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1. INTRODUCTION

The inverse gamma and beta prime distributions are obtained by transforming the

gamma and beta distributions. A few researchers have studied the properties of the two

distributions and used them to model data in various settings. Lin et al. (1989) studied the

inverse gamma as a life distribution. Glen (2011) studied properties of the inverse gamma dis-

tribution and how it can be used as a survival distribution. Magalhães et al. (2021) developed

a bias correction scheme for reparametrized inverse gamma regression models with varying

precision. Mead (2015) proposed a generalised inverse gamma distribution and studied its

application in reliability. A number of researchers have used the beta prime distribution in

regression modelling. Examples include Tulupyev et al. (2013), Bai and Ghosh (2021) and

Medeiros et al. (2021).

Estimation of parameters for inverse gamma and beta prime distributions is not com-

mon in literature. A few researchers, however, have studied the problem. Maximum likelihood

estimation for the inverse gamma distribution is discussed in Lin et al. (1989) and Iranmanesh

et al. (2018). Bayesian estimation of the rate parameter of the inverse gamma distribution

is discussed in Sun et al. (2021). The maximum likelihood and Bayesian estimators are not

in closed form. The estimators due to Iranmanesh et al. (2018) are in closed form but only

approximations.

The aim of this paper is to propose closed form estimators for inverse gamma and beta

prime distributions. We assume throughout that the data are independent and identically

distributed. The proposed estimators for the inverse gamma distribution are based on esti-

mators due to Ye and Chen (2017) for the gamma distribution. Ye and Chen (2017) showed

that their estimators for the gamma distribution are superior to the corresponding maximum

likelihood estimators in terms of asymptotic variances, so the same holds for the proposed

estimators for the inverse gamma distribution because of a result proved later on (Theorem

3.9). The proposed estimators for the beta prime distribution are based on estimators due to

Nawa and Nadarajah (2023) for the beta distribution. Nawa and Nadarajah (2023) showed

that their estimators for the beta distribution are superior to the corresponding maximum

likelihood estimators in terms of asymptotic variances, so the same holds for the proposed

estimators for the beta prime distribution because of a result proved later on (Theorem 3.9).

The contents of this paper are organized as follows. Some preliminaries about the beta,

beta prime, gamma and inverse gamma distributions are stated in Section 2. Closed form

estimators for the inverse gamma and beta prime distributions are stated in Section 4. Some

results needed for their derivations are given in Section 3. Simulation studies comparing the

closed form estimators with the corresponding maximum likelihood estimators are given in

Section 5. Conclusions to the paper and future work are stated in Section 6.

2. PRELIMINARIES

Definition 2.1. Suppose that U ∼ G(α, β) is a gamma random variable with prob-
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ability density function

fU (u) =
1

βαΓ(α)
uα−1e

−u
β

for u > 0, α > 0 and β > 0. If X = 1
U then X ∼ IG(α, β) is an inverse gamma random

variable with probability density function

fX(x) =
1

βαΓ(α)

(
1

x

)α+1

e
− 1

βx

for x > 0.

Note that if X ∼ IG(α, β) then

E
(
Xk
)
=

Γ(α− k)

βkΓ(α)

for α > k. In particular,

E(X) =
1

β(α− 1)
, α > 1

and

V ar(X) =
1

β2(α− 1)2(α− 2)
, α > 2.

Similarly, if U ∼ G(α, β) then

E
(
Uk
)
=
βkΓ(α+ k)

Γ(α)

for α+ k > 0. In particular,

E(U) = αβ

and

V ar(U) = αβ2.

Definition 2.2. Suppose that V ∼ BT (α, β) is a beta random variable with prob-

ability density function

fV (v) =
1

B(α, β)
vα−1(1− v)β−1

for 0 < v < 1, α > 0 and β > 0, where B(α, β) is the beta function defined by

B(α, β) =

∫ 1

0
tα−1(1− t)β−1dt.

If Y = V
1−V then Y ∼ BTP (α, β) is a beta prime random variable with probability density

function

fY (y) =
yα−1(1 + y)−α−β

B(α, β)

for y > 0.
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Note that if Y ∼ BTP (α, β) then

E
(
Y k
)
=
B(α+ k, β − k)

B(α, β)

for β > k. In particular,

E(Y ) =
α

β − 1
, β > 1

and

V ar(Y ) =
α(α+ β − 1)

(β − 1)2(β − 2)
, β > 2.

Similarly, if V ∼ BT (α, β) then

E
(
V k
)
=
B(α+ k, β)

B(α, β)

for α+ k > 0. In particular,

E(V ) =
α

α+ β

and

V ar(V ) =
αβ

(α+ β)2(α+ β + 1)
.

3. PARAMETER ESTIMATION

Given that X1, X2, . . . , Xn is a random sample from X ∼ IG(α, β), the maximum

likelihood estimates for α and β can be found by solving

(3.1)

nψ(α) + n log(β) +

n∑
i=1

log xi = 0,

1

β2

n∑
i=1

1

xi
− nα

β
= 0,

where ψ(a) = ∂ log Γ(a)
∂a is the digamma function. Given that Y1, Y2, . . . , Yn is a random sample

from Y ∼ BTP (α, β), the maximum likelihood estimates for α and β can be found by solving

(3.2)

nψ(α+ β)− nψ(α) +
n∑
i=1

log yi −
n∑
i=1

log (1 + yi) = 0,

nψ(α+ β)− nψ(β)−
n∑
i=1

log (1 + yi) = 0.

Equations (3.1) and (3.2) do not have closed form solutions and hence require iterative

methods to solve. One solution to (3.1) proposed by Iranmanesh et al. (2018) is based on the



Closed Form Estimators for the Inverse Gamma and Beta Prime Distributions 5

approximation of the digamma function ψ(α) by ψ(α) ≈ logα− 1
2α . Using this approximation

leads to the estimators

(3.3)

α̂ =

[
2 log

(
n∑
i=1

1

Xi

)
+

2

n

n∑
i=1

logXi − 2 log n

]−1

,

β̂ =
1

nα̂

n∑
i=1

1

Xi
.

More refined estimators can be based on the approximation ψ(α) ≈ logα− 1
2α −

1
12α2 . Before

we propose closed form estimators for the inverse gamma and beta prime distributions, we

state propositions on closed form estimators for the gamma and beta distributions. The

proofs of these propositions can be found in Ye and Chen (2017); Tamae et al. (2020); Nawa

and Nadarajah (2023).

Proposition 3.1. Ye and Chen (2017) If U1, U2, . . . , Un is a random sample from

U ∼ G(α, β) then closed form estimators for α and β are

α̂ =
1
n

∑n
i=1 Ui

1
n

∑n
i=1 Ui logUi −

[
1
n

∑n
i=1 Ui

] [
1
n

∑n
i=1 logUi

]
and

β̂ =
1

n

n∑
i=1

Ui logUi −

[
1

n

n∑
i=1

Ui

][
1

n

n∑
i=1

logUi

]
,

respectively.

Proposition 3.2. Ye and Chen (2017) The estimators α̂ and β̂ in Proposition 3.1

are consistent and asymptotically normally distributed as

√
n

(
α̂− α

β̂ − β

)
→
d
N

((
0
0

)
,

(
α2 [1 + αψ1(α+ 1)] −αβ [1 + αψ1(α+ 1)]

−αβ [1 + αψ1(α+ 1)] β2 [1 + αψ1(α)]

))
,

where ψ1(a) =
∂ψ(a)
∂a denotes the trigamma function.

Proposition 3.3. Tamae et al. (2020) If V1, V2, . . . , Vn is a random sample from

V ∼ BT (α, β) then closed form estimators for α and β are

α̂ =
1
n

∑n
i=1 Vi

1
n

∑n
i=1 Vi log

(
Vi

1−Vi

)
−
[
1
n

∑n
i=1 Vi

] [
1
n

∑n
i=1 log

(
Vi

1−Vi

)]
and

β̂ =
1− 1

n

∑n
i=1 Vi

1
n

∑n
i=1 Vi log

(
Vi

1−Vi

)
−
[
1
n

∑n
i=1 Vi

] [
1
n

∑n
i=1 log

(
Vi

1−Vi

)] ,
respectively.
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Proposition 3.4. Tamae et al. (2020) The estimators α̂ and β̂ in Proposition 3.3

are consistent and asymptotically normally distributed as

√
n

(
α̂− α

β̂ − β

)
→
d
N

((
0
0

)
,
(
σ2A2B + 1

)( α2 αβ
αβ β2

)
− 1

A+ 1

(
αβ A2 − αβ

A2 − αβ αβ

))
,

where σ2 = V ar(V ) = αβ
(α+β)2(α+β+1)

, A = α+ β and B = ψ1(α) + ψ1(β).

Proposition 3.5. Nawa and Nadarajah (2023) If V1, V2, . . . , Vn is a random sample

from V ∼ BT (α, β) then closed form estimators for α and β are

α̂ =

(
1
n

∑n
i=1 Vi

)2[
1
n

∑n
i=1 Vi

] [
1
n

∑n
i=1 log (1− Vi)

]
− 1

n

∑n
i=1 Vi log (1− Vi)

and

β̂ =
1
n

∑n
i=1 Vi

(
1− 1

n

∑n
i=1 Vi

)[
1
n

∑n
i=1 Vi

] [
1
n

∑n
i=1 log (1− Vi)

]
− 1

n

∑n
i=1 Vi log (1− Vi)

,

respectively.

Proposition 3.6. Nawa and Nadarajah (2023) The estimators α̂ and β̂ in Proposi-

tion 3.5 are consistent and asymptotically normally distributed as

√
n

(
α̂− α

β̂ − β

)
−→
d
N

((
0
0

)
,

(
Σ1,1 Σ1,2

Σ1,2 Σ2,2

))
,

where

Σ1,1 =
αβ

A+ 1

(
1 +A2C

)
+
αA(α+ 1)

(
A2 + 1

)
(A+ 1)3

,

Σ1,2 =
β2A2C − α(β +A)

A+ 1
+

βA

(A+ 1)3
[
(α+ 2)A2 +A+ α+ 1

]
and

Σ2,2 =
αβ

A+ 1
+

β2A

α(A+ 1)
(βAC − α+ 1) +

2βA(α+ 1)

α(A+ 1)3
(
βA2 − αA− α

)
,

where C = ψ1(β)− ψ1(α+ β).

Proposition 3.7. Nawa and Nadarajah (2023) If V1, V2, . . . , Vn is a random sample

from V ∼ BT (α, β) then closed form estimators for α and β are

α̂ =
1
n

∑n
i=1 Vi

(
1− 1

n

∑n
i=1 Vi

)
1
n

∑n
i=1 Vi log Vi −

[
1
n

∑n
i=1 Vi

] [
1
n

∑n
i=1 log Vi

]
and

β̂ =

(
1− 1

n

∑n
i=1 Vi

)2
1
n

∑n
i=1 Vi log Vi −

[
1
n

∑n
i=1 Vi

] [
1
n

∑n
i=1 log Vi

] ,
respectively.
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Proposition 3.8. Nawa and Nadarajah (2023) The estimators α̂ and β̂ in Proposi-

tion 3.7 are consistent and asymptotically normally distributed as

√
n

(
α̂− α

β̂ − β

)
−→
d
N

((
0
0

)
,

(
Σ1,1 Σ1,2

Σ1,2 Σ2,2

))
,

where

Σ1,1 =
σ2α2A2

β2

[
1 +

2A2

A+ 1
+

βA3

(α+ 1)(A+ 1)2

]
+
α2A

β

[
2 +

αAD

A+ 1

]
+
α3A3(α+ 1)

β2(A+ 1)

[
1

A2
+

1

(A+ 1)2
− 1

α2
− 1

(α+ 1)2

]
,

Σ1,2 =
σ2αA2

β

[
β

α

(
1 +

A2

A+ 1

)
+

βA3

(α+ 1)(A+ 1)2
+ 2 +

3A2

A+ 1

]
+ αA

[
1 +

αAD

A+ 1

]
+
α2A3(α+ 1)

β(A+ 1)

[
1

A2
+

1

(A+ 1)2
− 1

α2
− 1

(α+ 1)2

]
,

and

Σ2,2 = σ2A2

[
4

(
1 +

β

α
+

A2

A+ 1

)
+
β

α

(
β

α
+

2A2

A+ 1

)
+

βA3

(α+ 1)(A+ 1)2

]
+
αβA2D

A+ 1

+
αA3(α+ 1)

A+ 1

[
1

A2
+

1

(A+ 1)2
− 1

α2
− 1

(α+ 1)2

]
,

where D = ψ1(α)− ψ1(α+ β).

If U1, U2, . . . , Un is a random sample from U ∼ G(α, β) and
(
α̂MLE , β̂MLE

)
are maxi-

mum likelihood estimators of (α, β) then

(3.4)
√
n

(
α̂MLE − α

β̂MLE − β

)
→
d
N

((
0
0

)
,

1

αψ1(α)− 1

(
α −β
−β β2ψ1(α)

))
as n→ ∞, see Johnson et al. (1994, 1995).

Similarly, if V1, V2, . . . , Vn is a random sample from V ∼ BT (α, β) and
(
α̂MLE , β̂MLE

)
are maximum likelihood estimators of (α, β) then

(3.5)
√
n

(
α̂MLE − α

β̂MLE − β

)
→
d
N

((
0
0

)
,
1

E

(
C ψ1(A)

ψ1(A) D

))
as n → ∞, where E = ψ1(α)ψ1(β) − ψ1(α)ψ1(A) − ψ1(β)ψ1(A), see Johnson et al. (1994,

1995).

Theorem 3.1. Suppose X is a random variable with probability density function

fX (x;α1, α2, . . . , αk) and Fisher information J (α1, α2, . . . , αk;x). If Y = g(X), where g(·) is
a one-to-one function assumed to have an inverse and d

dyg
−1(y) exists, then Y has the same

Fisher information as X.
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Proof: By definition, the (i, j)th element of Fisher information is

Ji,j (α1, α2, . . . , αk) =

∫
∂

∂αi
log fX(x)

∂

∂αj
log fX(x)fX(x)dx.

Under the transformation Y = g(X), the probability density function of Y is

fY (y;α1, α2, . . . , αk) = fX
(
g−1(y);α1, α2, . . . , αk

) ∣∣∣∣ ddyg−1(y)

∣∣∣∣ .
Then Fisher information with respect to y can be written as

Ji,j (α1, α2, . . . , αk; y)

=

∫
∂

∂αi
log fY (y)

∂

∂αj
log fY (y)fY (y)dy

=

∫
∂

∂αi
log

[
fX
(
g−1(y);α1, α2, . . . , αk

) ∣∣∣∣ ddyg−1(y)

∣∣∣∣]
· ∂

∂αj
log

[
fX
(
g−1(y);α1, α2, . . . , αk

) ∣∣∣∣ ddyg−1(y)

∣∣∣∣]
· fX

(
g−1(y);α1, α2, . . . , αk

) ∣∣∣∣ ddyg−1(y)

∣∣∣∣ dy
=

∫
∂

∂αi

[
log fX

(
g−1(y);α1, α2, . . . , αk

)
+ log

∣∣∣∣ ddyg−1(y)

∣∣∣∣]
· ∂

∂αj

[
log fX

(
g−1(y);α1, α2, . . . , αk

)
+ log

∣∣∣∣ ddyg−1(y)

∣∣∣∣]
· fX

(
g−1(y);α1, α2, . . . , αk

) ∣∣∣∣ ddyg−1(y)

∣∣∣∣ dy
=

∫
∂

∂αi
log fX

(
g−1(y);α1, α2, . . . , αk

)
· ∂

∂αj
log fX

(
g−1(y);α1, α2, . . . , αk

)
fX
(
g−1(y);α1, α2, . . . , αk

) ∣∣∣∣ ddyg−1(y)

∣∣∣∣ dy
=

∫
∂

∂αi
log fX (x;α1, α2, . . . , αk)

∂

∂αj
log fX (x;α1, α2, . . . , αk) fX (x;α1, α2, . . . , αk) dx.

In the last step, we have set y = g(x). Hence, the result.

By Theorem 3.1, the Fisher information matrices corresponding to the maximum likeli-

hood estimators of the inverse gamma and gamma distributions are the same. Also the Fisher

information matrices corresponding to the maximum likelihood estimators of the beta prime

and beta distributions are the same. The asymptotic distributions of maximum likelihood

estimators are based on Fisher information matrices. Thus, the asymptotic distributions of

maximum likelihood estimators of the inverse gamma and the beta prime distributions are

the same as those given by (3.4) and (3.5). In other words, given that X1, X2, . . . , Xn is a

random sample from X ∼ IG(α, β) and
(
α̂MLE , β̂MLE

)
are maximum likelihood estimators

of (α, β) then

√
n

(
α̂MLE − α

β̂MLE − β

)
→
d
N

((
0
0

)
,

1

αψ1(α)− 1

(
α −β
−β β2ψ1(α)

))
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as n → ∞. Similarly, if Y1, Y2, . . . , Yn is a random sample from Y ∼ BTP (α, β) and(
α̂MLE , β̂MLE

)
are maximum likelihood estimators of (α, β) then

√
n

(
α̂MLE − α

β̂MLE − β

)
→
d
N

((
0
0

)
,
1

E

(
C ψ1(A)

ψ1(A) D

))
as n→ ∞.

4. CLOSED FORM ESTIMATORS

The closed form estimators we propose are based on transforming closed form estimators

for the gamma and beta distributions. We begin by stating two propositions.

Proposition 4.1. Suppose X1, X2, . . . , Xn are independent and identical copies of a

random variableX with probability density function f (x;α1, α2, . . . , αk). Let α̂1 (X1, X2, . . . , Xn),

α̂2 (X1, X2, . . . , Xn), . . ., α̂k (X1, X2, . . . , Xn) be consistent estimators of α1, α2, . . ., αk based

on X1, X2, . . ., Xn. Let Yi = g (Xi), where g(·) is a one-to-one function assumed to have

an inverse with d
dyg

−1(y) existing. Then α̂1

(
g−1 (Y1)

)
, α̂2

(
g−1 (Y2)

)
, . . ., α̂k

(
g−1 (Yn)

)
are

consistent estimators of α1, α2, . . ., αk based on Y1, Y2, . . ., Yn.

Proposition 4.2. With the notation as in Proposition 4.1, the asymptotic distribu-

tions α̂1 (X1, X2, . . . , Xn), α̂2 (X1, X2, . . . , Xn), . . ., α̂k (X1, X2, . . . , Xn) and α̂1

(
g−1 (Y1)

)
,

α̂2

(
g−1 (Y2)

)
, . . ., α̂k

(
g−1 (Yn)

)
are the same.

4.1. INVERSE GAMMA DISTRIBUTION

Given X1, X2, . . . , Xn is a random sample from X ∼ IG(α, β), using Proposition 3.1,

we have closed form estimators for α and β given by

(4.1)

α̂ =
1
n

∑n
i=1

1
Xi

1
n

∑n
i=1

1
Xi

log
(

1
Xi

)
−
[
1
n

∑n
i=1

1
Xi

] [
1
n

∑n
i=1 log

(
1
Xi

)] ,
β̂ =

1

n

n∑
i=1

1

Xi
log

(
1

Xi

)
−

[
1

n

n∑
i=1

1

Xi

][
1

n

n∑
i=1

log

(
1

Xi

)]
.

By Proposition 3.2, Proposition 4.1 and Proposition 4.2, the estimators in (4.1) are consistent

and asymptotically normally distributed as

(4.2)
√
n

(
α̂− α

β̂ − β

)
→
d
N

((
0
0

)
,

(
α2 [1 + αψ1(α+ 1)] −αβ [1 + αψ1(α+ 1)]
−αβ [1 + αψ1(α+ 1)] β2 [1 + αψ1(α)]

))
as n→ ∞.
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4.2. BETA PRIME DISTRIBUTION

Given Y1, Y2, . . . , Yn is a random sample from Y ∼ BTP (α, β), using Proposition 3.3,

we have closed form estimators for α and β given by

(4.3)

α̂ =
1
n

∑n
i=1

Yi
1+Yi

1
n

∑n
i=1

Yi
1+Yi

log Yi −
[
1
n

∑n
i=1

Yi
1+Yi

] [
1
n

∑n
i=1 log Yi

] ,
β̂ =

1− 1
n

∑n
i=1

Yi
1+Yi

1
n

∑n
i=1

Yi
1+Yi

log Yi −
[
1
n

∑n
i=1

Yi
1+Yi

] [
1
n

∑n
i=1 log Yi

] .
By Proposition 3.4, Proposition 4.1 and Proposition 4.2, the estimators in (4.3) are consistent

and asymptotically normally distributed as

(4.4)
√
n

(
α̂− α

β̂ − β

)
→
d
N

((
0
0

)
,
(
σ2A2B + 1

)( α2 αβ
αβ β2

)
− 1

A+ 1

(
αβ A2 − αβ

A2 − αβ αβ

))
as n→ ∞.

Given Y1, Y2, . . . , Yn is a random sample from Y ∼ BTP (α, β), using Proposition 3.5,

we have closed form estimators for α and β given by

(4.5)

α̂ =

(
1
n

∑n
i=1

Yi
1+Yi

)2[
1
n

∑n
i=1

Yi
1+Yi

] [
1
n

∑n
i=1 log

(
1

1+Yi

)]
− 1

n

∑n
i=1

Yi
1+Yi

log
(

1
1+Yi

) ,
β̂ =

1
n

∑n
i=1

Yi
1+Yi

(
1− 1

n

∑n
i=1

Yi
1+Yi

)
[
1
n

∑n
i=1

Yi
1+Yi

] [
1
n

∑n
i=1 log

(
1

1+Yi

)]
− 1

n

∑n
i=1

Yi
1+Yi

log
(

1
1+Yi

) .
By Proposition 3.6, Proposition 4.1 and Proposition 4.2, the estimators in (4.5) are consistent

and asymptotically normally distributed as

(4.6)
√
n

(
α̂− α

β̂ − β

)
−→
d
N

((
0
0

)
,

(
Σ1,1 Σ1,2

Σ1,2 Σ2,2

))
,

where Σ1,1, Σ1,2 and Σ2,2 are as given in Proposition 3.6.

Given Y1, Y2, . . . , Yn is a random sample from Y ∼ BTP (α, β), using Proposition 3.7,

we have closed form estimators for α and β given by

(4.7)

α̂ =

1
n

∑n
i=1

Yi
1+Yi

(
1− 1

n

∑n
i=1

Yi
1+Yi

)
1
n

∑n
i=1

Yi
1+Yi

log
(

Yi
1+Yi

)
−
[
1
n

∑n
i=1

Yi
1+Yi

] [
1
n

∑n
i=1 log

(
Yi

1+Yi

)] ,
β̂ =

(
1− 1

n

∑n
i=1

Yi
1+Yi

)2
1
n

∑n
i=1

Yi
1+Yi

log
(

Yi
1+Yi

)
−
[
1
n

∑n
i=1

Yi
1+Yi

] [
1
n

∑n
i=1 log

(
Yi

1+Yi

)] .
By Proposition 3.8, Proposition 4.1 and Proposition 4.2, the estimators in (4.7) are consistent

and asymptotically normally distributed as

(4.8)
√
n

(
α̂− α

β̂ − β

)
−→
d
N

((
0
0

)
,

(
Σ1,1 Σ1,2

Σ1,2 Σ2,2

))
,

where Σ1,1, Σ1,2 and Σ2,2 are as given in Proposition 3.8.



Closed Form Estimators for the Inverse Gamma and Beta Prime Distributions 11

5. SIMULATION STUDY

In this section, we compare the performances of the closed form estimators with the

corresponding maximum likelihood estimators for the inverse gamma and beta prime distri-

butions. The performances were assessed as follows in terms of biases and mean squared

errors.

i) set initial values for α = 10 and β = 1;

ii) simulate a random sample of size n from the inverse gamma (beta prime) distribution;

iii) compute the maximum likelihood and closed form estimates for the sample in step ii);

iv) repeat steps ii) and iii) ten thousand times;

vi) compute the biases and means squared errors of α̂ and β̂ for the inverse gamma (beta

prime) distribution;

vii) repeat steps ii) to vi) for n = 10, 11, . . . , 50.

The biases of α̂ and β̂ versus n for the inverse gamma distribution are shown in Figure 1.

The mean squared errors of α̂ and β̂ versus n for the inverse gamma distribution are shown

in Figure 2. The biases of α̂ and β̂ versus n for the beta prime distribution are shown in

Figure 3. The mean squared errors of α̂ and β̂ versus n for the beta prime distribution are

shown in Figure 4.
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Figure 1: Plots of the biases of the maximum likelihood estimator and the
closed form estimator for α of the inverse gamma distribution
on the left. Plots of the biases of the maximum likelihood esti-
mator and the closed form estimator for β of the inverse gamma
distribution on the right.
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Figure 2: Plots of the mean squared errors of the maximum likelihood
estimator and the closed form estimator for α of the inverse
gamma distribution on the left. Plots of the mean squared er-
rors of the maximum likelihood estimator and the closed form
estimator for β of the inverse gamma distribution on the right.
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Figure 3: Plots of the biases of the maximum likelihood estimator and the
three closed form estimators for α of the beta prime distribu-
tion on the left. Plots of the biases of the maximum likelihood
estimator and the three closed form estimators for β of the beta
prime distribution on the right.
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Figure 4: Plots of the mean squared errors of the maximum likelihood
estimator and the three closed form estimators for α of the beta
prime distribution on the left. Plots of the mean squared errors
of the maximum likelihood estimator and the three closed form
estimators for β of the beta prime distribution on the right.

We see that the biases and the mean squared errors of the closed form estimators for

α and β are almost the same as those for the maximum likelihood estimators for all values

of n for both inverse gamma and beta prime distributions. Besides, the three closed form

estimators for the beta prime distribution appear to perform equally well for all n. Hence,

the use of closed form estimators is more efficient since maximum likelihood estimators are

not in closed form. We also note that the biases decrease in magnitude with increasing n,

the mean squared errors decrease with increasing n, the biases are larger for α̂ compared to

β̂ for the inverse gamma distribution, the mean squared errors are larger for α̂ compared to

β̂ for the inverse gamma distribution, the biases for α̂ and β̂ are nearly the same for the beta

prime distribution, and the mean squared errors for α̂ and β̂ are nearly the same for the beta

prime distribution.

In our simulations, we set α = 10 and β = 1. We executed the simulations for a

wide range of values of α and β. The results showed that the biases and the mean squared

errors of the closed form estimators for α and β were almost the same as those for the

maximum likelihood estimators for all values of n and when one or both of α and β was large.

Furthermore, the three closed form estimators for the beta prime distribution appeared to

perform equally well for all values of n, α and β.

6. CONCLUSIONS

Based on results due to Ye and Chen (2017); Tamae et al. (2020); Nawa and Nadarajah

(2023), we have derived closed form estimators for the inverse gamma and beta prime dis-

tributions. We have established their consistencies as well as their asymptotic distributions.



14 V. Nawa and S. Nadarajah

Simulation studies have shown that the closed form estimators perform as well as the maxi-

mum likelihood estimators for all sample sizes when at least one of the parameters is large.

The performance was assessed in terms of biases and mean squared errors.

Future work is to propose closed form estimators for bivariate, multivariate, matrix

variate and complex variate versions of the inverse gamma and beta prime distributions and

to compare their performances versus maximum likelihood estimators.
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