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Proof of Proposition 2.1 for the Hall class

It holds that

1 $—bk —a-l x—bk -«
m(w):%(lﬂw o > exp<—<1+7 o ) )

=a(Ak) Y (Akz™*) "V exp (—Akz ™)

In fim)(z) = — M, {1 + Bz P+ %A:p_a +o(z™%+ x_ﬁ)}
+ log (:L‘_an {oz + Bla+ Bz % + Aax™ 4 o(x™ + 3:_’6)})
fom @) =exp(-M)exp |01, { B 4 L@t olam 40 |

(x_an {a +B(a+ )z P + Aox™ + o(z™ + x_ﬁ)}> .
When (M, V K,,) =o(1) and (M, A K,,) — o0,

7:;1 :f(m)(x) ~ v (1‘) = O‘xil(Mn - Kn + O(Mn v Kn)) - 0’
Tn —az! (M, exp (—My) — Ky exp (—Ky,) + o(My exp (—M,) — Ky exp (—K,))) — 0,

respectively. When there exists some positive constant ¢ s.t. M,, —d =: ¢, — 0, T, converges
only if K, — 6 =: €, — 0. Then,

Tn = exp(—0) { exp {—en -0 {Bmﬁ'y + %Arrf1 +o(m™P7 4 ml)H
2710+ €) (a + Bla+B)z P + Aaz™ + o(z™ + xiﬁ)) —exp (—€p) },

and the convergence rate of 7, is 27! times (m ™YV m™ Ve, VE,).
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Proof of Proposition 2.1 for the Weibull class

It holds that

g () = exp (—w a_kbk> exp <— exp (—x a_kbk>>

~kF exp(—kCYF(In k) z) exp[—k* exp(—CY*(In k)0 ).

Set K, := k" exp(—xCY*(Ink)?z); then, we have
Fomy(x) =6Cma" ' (1 — exp{—Cz"})™
~kCma™ texp [(m — 1)In (1 — exp{—Cz"})]
~kCma" Texp [(m — 1) (— exp{—Cz"} — 27 exp{—2C2"})]
KCmz" 1+ (=1 4+m HM, —27' M2} for M, —0
kCma" texp (—M,) for M, — oo,
where M, := mexp(—Cz"). It follows that the convergence rate is

kCma"~t — M, — K, for M, —0
xkCma"Lexp (—M,) — Knexp(—K,) for M, — oco.

Tp for M,, — § converges only if both K,, — 6§ and K, ~ kCmz""!, ie., k ~ m.

Proof of Proposition 2.1 for the bounded class

It holds that

1 z—bp\ P! x—bg\ "
g () = <1+7 akk> eXP<— <1+7 o k) )

:—fy(afl* ) Dk(xz* — ) Hexp (—Dk(x* — a:)_“)

I fim) (@) = = (m = D{(1 = F(z)) + %(1 — F(x))? +0((1 = F(2))*}

o ((w*nix)[fly“ = @) = (" —a) "B (" — )t + o (2" - x>—“+“”ﬂ>

m_ L T ot — ) PEZ (1F — )M 4 o((xF — x)HHHe
(x*_m)[_,y(l F(z)) + ( ) Ev( )M+ o(( ) )]
When (M, V K,,) = o(1) and (M, A K,,) — o0,
Tn 1= x) — x S - 0 —
Tn :=f(m) (%) = gy, () _,yu,*_x)(Mn Kn +o(Mn V Ky)) — 0,
Tn :—’Y(x’l" —x) (My, exp (=M, + o(My)) — Ky exp (= Ky + 0(Ky))) — 0,

respectively. When there exists some positive constant § s.t. M,, — é =: ¢, — 0, T, converges
only if K, — =: &, — 0. Then, the convergence rate of 7, is (z* — 2)~! times (m=°vm~!v
€n V €n).
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Proof of Theorem 2.1 for the Hall class and the bounded class

First, we decompose the difference as follows:

fomy (@) = 95, () = [fom) (2) = g, (2)] = [g (%) — 95, (2)]
:7~'n + Cn (SaY)-
It holds that :
G =99 (@) ~ 95, (2) = =57 g4(®) | (= m)
Y=Yk
and vy, = (Y, ?ik,gk)T is between 4 and -, with probability 1. By calculating the derivative,
we obtain
0

59 (33) :a’lgl(Zk‘,n)_a_lexp(_(zk,n)_a)
da ! Y=Yk

{1 =2 ) (1 +7) = I (20) = (20) (1= 2) — I (2100))

where zj,, == 1+ (aag) ! (z — b) = va;, 'z. Dombry and Ferreira (2019) proved that under
the assumption of Theorem 2.1,

1
_ A d _ _
VN akl (W — k) = N =N\, 1b,IO b,

ag,

where the bias term b and the Fisher information matrix Iy are given in Dombry and Ferreira
(2019). Tt follows from (1 4 (ady)~*(x — bg))/2kn — 1 that

0 ~
79‘7(33) —$p — 0,
da Y=k
where
Spo=a KM exp(—K) {(1— K)(1+7)+vInK, — K, (1 - K))+~vInK,)}.
k n n n

Similarly,

0 ~ 0 -

= 0+(@) —15, 50, =—gy(x) —iy, 5 0,
8bk Y=k

where

. K'(14a)—aK," ' +aK,” —a

th = — ng(HV)az exp(—Kp)
- (K, (a+1) —a)
Uy 1= — exp(—Ky).

" e 2(1+v)az

As seen from Dombry and Ferreira (2019), En is asymptotically equivalent in distribution to
—N_I/Qﬁ;[N = OP(N_1/2a,;1), where 77, = ('§n,t~n,ﬂn)T, tn 1= akf: and u, := agu,. Com-
bining Proposition 2.1 and the above results, Theorem 2.1 for the Hall class is proved. In the
same manner, Theorem 2.1 is proved for the bounded class.
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Proof of Theorem 2.1 for the Weibull class

It holds that

0 p 0 Tx P
@ | 20 ogy(a)) 1 =0,
T=A k Y=
where
Bl et/ (51
n

1/(k=1) _«
—27.—%oa T —@oa T
ko ) (2 0y k doay, k) exp [—k Poay, ka"] ,

Ty, = —{C7'In k:}% and ¢g:= /9 C1/ (1) Tt follows from gboaz/(ﬁfl)x,:,n: KCY5(Ink) ez —k
that

1/(k—1)

kf‘boak Ty, —kR k—f@C’l/“(lnk)*l/"x

=" exp [ln(k—mcl/ﬂ(lnk)*l/rﬁx)] = Kn

1

Combining these results and zy, ,a; " = —In K5, we obtain

tr=a, " exp(—K,)Kn(K, — 1) In K,.

Similarly, we have

9 ~ D
—g~(z —u, — 0,
8bk 97( ) Y=k

where @, 1= a; 'K, (K, — 1) exp(—K,,).
It follows from the same asymptotic normality of 4 used in the proof for the Hall class

that Zn is asymptotically equivalent in distribution to — N~/ 2y N, where 17, = (3p, oy )T,
Sp =0, ty := agt), Uy = agu). Theorem 2.1 for the Weibull class has now been proved.

Proof of Theorem 3.1 for the Hall class

It follows from F'(z — h2z) equals

1—A(x —hyz)™@ <1 + Bz — hgz) P + o(xfﬁ))

=1-A {xa — ahor ™12+ O‘(O‘;l)h%xa?% + O(h%xo‘?’)}
( 1+ B {xﬂ — Bhor P71z + ﬁ(ﬂ;l)h%xﬁ%ﬂ + O(h%xﬁ?’)} +o(zP) >

that

B[P (2; ho)] — F(z) = / w(2) {F(x — hoz) — F(z)}dz

A 1
= O[(O;_'—)hgx_a_Z / 22w (2) dz + o(h3z™72),
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= (52 - (oo (52))

=Ax™“ {1 +Bx P—Az—— 2ah2x_1/zW(z)w(z)dz +o(z “+a P+ hgx_l)} .

In the same manner, we have

B{fashn)] - fe) =2 NOE D g [y 4 onde?)

V[ F(: )] =hy f () / w?(2)dz + o(hT f(x)).

Set Zy, = m(F (w3 ho) — E[F(2; h2))), yn = m(B[F (; h2)] = F(x)), W= f(w;h1) = B[f (w3 b)),
and Uy, = (E[f(2;h1)] — f(2)). fim)(x;h1, h2) equals
fla;h)
mﬁ(:c, h12) exp <m In(F(z; h2)))

= {f(2) + i + Waexp (m { F(w;ha) = 1+ op(F(a; o) = 1)} )

= {f () + G + Wak exp (=M + Zy + g + op(m(F (2 h3) - 1))

SN—

)

=mexp(— ){f( ) + Up + Wn} (1 + Zn+yn + OP<Z721) + OP(m( (Z’; h2) - 1)) + O(yrQL)) .

Since u, = o(1) and W, = op(1) as seen from the above, f(m) (x; h1, he) is asymptotically
given by -
mexp(—Mp){f(x) + tn + Wy + f(2)(Zn + yn) }-

As a consequence f(,,)(z) — f(m) (x; h1, he) is asymptotically equivalent in distribution to
mexp(—Mp){—t, — Wy} +m exp(—M,,) f(x)(—Z, — yn). This is the sum of i.i.d. sequence,
hence the asymptotic bias is found to be

h? h3
?1 exp(— M) MM 3m ™3, | 22w(z)dz + ?2 exp(—M,) M,mé&, f(z) / 22w (z)dz.

The variance of W,, + f (x)Z, is asymptotically given by
I [z + (@) [z - P + 2 @) [ W - Fase)

+ %MﬁfQ(x){Mglm - 2h2wn/zW(2)w(z)dz}.

Combining these results with the asymptotic normality of Z,, and Wn, Theorem 3.1 for the
Hall class is proved.

Proof of Theorem 3.1 for the Weibull class

f(z)=kCz" L exp(—Cz") — 0,
f(x)—KC2" 3 (—kC2" + Kk — 1) exp(—Cz") — 0
' (2)—kCx"3(k2C?*2* — kC(3k — 3)2" 4 (k — 1)(k — 2)) exp(—=Cz") — 0
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as x — 0o. There exist some ¢y > 0 such that

< cohi exp(—Cxz")

E[F(2: ho)| — F(z) — h2L /(2“) / 2w(z)dz

and

Blfrsin)) - 1) - [ 2ue)az] < it exp(-com)

For hox"~! — 0, the asymptotic variances are given by

V[ﬁ(w; ho)] ~n " texp(—Cz®){1 — 2kChyz™ ! / 2W (2)w(z)dz},

~

V[f(x; h1)] ~(nhy) LeCaz™ L exp(—Cz") /wz(z)dz.

o~ —~ —~ —~

(B(a:hs) — E[F(x: o)), yo = m(ELF (2 )] — F(2)), Woi= Flas ) — E[F(a: )],
and u, := (E[f(z;h1)] — f(x)). It follows from

f(m) (z; h1, he) = m{f(z) + uy + /V[\?n} exp (_Mn +Zn+yn+ OP(m(ﬁ(x) - 1)))
that fi,(z) — ﬁm) (x; h1, ha) is asymptotically equivalent in distribution to
mexp(—M,){—u, — Wn} + mexp(—M,)kCx" L exp(—Cx"™) (= Zy — yn).

Combining these results with the asymptotic normality of Z,, and Wn, Theorem 3.1 for the
Weibull class is proved.

Proof of Theorem 3.1 for the bounded class

F(x — hyz) asymptotically equals

11— {(:L‘* —x)* — p(r* — ) H  hez + M(M;l)(w* — x)_“_z(hgz)z}

[ D+ FE {(x* — )M 4 po(z* — x)""thyz + MU(M; —b (" — :U)”"_Q(hgz)2} }

for ho(z* — 2)~1 — 0 and asymptotically equals

= { ) = ) 0 )+ PU D 2

[0 B2 otz (a* ) + 707 =D g )|

for ha(z* — )~ — 0o, hg(x* —x)~' — 0 means supp(w) C [hy*(z — 2*), hy ' (x — x,)] for a
large enough n, where . is the lower endpoint of f. ho(z* —2)™! — 0o means (z* — 2) # =
o(hy ™). Therefore, E[F(z; hy)] — F(x) is asymptotically

D 1
M(g—i_)(x* _ x)_”_Qh%/ZQUJ(Z)dZ for ha(z" —a)™' =0

—Dh;”/ 2 Pw(z)dz for hy(z* —z)7! — oo,
0
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where x, is the lower endpoint of f if the support of w is bounded. Similarly, nV[ﬁ (x; he)] is
asymptotically

D(a* — z)" (1 —ou(a — x)lhg/W(z)w(z)zdz) for ha(a* —2)t =0

2Dh2_”/ zHw(2){1 — W(2)}dz for he(z* —2)7! — oo
0

~

It holds that E[f(x; h1)] — f(z) is asymptotically

_ Dulp +21)(,u +2) (x* — x)_“_?’h%/zQw(z)dz, hi(z* —z)™ P =0

—D,uhl_“_l/ 2P (2)dz hi(z* — )t — o0
0
and

hitf(z) /wQ(z)dz hi(z* — )"t =0
nV[f(z)] ~ oo
—D,uh1“2/0 2P h?(2)dz hi(z* — )7 — oo

Proof of Theorem 4.1

Ef) (2)] — fom () = / 0 (2) {fomy (& = h2) — fomy() )z

mh?

~—— @ F (@) + f (@) F(@){f (@) + (2m = 3)} + (m = 1)(m — 2) f ()]
F™3(z) / 2w (z)dz.
It follows for the Hall class from
f(2) ~ Aax™7 1 f'(z) ~ —Aa(a +1) 2772, f(z) ~ Aala+ 1)(a +2) 3

that (E[f(m)(7)] — fom)(2)) is asymptotically equivalent to

m2hzf(£€) W:E_Q —om? ;— 133_1 + mQ] /z2w (z)d=.

Since for the Weibull class

f(z) ~eCa L exp(—Ca") (< C((1 = k)/C)? exp(k — 1))
f'(z) ~eCz2(—kCx" + Kk — 1) exp(—Cz")
() ~rCa" 3 (K2C% 2% — kC (3K — 3)z™ + (k — 1)(k — 2)) exp(—Cz"),

m 2
Bl ()] = oy (@) ~ T @) [(1C P2 — 2mnCrt 2] [ 22 (2)
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It follows from

g2 (52)] - (e[ (S52)]) ~ -t o7 00

and the asymptotic normality of the kernel density estimator that Theorem 4.1 holds for
the Hall class and the Weibull class. Theorem 4.1 for the bounded class for the case of
h(z* —x)~! — 0 is proved in the same manner. For the case of h(z* —z)~! — oo,
(E[f(m) ()] = fim)(x)) is asymptotically equivalent to

—Dpmh ™1 / 2P l(2)dz,
0
and

aV[f(x)] ~ —Dpmh™+"2 /OO 2P ?(2)dz h(z* — )7 — oo
0

Proof of Theorem 6.1

From Charpentier and Flachaire (2015) we see

2
([ P f(@) + 32f (@) + 22 (@)

nV[f™ (z; hy)] ~hite T f(x) /wQ(z)dz.

E[f (23 h1)] — f(z) ~

In the same manner, we have

2

E[F' (2 hy)] — F(x) ~h22 ( / Fw(z)ds){wf(w) + 2 f' ()}

RV[E (3 ho)] ~1 — F(2) + 2hon f(z) / W (2)w(2)dz.

Set Z1 = m(F™ (w; hg) — E[F™ (23 o)), yi o= m(E[F™™ (2 ho)] - F (x)), W= fI(a;hy) —

E[ﬁn(x;hl)] and " := (E[ﬂ“(xhl)] f(z)). It follows from the proof of Theorem 3.1

that fi,,)(x) — f(m (IL‘ hl, he) is asymptotically equivalent in distribution to mexp(—M,,) x
n)

{—a" — W} 4 exp(—M,,) f(z)(—Z™ — y). Hence, the asymptotic bias of fom) (x; hy, ha)
is given by

2 2
%e p(— M) MLT37m =37 224!, / dz—{—h—exp( Mn)Mnm§;x2f(:c)/z2w(z)dz.

The asymptotic variance is

2

%GXP(—QMH) [hllx_lf(sv) /wQ(z)dz+ f’(a:)/sz(z)dz — (x)
+2f(x){f(z /W 2)dz — F(x)f(x)} + M2 f?(x){M ‘m — 2h2an/zW(z)w(2)dz} } )

The asymptotic normality of Z,ljﬂ and /VIZIZ“ yields Theorem 6.1.
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Proof of Theorem 6.2

From Charpentier and Flachaire (2015) we see

2
L7 0]~ fom@) ~ 2 ([ 20000 ) Ui (0) + 32 g2 + 22y )

mh?

~ D [ @) FA @) + F @ F@{f @) + @m = 3)} + (m — 1) (m — 2)f (@)

3 / 2w (2) dz

37,2
m°h* ,

x exp(—Mn)f(a:)/z2w (z)dz.

It follows from
AV @)~ e @) [ 0 (2) s

and the asymptotic normality of the kernel density estimator that Theorem 6.2 holds.
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