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Abstract:

e This paper evaluates the performance of Abu-Shawiesh et al. (2011)’s robust confidence interval for
the population standard deviation which was designed to achieve a coverage probability close to a
nominal of 100(1 —«)%, particularly for skewed distributions. A simulation study was conducted to
evaluate the performance of this method, and a discrepancy was discovered between the simulation
results and those reported by the original authors. Specifically, for skewed distributions, the
procedure exhibited very poor coverage-approaching zero in some cases. Motivated by this finding,
this paper introduces a modified version of the robust method that provides coverage probabilities
much closer to the nominal level of 100(1 — a)%. The modification builds upon the approach
of Abu-Shawiesh et al. (2011) but incorporates an adjustment to account for skewness. Results
from Monte Carlo simulations using both normal and non-normal distributions indicate that the
modified method produces confidence intervals with substantially improved coverage probabilities
compared to the original procedure, particularly under skewed distributions.
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1. INTRODUCTION

A confidence interval is a range of values with a positive probability of including the
unknown parameter. The exact 100(1 - )% confidence interval for o2 is based on the
assumption that the sample data are drawn from a normally distributed population. Let

x1,T2,. .., T, be a random sample from a normal distribution with mean, x and variance, o2,
: . 2 : n  (z;—%)% 2 = _ N\ oz 2 :
that is, z; ~ N(u,0*) for all i, then ) ;° | = ~ x5 |, where Z = ) }' | 7¢, and X{n—1 is a

chi-square distribution with n — 1 degrees of freedom. Then the exact 100(1-cr)% confidence
interval for o2 is given as

(n —1)s? (n —1)s?
(1.1) < 0% < e

2 _ (zi—2) 2
where s* = > 1) X1-a/2,n—1°

of a chi-square distribution with df degrees of freedom. To obtain the confidence interval for

L = Xi/2,n—1 and U = and Xg,df is the p'" percentile

the population standard deviation o, take the square root of the endpoints of (1.1).

The sample standard deviation s is not the most efficient scale estimator in leptokurtic
and skewed distributions, and is not robust to slight deviations from normality Tukey (1960),
making (1.1) hypersensitive to minor violations of the normality assumption Bonett (2006).
Therefore, when data are heavy-tailed or skewed, (1.1) performs poorly and often results in
inaccurate coverage probabilities Harter (1961).

The sample variance, s2, is very sensitive to outliers. As demonstrated by Lehmann
(1986), (1.1) is also highly sensitive to the presence of outliers. Bonett (2006) through
simulation showed that given o = 0.05, and n = 25, (1.1) yields an asymptotic coverage
probability of 0.83, 0.72 and 0.59 for the distributions #(5), Exp(2), and x2(1), respectively.
These major setbacks of (1.1) call for the need for an alternative 100(1 - a)% confidence
interval for ¢ that is more robust and consistently provides accurate coverage in a wider
range of conditions.

Abu-Shawiesh et al. (2011) proposed a robust method for constructing interval esti-
mates of ¢ that is not overly sensitive to changes in distributions and is designed to deal with
problems associated with skewed distributions and outliers. However, examination of the
method proposed by Abu-Shawiesh et al. (2011) suggests that these intervals have very poor
coverage probabilities for skewed distributions. Specifically, for highly skewed distributions,
the procedure exhibited very poor coverage-approaching zero.

This work proposes a modification to the Abu-Shawiesh et al. (2011) method that has
a higher coverage probability for non-normal data. The performance of (1.1), the confidence
interval method by Abu-Shawiesh et al. (2011), as well as the proposed modification is eval-
uated. The paper is organized as follows: Section 2 describes the methodological framework,
introducing both the original Abu-Shawiesh et al. (2011) and the proposed modified confi-
dence interval methods. Section 3 presents the findings of the simulation study, while Section
4 offers concluding insights.
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2. METHODOLOGY

2.1. Robust method

To address the challenges posed by nonnormal distributions and outliers on (1.1), Abu-
Shawiesh et al. (2011) adopted the robust estimator @, originally proposed by Rousseeuw
and Croux (1993), and outlined a method for more reliable estimation of the population
standard deviation. Suppose x1, Zo, ..., x, are random observations from a continuous, in-
dependent, and identically distributed random variable. The random variable T is defined
as

dnQn

(2.1) = =i,

Here, d, @, is an unbiased estimator for o, ensuring that E(7T) = 1 under the normal
distribution. The @Q),, is defined as

Qn = d{|zi — 2|50 < j}w)

where d is a correction factor for consistency and k = (g) = %, where h = [5] + 1,
representing half of the observations. In the case of Gaussian distributions, Rousseeuw and
Croux (1993) showed that d = 2.2219. For large sample sizes, the following asymptotic result

holds Rousseeuw and Croux (1993):

o 1.65n
(2.3) T=d,Q,~N L 52
‘ oL = dnfen T 165n° )

Therefore, (2.3) leads to the following pivotal quantity
dnQn — o

(2.4) :
1.28vn?

~ N(0,1).

Based on the pivotal quantity, the 100(1 — «)% robust confidence interval for o is
derived as follows:

d —
(2.5) P (z; < M < zl_r;) —1—a,
1.28vn?

where zo and z,_g are the (%) and (1— %)™ percentiles of the standard normal distribution.
Isolating o gives

1.28v/n - dpQn 1.28/7 - dpQn
P o< VT Tnn ) g,
212 +1.28\/n za +1.28/n
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The proposed 100(1 — )% robust confidence interval by Abu-Shawiesh et al. (2011) is

L8V dnQn _ 128y dnQn
21-a +1.28yn za +1.28/n

(2.6)

where zo and z,_g are the (2)! and (1— %)™ percentiles of the standard normal distribution,
respectively. Rousseeuw and Croux (1993), derived the factor d, so that d,@Q, becomes an
unbiased estimator of ¢ when sampling from a normal distribution. The values of d,, for
n < 10 are provided in Table 1:

n 2 3 4 5 6 7 8 9
dn | 0.399 | 0.994 | 0.512 | 0.844 | 0.611 | 0.857 | 0.669 | 0.872

Table 1: Unbiasing Factor (d,,) Values.
For n > 10, d,, can be defined as

n
4 — ) mss n even
=
n odd.

_n_
n+1.4>

Abu-Shawiesh et al. (2011) also proposed the following bootstrap procedure for the
100(1 — a)% confidence interval for o

(2.7) LCL = *8\/5—6”2 and UCL = — By - dn)
7, +128vn Zy_op+ 128y
where Z7 o and Z7_ , are the (2)" and (1 — %)™ sample quantiles of the bootstrap test

ot x _ T -k A 1 B (- Z\2. ks ith
statistics Z = #5—%, and 6 = \/ﬂ Yoo (@* — 2)?%; ;" is the i bootstrap sample mean,

T is the overall bootstrap mean; hence 6 is the overall bootstrap standard deviation of the
bootstrap means.

2.2. Simulation results

This section presents a simulation study to assess the performance of Equations (2.6)
and (2.7). Coverage probabilities, along with the mean and standard deviation of the interval
widths, were estimated using 10,000 Monte Carlo samples for each of the following sample
sizes: 5, 10, 20, 30, 50, 70, and 100, consistent with the setup of Abu-Shawiesh et al. (2011).
All simulations were carried out in R with a random seed of 1234 and run on a Pentium 4
processor. Abu-Shawiesh et al. (2011) evaluated (2.6) under three distributions

1.  Normal distribution with a mean and standard deviation of 3 and 1, respectively.
2. Chi-square distribution with 1 degree of freedom.

3. Lognormal distribution with a mean of 1 and a standard deviation of 0.80.

To estimate coverage probabilities, random samples of the specified sizes were gener-
ated from each distribution. For each replication, the statistic (),, was computed, and the
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corresponding estimate of d,, was obtained for the given sample size. A confidence interval
for o was constructed using d,@Q, based on the methods under evaluation. Repeating this
process 10,000 times yielded a large collection of simulated intervals from which coverage
probability was estimated as the proportion of intervals containing the true value of o. The
mean, median, and standard deviation of the interval widths were also recorded.

The simulated coverage probabilities, the mean and standard deviation of the interval
widths, and the results reported in Abu-Shawiesh et al. (2011) were used to generate Fig-
ures 1, 2, and 3. These figures present comparative plots of the simulation results against
those reported in Abu-Shawiesh et al. (2011) for the normal, chi-square, and lognormal dis-
tributions, respectively. Each figure consists of four subplots:

) coverage probabilities.

) mean interval width.

c) standard deviation of the width of the interval.
)

an area plot displaying the proportion of intervals that

e  captures the true value of o.

e  miss high (that is, the lower confidence limit is greater than o). Labeled as “Over”
in plots and tables.

e miss low (that is, the upper confidence limit is less than o). Labeled as “Under”
in plots and tables.
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Figure 1: Normal(3,1).
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In subplots a), b), and ¢) of each figure, the solid line represents the results reported in
Abu-Shawiesh et al. (2011), while the dashed line represents the results of the simulation. As
illustrated in Figure 1a, the simulated coverage probabilities align closely with those reported
in Abu-Shawiesh et al. (2011), considering a simulation error of 0.00436.

Figures 1b and lc¢ provide comparisons of the mean and standard deviation of the
interval widths, respectively. Both simulation metrics closely mirror those reported in Abu-
Shawiesh et al. (2011), as indicated by the near overlap between the solid and dashed lines.
A similar pattern of agreement is observed in Figures 2b and 2¢. However, Figure 2a shows
a notable discrepancy: as the sample size increases, the simulation’s coverage probabilities
decrease sharply to 0, whereas the findings reported in Abu-Shawiesh et al. (2011) increase
slightly above the nominal level of 0.95.

Although the method appears to perform well for the normal distribution with u = 3
and ¢ = 1, it performs poorly for the X%1) and lognormal distributions with p,s = 1 and
olog = 0.8. The coverage probabilities of these skewed right distributions decrease sharply
to 0 as reflected in Figures 2a and 3a and deviate substantially from the values reported
in Abu-Shawiesh et al. (2011). Figures 1d, 2d, and 3d further illustrate how the interval
captures, underestimates, or overestimates the true parameter for the normal, chi-square,
and lognormal distributions, respectively.

Comparison of Coverage Probability Comparison of Mean Width
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Figure 2: X%l)’

Figures 2d and 3d demonstrate how (2.6) consistently fails to capture the true standard
deviation of the X%l) and lognormal distributions with g, = 1 and 01,3 = 0.8. The plots
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highlight that the upper bounds of the constructed intervals frequently fall below the actual
standard deviation values for these skewed distributions. To remedy this, extending the upper
bound of (2.6) appears necessary. However, any such modification must preserve the strong
performance of equation (2.6) for symmetric and less skewed distributions.

Comparison of Coverage Probability Comparison of Mean Width

1.00
2075
£ 4
3 kS
8 Results 3 Results
%n 50 ’\ = Paper Results E = Paper Results
g ' ~ Simulation Results @ = Simulation Resuts
=
o ' i
3 ' z
Oo2s A
N
N
N
AT
000| 0 T T — e e emme——oo ,
s 50 76 100 2 50 75 100
Sample Size Sample Size
(a) Coverage Probability. (b) Mean Width.
Comparison of Standard Deviation Width Area Plot For Chi-square Distribution
4 00| p—
s
§3 075
H
8 Results H Type
32 = Paper Results EU 50 Over
a - Simulation Results 3 Under
g o Coverage
-l
c
al 0.25
0 0.00
2 50 75 100 2 0 7 100
Sample Size Sample Size
(c) Standard Deviation Width. (d) Area Plot.

Figure 3: Lognormal(1,0.8).

2.3. Proposed confidence interval

The potential modification considered to address the issue observed when using the
Abu-Shawiesh et al. (2011) method was to introduce a skew scaling factor into the upper
tail of (2.6). The motivation for incorporating skewness to the upper limit of (2.6) was that
the method continued to underestimate o for highly skewed data and to obtain coverage
close to the nominal value of 0.95, the upper limit of (2.6) needed to be extended for skewed
distributions whilst also making sure that the modification made retains the performance of

(2.6) under symmetric distributions. Therefore, the proposed 100(1 — )% confidence interval
for o is:

1.28v/n(dnQn) 1.28/n(dn@n) (1 + 93] (I> 1) (1931))
(2.8) <o < ,
z1-g + 1.28y/n za + 1.28y/n
1 ifzecA
where [4(z) = n ., 22 and z;_a are the (2)" and (1 — )™ percentiles of the
0 otherwise 2 2

standard normal distribution. Here, 43 is the sample skew defined as —rm=; S (EE)3



8 T. Oppong Kyeremeh and R. Henderson

with s = -3 (2; —2)%, 2 = 237 | ;. In addition, |z| is the absolute value of z.
The same adjustment was made for the robust bootstrap method proposed by Abu-Shawiesh
et al. (2011).Therefore, the bootstrap procedure proposed for 100%(1 — «) confidence interval
for o is:

1.2 -d 1.28y/n-d 14+ |As|(I o)
0o pep_ LBV Qoo LISV @l o ()

7y, +128V/n Zi g+ 1.28V0
where Z , and Z7_ , are the (%)™ and (1 — )™ quantiles from the distribution of the
bootstrap test statistics Z = fi;;E, and 6 = ﬁ Zf;l(fi* — Z)2; &;* is the i*" bootstrap

sample mean, T is the overall bootstrap mean; hence 6p is the overall bootstrap standard
deviation of the bootstrap means.

3. SIMULATION STUDIES

3.1. Method

A simulation study was conducted to investigate the performance of (1.1), (2.6), (2.7),
(2.8) and (2.9). For each of the sample sizes-5, 10, 20, 30, 50, 70, and 100-10,000 Monte Carlo
samples were generated from each of the following distributions:

1.  Normal distribution with a mean and standard deviation of 3 and 1, respectively.
2.  Beta distribution with shape parameters o = 0.5 and § = 0.5

3.  Laplace distribution with location ¢ = 0 and scale parameter 0

4.  Lognormal distribution with a mean of 1 and a standard deviation of 0.80.

5. Chi-square distribution with 1 degree of freedom.

6. Beta distribution with shape parameters o = 10 and 5 =4

7. Beta distribution with shape parameters a = 20 and g =1

These simulations were used to estimate the coverage probabilities, average interval
widths, median widths, and standard deviations (SD) of the interval widths. The coverage
probability was obtained as the proportion of the 10,000 simulated intervals that contained
the true value of o. The mean, median, and SD of the interval widths were computed by first
determining the width of each of the 10,000 intervals and then calculating the correspond-
ing summary statistics. Over-coverage and under-coverage were defined as the proportions
of simulated intervals that lay above or below the true value of o, respectively. For the
bootstrap-based methods, 1,000 bootstrap samples were generated for each simulation sam-
ple. A significance level of @ = 0.05 was used, corresponding to a 95% confidence interval,
which served as the target coverage rate. The primary performance metric was coverage
probability, with mean or median width used for further comparison when methods exhib-
ited similar coverage.
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3.2. Simulation results
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Figure 4: Each confidence interval procedure is represented by seven distinct bars, displaying
the coverage probabilities for sample sizes, n, arranged from smallest to largest, read from
left to right in this study.
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Figure 4 compares the coverage probabilities of methods (1.1), (2.6), (2.7), (2.8) and
(2.9). Under normality (Figure 4a), the exact confidence interval (1.1) attains coverage closest
to the nominal 0.95 and produces the narrowest interval (Table 3, appendix). Although (2.6)
and (2.8) approach nominal coverage for large sample sizes (n = 70 and 100), their intervals
remain wider than those from (1.1). As shown by Cohen (1972), no other confidence interval
for s under normality is shorter than (1.1).

Figures 4b—4g present the results for symmetric heavy-tailed and skewed distributions.
In these settings, methods (1.1) and (2.6) generally perform poorly, with coverage more than
10% below the nominal, except for the Beta(0.5,0.5) and Beta(10,4) distributions. For
Beta(0.5,0.5), method (1.1) is conservative, producing coverage above 0.95. Under highly
skewed distributions, method (2.6) deteriorates sharply, with coverage approaching zero as
sample size increases; for large n, its coverage is 0 or near 0 (Tables 6, 7, and 9 in the
appendix). The modified method (2.8) performs more reliably under skewness, producing
a coverage closer to 0.95, but under unbounded symmetric heavy-tailed distributions, its
coverage drops below 0.70 for larger n. The bootstrap methods (2.7) and (2.9) closely mirror
the behavior of their corresponding parent methods.

Tables 3 - 9 (see the appendix) show that (2.8) is wider and more variable than the
other confidence interval procedures, especially for small sample sizes (n = 5 and 10). Al-
though narrower intervals are preferable, (2.1) required a widening under skewness, resulting
n (2.8), because its intervals were too narrow to capture o. This is the trade-off for achieving
coverage closer to 0.95. Comparative analysis shows that the modified robust method outper-
forms the original robust confidence interval method in symmetric, skewed, and heavy-tailed
distributions. This improvement is also evident when considering bootstrap techniques.

4. Example

Bluman (2018, p. 404) provides the mean mathematics SAT scores by state. The scores
of 12 states are provided below.

490, 502, 211, 209, 499, 565, 469, 543, 572, 550, 515, 500.

The mean, standard deviation, and skewness of this sample are 468.75, 124.88, and —1.77,
respectively. The samples were assumed to have originated from a normal population. The
resulting 95% confidence intervals and widths for the different methods are presented in the
table below.

Method Confidence Interval | Width
Exact (88.46, 212.02) 123.56
Robust (36.25, 93.69) 57.44
Modified Robust (8.18, 58.43) 50.25
Robust Bootstrap (37.72, 105.03) 67
Modified Robust Bootstrap | (37.62, 290.21) 252.59

Table 2: 95% Confidence Intervals for the SAT Data.

Table 2 shows substantial differences in the width of the interval between methods. The
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Exact interval is wide, indicating sensitivity to distributional assumptions, while the Robust
and Modified Robust methods yield much narrower and more precise intervals. The Robust
Bootstrap interval is slightly wider but still consistent with its analytic counterpart. In
contrast, the Modified Robust Bootstrap interval is extremely wide, suggesting instability of
the modified estimator under resampling and indicating that this method may not perform
reliably for the SAT data. From the above Table, we observed that the Modified Robust
methods yield much narrower and more precise intervals.

5. CONCLUSION

This paper evaluates the performance of Abu-Shawiesh et al. (2011) (2.6) and intro-
duces a modification that achieves coverage probabilities closer to the nominal level 1 —a. A
simulation study was conducted to compare the performance of several confidence intervals
for 0. For normally distributed data, (1.1) yields the most reliable and narrowest intervals.
In non-normal settings, (2.8) generally performs well, although it tends to generate wider in-
tervals than the other methods and produces poor coverage for large samples from symmetric
unbounded heavy-tailed distributions. Abu-Shawiesh et al. (2011)’s (2.1) performs well for
symmetric and mildly skewed distributions. The bootstrap procedures reflected the behav-
ior of their corresponding parent methods. The proposed bootstrap version outperformed
the bootstrap method of Abu-Shawiesh et al. (2011), although, like its parent method, (2.9)
yields wider intervals than (2.7).

Overall, the modified robust method is recommended for practitioners working with
highly skewed distributions, while the original robust method from Abu-Shawiesh et al. (2011)
is preferable for symmetric and mildly skewed data. Both robust and modified robust intervals
are straightforward to compute and less computationally demanding than their bootstrap
counterparts.
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A. APPENDIX

Sample Sizes
Methods Measuring Criteria | 5 10 20 30 50 70 100
Exact Cover 0.9499 | 0.9486 | 0.9544 | 0.9478 | 0.9493 | 0.9500 | 0.9514
Under 0.0263 | 0.0258 | 0.0213 | 0.0248 | 0.0269 | 0.0243 | 0.0242
Over 0.0238 | 0.0256 | 0.0243 | 0.0274 | 0.0238 | 0.0257 | 0.0244
Mean Width 2.1189 | 1.1114 | 0.6903 | 0.5441 | 0.4087 | 0.3410 | 0.2827
Median Width 2.0701 | 1.0977 | 0.6877 | 0.5420 | 0.4082 | 0.3405 | 0.2826
SD Width 0.7689 | 0.2687 | 0.1114 | 0.0722 | 0.0416 | 0.0293 | 0.0200
Robust Cover 0.8154 | 0.8868 | 0.9169 | 0.9255 | 0.9337 | 0.9374 | 0.9448
Under 0.0789 | 0.0422 | 0.0362 | 0.0314 | 0.0300 | 0.0294 | 0.035
Over 0.1057 | 0.0710 | 0.0469 | 0.0431 | 0.0363 | 0.0332 | 0.0295
Mean Width 2.5638 | 1.2790 | 0.7739 | 0.6080 | 0.4542 | 0.3785 | 0.3135
Median Width 2.3936 | 1.2549 | 0.7704 | 0.6049 | 0.4535 | 0.3779 | 0.3130
SD Width 1.3754 | 0.3921 | 0.1533 | 0.0952 | 0.0536 | 0.0369 | 0.0251
Modified Robust Cover 0.8558 | 0.9042 | 0.9242 | 0.9304 | 0.9353 | 0.9377 | 0.9448
Under 0.0385 | 0.0248 | 0.0289 | 0.0265 | 0.0284 | 0.0291 | 0.0257
Over 0.1057 | 0.0710 | 0.0469 | 0.0431 | 0.0363 | 0.0332 | 0.0295
Mean Width 3.4651 | 1.5688 | 0.8584 | 0.6405 | 0.4614 | 0.3802 | 0.3137
Median Width 3.0424 | 1.3749 | 0.7879 | 0.6104 | 0.4542 | 0.3781 | 0.3131
SD Width 2.0742 | 0.7837 | 0.3709 | 0.2215 | 0.1057 | 0.0570 | 0.0279
Robust Bootstrap Cover 0.8037 | 0.8818 | 0.9148 | 0.9215 | 0.9309 | 0.9369 | 0.9420
Under 0.0851 | 0.0464 | 0.0379 | 0.0330 | 0.0317 | 0.0297 | 0.0262
Over 0.1112 | 0.0718 | 0.0473 | 0.0455 | 0.0374 | 0.0334 | 0.0318
Mean Width 2.5027 | 1.2648 | 0.7689 | 0.6048 | 0.4518 | 0.3767 | 0.3120
Median Width 2.3153 | 1.2430 | 0.7640 | 0.6021 | 0.4501 | 0.3757 | 0.3118
SD Width 1.4010 | 0.3974 | 0.1548 | 0.0963 | 0.0546 | 0.0378 | 0.0259
Modified Robust Bootstrap | Cover 0.8470 | 0.9012 | 0.9226 | 0.9226 | 0.9325 | 0.9372 | 0.9420
Under 0.0418 | 0.0270 | 0.0301 | 0.0279 | 0.0301 | 0.0294 | 0.0262
Over 0.1112 | 0.0718 | 0.0473 | 0.0455 | 0.0374 | 0.0334 | 0.0318
Mean Width 3.4151 | 1.5526 | 0.8533 | 0.6372 | 0.4590 | 0.3783 | 0.3122
Median Width 2.8908 | 1.3594 | 0.7812 | 0.6071 | 0.4508 | 0.3759 | 0.3118
SD Width 2.2759 | 0.7889 | 0.3723 | 0.2219 | 0.1062 | 0.0573 | 0.0287

Table 3: Coverage Properties for N(3, 1).
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Sample Sizes
Methods Measuring Criteria | 5 10 20 30 50 70 100
Exact Cover 0.9784 1 0.9937 | 0.9983 | 0.9995 | 0.9998 | 0.9998 | 0.9999
Under 0.0216 | 0.0063 | 0.0017 | 0.0005 | 0.0002 | 0.0002 | 0.0001
Over 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Mean Width 0.7747 | 0.3986 | 0.2464 | 0.1935 | 0.1450 | 0.1210 | 0.1002
Median Width 0.8085 | 0.4034 | 0.2476 | 0.1939 | 0.1451 | 0.1211 | 0.1002
SD Width 0.2030 | 0.0571 | 0.0221 | 0.0133 | 0.0075 | 0.0052 | 0.0036
Robust Cover 0.8048 | 0.9230 | 0.9346 | 0.9269 | 0.9075 | 0.8837 | 0.8329
Under 0.1346 | 0.0658 | 0.0652 | 0.0730 | 0.0925 | 0.1163 | 0.1671
Over 0.0606 | 0.0112 | 0.0002 | 0.0001 | 0.0000 | 0.0000 | 0.0000
Mean Width 0.8091 | 0.4186 | 0.2486 | 0.1926 | 0.1438 | 0.1198 | 0.0991
Median Width 0.7755 | 0.4282 | 0.2533 | 0.1954 | 0.1455 | 0.1208 | 0.0998
SD Width 0.4434 | 0.1150 | 0.0417 | 0.0243 | 0.0129 | 0.0086 | 0.0057
Modified Robust Cover 0.8650 | 0.9508 | 0.9419 | 0.9268 | 0.9088 | 0.8772 | 0.8323
Under 0.0787 | 0.0359 | 0.0578 | 0.0732 | 0.0912 | 0.1228 | 0.1677
Over 0.0563 | 0.0133 | 0.0003 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Mean Width 1.0612 | 0.4739 | 0.2536 | 0.1934 | 0.1439 | 0.1198 | 0.0991
Median Width 0.9923 | 0.4528 | 0.2541 | 0.1960 | 0.1456 | 0.1209 | 0.0998
SD Width 0.6096 | 0.1673 | 0.0521 | 0.0266 | 0.0129 | 0.0087 | 0.0057
Robust Bootstrap Cover 0.7955 | 0.9165 | 0.9313 | 0.9228 | 0.9071 | 0.8736 | 0.8278
Under 0.1454 | 0.0688 | 0.0683 | 0.0772 | 0.0929 | 0.1264 | 0.1722
Over 0.0591 | 0.0147 | 0.0004 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Mean Width 0.7842 | 0.4135 | 0.2466 | 0.1915 | 0.1431 | 0.1191 | 0.0986
Median Width 0.7492 | 0.4207 | 0.2506 | 0.1943 | 0.1445 | 0.1200 | 0.0991
SD Width 0.4500 | 0.1176 | 0.0418 | 0.0251 | 0.0132 | 0.0091 | 0.0061
Modified Robust Bootstrap | Cover 0.8514 [ 0.9479 | 0.9409 | 0.9247 | 0.9071 | 0.8736 | 0.8278
Under 0.0895 | 0.0374 | 0.0587 | 0.0753 | 0.0929 | 0.1264 | 0.1722
Over 0.0591 | 0.0147 | 0.0004 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Mean Width 1.0554 | 0.4680 | 0.2516 | 0.1921 | 0.1431 | 0.1191 | 0.0987
Median Width 0.9446 | 0.4459 | 0.2520 | 0.1944 | 0.1445 | 0.1201 | 0.0991
SD Width 0.6875 | 0.1707 | 0.0525 | 0.0271 | 0.0133 | 0.0091 | 0.0062
Table 4: Coverage Properties for Beta(0.5, 0.5).
Sample Sizes
Methods Measuring Criteria | 5 10 20 30 50 70 100
Exact Cover 0.8748 ] 0.8396 | 0.8245 | 0.8121 | 0.7973 | 0.7986 | 0.7925
Under 0.0684 | 0.0819 | 0.0960 | 0.0991 | 0.1088 | 0.1077 | 0.1104
Over 0.0568 | 0.0785 | 0.0795 | 0.0888 | 0.0939 | 0.0937 | 0.0971
Mean Width 11.4875 | 6.1339 | 3.8507 | 3.0414 | 2.2932 | 1.9193 | 1.5939
Median Width 10.5406 | 5.8575 | 3.7720 | 2.9929 | 2.2706 | 1.9075 | 1.5861
SD Width 5.7038 | 2.1396 | 0.9271 | 0.6102 | 0.3593 | 0.2534 | 0.1765
Robust Cover 0.7897 | 0.8193 [ 0.7701 | 0.7109 | 0.5862 | 0.4862 | 0.3571
Under 0.1256 | 0.1336 | 0.2104 | 0.2775 | 0.4101 | 0.5129 | 0.6424
Over 0.0847 | 0.0471 | 0.0195 | 0.0116 | 0.0037 | 0.0009 | 0.0005
Mean Width 12.6783 | 6.2207 | 3.6674 | 2.8462 | 2.1118 | 1.7521 | 1.4502
Median Width 11.0767 | 5.9415 | 3.6050 | 2.8081 | 2.0935 | 1.7422 | 1.4422
SD Width 8.0310 | 2.3580 | 0.9487 | 0.5923 | 0.3411 | 0.2339 | 0.1636
Modified Robust Cover 0.8521 | 0.8873 | 0.8591 | 0.8021 | 0.6789 | 0.5770 | 0.4402
Under 0.0632 | 0.0656 | 0.1214 | 0.1863 | 0.3174 | 0.4221 | 0.5593
Over 0.0847 | 0.0471 | 0.0195 | 0.0116 | 0.0037 | 0.0009 | 0.0005
Mean Width 19.4204 | 10.0773 | 6.3107 | 4.9429 | 3.5727 | 2.8619 | 2.2521
Median Width 15.6448 | 7.6747 | 4.2001 | 3.1024 | 2.2135 | 1.8056 | 1.4753
SD Width 14.0576 | 6.7581 | 4.6981 | 4.0529 | 3.2775 | 2.8506 | 2.3613
Robust Bootstrap Cover 0.7711 | 0.8123 | 0.7662 | 0.7094 | 0.5841 | 0.4852 | 0.3569
Under 0.1421 | 0.1399 | 0.2134 | 0.2791 | 0.4122 | 0.5139 | 0.6427
Over 0.0868 | 0.0478 | 0.0204 | 0.0115 | 0.0037 | 0.0009 | 0.0004
Mean Width 12.5269 | 6.1646 | 3.6481 | 2.8316 | 2.1029 | 1.7456 | 1.4440
Median Width 10.8695 | 5.8563 | 3.5788 | 2.7948 | 2.0833 | 1.7356 | 1.4366
SD Width 8.4389 | 2.4232 | 0.9570 | 0.5986 | 0.3439 | 0.2366 | 0.1661
Modified Robust Bootstrap | Cover 0.8450 | 0.8837 [ 0.8556 | 0.8016 | 0.6777 | 0.5752 | 0.4400
Under 0.0682 | 0.0685 | 0.1240 | 0.1869 | 0.3186 | 0.4239 | 0.5596
Over 0.0868 | 0.0478 | 0.0204 | 0.0115 | 0.0037 | 0.0009 | 0.0004
Mean Width 19.4076 | 9.9927 | 6.2888 | 4.9219 | 3.5620 | 2.8551 | 2.2456
Median Width 14.8695 | 7.6113 | 4.1799 | 3.0861 | 2.2083 | 1.7998 | 1.4691
SD Width 15.8803 | 6.8243 | 4.7086 | 4.0430 | 3.2733 | 2.8515 | 2.3621

Table 5: Coverage Properties for Laplace(0, 4).
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Sample Sizes
Methods Measuring Criteria | 5 10 20 30 50 70 100
Exact Cover 0.6948 | 0.6366 | 0.6103 | 0.5864 | 0.5718 | 0.5689 | 0.5645
Under 0.2215 | 0.2526 | 0.2620 | 0.2584 | 0.2627 | 0.2593 | 0.2578
Over 0.0837 | 0.1108 | 0.1277 | 0.1552 | 0.1655 | 0.1718 | 0.1777
Mean Width 2.5653 | 1.4180 | 0.9164 | 0.7421 | 0.5634 | 0.4728 | 0.3941
Median Width 2.0968 | 1.2680 | 0.8629 | 0.7073 | 0.5465 | 0.4622 | 0.3874
SD Width 1.8758 | 0.7558 | 0.3494 | 0.2372 | 0.1419 | 0.1017 | 0.0708
Robust Cover 0.5454 | 0.3875 | 0.1217 | 0.0293 | 0.0024 | 0.0000 | 0.0000
Under 0.4279 | 0.6047 | 0.8782 | 0.9707 | 0.9976 | 1.0000 | 1.0000
Over 0.0267 | 0.0078 | 0.0001 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Mean Width 1.8578 | 0.8909 | 0.4835 | 0.3603 | 0.2595 | 0.2131 | 0.1748
Median Width 1.3724 | 0.7849 | 0.4559 | 0.3469 | 0.2539 | 0.2100 | 0.1728
SD Width 1.7012 | 0.5230 | 0.1979 | 0.1212 | 0.0693 | 0.0483 | 0.0332
Modified Robust Cover 0.7219 | 0.7894 | 0.8397 | 0.8849 | 0.9288 | 0.9507 | 0.9729
Under 0.2514 | 0.2028 | 0.1602 | 0.1151 | 0.0712 | 0.0493 | 0.0271
Over 0.0267 | 0.0078 | 0.0001 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Mean Width 3.5578 | 2.5229 | 2.0786 | 1.9824 | 1.8735 | 1.8251 | 1.7864
Median Width 2.4824 | 2.1101 | 1.9721 | 1.8741 | 1.7708 | 1.7229 | 1.6976
SD Width 3.4795 | 1.7443 | 1.0375 | 0.8437 | 0.6603 | 0.5916 | 0.5239
Robust Bootstrap Cover 0.4535 | 0.3232 | 0.0974 | 0.0236 | 0.0016 | 0.0000 | 0.0000
Under 0.5210 | 0.6696 | 0.9025 | 0.9764 | 0.9984 | 1.0000 | 1.0000
Over 0.0255 | 0.0072 | 0.0001 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Mean Width 1.4839 | 0.7717 | 0.4442 | 0.3383 | 0.2488 | 0.2063 | 0.1705
Median Width 1.0193 | 0.6703 | 0.4173 | 0.3244 | 0.2429 | 0.2032 | 0.1685
SD Width 1.5057 | 0.4794 | 0.1882 | 0.1167 | 0.0676 | 0.0475 | 0.0328
Modified Robust Bootstrap | Cover 0.6545 | 0.7516 | 0.8195 | 0.8720 | 0.9199 | 0.9453 | 0.9702
Under 0.3200 | 0.2412 | 0.1804 | 0.1280 | 0.0801 | 0.0547 | 0.0298
Over 0.0255 | 0.0072 | 0.0001 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Mean Width 2.6662 | 2.1889 | 1.9409 | 1.8934 | 1.8229 | 1.7898 | 1.7621
Median Width 1.9532 | 1.8492 | 1.8512 | 1.8004 | 1.7297 | 1.6935 | 1.6755
SD Width 2.5018 | 1.4805 | 0.9499 | 0.7885 | 0.6312 | 0.5716 | 0.5113
Table 6: Coverage Properties for Chi-square df = 1.
Sample Sizes
Methods Measuring Criteria | 5 10 20 30 50 70 100
Exact Cover 0.8036 | 0.6968 | 0.6458 | 0.6058 | 0.5844 | 0.5655 | 0.5530
Under 0.1327 | 0.1997 | 0.2425 | 0.2558 | 0.2689 | 0.2763 | 0.2774
Over 0.0637 | 0.1035 | 0.1117 | 0.1384 | 0.1467 | 0.1582 | 0.1696
Mean Width 1.4795 | 0.8223 | 0.5187 | 0.4172 | 0.3177 | 0.2667 | 0.2222
Median Width 1.2330 | 0.7215 | 0.4793 | 0.3914 | 0.3038 | 0.2558 | 0.2158
SD Width 0.9877 | 0.4253 | 0.1975 | 0.1355 | 0.0855 | 0.0641 | 0.0428
Robust Cover 0.7678 | 0.6847 | 0.4146 | 0.2370 | 0.0658 | 0.0I58 | 0.0010
Under 0.1985 | 0.3059 | 0.5846 | 0.7630 | 0.9342 | 0.9842 | 0.9990
Over 0.0337 | 0.0094 | 0.0008 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Mean Width 1.3938 | 0.6781 | 0.3964 | 0.3084 | 0.2288 | 0.1899 | 0.1570
Median Width 1.1982 | 0.6383 | 0.3876 | 0.3031 | 0.2267 | 0.1886 | 0.1564
SD Width 0.9359 | 0.2684 | 0.1015 | 0.0629 | 0.0353 | 0.0244 | 0.0165
Modified Robust Cover 0.8597 | 0.8678 | 0.8532 | 0.8598 | 0.9180 | 0.9570 | 0.9828
Under 0.1066 | 0.1228 | 0.1460 | 0.1402 | 0.0820 | 0.0430 | 0.0172
Over 0.0337 | 0.0094 | 0.0008 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Mean Width 2.4284 | 1.6230 | 1.3940 | 1.3902 | 1.4169 | 1.4267 | 1.4458
Median Width 1.8219 | 1.3144 | 1.3949 | 1.3815 | 1.3511 | 1.3348 | 1.3354
SD Width 2.0713 | 1.1327 | 0.8199 | 0.7415 | 0.6526 | 0.5989 | 0.5559
Robust Bootstrap Cover 0.6927 | 0.6056 | 0.3516 | 0.1959 | 0.0532 | 0.0115 | 0.0007
Under 0.2750 | 0.3858 | 0.6477 | 0.8041 | 0.9468 | 0.9885 | 0.9993
Over 0.0323 | 0.0086 | 0.0007 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Mean Width 1.1637 | 0.6040 | 0.3694 | 0.2925 | 0.2205 | 0.1845 | 0.1535
Median Width 0.9712 | 0.5661 | 0.3603 | 0.2873 | 0.2182 | 0.1832 | 0.1529
SD Width 0.8264 | 0.2503 | 0.0982 | 0.0618 | 0.0350 | 0.0244 | 0.0166
Modified Robust Bootstrap | Cover 0.8366 | 0.8523 | 0.8435 | 0.8548 | 0.9173 | 0.9567 | 0.9828
Under 0.1311 | 0.1391 | 0.1558 | 0.1452 | 0.0827 | 0.0433 | 0.0172
Over 0.0323 | 0.0086 | 0.0007 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Mean Width 1.9144 | 1.4294 | 1.3081 | 1.3319 | 1.3803 | 1.4002 | 1.4268
Median Width 1.5438 | 1.1786 | 1.3251 | 1.3373 | 1.3239 | 1.3158 | 1.3211
SD Width 1.4578 | 0.9420 | 0.7453 | 0.6934 | 0.6219 | 0.5766 | 0.5406

Table 7: Coverage Properties for Lognormal (1, 0.8).
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Sample Sizes
Methods Measuring Criteria | 5 10 20 30 50 70 100
Exact Cover 0.9528 | 0.9473 | 0.9515 | 0.9540 | 0.9522 0.9552 | 0.9535
Under 0.0232 | 0.0280 | 0.0238 | 0.0219 | 0.0238 0.0231 | 0.0234
Over 0.0240 | 0.0247 | 0.0247 | 0.0241 | 0.0240 0.0217 | 0.0231
Mean Width 0.2491 | 0.1295 | 0.0806 | 0.0634 | 0.0476 0.0398 | 0.0329
Median Width 0.2439 | 0.1283 | 0.0802 | 0.0632 | 0.0475 0.0397 | 0.0329
SD Width 0.0897 | 0.0307 | 0.0129 | 0.0082 | 0.0048 0.0033 | 0.0023
Robust Cover 0.8238 | 0.9009 | 0.9311 | 0.9386 | 0.9474 0.9520 | 0.9568
Under 0.0750 | 0.0415 | 0.0339 | 0.0295 | 0.0270 0.0253 | 0.0236
Over 0.1012 | 0.0576 | 0.0350 | 0.0319 | 0.0256 0.0227 | 0.0196
Mean Width 0.2971 | 0.1474 | 0.0897 | 0.0704 | 0.0527 0.0439 | 0.0363
Median Width 0.2779 | 0.1458 | 0.0895 | 0.0701 | 0.0527 0.0439 | 0.0363
SD Width 0.1555 | 0.0434 | 0.0171 | 0.0104 | 0.0059 0.0040 | 0.0027
Modified Robust Cover 0.8611 | 0.9207 | 0.9413 | 0.9459 | 0.9517 0.9551 | 0.9578
Under 0.0377 | 0.0217 | 0.0237 | 0.0222 | 0.0.0227 | 0.0222 | 0.0226
Over 0.1012 | 0.0576 | 0.0350 | 0.0319 | 0.0256 0.0227 | 0.0196
Mean Width 0.4027 | 0.1870 | 0.1087 | 0.0820 | 0.0579 0.0465 | 0.0375
Median Width 0.3549 | 0.1607 | 0.0931 | 0.0717 | 0.0531 0.0441 | 0.0364
SD Width 0.2413 | 0.0992 | 0.0585 | 0.0433 | 0.0275 0.0190 | 0.0122
Robust Bootstrap Cover 0.8165 | 0.8971 | 0.9314 | 0.9394 | 0.9465 0.9509 | 0.9558
Under 0.0762 | 0.0398 | 0.0319 | 0.0266 | 0.0252 0.0248 | 0.0228
Over 0.1073 | 0.0631 | 0.0367 | 0.0340 | 0.0283 0.0243 | 0.0214
Mean Width 0.3032 | 0.1495 | 0.0904 | 0.0707 | 0.0528 0.0439 | 0.0363
Median Width 0.2856 | 0.1477 | 0.0901 | 0.0705 | 0.0527 0.0439 | 0.0363
SD Width 0.1636 | 0.0448 | 0.0173 | 0.0106 | 0.0060 0.0041 | 0.0028
Modified Robust Bootstrap | Cover 0.8510 | 0.9145 | 0.9398 | 0.9456 | 0.9505 0.9537 | 0.9567
Under 0.0417 | 0.0224 | 0.0235 | 0.0204 | 0.0212 0.0220 | 0.0219
Over 0.1073 | 0.0631 | 0.0367 | 0.0340 | 0.0283 0.0243 | 0.0214
Mean Width 0.4251 | 0.1918 | 0.1099 | 0.0826 | 0.0579 0.0465 | 0.0374
Median Width 0.3465 | 0.1614 | 0.0935 | 0.0719 | 0.0531 0.0441 | 0.0364
SD Width 0.3063 | 0.1105 | 0.0614 | 0.0445 | 0.0278 0.0192 | 0.0123
Table 8: Coverage Properties for Beta (10, 4).
Sample Sizes
Methods Measuring Criteria | 5 10 20 30 50 70 100
Exact Cover 0.8417 | 0.7956 | 0.7647 | 0.7696 | 0.7558 | 0.7464 | 0.7498
Under 0.0890 | 0.1217 | 0.1334 | 0.1263 | 0.1324 | 0.1383 | 0.1338
Over 0.0693 | 0.0827 | 0.1019 | 0.1041 | 0.1118 | 0.1153 | 0.1164
Mean Width 0.0912 | 0.0482 | 0.0306 | 0.0243 | 0.0184 | 0.0153 | 0.0127
Median Width 0.0823 | 0.0457 | 0.0297 | 0.0238 | 0.0181 | 0.0152 | 0.0127
SD Width 0.0489 | 0.0181 | 0.0083 | 0.0052 | 0.0031 | 0.0022 | 0.0015
Robust Cover 0.7662 | 0.7484 | 0.5757 | 0.4234 | 0.2067 | 0.0927 | 0.0235
Under 0.1825 | 0.2332 | 0.4216 | 0.5761 | 0.7932 | 0.9073 | 0.9765
Over 0.0513 | 0.0184 | 0.0027 | 0.0005 | 0.0001 | 0.0000 | 0.0000
Mean Width 0.0877 | 0.0426 | 0.0250 | 0.0192 | 0.0143 | 0.0118 | 0.0097
Median Width 0.0755 | 0.0406 | 0.0244 | 0.0190 | 0.0141 | 0.0118 | 0.0097
SD Width 0.0584 | 0.0168 | 0.0066 | 0.0041 | 0.0023 | 0.0016 | 0.0011
Modified Robust Cover 0.8558 | 0.9010 | 0.9004 | 0.9011 | 0.9095 | 0.9288 | 0.9620
Under 0.0929 | 0.0806 | 0.0969 | 0.0984 | 0.0904 | 0.0712 | 0.0380
Over 0.0513 | 0.0184 | 0.0027 | 0.0005 | 0.0001 | 0.0000 | 0.0000
Mean Width 0.1477 | 0.0927 | 0.0756 | 0.0724 | 0.0698 | 0.0679 | 0.0673
Median Width 0.1158 | 0.0736 | 0.0781 | 0.0767 | 0.0719 | 0.0687 | 0.0668
SD Width 0.1163 | 0.0596 | 0.0427 | 0.0361 | 0.0286 | 0.0238 | 0.0189
Robust Bootstrap Cover 0.7950 | 0.7852 | 0.6196 | 0.4617 | 0.2259 | 0.1037 | 0.0267
Under 0.1466 | 0.1934 | 0.3771 | 0.5377 | 0.7740 | 0.8963 | 0.9733
Over 0.0584 | 0.0214 | 0.0033 | 0.0006 | 0.0001 | 0.0000 | 0.0000
Mean Width 0.0992 | 0.0456 | 0.0260 | 0.0198 | 0.0145 | 0.0119 | 0.0098
Median Width 0.0851 | 0.0434 | 0.0254 | 0.0195 | 0.0143 | 0.0119 | 0.0097
SD Width 0.0660 | 0.0178 | 0.0068 | 0.0042 | 0.0023 | 0.0016 | 0.0011
Modified Robust Bootstrap | Cover 0.8552 | 0.9036 | 0.9054 | 0.9058 | 0.9117 | 0.9300 | 0.9621
Under 0.0864 | 0.0750 | 0.0913 | 0.0936 | 0.0882 | 0.0700 | 0.0379
Over 0.0584 | 0.0214 | 0.0033 | 0.0006 | 0.0001 | 0.0000 | 0.0000
Mean Width 0.1779 | 0.1003 | 0.0788 | 0.0743 | 0.0709 | 0.0686 | 0.0677
Median Width 0.1255 | 0.0783 | 0.0809 | 0.0785 | 0.0728 | 0.0692 | 0.0672
SD Width 0.1595 | 0.0676 | 0.0455 | 0.0375 | 0.0293 | 0.0242 | 0.0191

Table 9: Coverage Properties for Beta (20, 1).
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