernel density estimator (see Rosenblatt [25]
and Parzen [21]) and is defined, for z € R, by

(1.1) Fop(z) = iZK ("””‘,f@') ,

=1

where, for u € R,
K(u) :/ K(v)dv,
}—OO,”LL]

with K a kernel on R, that is, a bounded and symmetric probability density func-
tion with support [—1,1] and h = h,, a sequence of strictly positive real numbers
converging to zero when n goes to infinity. Theoretical properties of this esti-
mator, including bandwidth selection, have been investigated by several authors.
Classical and more recent references, showing a continued interest in the sub-
ject, are, among others, Winter [36, 37|, Yamato [38], Falk [7], Singh, Gasser and
Prasad [28], Swanepoel [30], Jones [13], Shirahata and Chu [27], Sarda [26], Alt-
man and Léger [1], Bowman, Hall and Prvan [2], Tenreiro [31, 32], Liu and Yang
[16], Giné and Nickl [11], Mason and Swanepoel [18] and Chacén and Rodrigues-
Casal [3].

If the support of f is known to be the finite interval [a, b], from the conti-
nuity of F' it is well known that the kernel estimator (1.1) is an asymptotically
unbiased estimator of F' if and only if A — 0 as n goes to infinity (see Yamato
[38], Lemma 1). However, if F' is not smooth enough at the extreme points of
the distribution support, the bias of F,,;, does not achieve the standard h? order
of convergence on the left and right boundary regions. In fact, assuming that
the restriction of F' to the interval [a,b] is twice continuously differentiable, for
r = a + ah with, « € [0, 1], we have

2
EF(x) — F(2) = hF(a)pr(a) + o F(a)ea(a) + o(h),
uniformly in «, with
(1.2) p1(a) = a(po,a(K) = 1) = p1,a(K),

902(05) = QQ(MO,Q(K) - 1) - 20‘#17&([{) + M?,a(K) and Nf,a(K) = ffl ZZK(Z)dZ'
A similar expansion is valid for z in the right boundary region. As noticed by
Gasser and Miiller [9] in a regression context, this local behaviour dominates the
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global behaviour of the estimator which implies an inferior global order of con-
vergence for the kernel estimator (1.1) which can be confirmed by examining the
asymptotic behaviour of widely used measures of the quality of kernel estimators
such as the maximum absolute deviation or the mean integrated squared error.

This type of boundary effect for kernel estimators of curves with compact
supports is well-known in regression and density function estimation frameworks
and several modified estimators have been proposed in the literature (see Miiller
[19], Karunamuni and Alberts [14], and Karunamuni and Zhang [15], and refer-
ences therein). In order to improve the theoretical performance of the standard
kernel distribution function estimator when the underlying distribution function
F' is not smooth enough at the extreme points of the distribution support, the
use of the so-called boundary kernels, suggested for regression and density kernel
estimators by Gasser and Miiller [9], Rice [24], Gasser, Miiller and Mammitzsch
[10] and Miiller [19], is addressed in this paper, which is organised as follows.

In Section 2, we introduce the boundary modified kernel distribution func-
tion estimator and some families of boundary kernels are presented, one of them
leading to proper distribution function estimators. Contrary to the boundary
modified kernel density estimators which possibly assume negative values, in a
distribution function estimation framework the theoretical advantage of using
boundary kernels is compatible with the natural property of obtaining a proper
distribution function estimate. In Section 3 we show that the Chung-Smirnov
theorem, that gives the supremum norm convergence rate of the empirical distri-
bution function estimator, is also valid for the boundary kernel distribution func-
tion estimator. In Section 4 we present an asymptotic expansion for the mean
integrated squared error of the estimator. This result illustrates the superior
theoretical performance of the boundary kernel distribution function estimator
over the classical kernel estimator whenever the underlying distribution function
is not smooth enough at the extreme points of the distribution support. The au-
tomatic selection of the bandwidth is addressed in Section 5 where beta reference
distribution and cross-validation bandwidth selectors are considered. Simulations
suggest that the cross-validation bandwidth performs well, although the simpler
reference distribution bandwidth is quite effective for the generality of test dis-
tributions. All the proofs can be found in Section 6. The simulations and plots
in this paper were carried out using the R software [23].

2. KERNEL ESTIMATOR WITH BOUNDARY KERNELS

In order to deal with the boundary effects that occur in nonparametric re-
gression and density function estimation, the use of boundary kernels is proposed
and studied by authors such as Gasser and Miiller [9], Rice [24], Gasser, Miiller
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and Mammitzsch [10] and Miiller [19]. Next we extend this approach to a distri-
bution function estimation framework, where we assume that the support of the
underlying distribution is known to be the finite interval [a, b].

We consider the boundary modified kernel distribution function estimator
given by

1) o) = 5 3 Ko (P57,

for x €a,b] and 0 < h < (b — a)/2, where

and K, j takes the form

K'(u;(x —a)/h), a<x<a+h
Kyp(u) = ¢ K(u), a+h<z<b-h
KB (u;(b—x)/h), b—h <z <b,

where K is a bounded and symmetric probability density function with support
[-1,1], and K*(-; ) and KT(-; a) are second order (left and right) boundary ker-
nels for a €0, 1[. Therefore, K*(-; o) and K% (-;a) are such that theirs supports
are contained in the intervals [—1, o] and [—a, 1], respectively, and

/Ké(u; a)du =1, /uKE(u;a)du =0 and /uQKf(u;a)du # 0,

for all a €10, 1[, with £ = R, L. Additionally we define F};(z) = 0 for < a and

Fon(z) =1 for x > b.

If we write

K (u; a) —/ K (v;a)dv,
}7007“']
for ¢ = L, R, the kernel K’x,h can be written as

KY(u;(x —a)/h), a<zx<a+h
Kon(u) =< K(u), a+h<z<b-nh
K®(u; (b—x)/h), b—h <z <b.

In the following examples we present three families of boundary kernels.
We will assume that K%(u;a) = K¥(—u;a). In this case, we have K(u;a) =
1 - KE(~u;a).
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Example 2.1. In a density estimation setting the standard choice for K%

is
KX (u;0) = (Aa(K) + Bo(K)u) K (u)I(-1 < u < a),

where Ao (K) = pig,a(K)/Da(K), Boa(K) = —p1,a(K)/Da(K) and Do(K) =
10,0 (K)p2,0(K) — p11,0(K)?. Despite being negative for small values of a, this
type of boundary kernels is suitable for density estimation. Contrary to nonneg-
ative boundary kernels, they allow the control of the variability of the estimator
near the support distribution boundary (see Gasser and Miiller [9]). In this case,
we get

K (u;a) = (Ao (K)K (1) + Bo(K)p1o(K)I(-1 <u < a) + I(u> a).

A local behaviour analysis of the modified kernel distribution function es-
timator near the end points of the distribution support reveals that this class of
boundary kernels may not be especially appropriate for the estimation of a distri-
bution function. Restricting our analysis to the left-sided boundary region, and
assuming the continuity of the second derivative of F'in |a, a + h[, for z = a + ah,
with a €]0, 1], we have

R 2
(2:2) BF(2) — Flx) = 0 P (2)u(0) + o1?)
and
(2.3)  VarFo(x) = F(w)(ln_ F) _ % F'(@)v(a) + O(n=1h2),
where N

pula) = /1 2Kl (2 a)dz
and

with BY(u;a) = 2K (u; ) KL (u; ) (see expansions (6.4) and (6.5) in Section
6).

For the previous class of kernels the quantity v(«) can be negative for small
values of a;, which leads to an estimator whose local variability is larger than the
empirical distribution function one. Additionally, as u(a) converges to a strictly
negative value, when « tends to zero, a local bias can occur for small values of
a (at the order of convergence h?). In the next examples we take for K7 (-; )
a symmetric probability density function with support [—«a,«]. In this case,
F,p is nonnegative and v(a) > 0, for o €10, 1[. Therefore, the boundary kernel
estimator has a local variability inferior to the empirical distribution function
one. Additionally, u(«) converges to zero, as a approaches zero (for the boundary
kernels of Example 2.2, this is true whenever K is continuous on a neighbourhood
of the origin with K(0) > 0).
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Example 2.2. If K is such that [;* K (u)du > 0 for all o > 0, for

KE(u;a) = (2K (a) — 1)*1K(u)l(—a <u<a),

KY¥(u;0) = 2K(a) — 1) N (K (u) — K(—a)I(—a <u < o)+ I(u > a).

Example 2.3. If we take
KE(u;0) = K(u/a) /o

we get

KY(u;a) = K(u/a).

Finally, note that, for these two last classes of boundary kernels, Fon is,
with probability one, a continuous probability distribution function. Therefore, in
a distribution function estimation framework, the theoretical advantage of using
boundary kernels, which we establish in the following sections, is compatible with
the natural property of obtaining proper distribution function estimates.

3. UNIFORM CONVERGENCE RESULTS

The almost sure (or complete) uniform convergence of the classical kernel
distribution function estimator F,j, to F was established by Nadaraya [20], Winter
[36] and Yamato [38], whereas Winter [37] proved that, under certain regularity
conditions, Fy;, has the Chung-Smirnov law of iterated logarithm property (see
also Degenhardt [5] and Chacén and Rodrigues-Casal [3]). In this section we show
that these results are also valid for the boundary kernel distribution function
estimator (2.1). For that, we will need the following lemma that gives upper
bounds for ||Fy, — EFy|| and ||EF,, — F||, where || - || denotes the supremum
norm.

Lemma 3.1. For all0 < h < (b—a)/2, we have

(3.1) || P, — BE|| < Ck|| F — F|
and
(3.2) |EF,, — F|| < Ck sup |F'(z) — F(y)l,

z,y€la,b]: [z—y|<h

where F,, is the empirical distribution function and

Ck = max | 1, max sup /|K£u04\du .
=L,R ne)0,1]
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Moreover, if the derivative F' is continuous on [a, b], then

(3.3) |EE, — Fl| < hCk sup |F'(x) — F'(y).
z,y€lab]: |[z—y|<h

The next results follow straightforwardly from Lemma 3.1 after separat-
ing the difference Fnh — F into a stochastic component Fnh — Eﬁ’nh and a non-
stochastic bias component EF),;, — F. The first one is a consequence of a well-
known exponential inequality due to Dvoretzky, Kiefer and Wolfowitz [6], which
gives a bound on the tail probabilities of ||F,, — F||, and the second one follows
from the law of iterated logarithm for the empirical distribution function esti-
mator due to Smirnov [29] and Chung [4] (see also van der Vaart [34], p. 268,
and references therein). Also note that the condition imposed on the boundary
kernels is trivially satisfied by nonnegative boundary kernels such as those of the
Examples 2.2 and 2.3. It is also fulfilled by the boundary kernels of Example 2.1.

Theorem 3.1. For ! = L, R, let K* be such that

sup /|K€(u; a)| du < oo.
a€]0,1]
If h — 0, then

||Fp — F|| — 0 almost completely.

Theorem 3.2. Under the conditions of Theorem 3.1, if F' is Lipschitz
and (n/loglogn)'/?h — 0, then F), has the Chung-Smirnov property, i.e.,

limsup (2n/ loglog n)"/?||F,,, — F|| < 1 almost surely.

n—+oo
Moreover, the same is true whenever F' is Lipschitz on [a,b] and h satisfies the
less restrictive condition (n/loglogn)Y/?h? — 0.

Remark 3.1. If F is Lipschitz and the bandwidth fulfills the more restric-
tive condition n'/2h — 0, the Chung-Smirnov property can be deduced from the
strong approximation property /n ||F, — F,|| = o(1) almost surely, that can be
derived by adapting the approach by Fernholz [8]. In this case, \/n || Fny — F|| and
the Kolmogorov statistic v/n ||}, — F|| have the same asymptotic distribution.

Remark 3.2. When F’ is Lipschitz on [a,b] and (n/loglogn)'/?h? — 0,
F,;, has the Chung-Smirnov property without assuming the continuity of F’ at
2 =a or x = b. This shows that F};, improves on F, for distribution functions

which are not smooth enough at the extreme points of the distribution support
(cf. Winter [37], Theorem 3.2).
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Remark 3.3. If F' is the uniform distribution on [a,b], from inequality
(3.3) we deduce that ||EE,;, — F|| =0, for all 0 < h < (b— a)/2. Therefore,

|Fop, — F|| = || Fup — EFu| < Ck||Fn — F|,

and F,;, has the Chung-Smirnov property even when h does not converge to zero
as n goes to infinity.

Remark 3.4. In practice the bandwidth A is usually chosen on the basis
of the data, that is, h = lAz(Xl, .oty Xpp). From the proof of Lemma 3.1 we easily
conclude that the so-called automatic boundary kernel estimator defined by (2.1)
with h = h satisfies the inequalities

= Fll<C{lF = Fll+  swp |F@) - F@)},
z,y€lab]: [z—y|<h

for any F', and

||Fh—F||<CK{|\F F|| +h sup AIF’(w)—F’(y)I},
zy€lab]: la—y|<h

whenever F” is continuous on [a, b]. Therefore, under the conditions of Theorems
3.1 and 3.2, if the assumptions on & are replaced by their almost sure counterparts,
we conclude that the automatic boundary kernel estimator, Fni}’ is an almost sure
uniform convergent estimator of F' that enjoys the Chung-Smirnov property.

4. MISE ASYMPTOTIC EXPANSION

A widely used measure of the quality of the kernel estimator is the mean
integrated squared error given by

MISE(F; h) / {Fup(z) — F(x)}%dx

= /Var Fop(z)dx + /{Eﬁ’nh(m) — F(x)}?dx
—: V(F;h) + B(F;h),

where the integrals are over R. Denoting by V(F;h) and B(F;h) the corre-
sponding variance and bias terms for the classical kernel distribution function
estimator (1.1), the approach followed by Swanepoel [30] leads to the following
expansions whenever the restriction of F' to the interval [a, b] is twice continuously
differentiable:

(4.1) V(F;h) = 1 /F(a:)(l — F(x))dx — Z/uB(u)du + 0 (n"'h?)

n
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where

for u € R, and

(4.2)  B(F;h) =k (Fi(a)®> + F_(b)?) /01 ©1()?da

1
+ W' (F(a)F(a) — F_(b)F" (b)) /UQK(U) du/o v1(a)da

4

L 2
+T (/ u’ K (u) du> I|1F"[13 + o(h?),
where (7 is given by (1.2) and || - ||2 is the Lo distance in [a, b].

Depending on the smoothness of F' on R, we see that two different orders
of convergence to zero for the mean integrated square error can be obtained.
In the smooth case, that is, when F (a) = F” (b) = 0, the previous expansions
agree with the classical ones (cf. Jones [13]). However, in the non-smooth case an
inferior global order of convergence occurs and a different order of convergence for
the optimal bandwidth, in the sense of minimising the asymptotic MISE, takes
place.

Next we show that, even when F' is not smooth at the extreme points of the
distribution support, the leading terms of the MISE expansion of the boundary
kernel estimator agree with those given in Jones [13] for the classical kernel distri-
bution function estimator. This shows the theoretical advantage of the boundary
kernel distribution function estimator over the classical kernel estimator. Next
define B(u; o) = 2K (u; ) K (u; ), for u € R, a €]0,1[ and £ = L, R.

Theorem 4.1. For ¢ = L, R, let K* be such that

/01 </1K@(u; a)du>2da < 00,

and assume that the restriction of F' to the interval [a,b] is twice continuously
differentiable. We have

V(F;h) = ;/F(m)(l — F(x))dx — Z/uB(u)du + 0 (n'h?)

and

B(F:h) = T </u2K(u)du)2 1F"|2 + 0 (%) .

Note that the previous assumptions on the boundary kernels are trivially
satisfied by nonnegative boundary kernels such as those of Examples 2.2 and 2.3,
and also by the boundary kernels of Example 2.1. Next we give the asymptotically
optimal choice for the bandwidth in the sense of minimising the leading terms in
the expansion of the MISE.



Boundary kernels for distribution function estimation 179

Theorem 4.2. Under the conditions of Theorem 4.1, let us assume that
Cp > 0 where

Cp = Q/UB(u) du, — /Ol/u (B (u; @) + B (u; ) duda.

Then the asymptotically optimal bandwidth is given by

(4.3)  hp =min (5(K)HF”HQ_2/3n1/3, b_?amin <1,/uB(u)du/CB>> ,

where

Remark 4.1. Following the approach by Marron and Jones [17], and tak-
ing into account the results of Swanepoel [30] and Jones [13], we conclude that
the uniform density on [—1, 1] is the optimal kernel in the sense of minimising the
asymptotic MISE. However, as noticed by Jones [13], other suboptimal kernels,
such as the Epanechnikov kernel on [—1, 1], have a performance very close to the
optimal one.

Remark 4.2. For the boundary kernels of Example 2.3, we have Cp =
JuB(u)du > 0 and the asymptotically optimal bandwidth is simply given by

ho = min (§(K)||F"||;**n =173, (b — a) /2).

5. BANDWIDTH SELECTION

In a kernel estimation setting the bandwidth is usually chosen on the basis
of the data. For the classical kernel distribution function estimator (1.1) and as-
suming that f is a smooth function over the whole real line, two main approaches
for the automatic selection of h can be found in the literature. Cross-validation
methods are discussed in Sarda [26], Altman and Léger [1] and Bowman, Hall
and Prvan [2], and direct plug-in methods, including normal reference distribu-
tion methods, are proposed by Altman and Léger [1], Polansky and Baker [22]
and Tenreiro [32]. In the following subsections we consider two fully automatic
bandwidth selectors for the boundary kernel distribution function estimator. The
first one is a reference distribution method based on the beta distribution family.
The second one is a cross-validation bandwidth selector inspired in the approach
of Bowman, Hall and Prvan [2].
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5.1. A reference distribution method

A commonly used quick and simple method for choosing the bandwidth
involves using the asymptotically optimal bandwidth for a fixed reference dis-
tribution having the same mean and scale as that estimated for the underlying
distribution. In what follows a beta distribution over the interval [a, b] with both
shape parameters greater than or equal to 2 is taken as reference distribution.
The restriction on the shape parameters values takes into account the assump-
tions on F' imposed in Theorem 4.1. If X has a beta distribution over the interval
[a, b] with shape parameters p and g, the expected value of X is given by

p
EX)=a+(b—a
(¥) =a+ (-t
and the variance of X by
Var(X) = (b —a)? Pa

(p+a)?(+q+1)

(see Johnson, Kotz and Balakrishnan [12], p. 222). Taking the sample mean X
and the sample variance S? as estimators of E(X) and Var(X), respectively, the
method of moments estimators for the parameters p and ¢ are given by

p=XX(1-X)§%-1) and §=(1-X)(X(1-X)S2-1),

where X = (X —a)/(b—a) and §% = §2/(b — a)2. Thus, denoting by F' the beta
distribution over the interval [a, b] with shape parameters p = max(2,p) and § =
max(2, §), the considered beta optimal bandwidth, which we denote by hpg, is
defined by (4.3) with ||F"||3 in place of ||F”||; where

(»—1)(g—1)B(2p — 3,29 — 3)
(b—a)(2(p+q) — 5)B(p,¢)*

and B(z,y) = fol t*=1(1 — t)¥~'dt is the beta function.

1715 =

5.2. A cross-validation method

An alternative approach for bandwidth selection can be based on the cross-
validation ideas of Bowman, Hall and Prvan [2]. The cross-validation function
proposed by these authors is a mean over all the observations of the integrated
squared error between the indicator function I(X; < z) associated to the obser-
vation X;, and the boundary kernel estimator constructed from the data with
observation X; omitted, that is,

ovim = Y [0 <)~ o),
=1
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Xj>'

The cross-validation bandwidth, which we denote by ﬁcv, is the minimiser of

where

~ 1 & x
Foin(z) = —— > Kop (
o

CV(h). The main motivation for this method comes from the equality

1 n
E|CV(h) — = {I(X; <z)— F(x) }%)— {F,_ F(2)}%dz,
(cvin- 13- f [tFinte

which shows that the criterion function CV(h) provides an unbiased estimator of
MISE(F'; h) for a sample size n — 1, shifted vertically by an unknown term which
is independent of h. Although the asymptotic behaviour of the cross-validation
bandwidth is not discussed in this paper, it will be of interest to know whether
hoy is asymptotically equivalent to the asymptotically optimal bandwidth hg.
As shown in Bowman, Hall and Prvan [2], this property is valid for the standard
kernel distribution function estimator.

5.3. A simulation study

In order to analyse the finite sample performance of the bandwidth selec-
tors iLBR and iLC\/, a simulation study was carried out for a set of beta mixture
distributions with support [0, 1] that represents different shapes and boundary
behaviours. Their weights and shape parameters are given in Table 1 and the cor-
responding probability density and cumulative distribution functions are shown

in Figure 1.
Table 1: Beta mixture test distributions.
Beta mixture distribution ), w; B(ps, ¢s)
Weights w 1st shape parameters p  2nd shape parameters ¢

#1 (1/4,3/4) (1,6) 6,1)
#2 (1/10,7/10,2/10) (1,2,3) (2,2,1)
#3 (1/10,7/10,2/10) (1,2,6) (2,6,1)
#4 | (5/16,5/16,3/16,2/16,1/16) (1,25,160, 320, 800) (10, 60, 100, 80, 90)

From each distribution we generated 500 samples of sizes n = 25,50, 100

and 200, and we calculated the 1ntegrated squared error ISE(F'; h) f {Fnh
F(2)}2dx for h = hpr and h = hoy as a measure of the performance of each
bandwidth selector. The integrated squared error associated to the asymp-
totically optimal bandwidth hg was also evaluated for the sake of comparison.
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Figure 2: Integrated squared error results for the smoothing parameters

h = fLBR, h = ECV and h = hy and sample sizes n = 25, 50, 100
and 200. K is the Epanechnikov density function. The number
of replications for each case is 500.
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In the implementation of cross-validation method the minimisation of CV(h)
was confined to the interval [hgr/10,1/2]. The previous integrals have been
numerically evaluated using the composite Simpson’s rule. The Epanechnikov
density K (t) = 2(1—t*)I(]t| < 1) was taken as kernel function and we restrict our
attention to the boundary kernels defined by K*(u, ) = K(u/a)/a for £ = L, R
(see Example 2.3). The integrated squared error empirical distributions (log
scale) are presented in Figure 2.

For all the considered test distributions, Figure 2 suggests that the cross-
validation bandwidth performs quite well showing a performance close to that one
of the oracle estimator with bandwidth hg. Additionally, for distributions #1, #2
and #3 there is no indication of significant differences between the bandwidths
ilcv and BBR. This can be seen as an evidence of the well-known fact that smooth-
ing has only a second order effect in kernel distribution function estimation. For
the beta mixture #4 the cross-validation approach is clearly more effective than
the beta optimal smoothing for large sample sizes. This distribution presents fea-
tures that are not revealed until the sample size is above some threshold which
explains the fact that both methods performed similarly for small sample sizes
but not for large ones. In this latter case the cross-validation method is able to
adapt to distributional shape while the beta distribution reference method does
not reveal such a property.

In conclusion, we can say that the cross-validation bandwidth reveals a very
good performance, although the simpler and less time consuming beta reference
distribution bandwidth shows it self to be quite effective for the generality of test
distributions.

6. PROOFS

Proof of Lemma 3.1: We start by the analysis of the stochastic compo-
nent Hﬁnh —EF,| |. For that we follow the approach by Winter [37]. In order to
deal with kernels that could have negative values, we need the following version
of the integration by parts result presented by Winter [37, Lemma 2.1].

Lemma 6.1. If ® is a probability distribution function and
v = [ s
}_Oovu]

where 1) is a Lebesgue integrable function with [ (v)dv = 1, then

/(I)d\lf+/\11d<l>:1.
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Proof: Denoting by pue and pg the finite signed measures defined by
pa(] — 0o, z]) = ®(x) and py(] — oo, z]) = ¥(x), for all z € R, it is enough to
apply Fubini’s theorem to the indicator function (s,t) — I(s > t) which is inte-
grable with respect to the product measure pue ® py. O

Returning to the proof of Lemma 3.1, for = €]a, a + h[, we have

Fon() = / R ((x — y)/h; (¢ — a)/h)dFo(y) = 1 — / o (0)AFa (),

Efu(z) = [ KM(o—9)/hi o~ a)/m)dFy) =1~ [ W.aly)dFo),

and

Fon(z) — EF(z) = / U, (1) (dF(y) — dF,(y),

where W, (u) = f___ s on(v)dv with ,4(0) = K((z = 0)/hs (x — a) /1) /h.

From Lemma 6.1 we get

Fn ( ) EFnh /{F }dq/xh )
and therefore
(6.1) sup  |Fpp(z) — EFu(x)| < || F, — F|| sup /]KL u; )| du
z€ |a,a+h| a€]0,1]
because
sup /d]\I'xh] = sup /W}xh ) du < sup /\KL(U; a)| du.
z€ Ja,a+h| z€ |a,a+h| a€]0,1]

Similarly, we get

(6.2) sup  |Epn(x) — EE(x)| < || Fn — F|| sup /|KR(U; a)| du,
x€ |b—h,b| ae]0,1]

and the standard approach (see Winter [37]) can be used for x € [a + h,b— h], in
order to obtain

(6.3) sup | Fun(2) — BFu(2)] < || o — FI|.
x€ [a+h,b—h]

Finally, from (6.1), (6.2) and (6.3) we obtain the upper bound (3.1) for ||E,; —
EF,]|.
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In the analysis of the bias component ||[EF},, — F||, we first note that, for
x €la,a+ h[, the expectation of F,j,(x) is given by

BFun(a) = [ KM (@ = )/l (e a)/0) 1) dy
— [[ KMo~ a) /)1 < o ub) dudy

= /F(a; —uh)K*(u; (x — a) /) du

Therefore,
(6.4) EF,,(x /{F x —uh) — F(x)}KX(u; (x — a)/h) du
which leads to
sup |EF,u(z) — F(x)] < sup |F'(z) — F(y)| sup /]KL u; )| du.
z€ |a,a+h| z,y€la,b]: lr—y|<h a€c]0,1]

Additionally, if F” is continuous on [a, b, from the Taylor formula we have
Pz — uh) — F(z) = —uhF(x) — uh /0 P (e tuh) - (o)) dt.
Using the fact that [uK%(u;a)du = 0, for all o €]0,1], from (6.4) we get
Bf(z) — F(z) = —h / (F'( — tuh) — F'(2)YuK"(u; (z — a)/h) du
which leads to

sup [EE,u(z) — F(x)|<h sup  |F'(z)— F'(y)| sup /|KL u; )| du.
x€ la,a+h| z,y€lab]: |[z—y|<h ae]0,1]

A similar analysis can be carried out for the cases x € [a+ h,b— h] and x €
b — h, b[, leading to the bounds (3.2) and (3.3) for the bias term ||EF,, — F||. O

Proof of Theorem 4.1: We start by the analysis of the bias term B(F, h)
= [{EF,x(x) — F(z)}*dz. By using the continuity of the second derivative of F
and the Taylor expansion

F(z —uh) — F(z) = —uhF'(z) + u*h? /1(1 — t)F"(z — tuh) dt,
0

from (6.4) we get

at+h 5
/ (EFu(z) — F(2)}? da

=hn / ( / / t)F" (a + ah — tuh)u? KL (u; ) dtdu)2da
< 15 ||F| P /0 ([t a)du>2da —0 ().
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A similar upper bound can be obtained for the term fbb_h{EFnh(:U) — F(x)}%dz.
The stated expansion for B(F; h) follows now from the dominated convergence
theorem:

b—h
/ (BE(z) — F(z)}2dz
a+h

_ /a o ( / (F(z — uh) — F(2)} K (u) du>2dx
=hpt /a » < / / t)F" (z — tuh)u’ K (u) dtdu)2d:v
I ([eroan) 1o )

The analysis of the variance term, V(F;h) = [ Var F,;(z)dz, can be made
easy by considering the expansion

(6.5)  nVar Foy(x) = F(x) / (F( — uh) — F()} Byp(u) du
—{EFun(z) — F(2)}? = 2{EF(z) — F(2)}F(x),

where B, 5, is defined as K, ; with K replaced by B. In fact, from the first part
of the proof we conclude that the integral over [a,b] of the last two terms is of
order O(h?), and from standard arguments we get

/ {F(x —uh) — F(x)}By p(u) dudr = —h/uB(u) du+ O (h?)

a+

. a+h

/a {F(z — uh) — F(x)} By p(u) dudx
<w P [ / jul| B (3 )| dudo
< B3| /01 (/ | KL (u; a)ydu>2da =0 (h?).

Taking into account that the same order of convergence can be obtained
for the term fbb_h J{F(z — uh) — F(2)} By p(u)dudz, we finally get the stated

expansion for V(F;h). O

Proof of Theorem 4.2: We shall restrict our attention to the case where
F is the uniform distribution function on the interval [a,b]. From Remark 3.3
and equality (6.5) we get

MISE(F; h) = b—a _h </uB(u) du—h bCBa> :
/rL [e—

6n
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for 0 < h < (b—a)/2. It is now easy to conclude that

ho = b_Tamin (1 ,/uB(u) du/C’B>

is the minimiser of MISE(F'; h), for 0 < h < (b —a)/2. O
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1. INTRODUCTION

The exponential distribution is the first and most popular model for fail-
ure times. In recent years, many authors have proposed generalizations of the
exponential distribution. The generalizations are based on a “failure of a system”
framework.

Suppose a series system is made up of Z unknown independent compo-
nents. (The variable Z could be determined by such factors as economy, man
power, and customer demand.) Let Y7,Ys,..., Y, denote the failure times of the
Z components, assumed to be independent of Z. Then the system lifetime is
X =min(Y1,Ys,...,Yz). It is reasonable to assume that Yjs are exponential ran-
dom variables, so the cumulative distribution function (cdf) and the probability
density function (pdf) of X are

(1.1) Fx(z)=1- Zexp(—nﬁx) Pr(Z =n)
n=0
and
(1.2 fx(@) = B nexp(~nfa) Pr(Z = n),
n=0

respectively, for z > 0 and 3 > 0.

Several authors have constructed models for (1.1) and (1.2) by taking Z to
follow different distributions. Models with Z belonging to the Panjer class (Panjer
[15]) have widespread applications in risk theory. The Panjer class includes the
geometric, Poisson, negative binomial and other distributions. Panjer [15]’s paper
was a breakthrough on the iterative computation of the distribution of aggregate
claims, see, for example, Rolski et al. [18]. Extended versions of the Panjer class
have been introduced by Sundt and Jewell [19], Hess et al. [7] and Pestana and
Velosa [16]. Panjer class is also used in other contexts, see, for example, Katz [9].

Adamidis and Loukas [1] take Z to be a geometric random variable with
parameter p, so yielding

p(1 = p) exp(=px)

[1 — pexp(—pz))®

forz > 0,0 <p<1landfB > 0. The case of Z being geometric has been considered
much earlier by Rényi [17] in the context of rarefection and by Gnedenko and
Korolev [5] and Kovalenko [10] with applications to reliability. We shall refer to
(1.3) as the EG distribution. Kus [11] and Hemmati et al. [6] take Z to be a
Poisson random variable with parameter A, so yielding

(1.4) flz) = 1_;\5(_)\)

(1.3) fx(x) =

exp {—\ — Bz + Aexp(—pz)}
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for z >0, A > 0 and 8 > 0. We shall refer to this as the EP distribution. Tah-
masbi and Rezaei [20] take Z to be a logarithmic random variable with parameter
P, so yielding

1 B(1—p)exp(—Px)

(1.5) fz) = “logpl— (1—p)exp(—pBz)

forz > 0,0 <p<1and B> 0. We shall refer to this as the EL distribution. We
are not aware of any other model for (1.1) and (1.2) considered in the literature.

In this paper, we propose a new model for (1.1) and (1.2). We take Z to
be a negative binomial random variable given by the probability mass function

(pmf)

(16) ra = () a- et

for z = k,k+1,.... Geometric pmf is a particular case of (1.6). Poisson pmf is a
limiting case of (1.6). Then (1.1) and (1.2) reduce to

(1 — p)* exp(—kpz)
[1 - pexp(—px)]*

(1.7) Fy(z)=1-

and
kB(1 — p)* exp(—kpx)
[1 - pexp(—Baz))*

respectively, for x >0, k>0, 0 <p <1 and g > 0. The corresponding hazard
rate function (hrf) is

(1.8) fx(x) =

ks

(1.9) hx(z) = 1~ poxp(—B2)

forx>0,k>0,0<p<1andf > 0. The corresponding quantile function is

1—
p+p]

(1.10) Fl(u) = 1 log T

B

for 0 < u < 1. We shall refer to the distribution given by (1.7) and (1.8) as the
exponential negative binomial (ENB) distribution. The exponential distribution
arises as the particular case for k = 1 and p = 0. The EG distribution of Adamidis
and Loukas [1] arises as the particular case for k£ = 1.

Note that dlog f(z)/dz < 0 for all x >0, so f(x) is a monotonically de-
creasing function all the time. Note also that f(0) = k3/(1 — p), f(c0) = 0 and
f(x) ~ kB(1 — p)¥ exp(—kpBzx) as x — oo. So, the pdf takes a finite value at z = 0
and has an exponentially decaying upper tail. Clearly, the hrf given by (1.9) is
also a monotonically decreasing function with h(0) = k3/(1 —p) and h(co) = kf.
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Figure 1 illustrates possible shapes of (1.8) for selected parameter values.
Figure 2 illustrates possible shapes of (1.9) for selected parameter values. The
upper tails of (1.8) become lighter with increasing p and with increasing k. The
upper tails of (1.9) become heavier with increasing p and become lighter with
increasing k.
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Figure 1: Plots (1.8) versusz for 8 =1,k =0.1,0.5,2,5, p = 0.2 (solid curve),
p = 0.4 (curve of dashes), p = 0.6 (curve of dots) and p = 0.8 (curve
of dots and dashes).
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Figure 2: Plots (1.9) versusz for 8 =1,k =0.1,0.5,2,5, p = 0.2 (solid curve),
p = 0.4 (curve of dashes), p = 0.6 (curve of dots) and p = 0.8 (curve
of dots and dashes).
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The new distribution given by (1.7) and (1.8) can be motivated in several
different ways. Firstly, the negative binomial distribution is a generalization of
the geometric and Poisson distributions (Poisson is a limiting particular case).
The negative binomial distribution with support over the set of all non-negative
integers is also a generalization of the Poisson distribution in the sense that it
can deduced as a hierarchical model if X ~ Poisson (A) with A being a gamma
random variable, see, for example, Casella and Berger [3].

So, (1.8) can be considered a generalization of (1.3) and (1.4). The loga-
rithmic distribution is used to construct (1.5). The logarithmic distribution is
widely used in population studies, iteration, fractality and chaos. But it is not
a well known model for counts as the geometric, Poisson and negative binomial
distributions are.

Secondly, using the series expansion

-t =3 (o

=0

we can rewrite (1.8) as
(L) e = k1= S (7 ) e (-G ).

Integrating (1.11), we can rewrite (1.7) as

2 [k -1\ (-p) )
— k
(1.12) Fx(x)=1-k(1—-p) lz_% ( ; )Imexp{—(k +1i)pz}.
It follows from (1.11) and (1.12) that the ENB distribution is a mixture of the
exponential distribution, the earliest and the best known model for failure times.

Our third motivation is simulation based. We shall see later (see Section 6)
that the ENB distribution provides significantly better fits than the EG, EP and
EL distributions, the only known competing distributions under the framework of
(1.1) and (1.2), for more than tens of thousands of simulated samples. This is the
case even when the samples are simulated from the EG, EP and EL distributions.

Our fourth and final motivation is real data based. We shall see later (see
Section 7) that the proposed distribution outperforms the EP and EL distribu-
tions as well as the two-parameter Weibull distribution and the three-parameter
Weibull Poisson distribution (Hemmati et al. [6]) with respect to at least two
real data sets.

The contents of this paper are organized as follows. An account of math-
ematical properties of the new distribution is provided in Sections 2 to 4. The
properties studied include: raw moments, order statistics and their moments,
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and asymptotic distribution of the extreme values. Estimation by the methods
of moments and maximum likelihood is presented in Section 5. A simulation
study to compare the performance of the proposed distribution versus the EG,
EP and EL distributions is presented in Section 6. Finally, Section 7 illustrates
an application by using two real data sets.

2. MOMENTS

Let X denote a random variable with the pdf (1.8). It follows from Lemma
A.1 in the Appendix that

I(1—p)¥
B(X") = Wn+2Fn+1(1+k,k,...,k;k—|—1,...,k+1;p)
I(1—p)*
- WnﬂFn (ky oo kik+ 1,k + 15p)

where ,Fy(ai,az,...,ap;b1,ba, ..., bg; ) denotes the generalized hypergeometric
function defined by

oo
oFy (a1, a2, ...,ap;b1,bo, ..., bgs Z (b R
k=0 a
where (e)y = e(e +1)---(e+ k — 1) denotes the ascending factorial. In particular,
the first four moments of X are

)= e ke k1)

Bk

2(1 —

k
52 2) 3F2(kkk]€+1 k+1p)

E(X?) =

k
E(X?) = )4F3(kk:kkk:+1k+1k:+1p)

ﬂi’) 3
and
24(1 - p)*
3 5
The variance, skewness and kurtosis of X can be obtained using the relationships
Var(X) = E(X?) — (E(X))?, Skewness(X) = BE(X — E(X))?/(Var(X))*? and
Kurtosis(X) = E(X — E(X))*/(Var(X))%. The variations of E (X), Var (X),
Skewness (X) and Kurtosis (X) versus k and p for 3 =1 are illustrated in Figure 3.
It appears that F(X) and Var(X) are decreasing functions with respect to both

E(X") = Fy(k ok kb ksk+1,k+1,k+1,k+1;p).

k and p. Skewness (X) and Kurtosis (X) appear to increase with respect to a.
With respect to p, they initially increase before decreasing.



198 M. Hajebi, S. Rezaei and S. Nadarajah

<+ < -
™ - ™ -
= <
X A T o« 4
e §
o — R o 4
T T T T T T T
0 1 2 3 4 5 0 1 2 3 4 5
k k
e 0
n (2]
= 8
z o | L £ o
o < . RS ~ - N S
4 _ . 2 ;
: o £ &9
I 4 ! o T
» L S A o
A e S
o |pmm— o | -
T T T T T T T T T T T T
0 1 2 3 4 5 0 1 2 3 4 5
k k

Figure 3: Mean, variance, skewness and kurtosis for (1.8) versus k for p = 0.2
(solid curve), p = 0.4 (curve of dashes), p = 0.6 (curve of dots) and
p = 0.8 (curve of dots and dashes).

3. ORDER STATISTICS

Suppose X1, Xo, ..., X;, is a random sample from (1.8). Let Xi., < Xo., <
-+ < Xp.n denote the corresponding order statistics. It is well known that the
pdf and the cdf of the rth order statistic, say Y = X,..,,, are given by

n!

) = (n_r) Fy i) {1 = Fx(w)}" " fx(y)

(” L) EnE ) )

|
Nl

(r—l n—r) —

and

n

Fy(y)zz;(?) L) {1 - Fx(y ZZ;( (") v,

respectively, for r = 1,2, ...,n. It follows from (1.8) and (1.7) that

frly) = B = (n - 7“> e =) exp [ (r + )iy
[

(r=1l(n—r)! 4 1 — pexp(—By)] " TORF!
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and

») < ><”j)<—1>e<1p><j+‘>’“exp[ G+ OkGy]

== [1 — pexp(—py)| 9"

Using Lemma A.1 in the Appendix, the gth moment of Y can be expressed as
(r+0)k

q oo n-r\ (-1~ p)
Y = o n—r'z< > erom 0

for ¢ > 1, where G(¢) = g1 Fy(¢k + 1k, ...tk +rk; 1 + Lk +rk, ..., 1+ Ck + rk;p).

4. EXTREME VALUES

If X = (X7 + -+ X,,)/n denotes the sample mean then by the usual cen-
tral limit theorem /n(X — E(X))/\/Var(X) approaches the standard normal
distribution as n — co. Sometimes one would be interested in the asymptotics of
the extreme values M,, = max(Xy, ..., X;) and m,, = min(Xy, ..., X;,).

Let g(t) = 1/(kp3). Take the cdf and the pdf as specified by (1.7) and (1.8),
respectively. Since f(z) ~ kB(1 — p)¥ exp(—kfBz) as x — oo,

lim 1_F(t+xg(t)) — lim f(t_‘_x/(kﬁ)) — ex (_x)
t—o0 1-— F(t) eSS f(t) P '

Since f(0) = kB/(1 —p),

m F(tx) — lim xf(tx)
t—0 F(t) t—o0 f(t)

Hence, it follows from Theorem 1.6.2 in Leadbetter et al. [12] that there must be
norming constants a, > 0, b,, ¢, > 0 and d, such that

Pr{a, (M, —b,) <z} — exp{—exp(—z)}
and
Pr {Cn (mn - dn) < -r} — 1 —exp (—l‘)

as n — 0o. The form of the norming constants can also be determined. For
instance, using Corollary 1.6.3 in Leadbetter et al. [12], one can see that b, =
F~Y1—1/n) and a,, = kB3, where F~1(.) is given by (1.10).
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5. ESTIMATION

Here, we consider estimation by the methods of moments and maximum
likelihood and provide expressions for the associated Fisher information matrix.

Suppose 1, ..., T, is a random sample from (1.8). For moments estima—
tion, let my = (1/n) 37 x5, mo = (1/n) 377 :1: and mg = (1/n) 327, ] By
equating the theoretical moments of (1.8) W1th the sample moments, we obtain
the equations:

(1-p)*
ﬁk‘ — o F (k‘ k‘ l{i—l-l p) my,

2(1 — p)*
(ﬁ2k‘2) SFQ(kkkk+1 k‘"‘lp) ma,
and
6(1 — p)*

The method of moments estimators (mmes), say p, k and 5 , are the simultaneous
solutions of these three equations.

Now consider estimation by the method of maximum likelihood. The log
likelihood function of the three parameters is:

log L(p, k, ) = nlog(kB) + nklog(l — kﬁsz

(5.1) —(k+ 1)Zlog [1 — pexp (—Fx;)].
i=1

It follows that the maximum likelihood estimators (mles), say p, % and ﬁ, are the
simultaneous solutions of the equations:

n +nlog(l—p) = ﬁin + Zlog [1 —pexp (—fx;)],

k ; ,
=1 =1

Zkf:xi—i-p(k—l-l)f: @ exp (— ;)

i=1 = 1~ pexp(=fz;)’

I3

and

nk ~  exp(—fx)
LG :
=y +1);1—pexp(—ﬁfvi)
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For interval estimation of (p, k, 3) and tests of hypothesis, one requires the
Fisher information matrix:

2 2 2
E(_@ 10§L> E(_a logL> E<—8 logL>
Op Qpak ?paﬁ
2
i—| g _(‘3 log L > _8 log L > _8 log L
Okop 28k2 k03
> _8 log L > _8 log L > _6 log L
dpdp 00k 0
Using Lemma A.1 in the Appendix, the elements of this matrix for (5.1) can be
worked out as:

n
I = 72

n(1 —p)*
Lo =1y = (ka)2F1 (k,k;k+ 1;p)

npk(1 — p)*

Bt 1) sFy(k+3,k+ 1, k+ 1;k+2,k+2;p),

n nk

I3 = I3 = - ,
PEETISp (k+D(1-p)

n npk(l—p)*
Ipp=—5— —5———osFy(k+3,k+1,k+1;k+2,k+2;p),
B Bk+1)

nk(1 - p)*
B(k+1)
npk(k 4+ 1)(1 — p)k

Bk +2)

I3 = I3z = 3Py (k+3,k+1,k+1;k+2,k+2;p)

2F1(k+2,k+2;k+3;p),

and

Tan — nk  nk(k+1)
BT a-p? (k+2)1-p)?

Under regularity conditions, the asymptotic distribution of (p, @, B) as n — oo
is trivariate normal with zero means and variance co-variance matrix Ifl.ASo,
Var (ﬁ) = (133[22 - [32[2/3:)/A, Cov (ﬁ, 76\) = —(133112: £32[13)/A, Cov (ﬁ, ,8) =
(123112 —Io2113)/A, Var (k) = (Issl11 — Is1113)/A, Cov (k, ) = —(Iasfi1 —In13)/A
and Var (/8) == (IQQIH - 121]12)/A, where A = 111(133[22 — 132123) — 121(133]12 —
I3pI13) + I31 (123112 — Ioa113).



202 M. Hajebi, S. Rezaei and S. Nadarajah

6. A SIMULATION STUDY

Here, we perform a simulation study to compare the performance of the
proposed distribution versus those given by (1.3), (1.4) and (1.5); that is, the
EG, EP and EL distributions, the only known competing distributions under the
framework of (1.1) and (1.2). We use the following scheme:

1. Generate ten thousand samples of size n from (1.8);
For each sample, fit the models given by (1.8), (1.3), (1.4) and (1.5);

3. Let ly;, lo;, £3; and £y4;, i =1,2,...,10000 denote the maximized log-
likelihoods for (1.8), (1.3), (1.4) and (1.5) for the ten thousand samples;

4. Draw the box plOtS of 2(611 —621‘), 2(£lz —651) and 2(511 _641')7 =
1,2, ...,10000.

This scheme compares the fits of the four distributions when simulated sam-
ples are from the proposed distribution. For completeness, we repeated the above
scheme with simulated samples coming from the EG, EP and EL distributions.

The resulting box plots are shown in Figure 4 for n = 25 and (8, \, k,p) =
(1,1,2,0.5). The figure shows that proposed distribution provides the best fit
wherever the sample comes from. The relative performances of the EG, EP
and EL distributions with respect to the proposed one appear similar. The four
distributions are not nested, so the likelihood ratio test may not be used to
discriminate between them. But the differences in the log-likelihood are so large
that they are significant even with respect to the AIC and BIC criteria.

For reasons of space, we have presented results for only one value for n and
the parameters. But the conclusions of Figure 4 hold also for larger sample sizes
and other parameter values.

The results are not surprising because, as explained in Section 1, the pro-
posed distribution is flexible enough to contain the EG and EP distributions as
particular cases. The logarithmic distribution used to construct the EL distribu-
tion is not flexible and is certainly not widely used.



203

An exponential-negative binomial distribution

oo o f “““““““““““ *
T T T T T
L =48 oL i3 )
pooyie>1—607] ul @ousiSeyIa SUl SOIML
oo f ““““““““““ *
o @ f “““““““““““““ *
T T T T T
L 48 oL k=3 £}

pPooyie>11—607] Ul e@susiSeIa SUl 92IML

ENBVEP ENBVEL

ENBVEG

ENBVEP ENBVEL

ENBVEG

T T T
=43 oL £=

T
L =43 oL

T
8

pooyle>11—607] Ul e@ousieIa SUl S2IML

ENBVEP ENBVEL

ENBVEG

ENBVEP ENBVEL

ENBVEG

Box plots of 2(¢1; — £a;), 2(¢1; — £3;) and 2(¢1; — £4;) when the sim-
ulated samples are from the proposed distribution (top left), the
EG distribution (top right), the EP distribution (bottom left) and

the EL distribution (bottom right).

Figure 4:



204 M. Hajebi, S. Rezaei and S. Nadarajah

7. APPLICATIONS

Here, we illustrate applicability of the ENB distribution using two real data
sets. The first data set contains intervals in days between successive failures of a
piece of software. See Jelinski and Moranda [8] and Linda [13]. The second data
set consists of lifetimes of pressure vessels. See Pal et al. [14].

We compare the fit of the ENB distribution with those of the EP and EL
distributions as well as those of the Weibull distribution given by the pdf

f(z) = BN P Lexp {—()\a:)ﬁ}

(for x > 0, A > 0 and 8 > 0) and, the Weibull Poisson distribution (Hemmati et
al. [6]) given by the pdf

fa3%

T -1

exp {—(8z)"} exp {—0 exp [-(5z)°]}

forx > 0,60 >0, a>0and 8 > 0. The parameters of the ENB distribution are
estimated by the method of maximum likelihood, see Section 5. The parameters
of other distributions are also estimated by the method of maximum likelihood.

The mles and the corresponding log-likelihood value, the Kolmogorov Smir-
nov statistic, its p value, the AIC value and the BIC value are shown in Tables
1 and 2. We can see that the largest log-likelihood value, the largest p value,
the smallest AIC value and the smallest BIC value are obtained for the ENB
distribution.

Table 1: Fitted estimates for data set 1.

’ Model ‘ Parameter estimates Log likelihood K-S statistic = p-value AIC BIC
Weibull (16.7835, 0.6460) -131.6366 0.2046 0.1092 267.2732  270.2662
EL (0.0300, 0.0162) -129.6636 0.2147 0.0818  263.3273  266.3203
EP (0.0191, 3.9168) -131.2939 0.1967 0.1358  266.5878  269.5808
WP (0.0182, 0.8072, 3.3587) -129.5968 0.1634 0.3070  265.1936  269.6831
ENB (0.0076, 0.9491, 0.9462) -127.7312 0.1372 0.5189  261.4624 265.9519

Table 2: Fitted estimates for data set 2.

’ Model ‘ Parameter estimates Log likelihood K-S statistic  p-value AIC BIC
Weibull (488.1066, 0.7162) -145.3353 0.1519 0.6904  294.6705 296.6620
EL (0.1239, 0.0011) -146.5781 0.1700 0.5531  297.1562 299.1477
EP (0.0015, 0.6978) -146.9594 0.1534 0.6787  297.9189  299.9104
WP (0.0020, 0.7162, 0.0001) -145.3353 0.1519 0.6904 296.6705 299.6577
ENB (0.0342, 0.0434, 0.9748) -143.4332 0.1309 0.8400  292.8665 295.8537
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Figure 5:

Figure 6:

Quantile-quantile plots for the fitted models for the second data set.
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Figure 7: Fitted pdfs and the observed histogram for the first data set.
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Figure 8: Fitted pdfs and the observed histogram for the second data set.
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The conclusion based on Tables 1 and 2 can be verified by means of quantile-
quantile plots and density plots. A quantile-quantile plot consists of plots of the
observed quantiles against quantiles predicted by the fitted model. For example,
for the model based on the ENB distribution, z;) was plotted versus F~!((j —
0.375)/(n+0.25)), j = 1,2, ...,n, as recommended by Blom [2] and Chambers et
al. [4], where F~1(-) is given by (1.10), z(;) are the sorted values of the observed
data in the ascending order and n is the number of observations. The quantile-
quantile plots for the five fitted models and for each data set are shown in Figures
5 and 6. We can see that the model based on the ENB distribution has the points
closer to the diagonal line for each data set.

A density plot compares the fitted pdfs of the models with the empirical
histogram of the observed data. The density plots for the two data sets are
shown in Figures 7 and 8. Again the fitted pdfs for the ENB distribution appear
to capture the general pattern of the empirical histograms better.
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APPENDIX

We need the following lemma.

Lemma A.1. Let

> z%exp|—(k+b)Bx
I(a, b, C) = kﬁ(l - p>k/0 [1 _p Sx[p((_ﬁ—;)])/g-l]—i-c x

Then

alk(1—p)roroFars (I+k4c,k+b,.. k+b; k+b+1,.. . k+b+1; p)
ﬂa(k—l—b)aJrl :

I(a,b,c) =

Proof: Using the series expansion

(-ay 1=y (7 7w

1=0

we can write

I(a,b,¢) = kA(1—p) ki<_ _1_C)(—p)i/oooa:aexp[—(k—l-b—i—i)Bm)]dm

=0
. X (~k-1-c¢\  (-p)
— kg1 - )t ( | )
A p); i (k+b+ i)
(k+1+¢)i(k+0b)i(k+b)ip'
Rk +b)-a1 =,
+ Z (k+b+1);(k+b+1); i

= alkpf™*(1 —

The result now follows from the definition of hypergeometric functions. O
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1. INTRODUCTION

Due to technological progress, in particular the enlarged capacity of com-
puter memory and the increasing efficiency of data collection devices, there is
a growing number of applied sciences (biometrics, chemometrics, meteorology,
medical sciences...) where collected data are curves which require appropriate
statistical tools. Because of this, functional data analysis has known a quite im-
portant development in the last fifteen years (see, e.g., [26], [27], [14], [7], [16],
[17] and [18] for monographs and collective books on this specific subject). How-
ever, whereas there has been substantial work on the nonparametric estimation of
the probability density function for univariate and multivariate random variables
since the papers of [22] and [28], much less attention has been paid to the infinite-
dimensional case. The extension of the results from the multivariate framework
to the infinite dimensional one is not direct since there is no equivalent of the
Lebesgue measure on an infinite dimensional Hilbert space. In fact, the only lo-
cally finite and translation invariant measure on an infinite dimensional Hilbert
space is the null measure and any locally finite measure p is even very irregular:
denoting by B(x,r) the ball of center x and radius r, we have that, for any point
x, any arbitrary large M and any arbitrary small r such that u(B(z,r)) < oo,
there exist (z1,22) € B(x,7)? such that u(B(z1,7/4)) < M x u(B(x2,7/4)). For a
coverage of the theme of measures on infinite dimension spaces, we refer to [33],
[34], [8] and [31].

The first consistency result for a kernel estimator of the density function
for infinite dimensional random variables has been obtained in [4] where a rate is
given in the special case when the kernel is an indicator function and the density
is defined with respect to the Wiener measure. Later, different estimators of
the density, based on orthogonal series (see [5]), delta sequences (see [25]) or
wavelets (see [24]), have been proposed but none of them is adaptive. Note that
the estimation of the density probability function is nonetheless itself of intrinsic
interest but it also has a key role in mode estimation and curve clustering (see

[6])-

Contrary to the chronology of studies in the multivariate case, in the func-
tional framework, estimators of the regression function have been proposed before
those of the density. Ferraty and Vieu introduced the first fully nonparametric
estimator of the regression function, at first under the hypothesis that the under-
lying measure has a fractal dimension in [12] and then using only probabilities of
small balls in [13]. However, since these pioneering works, no adaptive estimator
has been proposed.

Considering the density estimation problem from functional data, [24] has
recently developed a new procedure based on the multiresolution approach on
a separable Hilbert space introduced by [19]. This procedure belongs to the
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family of the linear wavelet estimators. As proved in [24, Theorem 3.1], it enjoys
powerful asymptotic properties. However, such a linear wavelet estimator has two
drawbacks: it is not adaptive (i.e., its performances are deeply associated to the
smoothness of the unknown function) and it is not efficient to estimate functions
with complex singularities (the sparsity nature of the wavelet decomposition of
the unknown function is not captured). For these reasons, [24, Page 2 lines 14-
16] states “it would be interesting to investigate the advantage of these wavelet
estimators for functional data by using wavelet thresholding suggested by [11]”.
This perspective motivates our study.

Adopting the multiresolution approach on a separable Hilbert space H of
[19], we construct an adaptive wavelet procedure extending the hard threshold-
ing rule introduced by [11] to a general nonparametric estimation context for
functional data. In order to study its asymptotic properties, we introduce two
different kinds of decomposition spaces expressed in terms of wavelet coefficients
via the new basis (see Section 2). They are related to the maxiset approach
introduced by [3] and of interest as they contain a wide variety of unknown func-
tions, complex or not. Exploring the density model and the regression model for
functional data, we determine the rates of convergence attained by our estimator
under the mean integrated squared error on H and over the intersection of the
two considering decomposition spaces. To the best of our knowledge, this study
is the first one developing a wavelet-based adaptive estimator in the context of
functional data (and studying it theoretically). Let us mention that the new
findings includes several obtained results for H = L, ([a, b]).

The paper is structured as follows. In Section 2, we briefly describe the
wavelet bases on H and we define some decomposition spaces. The density es-
timation problem for functional data via wavelet thresholding is considered in
Section 3. The regression one is developed in Section 4. The proofs are gathered
in Section 5.

2. WAVELET BASES ON H AND DECOMPOSITION SPACES

2.1. Wavelet bases on H

Let us briefly describe the construction of wavelet bases on H introduced
by [19]. Let H be a separable Hilbert space of real- or complex-valued functions
defined on a complete separable metric space or a normed vector space S. Since H
is separable, it has an orthonormal basis £ = {e;; j € A} for some countable index
set A. As usual, we denote by (.,.) and ||.|| the inner product and corresponding
norm that H is equipped with.
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Let {Zy; k > 0} be an increasing sequence of finite subsets of A such that
UkZO Ir = A and, for any k > 0, Jx = Zx+1/Zx. For any k > 0, we suppose that
there exist (o € S, £ € Ij, and ng 0 € S, £ € Jj, such that the two matrices
Ay = (ej(ck,f))(j,é)ezgv By, = (ej(nk,ﬁ))(j,z)ejk??

satisfy one of the two following conditions:

(A1) Ay Ay = diag(ck,z)felk and B; By, = diag(8k7g)gejk, where cg ¢, s,
for £ € I, and ¢’ € Jy, are positive constants,

(A2) AkAz = diag(dk,j)jEIk and BkB* = diag(tm)jejk, where dk,j: tk,j’
for j € Zy, and j' € Jy, are positive constants.

For any x € S, we set

1 -
NETNEDD e (Cre)ej(z),
: \ 35,k.0
GET, R,
1
V(@5 Mpe) = ——cej(nre)e;(x),
j;k hj,k,é
where
ek if (A1), P ske if (A1),
DEEZ dy, it (A2), IRET 4, if (A2).

Then the collection

B ={¢o(w;Coe); € € Zo; Yr(wime), k>0,€ € Ti}
is an orthonormal basis for H (see [19, Theorem 2 (a)]).

Consequently, any f € H can be expressed on B as

f@) = aoedo(w;Coe) + Y Y Bretn(wimee),  x €S,

LeTy k>0 €Ty

where

(2.1) aoe = (f,¢0(:C0,0))s  Bre= (s r(mm0))-
We formulate the two following assumptions on &:

e There exists a constant C; > 0 such that, for any integer k£ > 0,

(2.2) Z '1 |€j(€k,f)|2 < (Ch, Z 3 ! \ej(nk,g)ﬁ < (.

FET, jy kL JE€Tk Jsks

This assumption is obviously satisfied under (A1) with C; = 1. Remark
also that the second example in [19, Section 4] satisfies both (A2) and
(2.2).
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e There exists a constant Cs > 0 such that, for any integer k£ > 0,
(2.3) sup > [ej(@)* < Co| Tl
z€eS
JETk

This assumption is satisfied by the three examples in [19] (we have
SUP,eg SUP e, l€j(7)] < 1). Remark that it contains [24, (3.16)].

2.2. Decomposition spaces

Let s > 0 and 7 > 0. From the wavelet coefficients (2.1) of a function f € H,
we define the Besov spaces B3 (H) by

(2.4) B (H) =1 feH; Sl;%ljm\gs DD 1Brel® < o0

k>m eTy
and the “weak Besov spaces” W' (H) by
(2.5) WI(H) =4 feH; supA Dy > 5, 152} <O ¢
A0 1>00eT,

where 1L 4 is the indicator function on A.

Such kinds of function spaces are extensively used in approximation theory
for the study of non linear procedures such as thresholding and greedy algorithms.
See, e.g., [10] and [30]. From a statistical point of view, they are connected to
the maxiset approach. See, e.g., [3], [21] and [1].

3. DENSITY ESTIMATION FOR FUNCTIONAL DATA

3.1. Problem statement

Let {Q,F, P} be a probability space and {X;; ¢ > 1} be ii.d. random
variables defined on {Q2, F, P} and taking values in a complete separable metric
space or a Hilbert space S associated with the corresponding Borel o-algebra
B. Let Px be the probability measure induced by X; on (S,B). Suppose that
there exists a o-finite measure v on the measurable space (5, B) such that Px
is dominated by v. The Radon-Nikodym theorem ensures the existence of a
nonnegative measurable function f such that

Px(B) = /Bf(x)u(da:), B e B.
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In this context, we aim to estimate f based on m observed functional data
D ST, ¢

We suppose that f € H, where H is a separable Hilbert space of real-valued
functions defined on S and square integrable with respect to the o-finite measure
v.

Moreover, we suppose that there exists a known constant C'y > 0 such that

(3.1) sup f(z) < C.
T€S

The estimation of the density function for functional data has been first
addressed in [4], and the consistency in L?-norm has been established in [5] for
a projection estimator. More recently, [24] established the convergence in mean
square -with rate- of a non adaptive wavelets based estimator. We refer to these
papers for details and applications of the model.

3.2. Estimator

Following the procedure of [11] and adopting the notation of Section 2, we
define the wavelet hard thresholding estimator f by

mn

(32)  flx) = doedo(w;Coe) +Y Y Brell {\ﬁ o \W}W(m $Mk,0),

Lelp k=0 ¢eJy

x € S, where
1 — 1 «
(3.3) G = - 21 (X5 Crye) Brye = - ;wk(XiQ Mhyt),
1= 1=

k is a large enough constant and m,, is the integer satisfying

1 n

2Inn < | Fma| =

- lnn

The construction of f consists in three steps: firstly, we estimate the un-
known wavelet coefficients (2.1) of f by (3.3), secondly, we select only the “great-
est” Bk,z via a hard thresholding and thirdly we reconstruct the selected elements
of the initial wavelet basis. The choices of the threshold (Inn/n)'/? (correspond-
ing to the “universal threshold”) and the definition of m,, are based on theoretical
considerations (see Theorem 3.1 below).

Note that f is adaptive, i.e., it does not depend on the knowledge of the
smoothness of f. It can be viewed as an adaptive and thresholded version of the
linear wavelet estimator proposed by [24]
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Details on the wavelet hard thresholding estimator for H = L,([a,b]) and
the standard nonparametric models can be found in [11], [9], [20] and [32].

3.3. Results

Theorem 3.1 below evaluates the performance of f assuming that f belongs
to the decomposition spaces described in Subsection 2.2.

Theorem 3.1. Consider the density estimation problem described in
Subsection 3.1. Suppose that £ satisfies (2.2) and (2.3). Let f be given by (3.2).
Suppose that f satisfies (3.1) and, for any 6 € (0,1), f € Bgf(H) NW20-0)(H),
where BY?(H) is (2.4) with s = 0/2 and W2(=0(H) (2.5) with r = 2(1 — 0).
Then there exists a constant C > 0 such that

Inn

B(IF - 1IP) < C<n)9

for n large enough.

An immediate consequence is the following upper bound result: if f &€
Bgé<25+1)(H) NW?/ st (H) for s > 0, then there exists a constant C' > 0 such
that

) I\ 25/ @s+D)
B(If- AP <o (B)

This rate of convergence corresponds to the near optimal one in the “standard”
minimax setting (see, e.g., [20]).

Moreover, applying [21, Theorem 3.2], one can prove that 8%2 (H)n
W2(-0)(H) is the “maxiset” associated to f at the rate of convergence (Inn/n)?,
ie.,

lim (L)eE(Hf_ fIP) < 0o & f e BY2(H) n W= (1),

n—oo \Inn

These new theoretical results complete the work of [24] in the sense that
our wavelet-based procedure is adaptive thanks to its term-by-term selection of
the BM and we prove that it achieves a suitable rate of convergence over a wide
class of functions well adapted to our setting.

The next section considers another statistical problem: the the regression
estimation for functional data. We show how adapt our wavelet methodology to
this problem.
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4. REGRESSION ESTIMATION FOR FUNCTIONAL DATA

4.1. Problem statement

Let {Q, F, P} be a probability space and {(X;,Y;); i > 1} be i.i.d. replica of
a couple of random variables (X,Y") defined on {2, F, P}, where Y is real valued
and X takes values in a complete separable metric space or a Hilbert space S
associated with the corresponding Borel o-algebra B such that

(4.1) Y = f(X) +e¢,

f denotes an unknown regresion function and € is a random variable independent
of X with e ~ N(0,1). We suppose that f € H where H is a separable Hilbert
space of real-valued functions defined on S. Let Px be the probability measure
induced by X7 on (S, B). Suppose that there exists a o-finite measure v on the
measurable space (5, B) such that Px is dominated by v. As a consequence of
the Radon-Nikodym theorem, there exists a nonnegative measurable function g
such that

Px(B) = / g(z)v(dz), B e B.
B
We suppose that g is known.
In this context, we want to estimate f from (X1, Y1), ..., (Xpn, Yn).

The kernel estimator of the regression function for functional data has been
proposed by [13] and the convergence in mean square of that estimator has been
established by [15] with the rate O(h?+ (nP(X € B(z,h))™!) where h is the
bandwidth. Note that the optimal choice of i depends on the underlying unknown
distribution.

We shall suppose that there exist two known constants Cy > 0 and ¢, > 0
such that

(4.2) sup f(z) < Cy, inf g(x) > c,.
z€8 z€S

4.2. Results

Theorem 4.1 below explores the performance of f assuming that f belongs
to the decomposition spaces described in Subsection 2.2.
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Theorem 4.1. Consider the regression estimation problem described above.
Suppose that £ satisfies (2.2) and (2.3). Let f be as in (3.2) with

n n

. 1 Y; A 1 Y;
Qe = — k(X5 Croe), Bre = — e (X5 ke ye) 5
k is a large enough constant and m,, is the integer satisfying
1 n n
—— < < —0.
2 (Inn)? [Tima | < (Inn)?

Suppose that f and g satisty (4.2) and, for any 6 € (0,1), f€l’5%2(H)ﬂ w2=9)(m),

where BY*(H) is (2.4) with s = 0/2 and W2=9)(H) (2.5) with r = 2(1 — 6).

Then there exists a constant C > 0 such that

Bl - <o ()

for n large enough.

Again, note that, if f € Bié@sﬂ)(H) NW?2/@st1)(H) for s > 0, then there
exists a constant C' > 0 such that

Emf—m%gc<wff>

This rate of convergence corresponds to the near optimal one in the “standard”

2s/(2541)

minimax setting (see, e.g., [20]) up to an extra logarithmic term. To the best
of our knowledge, Theorem 4.1 is first one studying an adaptive wavelet-based
estimator for functional data in the nonparametric regression context.

CONCLUSION AND PERSPECTIVES

We construct an efficient and new adaptive estimator for an unknown func-
tion f belonging to a separable Hilbert space H. To reach this goal, we combine
several existing techniques: the wavelet basis on H developed by [19], the hard
thresholding rule introduced by [11] and some elements related to the maxiset
approach proposed by [3]. Rates of convergence are determined under the mean
integrated squared error on H over BY? (H) N W= (H). Perspectives of this
work are

e To determine the optimal lower bounds over the considered spaces,

e To remove the logarithmic term by perhaps considering other thresh-
olding techniques. Thanks to its performances in numerous i.7.d. non-
parametric models, the block thresholding introduced by [2] is a good
candidate.
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e Consider the regression model (4.1) with an unknown g.

These aspects require further investigations that we leave for a future work.

5. PROOFS

In this section, C' denotes any constant that does not depend on j, k and
n. Its value may change from one term to another and may depends on ¢ or .

Proof of Theorem 3.1: The proof of Theorem 3.1 is a consequence of
[21, Theorem 3.1] with ¢(n) = (Inn/n)Y/2, o; = 1, r = 2 and the following propo-
sition.

Proposition 5.1. For any k € {0,...,m,} and any ¢ € Zj, or { € Jy, let
age and [y be given by (2.1), and dy ¢ and B¢ be given by (3.3). Then

(i) There exists a constant C' > 0 such that

. Inn
E(|ée — ag]?) < CT'

(ii) There exists a constant C' > 0 such that

Inn

2
E(|Bre — Brel*) < C () .
n

(iii) For k > 0 large enough, there exists a constant C > 0 such that
- k [lnn Inn\?
P |Bre = Brel 2 5\ == | =2(—~) -
n n

Let us now prove (i), (ii) and (iii) of Proposition 5.1 (which corresponds
o [21, (3.1) and (3.2) of Theorem 3.1]).

(i) We have
(5.1) E(are) = E(or(X1;CGp)) = /Sf(x)qﬁk(x;@,e)l/(dx) = Qg -
So

E (|¢r(X15 o) ?) -

S|

E(|age — anel?) =V (anye) = %V(Qbk(Xl; Crye)) <
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It follows from (3.1), the fact that £ is an orthonormal basis of H and (2.2) that

E (1n(X1: o)) = /S 642 Co) (@) d)

IN

Cf/s |pr (x5 ko) P (da)

2

1
_ ¢ /S }Ij =iy (o) vlde)

(5.2) =Cr Yy

JELK

lej (Cro)|* < CyCh.
94kl

Therefore there exists a constant C' > 0 such that

2) Scl Sclnl_
n n

E(|bg,e — o

(ii) Proceeding as in (5.1), we show that E (¢ (Xi;nke)) = Bke. Hence

4
(5.3) E(|Bre — Brel*) = %E

n
> Ui
i—1

Uik = Ur(Xisnke) — E(p(Xis k).

We will bound this last term via the Rosenthal inequality (recalled in the
Appendix).

We have E(U ) = 0.

By the Holder inequality and (5.2) with 5, (X1; nk,¢) instead of ¢p(X1;Cr ),
we have

(5.4) E(|U1ygl?) < CE (|95 X1smi0)|?) < C.

Let us now investigate the bound of E(|Uyk|*). Observe that, thanks to the
Cauchy-Schwarz inequality, (2.2) and (2.3), we have

1
sup [vg (23 7k,0)] < sup Y ———le;(nr0)l]e; ()]

€S €S
1/2 1/2
1
< | 2 letma)l? sup »  [ej()[?
j€T £ meSjEJk

—
o
ot
~—
A

< OOV < OViTml < 0y
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The Hoélder inequality, (5.5) and (5.4) yield
(5.6) E(|Uikel") < CE (|n(X1;ne0)]*) < OnE (|¢e(X1;mi0)?) < Cn.
It follows from the Rosenthal inequality, (5.4) and (5.6) that

n 4
1 1
B[P U] | € Cgmax (nE ((Uneel?) . (nB (1U162)%)
=1
(5.7) < Ci <C Inn i
. <c<o(=2) .

By (5.3) and (5.7), we prove the existence of a constant C' > 0 such that

2
E(|Bre — Bri*) < C (mn> .

n

(iii) We adopt the same notation as in (ii). Observe that

N k [lnn " k /lnn
(5'8) P <‘5k,€ - ﬁk,f‘ > 5 n) =P ( ZUi,k,f > 715 ) .

, n
=1
We will bound this probability via the Bernstein inequality (recalled in the

Appendix).
We have E(U ) = 0.

By (5.5),

n
Uikl < Csup [y (w;mee)| < Oy -
x€S nn

Applying (5.2) with ¢y (X1; k) instead of ¢r(X1; (ke), we obtain E(|Uy g e|*) <
C.

It follows from the Bernstein inequality that

C 2,.2lnn
(5.9) P < > ng lnn) <2exp | — nE n < 2n7w(”),
, n 1
- ” .

n
Z Ui ke
i=1

where

_ Cr?
I
Since lim,_,oc w(k) = oo, combining (5.17) and (5.19), and taking x such that

w(k)

w(k) = 2, we have

2
P(WAkz—ﬂdeK\/lnn) §01§C<lnn> .
’ ' 2 n n? n

The points (i), (ii) and (iii) of Proposition 5.1 are proved. The proof of Theorem
3.1 is complete. O
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Proof of Theorem 4.1: As in the proof of Theorem 3.1, we only need to
prove (i), (ii) and (iii) of Proposition 5.1.

(i) Since X; and €; are independent and E(e;) = 0, we have

(5.10) =/m Geo)g(@)v(de) = .
So
Bllane - an?) = V(o) = 1V (- son(iiaun)

5
< %E (‘g(};l)¢k(X1§Ck,2) ) :

It follows from (4.2), |Y1| < Cf + |e1], g(X1) > ¢4, the independence between X
and €, E(e?) = 1, the fact that £ is an orthonormal basis of H and (2.2) that

Yi 2 1 1
E <‘g(§1)¢k(X1;Ck,e) > < (CF+ 1)gE <|¢k(X1;Ck,z)!2 g(X1)>

1 1
:w%w%émmwwmﬁmmm

:qémm@m%w»

2

1
(5.11) =CZ

]EI

‘ej Ck[ <C.

Therefore there exists a constant C > 0 such that

N Inn
E(|age — arel?) < C < Ci

(ii) Proceeding as in (5.10), we show that E (Yt (Xi;nke)/9(Xs)) = Bre-
Set

Usiko = ml/}k(Xi,’nk,z) —FE (g(Xi)wk(Xz, 77k,€)> -

and observe that

(5.12) E(|Bke — Brel®)

i,k,f

We will bound this last term via the Rosenthal inequality (recalled in the Ap-
pendix).
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We have E(Uy k) = 0.

By the Holder inequality and (5.11) with 15, (X71; nk,¢) instead of ¢ (X1; Cre),

we obtain
2
< (.

Let us now investigate the bound of E(|Uk[*). Observe that, thanks to the
Cauchy-Schwarz inequality, (2.2) and (2.3), we have

(5.13) E(|Uy ke

)< CE (‘g(yxl-l)lbk(Xl;nk,e)

1
sup [vg (23 7k,0)| < sup Y ———Ie;(nre)l]ej ()]
iz V ik

€S zeS
1/2 1/2
1
<> r!ffj(nk,e)\Q sup »  lej(x)?
y Iy xES .
JETk JETk

(5.14)

IN

n
20T < OV [T < C”W'
The Hoélder inequality, (5.14) and (5.13) yield

CE ([r(X1;mee)|') < CnE ([r(Xsmie) )
Cn.

E(|Ukb) <
(5.15) <

It follows from the Rosenthal inequality, (5.13) and (5.15) that

n 4
1 1
i Y Uine| | < O max (nE(lULMZL)»(”E(\Ul,k,€|2))2)
i=1
1 Inn>
(5.16) <C<C <n> .

By (5.12) and (5.16), we prove the existence of a constant C' > 0 such that

Inn

2
E(Bre — Bedl) < C () |

n

(iii) We adopt the same notation as in (ii). Since E (Y;¢r(Xs;nk.0)/9(Xi))
= Bk, we can write
Uik = Vike + Wik,

where
Vike = N Ui (X e)Ta, — E (YZ Ui (X5 M Z)]IA-> ,
vy g(X’L) 9 T g(X’L) 9 T
Wik = N U (Xis i) Lae — £ ( Y Y (Xis e)]IA¢> ,
e g(Xy) T 9(Xi) T

A; = {|ez\ > e lnn}
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and ¢, denotes a constant which will be chosen later.

We have

(\ﬁke—ﬁw\_2 lnn)z (

(5.17) < I+ 12,

ikl

lnn)
>n

where

ik,0 > g\/ nlnn)

and

n
Iy :P<
i=1

Let us now bound I; and Is.

ike| = \/nlnn) .

N

Upper bound for I;. The Markov inequality and the Cauchy-Schwarz in-
equality yield

I < —/—— T ( 1M> \/%E( el)
n Y;
< C\/;E <'g()§1)¢k(X1;77k,z) ]IA1>
. . o\ 172
< C’\/; (E <’g(xlv1)¢k(X1§77k,é) )) (P(A1))Y2.

Using (5.13), an elementary Gaussian inequality and taking c, large enough, we
obtain

1
5.18 I <C e—Cinn/d o
( ) ! lnn - n?

Upper bound for Is. We will bound this probability via the Bernstein in-
equality (recalled in the Appendix).

We have E(W; ;) = 0.

Using (4.2) which implies |Y1T4¢| < Cf +cxvInn < CvVInn and g(X;) >
cg, and (5.14), we obtain

(Wi ool < CVInnsup |1y (z;nee)| < CvVInn L C\/T.
o zeS ’ (Inn)? Inn

Applying (5.11) with ¥, (X1; 7k ¢) instead of ¢ (X1; (x¢), we obtain E(|W1,k,e\2) <
C.
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It follows from the Bernstein inequality that

On?k2nn
(5.19) I, <2exp | — n < 2p 7w
/1
n+ nk %\/ﬁ
where
() = O
WR) = .
1+ &

Since lim, o, w(k) = oo, taking x such that w(k) = 2, we have

1
I <2—.
25203

It follows from (5.17), (5.18) and (5.19) that

2
P(Wu—ﬁkdzﬁ\/lnn) SClé(J(lnn) .
i ' 2 n n? n

Hence the points (i), (ii) and (iii) of Proposition 5.1 are satisfied by our estima-
tors. The proof of Theorem 4.1 is complete. ]
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APPENDIX

Here we state the two inequalities that have been used for proving the
results in earlier section.

Lemma A.1 ([29]). Letn be a positive integer, p > 2 and Vi, ..., V;, ben
zero mean i.i.d. random variables such that E(|V1|P) < co. Then there exists a
constant C > 0 such that

o5
=1

P
> < C'max (nE(\V1|p)7np/2 (E(V12>)p/2) .

Lemma A.2 ([23]). Let n be a positive integer and Vi, ..., V;,, be n i.i.d.
zero mean random variables such that there exists a constant M > 0 satisfying
|[Vi| < M < oo. Then, for any v > 0,

'U2
" ( - U) = 2o <_2 (nE(V2) + ’UM/3)> '

n

YV

=1
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