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1. INTRODUCTION

Autoregressive modeling is very important in various fields including economics and

finance, commonly used for forecasting and analyzing time series data such as stock prices,

exchange rates, and economic indicators. Extensive results on the estimation, diagnostics

and applications of AR models can be found in e.g. Box et al. (2015) and Liu et al. (2020a).

Statistical diagnostics is essential in data analysis, with the main task of assessing the

adequacy of a given model fit to known observed data. Since the introduction of the concept

of local influence by Cook (1986), numerous studies have been conducted on its applica-

tion, see e.g. Lawrance (1988), Lesaffre and Verbeke (1998), Liu (2000, 2004), Paula et al.

(2012), Liu et al. (2015, 2017, 2020b, 2022a,b, 2024b), Zhu et al. (2015, 2016), Saavedra-

Nievas et al. (2023), Cárcamo et al. (2024), Su et al. (2024) and Dang et al. (2025). However,

for certain complex data and models, computing the corresponding density function can be

extremely challenging, making it difficult to implement statistical diagnostic methods based

on the log-likelihood function. It was not until Zhu and Lee (2001) proposed a statistical

diagnostic model based on the EM algorithm that the use of the Q-function, instead of the

log-likelihood function, for handling missing data became feasible. Liu et al. (2020b, 2022b)

and others have used this method for statistical diagnostics. With advancements in tech-

nology and computing, and insights from prior information, Bayesian analysis has become

a viable approach. In Bayesian analysis we can effectively integrate prior knowledge with

observed data, thereby enhancing the accuracy and reliability of our analytical results. By

incorporating prior information, Bayesian analysis often demonstrates surprising outcomes in

tasks such as small-sample inference, uncertainty quantification, and missing data treatment.

It finds applications in various fields, including medical diagnosis, financial risk assessment,

artificial intelligence decision-making, among others. Therefore, building upon Cook’s pertur-

bation method, McCulloch (1989) extended the Bayesian local influence approach to assess

the impact of perturbations in prior or likelihood. Subsequently, Zhu et al. (2011) developed

a more general framework for Bayesian local influence analysis, propelling it into a new stage

of development. Dai et al. (2019) developed a Bayesian local influence framework for spa-

tial autoregressive models with heteroscedasticity, enhancing diagnostic techniques for time

series. Similarly, Ju et al. (2018, 2022) advanced Bayesian local influence methods for skew-

normal spatial dynamic panel and autoregressive models, offering robust diagnostic tools for

time series and spatial data analysis.

Initially, financial returns was assumed to follow a normal distribution. However, exten-

sive findings have highlighted the non-normality, heavy tails, and negative skewness observed

in empirical distributions of financial returns, as discussed by e.g. Fama (1965), Peiro (1999),

Chen et al. (2005) and Liu et al. (2024b). As a result, Azzalini (1985, 2013) proposed the

skew-normal distribution as a more suitable alternative for describing financial returns. It

can better capture the asymmetric distribution, peaks, and fat-tail phenomena in financial
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time series, be more flexible in simulating extreme events, and better align with the volatility

and risk characteristics of the actual market. This perspective has been further emphasized

by Carmichael and Coën (2013) and Liu et al. (2020b, 2022b, 2024b) in addressing asset

pricing issues and using the skew-normal distribution for analyzing stock return data.

Regarding the estimation and diagnostics of AR models, the frequentist approach has

evolved from maximum likelihood estimation and Cook’s distance to the use of the EM algo-

rithm and normal curvature for diagnostics, as exemplified by Cao et al. (2014), Maleki and

Arellano-Valle (2017) and Liu et al. (2022b). However, to the best of our knowledge, there is

currently no diagnostic method for the SNAR model within the Bayesian framework. Con-

sidering the broader application of SNAR models in financial time series, exploring diagnostic

methods for SNAR models in the Bayesian paradigm has become very meaningful. To assess

the performance of Bayesian diagnostics in a SNAR model, we employ a similar approach

to that in Zhu et al. (2011), constructing a Bayesian perturbation manifold to measure the

magnitude of perturbation in the Bayesian perturbation model.

The structure of the remaining of this paper is as follows: Section 2 introduces the

SNAR model and the MCMC algorithm for parameter estimation. Section 3 presents the

process of Bayesian local influence analysis for the SNAR model, including the Bayesian

perturbation model, perturbation ensemble, and local influence measurement. Section 4

conducts effectiveness simulations and compares the Bayesian local influence analysis with

local influence analysis. Section 5 consists of empirical studies. Finally, Section 6 makes our

conclusion.

2. SNAR Model and MCMC Algorithm

In this section, we consider the SNAR model, studied in Liu et al. (2020b, 2022b), and

use the MCMC algorithm to compute the estimated values of the parameters.

Let Y follow a skew-normal distribution with location (µ ∈ R), scale (σ > 0) and

skewness (λ ∈ R), denoted as Y ∼ SN (µ, σ2, λ). Azzalini (1985, 2013) believes that skewed

normal distributions possess some interesting properties. That is E(Y ) = µ + σδ
√

2/π

and Var(Y ) = σ2 − (2/π)σ2δ2 with δ = λ/
√
1 + λ2. Further, Y has the following random

expression:

Y = µ+ σδH + σ
√
(1− δ2)H1,

where H = |H0|, and H0 and H1 are two independent standard normal distributions. More-

over,

(2.1) Y |H = h ∼ N
(
µ+ λσ√

1+λ2
h, σ2

1+λ2

)
,

where H follows the half normal distribution, H ∼ HN (0, 1).

In this paper, we consider a skewed autoregressive model SNAR(p):

(2.2) Yt = x⊤
t β + ut, t = p+ 1, . . . , T,

where Yt is a time series, xt = (Yt−1, . . . , Yt−p)
⊤ is a p Ö 1 vector, β = (β1, . . . , βp)

⊤ is a

p Ö 1 regression coefficient vector, ut is the error following a skew-normal distribution and
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θ = (β, λ, σ)⊤ is the (p + 2) Ö 1 vector of parameters. For estimating the parameters in

SNAR models, frequentist approaches typically use the EM algorithm, see Liu et al. (2020b).

In contrast, Bayesian approaches often employ variational inference or MCMC algorithms

for sampling , see Makowski et al. (2002). Due to the non-standard form of the posterior

distribution of some parameters in SNAR models, we consider using a combination of Gibbs

sampling and Metropolis-Hastings algorithm for parameter estimation.

Firstly, to obtain the posterior distribution of the unknown parameters θ = (β, λ, σ)

in the SNAR model, it is necessary to specify appropriate prior distributions. Following the

approach of McCulloch and Tsay (1994), we adopt the following priors:

β ∼ N (µβ,Σβ), λ ∼ N (µλ, σ
2
λ), σ ∼ χ2(n),

where µβ, µλ,Σβ, σλ and n are known hyperparameters.

Assuming independence among these parameters a priori, by Bayes’ theorem we derive

the full conditional posterior distributions of the parameters as follows:

(1) The full conditional posterior distribution of β is

(2.3) p(β|Y, λ, σ) ∝ exp{−1

2
(β −Mβ)

TΩ−1
β (β −Mβ)},

where Ω−1
β = Σ−1

β +1+λ2

σ2

∑T
t=p+1 xtx

T
t andMβ = Ωβ{Σ−1

β µβ+
1+λ2

σ2

∑T
t=p+1 xt

(
yt − λσ√

1+λ2
h
)
}.

(2) The full conditional posterior distribution of λ is

(2.4)

p(λ|Y,β, σ) ∝ (
√
1 + λ2)T−p exp{(λ− µλ)

2

2σ2
λ

}
T∏

t=p+1

exp

{
−1 + λ2

2σ2

(
yt − xxx⊤t βββ − λσ√

1 + λ2
h

)2
}
.

(3) The full conditional posterior distribution of σ is

(2.5)

p(σ|Y,β, λ) ∝ σ
n
2
−1−(T−p) exp{−σ

2
}

T∏
t=p+1

exp

{
−1 + λ2

2σ2

(
yt − xxx⊤t βββ − λσ√

1 + λ2
h

)2
}
.

After deriving the approximate posterior parameter distribution, we consider sampling

the parameter β using the Gibbs algorithm. Since the full conditional posterior distributions

of parameters λ and σ are not familiar standard distributions, we employ the Metropolis-

Hastings algorithm (MCMC1) to simulate posterior samples of the parameters. This com-

bined algorithm generates samples over 10,000 iterations by iteratively updating the param-

eters. We discard the initial 50% of parameter samples, considering it as a “burn-in” phase.

The resulting sequence of parameter samples is denoted as θ(n), from which we compute the

mean to derive the parameter estimate.

1The focus of this paper is on Bayesian statistical diagnostics for the model; therefore, details regarding
Bayesian parameter estimation are not elaborated. The parameter estimation in this article is computed using
Python code. Alternatively, one may consider employing the ‘RStan’ or the ‘PYMC’ package in Python for
Bayesian parameter estimation.
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3. Perturbation Schemes

3.1. Perturbation models

As in Zhu et al. (2011), we introduce a perturbation model p(y, θ|ω) = p(θ|ωp)p(y|θ, ωd, ωs)

to account for potential anomalies in the prior assumptions (wp), model specification (ws),

and data (wd). Therefore, the overall perturbed form can be expressed as ω = (ωp, ωd, ωs),

ω = ωp + ωd + ωs, and ω0 = (ω0
p, ω

0
d, ω

0
s) ∈ Rm represents the unperturbed case.

The perturbed model M = p(y, θ|ω) : ω ∈ Rm forms an m-dimensional manifold under

some regular conditions. The tangent space T ω of M at each ω ∈ M is spanned by m

functions ∂ωkℓ(ω), where ℓ(ω) = log p(y, θ|ω) and ∂ωk
= ∂/∂ωk, ωk is the k-th value of ω,

k = 1, . . . ,m. So, under some regular rules

gjk(ω) = Eω

{
∂ωj l(ω)∂ωk

l(ω)
}
= −Eω

{
∂2
ωjωk

l(ω)
}
, j, k = 1, . . . ,m

forms the measurement tensor ofM, and Eω is the expectation of the joint probability density

p(y, θ|ω).

We denote G(ω) = {gjk(ω)}, where the j-th element gjj(ω) of G(ω) represents the

magnitude of perturbation caused by ωj , while gjk(ω) characterizes the correlation between ωj

and ωk. We aim to find suitable perturbations that make G(ω) a diagonal matrix. According

to Zhu et al. (2011), we obtain the following perturbations and derive the computation of

the tangent space Tω and the diagonal matrix G of SNAR(p) under different perturbation

models.

3.1.1. Perturbation of priors

In order to construct a perturbation model for SNAR based on Bayesian theory, we

follow the assumptions proposed in Section 2 to set the prior information. Specifically, we

assume that β ∼ N (µβ, σ
2
β), λ ∼ N (µλ, σ

2
λ) and σ ∼ χ2(n). Through the expression of the

perturbation model, we can clearly see that the prior perturbation is independent of the data

perturbation and the variance perturbation. This independence allows us to consider the

perturbations of the priors and data or the priors and variances simultaneously. Therefore,

we first propose a prior perturbation model for the parameter θ = (β, λ, σ). The model is

constructed by introducing a small perturbation into the prior distribution, aiming to more

accurately simulate the uncertainty and variability of the parameters, and its corresponding

kernel function is as follows:

p(y, θ|ω) = p(θ|ω) · p(y|θ)
∝ p(θ|ω)

∝ exp

{
p∑

i=1

(βi − µβi
− ωβi

)

2σ2
βi

}
· exp

{
λ− µλ − ωλ

2σ2
λ

}
· σ((n−ωσ)/2−1)

2(n−ωσ)/2Γ
(
(n−ωσ)

2

)
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where ωp+2 = (ωβ, ωλ, ωσ), ω0
p+2 = (0, 0, ..., 0) represents the case without disturbances.

The perturbation model M =
{
p(y, θ|ω) : ω ∈ Rp+2

}
forms a Riemannian manifold, and the

tangent vector space Tω spanned by M is:

(3.1)

∂ωl(ω)|ω=ω0 =

β1 − µβ1

σ2
β1

, . . . ,
βp − µβp

σ2
βp

,
λ− µλ

σ2
λ

,
1

2
ln

2

σ
+

1

2

dΓ(
n

2
)

d(
n

2
)

 ,

G(ω0) = diag

 1

σ2
β1

, . . . ,
1

σ2
βp

,
1

σ2
λ

,
∫ 1

2
ln

2

σ
+

1

2

dΓ(
n

2
)

d(
n

2
)

2

p(y, θ|ω0)dydθ



3.1.2. Perturbation of standard deviations (sd’s)

In the Bayesian local influence framework, we consider applying a minor perturbation

to the SNAR model by scaling the original standard deviation σt by a time-varying factor

ωt, with a new standard deviation σt × ωt obtained. The purpose of this perturbation is

to examine the influence of variations on the posterior distribution of the SNAR model.

By incorporating this perturbation, we can obtain an updated posterior distribution that

incorporates the adjustments made to the standard deviation, and its corresponding kernel

function is as follows:

p(y, θ|ω) = p(y|θ, ωs)p(θ)

∝ p(y|θ, ωs)

∝ exp

−
T∑

t=p+1

(
log(

σt
ωt

) +
(1 + λ2)ω2

t

2σ2
t

(yt − x⊤
t β − λσt√

1 + λ2ωt

h)2
)

∝ exp

−
T∑

t=p+1

(
log(

σt
ωt

) +
(1 + λ2)ω2

t

2σ2
t

(ut −
λσt√

1 + λ2ωt

h)2
) ,

where ω0
T−p = (1, 1, . . . , 1) represents the case without perturbation.

The perturbation model M =
{
p(y, θ|ωs) : ω ∈ RT−p

}
forms a Riemannian manifold,

and the tangent vector space Tω spanned by M is as follows:

(3.2)

∂ωl(ω)|ω=ω0 =

(
1− 1 + λ2

σ2
(up+1 −

λσ√
1 + λ2

h)2 − λh

σ
(up+1 −

λσ√
1 + λ2

h)
√
1 + λ2,

· · · , 1− 1 + λ2

σ2
(uT − λσ√

1 + λ2
h)2 − λh

σ
(µT − λσ√

1 + λ2
h)
√
1 + λ2

)
,

G(ω0) = diag
(
2 + λ2, 2 + λ2, . . . , 2 + λ2

)
.



Bayesian diagnostics in a SNAR model 7

3.1.3. Perturbation of data

In this paper, we not only consider perturbations to the variance of the data distribution

but also explore the impact of perturbing the data itself. However, our approach to data

perturbation differs from the method proposed in Liu et al. (2022b). We use yt + ωt instead

of yt, which modifies the dataset while preserving its overall structure. This enables us to

evaluate the sensitivity and robustness of the model to different perturbations applied to

the input data. By employing this perturbation scheme, we can obtain updated posterior

distributions that reflect the influence of these data variations on the AR model.

p(y, θ|ω) = p(y|θ, ωd)p(θ)

∝ p(y|θ, ωd)

∝ exp

−
T∑

t=p+1

(1 + λ2)

2σ2
(yt − x⊤

t β − λσ√
1 + λ2

h− ωt)
2


∝ exp

−
T∑

t=p+1

(1 + λ2)

2σ2
(ut −

λσ√
1 + λ2

h− ωt)
2

 ,

where ω0
T−p = (0, 0, . . . , 0) represents the case without perturbation. The perturbation model

M =
{
p(y, θ|ωs) : ω ∈ RT−p

}
forms a Riemannian manifold, and the tangent vector space

Tω spanned by M is:

(3.3)
∂ωl(ω)|ω=ω0 =

(
(1+λ2)

σ2 (up+1 − λσ√
1+λ2

h), . . . , (1+λ2)
σ2 (uT − λσ√

1+λ2
h)
)
,

G(ω0) = diag
(
1+λ2

σ2 , . . . , 1+λ2

σ2

)
.

3.2. Local influence

In the field of time series, Liu et al. (2017) have studied outlier detection using the

local influence analysis proposed by Cook (1986). However, the traditional local influence

methods may not meet the requirements of Bayesian models. At this point, Zhu et al. (2011)

introduced the Bayesian local influence framework, which we will validate as the basis for our

analysis and discussion, specifically focusing on its effectiveness in time series models.

Let’s consider a function f(ω) : M → Rl, where M is a finite-dimensional manifold and

f(ω) is a one-dimensional objective function. Suppose ω(t) is a measurement onM, ω(0) = ω0

and ∂tω(t)|t=0 = h ∈ Rm. By Taylor expansion, we have f(ω(t)) = f(ω(0)) + f ′
h(0)t+O(t2),

where f ′
h(0) = ∇⊤

f h and ∇f = ∂ωf(ω(0)). Next, we briefly review the important theories in

Zhu et al. (2011) to provide a theoretical basis for the subsequent simulations, which mainly

include two impact measures and three objective functions.
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3.2.1. First-order influence measure

Firstly, consider the case ∇f ̸= 0. In this situation, the first-order influence (FI)

measure in the direction of h ∈ Rm is defined as follows:

FIf,h = FIf(ω(0)),h =
h⊤∇fWf∇⊤

f h

h⊤Gh
,

where G = G(ω0), Wf is a semi-positive matrix. For the appropriate perturbation ω̃, F If,h
can also be written as

FIf(ω̃),h|ω̃=ω0 =
h⊤G−1/2∇fWf∇⊤

f G
−1/2h

h⊤h
,

The larger the value of FIf,h, the greater the local impact it has on the statistical model.

Furthermore, in order to assess FIf(ω0),h objectively, we take the following first-order adjusted

influence measure FICf(ω̃0),h at ω0 in a unit direction h can be defined as

(3.4) FICf(ω̃0),h = h⊤Bh,

where B = Q/tr(Q), and Q = G−1/2∇fWf∇⊤
f G

−1/2.

Next, we decompose B to obtain non-zero eigenvalues λ and their corresponding eigen-

vectors e. We utilize the eigenvector e1 associated with the largest eigenvalue λ1 to assess the

magnitude of the perturbation. As discussed by Zhu et al. (2011), we set M̄(0) + 2SM(0) as

a benchmark, where M̄(0) and SM(0) represent the mean and standard error of the values

of M(0)j , where M(0)j is the j-th element along the main diagonal of B.

3.2.2. Second-order influence measure

If ∇f = 0, we can measure the Bayesian local influence. By utilizing Taylor expansion,

we have f(ω(t)) = f(ω(0))+
1

2
f

′′
h (0)t

2+O(t3), where f
′′
h (0) = h⊤Hfh, and Hf = ∂2

ωf(ω(0)).

Now, similar to Zhu et al. (2011), we define the second-order influence measure (SI) in the

direction h ∈ Rm’s:

SIf,h = SIf(ω(0)),h =
h⊤Hfh

h⊤Gh
,

Particularly, for an appropriate perturbation ω̃(ω), SIf,h is denoted by

SIf(ω̃),h|ω̃=ω0 =
h⊤G−1/2HfG

−1/2h

h⊤h
.

Similar to the discussed first-order influence measure, we can denote that

(3.5) SICf(ω̃0),h = h⊤Bsh,

where Bs = Qs/tr(Qs),Qs = G−1/2HfG
−1/2.

Similar to the first-order influence measure, the diagonal elements of matrix Bs are

used to identify modeling assumptions with a priori hypotheses of anomalies, unreasonable

model assumptions, and abnormal data values. We adopt the same method and benchmark

as before. Based on this theoretical foundation, we systematically introduce three objective

functions in the following subsubsection.
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3.2.3. Bayes Factor

In the context of Bayes factor, the distance between ω and ω0 is: BF (ω) = log (p(Y |ω))−
log
(
p(Y |ω0)

)
, and p(y|ω) =

∫
p(y, θ|ω)dθ. When Wf = I, we can get that

(3.6) ∇BF = Ep(y,θ|ω0)

(
∂ω log

(
p(y, θ|ω0

))
, hBF

max =
G(ω0)−1/2∇BF√
∇⊤

BFG(ω0)−1∇BF

,

so we need to compute ∇BF ≈ 1

N

N∑
n=1

log
(
p
(
y, θ(n)|ω0

))
, and θ(n) is sampled from p

(
θ|y, ω0

)
by MCMC.

3.2.4. ϕ Divergence

If we consider f(ω) as the ϕ divergence between two posterior distributions under ω

and ω0, defined as Dϕ(ω) =
∫
ϕ(R(θ|ω))p(θ|y)dθ, and ϕ() is a convex function with ϕ(1) = 0.

If ϕ() is log(), then ϕ divergence converts to K-L divergence. Moreover, if we represent a as

a column vector a = [a1, a2, . . . , an]
⊤, we have a⊗2 = aa⊤.

Hϕ = ϕ
′′
(1)Eω0

{
∂ω log(p(θ|y, ω0))

}⊗2

= ϕ
′′
(1)Eω0

{
∂ω log(p(y, θ|ω0))− Eω0(∂ω log(p(y, θ|ω0)))

}⊗2

= ϕ
′′
(1)[Eω0

{
∂ω log(p(y, θ|ω0))

}⊗2 − {Eω0(∂ω log(p(y, θ|ω0)))}⊗2],

like Bayes Factor, Hϕ can also be approximately computed.

(3.7) Hϕ ≈ ϕ
′′
(1)

 1

N

N∑
n=1

{
∂ω log(p(y, θ(n)|ω0))

}⊗2
−

(
1

N

N∑
n=1

∂ω log(p(y, θ(n)|ω0))

)⊗2
 ,

and θ(n) is sampled by MCMC.

3.2.5. Posterior Mean

The posterior mean of a function h(θ) can be defined as follows: Mh(ω) =
∫
h(θ)p(θ|y, ω)dθ.

To quantify the impact of w on the posterior mean of h(θ) using Cook’s posterior mean dis-

tance, we measure the difference between the posterior mean Mh(ω) and the posterior mean

Mh(ω0), denoted as

CMh(ω) = (Mh(ω)−Mh(ω
0))

⊤
Gh(Mh(ω)−Mh(ω

0)),

where Gh = [V ar (h(θ)|y)]−1. If f(ω) = CMh(ω), we have ∇h = 0, then we can get

Hh = M∗
h
⊤GhM

∗
h , where M∗

h = Covω0

{
h(θ), ∂ω log(p(y, θ|ω0))

}
. It can be approximately
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computed that

(3.8)

M∗
h =

1

N

N∑
n=1

{
h(θ(n))∂ω log(p(y, θ(n)|ω0))

}
−

(
1

N

N∑
n=1

h(θ(n))

)(
1

N

N∑
n=1

∂ω log(p(y, θ(n)|ω0))

)
,

and θ(n) are also sampled from MCMC.

4. Simulation Studies

4.1. Effectiveness

4.1.1. Example 1

In the previous discussion, we have thoroughly explored the theoretical background

of Bayesian local influence analysis in the context of the skew-normal autoregressive model.

Now, we simulate the SNARmodel to demonstrate the effectiveness of Bayesian local influence

analysis. In the simulation, we consider an SNAR(1) model denoted as

(4.1) yt = βyt−1 + ut, ut ∼ SN(0, σ2, λ),

with parameters β = 0.4, σ = 1 and λ = 0.9. We generate 500 observations based on this

model and introduce outliers by modifying yt to yt + 5σ at t = 150 and t = 400.

Next, assuming the hyperparameters of the prior distribution are set as follows: µβ =

µλ = 0, σβ = σλ = 5, and n = 10, we use the MCMC algorithm to construct a Markov chain

and obtain 10,000 parameter samples for θ = {β, λ, σ}. We discard the first 5,000 samples

and retain 5,000 parameter samples for computing the three objective functions described in

subsection 3.2.

In Bayesian local influence analysis, the variance perturbation model is a commonly

used method that assesses the model’s sensitivity to data by changing the size of the standard

deviation in the model. The prior-variance perturbation model, on the other hand, focuses

on adjusting the variance of the prior distribution to evaluate the model’s sensitivity to prior

assumptions. We establish a benchmark based on the descriptions in subsubsections 3.2.1 and

3.2.2 and evaluate the influence measurement using the three objective functions proposed in

section 3 (Bayes factor, ϕ divergence, and posterior mean). Points exceeding the benchmark

are identified as outliers. The results are shown in the figures below.

In Figures 1 (a), (b) and (c), it can be clearly observed that in the case of variance

perturbation, all three measurement metrics (Bayes factor, ϕ divergence, and posterior mean)

exhibit significantly higher values at time points t = 150 and t = 400 compared to other time

points, accurately identifying the predetermined perturbation points.

In Figures 1 (d), (e) and (f), simultaneous perturbations in variance and prior are

applied. To test whether the Bayesian local influence measure can detect improper prior
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(a) (d)

(b) (e)

(c) (f)

Figure 1: Bayesian local influence on the SNAR model. The three plots
on the left (a), (b) and (c) represent the model’s response to
perturbations in variance. Conversely, the three plots on the
right (d), (e) and (f) depict the model’s response to simultaneous
perturbations in variance and prior.

distributions, we perturbed the prior distribution of λ while maintaining the variance per-

turbation. Specifically, the prior distribution of λ is modified to N(µλ, 0.5σ
2
λ), while the

priors of other parameters remain unchanged. In the plots, the first 500 values help identify

whether the observations are abnormal, while the values at points 501, 502, and 503 reflect

the impact of the prior distributions of λ, σ and β on statistical inference in Bayesian analy-

sis. At point 501, the values are significantly higher than the normal time points, indicating

that the perturbation in the prior distribution is successfully detected through Bayesian local

influence analysis. These findings demonstrate that the Bayesian local influence method is

capable of accurately diagnosing perturbations, both in the case of variance perturbation and

simultaneous perturbation of variances and priors.
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4.1.2. Example 2

In the previous section, we have experimentally verified the diagnostic effectiveness of

Bayesian local influence analysis in one-dimensional time series. The results demonstrate its

significant effectiveness in capturing anomalous changes and perturbation points. However,

to further evaluate the applicability and stability of this method in higher-dimensional and

more complex models, we simulate a SNAR(2) model for more in-depth experimental analysis.

Firstly, we consider an SNAR(2) model denoted as

(4.2) yt = β1yt−1 + β2yt−2 + ut, ut ∼ SN(0, σ2, λ)

with parameters β1 = 0.4, β2 = 0.4, σ = 0.25 and λ = 0.1. At time points t = 150 and 400,

the simulated yt values were modified to yt + 10σ, constructing the Bayesian perturbation

manifold. Sampling calculation and baseline establishment were performed using the same

method as Example 1. The diagnostic results are as follows.

From Figures 2 (a), (b) and (c), it can be observed that in the presence of only data

perturbations, both the Bayesian local influence analysis methods diagnosed the perturbation

points at t=150 and 400. Except for the points at t=150 and t=400, the values at other time

points are relatively small, which reflects the effectiveness of the diagnosis.

In Figures 2 (d), (e) and (f), the approach of simultaneously perturbing both the data

and the prior is adopted. While maintaining the data perturbation, the prior for λ is also

perturbed. Under unchanged prior conditions for other parameters, the prior for λ is modified

to N(µλ, 0.5σ
2
λ). By observing Figures 2 (d), (e) and (f), it is evident that, apart from the

points at 150 and 400, the point corresponding to parameter λ at 501 is significantly higher,

indicating the effectiveness of the diagnostic method.

4.2. Comparative Analysis

In the previous discussion, we have demonstrated the effectiveness of Bayesian local

influence analysis in a SNAR model. Therefore, in this subsection, we will compare this

model with other models. We will conduct two types of comparative studies. The first type

involves generating data from the SNAR(1) model mentioned in Example 1. We will construct

both a skew-normal AR model and a normal AR model based on this dataset and compare

the strengths and weaknesses of the Bayesian local influence analysis method in diagnosing

these two models. The second type of comparison still involves generating data from the

SNAR(1) model shown in Example 1. We will compare the performance of the Bayesian

local influence analysis method and the local influence analysis method in diagnosing the

same model.

We will perform the comparisons following these steps:

Step 1. Construct an AR model where the errors follow a skew-normal distribution.

Step 2. Generate a set of time series yt with a sample size of 500 using the model

specified in Step 1.
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(a) (d)

(b) (e)

(c) (f)

Figure 2: Bayesian local influence on the SNAR model. The three plots
on the left (a), (b) and (c) represent the model’s response to
perturbations in data. Conversely, the three plots on the right
(d), (e) and (f) depict the model’s response to simultaneous
perturbations in data and prior.

Step 3. Conduct variance and data perturbations like subsubsection 4.1.1 and 4.1.2 in

y100, y200, y300, y400.

Step 4. Detect outliers employing three objective functions in model built in Step 3.

Step 5. Repeat Step 2 to Step 4 for 1000 times to obtain the detected outliers.

Finally, we compare and analyze the diagnostic results of the Normal Autoregressive

(NAR) and Skew-Normal Autoregressive (SNAR) models based on 4,000 outlier points. The

table reports the number of outliers detected by various theoretical methods under two dif-

ferent perturbation schemes.

From Table 1, it is seen that when simulating data as skewed data, the diagnostic per-

formance of establishing an AR model with residuals following a skew-normal distribution is

better than establishing an AR model with residuals following a normal distribution. Based
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Table 1: Comparison of detected outliers across perturbation schemes for
NAR and SNAR models

Model Perturbation of sd’s Perturbation of data

SNAR Model 1962 2038
NAR Model (Bayes Factor) 3387 3400
NAR Model (ϕ Divergence) 1979 1790
NAR Model (Posterior Mean) 2652 2711
SNAR Model (Bayes Factor) 3241 2571
SNAR Model (ϕ Divergence) 2340 1953
SNAR Model (Posterior Mean) 3241 2910

on the number of outliers detected in the NAR and SNAR models, two (ϕ divergence and

posterior mean) out of the three measurement scales (Bayes factor, ϕ divergence and pos-

terior mean) show more accurate outlier detection under the assumption of a skew-normal

distribution. This indicates that establishing a NAR Model for data generated by a SNAR

model may not necessarily allow the Bayesian local influence method to diagnose the corre-

sponding perturbation points. Furthermore, we recognise that both local influence analysis

and Bayesian local influence analysis are effective in the case of a SNAR model. The first

row in Table 1 represents the SNAR model. In the local influence analysis, the SNAR model

identifies 1,962 and 2,038 outliers in the variance disturbance model and the data disturbance

model, respectively. However, in terms of the number of detected outliers, the three measures

of the Bayesian local influence method generally outperform the diagnostic effectiveness of

the local influence analysis method, regardless of whether it is in the context of perturbing

the variance or the data.

5. Empirical Study

For the Chinese stock market, 2015 was a turbulent year, marked by a severe crash

that significantly impacted investors and the economy. From 2014 to early 2015, the market

experienced a strong upward trend, driven by government policies encouraging investment

and a surge in retail participation, which led to rapid price increases. However, the widespread

use of margin financing amplified market risks, as heavily leveraged investors sought higher

returns, leading to increased volatility. Regulatory measures proved ineffective in stabilizing

the market, further heightening investor concerns. By mid-June 2015, the market sharply

declined, triggering panic selling and causing the Shanghai Composite Index and Shenzhen

Component Index to plummet by nearly 40% and 50%, respectively, resulting in significant

losses in market capitalization.

The stock market crash severely undermined investor confidence and economic activity,

leading to reduced investment and consumption. This downturn also posed risks to China’s

financial system by increasing the likelihood of systemic repercussions. To assess the ap-

plicability of Bayesian local influence analysis in detecting market instability, we analyzed

daily log returns of the Shanghai Composite Index from January 5 to December 31, 2015.

The dataset, obtained from the Wind database, consists of 243 observations. The following

section presents key statistical summaries and kernel density estimates to provide deeper
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insights into market behavior during this period.

Table 2: Basic statistics of the daily logarithmic returns of the Shanghai
Composite Index

Sample size Minimum Maximum 1st quartile 3rd quartile Mean

243 -0.0887 0.0560 -0.0113 0.0161 0.0002

Median Variance Standard Deviation Skewness Kurtosis Interquartile Range

0.0026 0.0006 0.0246 -0.9370 2.0078 0.0274

Figure 3: Shanghai Composite Index daily logarithmic returns data and
kernel density estimation plot

From Table 2 and Figure 3, it is evident that fitting the daily logarithmic returns of

the Shanghai Composite Index with a normal distribution is clearly insufficient. The selected

data exhibit characteristics such as peakedness, fat tails, and asymmetry, which are common

in the majority of financial data. However, a skewed normal distribution is well-suited to

capture these features. Therefore, we consider using a skewed normal distribution to fit this

data.

Figure 3 displays the daily logarithmic returns of the Shanghai Composite Index. After

conducting the Augmented Dickey-Fuller (ADF) test and Ljung-Box Q-test with a lag order

of 12, both results reject the null hypothesis at the 1% significance level. This indicates that

the data form a stationary, non-white noise time series, suggesting the potential for further

time series modeling. From Figure 4, the partial autocorrelation structure suggests that an

AR(2) model may be suitable for capturing the linear dependence in the data. After fitting

the AR(2) model, a lag-12 Q-test on the residuals yields a test statistic of 14.5378 with a

p-value of 0.2677. Therefore, we cannot reject the null hypothesis that the residuals are

uncorrelated. While this supports the adequacy of the AR(2) model in capturing the linear

structure, we acknowledge that uncorrelated residuals do not necessarily imply white noise,

as homoscedasticity is also required. Nevertheless, the AR(2) model appears to provide a

reasonable fit to the data.

Next, we fit an SNAR(2) model to the data and, following the local influence frame-

work in Liu et al. (2020b, 2024a), construct four perturbation schemes – Case-weight, Data,

Variance, and Skewness – to detect potential outliers using the classical approach. Assuming

the prior distributions β ∼ N (0, 5), λ ∼ N (0, 5), and σ ∼ χ2(1), we apply the MCMC algo-

rithm from Section 2 to estimate the model parameters. Under the Bayesian local influence



16 Y. Liu et al.

Figure 4: PACF of daily logarithmic returns for the Shanghai Composite
Index

framework, abnormal observations are identified using three objective functions: the Bayes

factor, ϕ divergence, and the posterior mean. Table 3 summarizes the results, where an as-

terisk (*) indicates days when the daily logarithmic return of the Shanghai Composite Index

was identified as an outlier by the respective method.

Table 3: Summary of abnormal points detected for daily log returns of
Shanghai Composite Index

Date Observed value Case-weight Data Variance Skewness Bayes factor ϕ divergence Posterior mean

19/01/2015 -8.02% * * * * * * *
28/05/2015 -6.73% * * * * * *
18/06/2015 -3.74% *
19/06/2015 -6.63% * * * * *
26/06/2015 -7.68% * * * * * * *
30/06/2015 5.38% *
01/07/2015 -5.37% * * * * * *
03/07/2015 -5.95% * * * * * * *
08/07/2015 -6.08% * *
09/07/2015 5.60% * * * * *
27/07/2015 -8.86% * * * * * * *
18/08/2015 -6.34% * * * * *
24/08/2015 -8.87% * * * * * * *
25/08/2015 -7.94% * * * * *
16/09/2015 4.78% *
27/11/2015 -5.64% * * *

The provided text describes the effectiveness of local influence analysis and Bayesian

local influence analysis in practical applications, specifically related to the Chinese stock

market crash of 2015. The analysis demonstrates that the majority of diagnosed anomalies

were concentrated between June and August, corresponding to the actual occurrence of the

stock market crash.

Moreover, the diagnostic rate increases as the Shanghai Composite Index experiences

greater volatility, indicating a higher likelihood of being diagnosed. This observation suggests

that during periods of high market volatility, both local influence analysis and Bayesian local
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influence analysis perform well in detecting anomalies.

To illustrate this point, specific events are mentioned. On January 19, 2015, major se-

curities firms were punished by the China Securities Regulatory Commission for violations in

margin financing and securities lending. Additionally, the China Banking Regulatory Com-

mission issued regulations on the direction of credit flow. These events were misinterpreted

by investors, leading to panic selling and a significant drop in the Shanghai Composite Index.

Both local influence and Bayesian local influence analyses were effective in detecting this

anomaly.

However, when dealing with anomalies characterized by smaller fluctuations, Bayesian

local influence analysis demonstrates superior diagnostic capability. For instance, on June 18,

2015, June 30, 2015, and September 16, 2015, when the Shanghai Composite Index exhibited

minimal volatility, regular local influence analysis failed to diagnose these anomalies. In

contrast, Bayesian local influence analysis successfully identified them. These specific dates

mark significant milestones for the Shanghai Composite Index.

Overall, the analysis highlights the performance of local influence analysis and Bayesian

local influence analysis in detecting anomalies in the Chinese stock market, particularly during

the turbulent period of the 2015 stock market crash.

6. Concluding Remarks

In summary, this paper focuses on the Bayesian statistical diagnostics problem of au-

toregressive (AR) models under the assumption of a skew-normal distribution. The parameter

estimation of AR models under the skew-normal distribution is achieved using the MCMC al-

gorithm. Subsequently, the Bayesian local influence analysis method is applied to statistically

diagnose the models by considering three types of disturbances: priors, variances, and data.

The objective functions used in the analysis are Bayes factor, ϕ divergence, and posterior

mean.

Numerical simulations are conducted to verify the effectiveness of the proposed method

and demonstrate its superiority over traditional local influence analysis. The results show

that the Bayesian local influence analysis method outperforms the traditional approach, par-

ticularly for extremal observations with smaller fluctuations.

In the empirical section, the daily log returns of the Shanghai Composite Index in

2015 are modeled using the skew-normal distribution for AR modeling. The findings indicate

that the Bayesian local influence analysis method exhibits better performance in detecting

extremal observations compared to traditional approaches.

Furthermore, the Bayesian statistical diagnostic method proposed in this paper has the

potential to be extended to more complex models, such as autoregressive models with scale

mixtures of skew-normal (SMSN-AR), skew-t, and other distributions, as well as multivariate

autoregressive (MAR) models. This expansion would enable its application to a broader range

of practical scenarios. Exploring these extensions represents a crucial direction for our future

research.
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with applications in the multivariate linear model and its diagnostics. Journal of Multivariate
Analysis, 188:104849.

Liu, T., Liu, S., and Shi, L. (2020a). Time Series Analysis using SAS Enterprise Guide. Springer
Singapore.

Liu, Y., Ji, G., and Liu, S. (2015). Influence diagnostics in a vector autoregressive model. Journal of
Statistical Computation and Simulation, 85(13):2632–2655.

Liu, Y., Mao, C., Leiva, V., Liu, S., and Silva Neto, W. A. (2022b). Asymmetric autoregressive
models: Statistical aspects and a financial application under COVID-19 pandemic. Journal of
Applied Statistics, 49(5):1323–1347.

Liu, Y., Mao, G., Leiva, V., Liu, S., and Tapia, A. (2020b). Diagnostic analytics for an autoregressive
model under the skew-normal distribution. Mathematics, 8(5):693.

Liu, Y., Sang, R., and Liu, S. (2017). Diagnostic analysis for a vector autoregressive model under
Student’s t-distributions. Statistica Neerlandica, 71(2):86–114.

Liu, Y., Wang, J., Leiva, V., Tapia, A., Tan, W., and Liu, S. (2024a). Robust autoregressive modeling
and its diagnostic analytics with a COVID-19 related application. Journal of Applied Statistics,
51(7):1318–1343.

Liu, Y., Wang, J., Yao, Z., Liu, C., and Liu, S. (2024b). Diagnostic analytics for a GARCHmodel under
skew-normal distributions. Communications in Statistics-Simulation and Computation, 53:4850–
4874.

Makowski, D., Wallach, D., and Tremblay, M. (2002). Using a bayesian approach to parameter
estimation; comparison of the GLUE and MCMC methods. Agronomie, 22(2):191–203.

Maleki, M. and Arellano-Valle, R. B. (2017). Maximum a-posteriori estimation of autoregressive pro-
cesses based on finite mixtures of scale-mixtures of skew-normal distributions. Journal of Statistical
Computation and Simulation, 87(6):1061–1083.

McCulloch, R. E. (1989). Local model influence. Journal of the American Statistical Association,
84(406):473–478.

McCulloch, R. E. and Tsay, R. S. (1994). Bayesian analysis of autoregressive time series via the gibbs
sampler. Journal of Time Series Analysis, 15(2):235–250.

Paula, G. A., Leiva, V., Barros, M., and Liu, S. (2012). Robust statistical modeling using the
birnbaum-saunders-t distribution applied to insurance. Applied Stochastic Models in Business and
Industry, 28(1):16–34.

Peiro, A. (1999). Skewness in financial returns. Journal of Banking & Finance, 23(6):847–862.

Saavedra-Nievas, J. C., Nicolis, O., Galea, M., and Ibacache-Pulgar, G. (2023). Influence diagnostics
in gaussian spatial–temporal linear models with separable covariance. Environmental and Ecological
Statistics, 30:131–155.

Su, Z., Zhu, F., and Liu, S. (2024). Local influence analysis in the softplus ingarch model. TEST,
33:951–985.

Zhu, F., Liu, S., and Shi, L. (2016). Local influence analysis for poisson autoregression with an
application to stock transaction data. Statistica Neerlandica, 70(1):4–25.

Zhu, F., Shi, L., and Liu, S. (2015). Influence diagnostics in log-linear integer-valued garch models.
AStA Advances in Statistical Analysis, 99:311–335.



20 Y. Liu et al.

Zhu, H., Ibrahim, J. G., and Tang, N. (2011). Bayesian influence analysis: a geometric approach.
Biometrika, 98(2):307–323.

Zhu, H. T. and Lee, S. Y. (2001). Local influence for incomplete data models. Journal of the Royal
Statistical Society: Series B: Statistical Methodology, 63(1):111–126.


	INTRODUCTION
	SNAR Model and MCMC Algorithm
	Perturbation Schemes
	Perturbation models
	Perturbation of priors
	Perturbation of standard deviations (sd's)
	Perturbation of data

	Local influence
	First-order influence measure
	Second-order influence measure
	Bayes Factor
	 Divergence
	Posterior Mean


	Simulation Studies
	Effectiveness
	Example 1
	Example 2

	Comparative Analysis

	Empirical Study
	Concluding Remarks

