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Proof of Proposition 2.1 for the Hall class

It holds that

gγk
(x) =

1

ak

(
1 + γ

x− bk
ak

)−α−1

exp

(
−
(
1 + γ

x− bk
ak

)−α
)

=α(Ak)−γ(Akx−α)1+γ exp
(
−Akx−α

)
ln f(m)(x) =−Mn

{
1 +Bx−β +

1

2
Ax−α + o(x−α + x−β)

}
+ log

(
x−1Mn

{
α+B(α+ β)x−β +Aαx−α + o(x−α + x−β)

})
f(m)(x) = exp(−Mn) exp

[
−Mn

{
Bx−β +

1

2
Ax−α + o(x−α + x−β)

}]
(
x−1Mn

{
α+B(α+ β)x−β +Aαx−α + o(x−α + x−β)

})
.

When (Mn ∨Kn) = o(1) and (Mn ∧Kn) → ∞,

τ̃n :=f(m)(x)− gγk
(x) = αx−1(Mn −Kn + o(Mn ∨Kn)) → 0,

τ̃n =αx−1 (Mn exp (−Mn)−Kn exp (−Kn) + o(Mn exp (−Mn)−Kn exp (−Kn))) → 0,

respectively. When there exists some positive constant δ s.t. Mn − δ =: ϵn → 0, τ̃n converges
only if Kn − δ =: ϵ̃n → 0. Then,

τ̃n =exp(−δ)
{

exp

[
−ϵn − δ

{
Bm−βγ +

1

2
Am−1 + o(m−βγ +m−1)

}]
x−1(δ + ϵn)

(
α+B(α+ β)x−β +Aαx−α + o(x−α + x−β)

)
− exp (−ϵ̃n)

}
,

and the convergence rate of τ̃n is x−1 times (m−βγ ∨m−1 ∨ ϵn ∨ ϵ̃n).

Proof of Proposition 2.1 for the Weibull class

It holds that

gγk
(x) = exp

(
−x− bk

ak

)
exp

(
− exp

(
−x− bk

ak

))
∼kκ exp(−κC1/κ(ln k)θx) exp[−kκ exp(−κC1/κ(ln k)θx)].

Set Kn := kκ exp(−κC1/κ(ln k)θx); then, we have

f(m)(x) =κCmx
κ−1 (1− exp{−Cxκ})m−1

∼κCmxκ−1 exp [(m− 1) ln (1− exp{−Cxκ})]
∼κCmxκ−1 exp

[
(m− 1)

(
− exp{−Cxκ} − 2−1 exp{−2Cxκ}

)]
∼

{
κCmxκ−1{1 + (−1 +m−1)Mn − 2−1M2

n} for Mn → 0

κCmxκ−1 exp (−Mn) for Mn → ∞,
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where Mn := m exp(−Cxκ). It follows that the convergence rate is{
κCmxκ−1 −Mn −Kn for Mn → 0

κCmxκ−1 exp (−Mn)−Kn exp(−Kn) for Mn → ∞.

τ̃n for Mn → δ converges only if both Kn → δ and Kn ∼ κCmxκ−1, i.e., k ∼ m.

Proof of Proposition 2.1 for the bounded class

It holds that

gγk
(x) =

1

ak

(
1 + γ

x− bk
ak

)−µ−1

exp

(
−
(
1 + γ

x− bk
ak

)−µ
)

=
1

−γ(x∗ − x)
Dk(x∗ − x)−µ exp

(
−Dk(x∗ − x)−µ

)
ln f(m)(x) =− (m− 1){(1− F (x)) +

1

2
(1− F (x))2 +O((1− F (x))3}

+ log

(
m

(x∗ − x)
[
1

γ
(1− F (x))− (x∗ − x)−µE

σ

γ
(x∗ − x)µσ + o((x∗ − x)−µ+µσ)]

)
f(m)(x) = exp(−(m− 1){(1− F (x)) +

1

2
(1− F (x))2})

m

(x∗ − x)
[
1

−γ
(1− F (x)) + (x∗ − x)−µE

σ

γ
(x∗ − x)µσ + o((x∗ − x)−µ+µσ)].

When (Mn ∨Kn) = o(1) and (Mn ∧Kn) → ∞,

τ̃n :=f(m)(x)− gγk
(x) =

1

−γ(x∗ − x)
(Mn −Kn + o(Mn ∨Kn)) → 0,

τ̃n =
1

−γ(x∗ − x)
(Mn exp (−Mn + o(Mn))−Kn exp (−Kn + o(Kn))) → 0,

respectively. When there exists some positive constant δ s.t. Mn − δ =: ϵn → 0, τ̃n converges
only if Kn − δ =: ϵ̃n → 0. Then, the convergence rate of τ̃n is (x∗ − x)−1 times (m−σ ∨m−1 ∨
ϵn ∨ ϵ̃n).

Proof of Theorem 2.1 for the Hall class and the bounded class

First, we decompose the difference as follows:

f(m)(x)− gγ̂k
(x) =

[
f(m)(x)− gγk

(x)
]
−
[
gγk

(x)− gγ̂k
(x)
]

=τ̃n + ζ̃n (say).

It holds that

ζ̃n = gγk
(x)− gγ̂k

(x) = − ∂

∂γ
gγ(x)

∣∣∣∣
γ=γ̃k

(γ̂k − γk)
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and γ̃k = (γ̃k, ãk, b̃k)
T is between γ̂k and γk with probability 1. By calculating the derivative,

we obtain

∂

∂α
gγ(x)

∣∣∣∣
γ=γk

=a−1
k (zk,n)

−α−1exp(−(zk,n)
−α)

{(1− z−1
k,n)(1 + γ)− ln (zk,n)− (zk,n)

−α((1− z−1
k,n)− ln (zk,n))},

where zk,n := 1 + (αak)
−1(x − bk) = γa−1

k x. Dombry and Ferreira (2019) proved that under
the assumption of Theorem 2.1,

√
N

1

a−1
k

a−1
k

 (γ̂k − γk)
d−→ N := N (λI−1

0 b, I−1
0 ),

where the bias term b and the Fisher information matrix I0 are given in Dombry and Ferreira
(2019). It follows from (1 + (α̂âk)

−1(x− b̂k))/zk,n
p−→ 1 that

∂

∂α
gγ(x)

∣∣∣∣
γ=γ̃k

−s̃n
p−→ 0,

where

s̃n := a−1
k K1+γ

n exp(−Kn) {(1−Kγ
n)(1 + γ) + γ lnKn −Kn ((1−Kγ

n) + γ lnKn)} .

Similarly,

∂

∂ak
gγ(x)

∣∣∣∣
γ=γ̃k

−t̃∗n
p−→ 0,

∂

∂bk
gγ(x)

∣∣∣∣
γ=γ̃k

−ũ∗n
p−→ 0,

where

t̃∗n :=− K−1
n (1 + α)− αK−γ−1

n + αK−γ
n − α

K
−2(1+γ)
n a2k

exp(−Kn)

ũ∗n :=

(
K−1

n (α+ 1)− α
)

αK
−2(1+γ)
n a2k

exp(−Kn).

As seen from Dombry and Ferreira (2019), ζ̃n is asymptotically equivalent in distribution
to −N−1/2η̃T

nN = OP (N
−1/2a−1

k ), where η̃n = (s̃n, t̃n, ũn)
T, t̃n := ak t̃

∗
n and ũn := akũ

∗
n.

Combining Proposition 2.1 and the above results, Theorem 2.1 for the Hall class is proved.
In the same manner, Theorem 2.1 is proved for the bounded class.

Proof of Theorem 2.1 for the Weibull class

It holds that

∂

∂α
gγ(x)

∣∣∣∣
γ=γ̃k

p−→ 0,
∂

∂ak
gγ(x)

∣∣∣∣
γ=γ̃k

−t̃∗n
p−→ 0,
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where

t̃∗n :=(1− k−ϕ0a
1/(κ−1)
k x∗

k,n)(x∗k,na
−2
k k−ϕ0a

1/(κ−1)
k x∗

k,n) exp

[
−k−ϕ0a

1/(κ−1)
k x∗

k,n

]
,

x∗k,n := x−{C−1 ln k}
1
κ and ϕ0 := κ1/θC1/(κ−1). It follows from ϕ0a

1/(κ−1)
k x∗k,n = κC1/κ(ln k)−1/κx−

κ that

k−ϕ0a
1/(κ−1)
k x∗

k,n =kκ × k−κC1/κ(ln k)−1/κx

=kκ exp
[
ln(k−κC1/κ(ln k)−1/κx)

]
=: Kn.

Combining these results and x∗k,na
−1
k = − lnKn, we obtain

t̃∗n = a−1
k exp(−Kn)Kn(Kn − 1) lnKn.

Similarly, we have

∂

∂bk
gγ(x)

∣∣∣∣
γ=γ̃k

−ũ∗n
p−→ 0,

where ũ∗n := a−1
k Kn(Kn − 1) exp(−Kn).

It follows from the same asymptotic normality of γ̂k used in the proof for the Hall class
that ζ̃n is asymptotically equivalent in distribution to −N−1/2η̃T

nN , where η̃n = (s̃n, t̃n, ũn)
T,

s̃n ≡ 0, t̃n := ak t̃
∗
n, ũn := akũ

∗
n. Theorem 2.1 for the Weibull class has now been proved.

Proof of Theorem 3.1 for the Hall class

It follows from F (x− h2z) equals

1−A(x− h2z)
−α
(
1 +B(x− h2z)

−β + o(x−β)
)

=1−A

{
x−α − αh2x

−α−1z +
α(α+ 1)

2
h22x

−α−2z2 +O(h32x
−α−3)

}
(

1 +B

{
x−β − βh2x

−β−1z +
β(β + 1)

2
h22x

−β−2z2 +O(h32x
−β−3)

}
+ o(x−β)

)
that

E[F̂ (x;h2)]− F (x) =

∫
w (z) {F (x− h2z)− F (x)}dz

=− Aα(α+ 1)

2
h22x

−α−2

∫
z2w (z) dz + o(h22x

−α−2),

nV[F̂ (x;h2)] =E
[
W 2

(
x−Xi

h2

)]
−
(
E
[
W

(
x−Xi

h2

)])2

=Ax−α

{
1 +Bx−β −Ax−α − 2αh2x

−1

∫
zW (z)w(z)dz + o(x−α + x−β + h2x

−1)

}
.
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In the same manner, we have

E[f̂(x;h1)]− f(x) =
Aα(α+ 1)(α+ 2)

2
h21x

−α−3

∫
z2w(z)dz + o(h21x

−α−3)

nV[f̂(x;h1)] =h−1
1 f(x)

∫
w2(z)dz + o(h−1

1 f(x)).

Set Zn := m(F̂ (x;h2)−E[F̂ (x;h2)]), yn := m(E[F̂ (x;h2)]−F (x)), W̃n := f̂(x;h1)−E[f̂(x;h1)],
and ũn := (E[f̂(x;h1)]− f(x)). f̂(m)(x;h1, h2) equals

m
f̂(x;h1)

F̂ (x;h2)
exp

(
m ln(F̂ (x;h2))

)
=m{f(x) + ũn + W̃n} exp

(
m
{
F̂ (x;h2)− 1 + oP (F̂ (x;h2)− 1)

})
=m{f(x) + ũn + W̃n} exp

(
−Mn + Zn + yn + oP (m(F̂ (x;h2)− 1))

)
=m exp(−Mn){f(x) + ũn + W̃n}

(
1 + Zn + yn +OP (Z

2
n) + oP (m(F̂ (x;h2)− 1)) +O(y2n)

)
.

Since ũn = o(1) and W̃n = oP (1) as seen from the above, f̂(m)(x;h1, h2) is asymptotically
given by

m exp(−Mn){f(x) + ũn + W̃n + f(x)(Zn + yn)}.

As a consequence f(m)(x) − f̂(m)(x;h1, h2) is asymptotically equivalent in distribution to

m exp(−Mn){−ũn − W̃n}+m exp(−Mn) f(x)(−Zn − yn). This is the sum of i.i.d. sequence,
hence the asymptotic bias is found to be

h21
2

exp(−Mn)M
1+3γ
n m−3γψn

∫
z2w(z)dz +

h22
2

exp(−Mn)Mnmξnf(x)

∫
z2w(z)dz.

The variance of W̃n + f(x)Zn is asymptotically given by

1

n
[
f(x)

h1

∫
w2(z)dz + {f ′(x)

∫
zw2(z)dz − f2(x)}] + 2

n
f(x){f(x)

∫
W (z)w(z)dz − F (x)f(x)}

+
1

n
M2

nf
2(x){M−1

n m− 2h2ωn

∫
zW (z)w(z)dz}.

Combining these results with the asymptotic normality of Zn and W̃n, Theorem 3.1 for the
Hall class is proved.

Proof of Theorem 3.1 for the Weibull class

f(x)−κCxκ−1 exp(−Cxκ) → 0,

f ′(x)−κCxκ−2(−κCxκ + κ− 1) exp(−Cxκ) → 0

f ′′(x)−κCxκ−3(κ2C2x2κ − κC(3κ− 3)xκ + (κ− 1)(κ− 2)) exp(−Cxκ) → 0
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as x→ ∞. There exist some c0 > 0 such that∣∣∣∣E[F̂ (x;h2)]− F (x)− h22
f ′(x)

2

∫
z2w(z)dz

∣∣∣∣ < c0h
3
2 exp(−Cxκ)

and ∣∣∣∣E[f̂(x;h1)]− f(x)− h21
f ′′(x)

2

∫
z2w(z)dz

∣∣∣∣ < c0h
3
1 exp(−Cxκ).

For h2x
κ−1 → 0, the asymptotic variances are given by

V[F̂ (x;h2)] ∼n−1 exp(−Cxκ){1− 2κCh2x
κ−1

∫
zW (z)w(z)dz},

V[f̂(x;h1)] ∼(nh1)
−1κCxκ−1 exp(−Cxκ)

∫
w2(z)dz.

Set Zn := m(F̂ (x;h2)−E[F̂ (x;h2)]), yn := m(E[F̂ (x;h2)]−F (x)), W̃n := f̂(x;h1)−E[f̂(x;h1)],
and ũn := (E[f̂(x;h1)]− f(x)). It follows from

f̂(m)(x;h1, h2) = m{f(x) + ũn + W̃n} exp
(
−Mn + Zn + yn + oP (m(F̂ (x)− 1))

)
that f(m)(x)− f̂(m)(x;h1, h2) is asymptotically equivalent in distribution to

m exp(−Mn){−ũn − W̃n}+m exp(−Mn)κCx
κ−1 exp(−Cxκ)(−Zn − yn).

Combining these results with the asymptotic normality of Zn and W̃n, Theorem 3.1 for the
Weibull class is proved.

Proof of Theorem 3.1 for the bounded class

F (x− h2z) asymptotically equals

1−
{
(x∗ − x)−µ − µ(x∗ − x)−µ−1h2z +

µ(µ+ 1)

2
(x∗ − x)−µ−2(h2z)

2

}
[
D + E

{
(x∗ − x)µσ + µσ(x∗ − x)µσ−1h2z +

µσ(µσ − 1)

2
(x∗ − x)µσ−2(h2z)

2

} ]
for h2(x

∗ − x)−1 → 0 and asymptotically equals

1−
{
(h2z)

−µ − µ(h2z)
−µ−1(x∗ − x) +

µ(µ+ 1)

2
(h2z)

−µ−2(x∗ − x)2
}

[
D + E

{
(h2z)

µσ + µσ(h2z)
µσ−1(x∗ − x) +

µσ(µσ − 1)

2
(h2z)

µσ−2(x∗ − x)2
} ]

for h2(x
∗−x)−1 → ∞. h2(x

∗−x)−1 → 0 means supp(w) ⊂ [h−1
2 (x−x∗), h−1

2 (x−x∗)] for a large
enough n, where x∗ is the lower endpoint of f . h2(x

∗−x)−1 → ∞ means (x∗−x)−µ = o(h−µ
2 ).

Therefore, E[F̂ (x;h2)]− F (x) is asymptotically
−Dµ(µ+ 1)

2
(x∗ − x)−µ−2h22

∫
z2w(z)dz for h2(x

∗ − x)−1 → 0

−Dh−µ
2

∫ ∞

0
z−µw(z)dz for h2(x

∗ − x)−1 → ∞,
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where x∗ is the lower endpoint of f if the support of w is bounded. Similarly, nV[F̂ (x;h2)] is
asymptotically

D(x∗ − x)−µ

(
1− 2µ(x∗ − x)−1h2

∫
W (z)w(z)zdz

)
for h2(x

∗ − x)−1 → 0

2Dh−µ
2

∫ ∞

0
z−µw(z){1−W (z)}dz for h2(x

∗ − x)−1 → ∞.

It holds that E[f̂(x;h1)]− f(x) is asymptotically
−Dµ(µ+ 1)(µ+ 2)

2
(x∗ − x)−µ−3h21

∫
z2w(z)dz, h1(x

∗ − x)−1 → 0

−Dµh−µ−1
1

∫ ∞

0
z−µ−1w(z)dz h1(x

∗ − x)−1 → ∞

and

nV[f̂(x)] ∼


h−1
1 f(x)

∫
w2(z)dz h1(x

∗ − x)−1 → 0

−Dµh−µ−2
1

∫ ∞

0
z−µ−1w2(z)dz h1(x

∗ − x)−1 → ∞.

Proof of Theorem 4.1

E[f̄(m)(x)]− f(m)(x) =

∫
w (z) {f(m)(x− hz)− f(m)(x)}dz

∼mh
2

2

[
f ′′(x)F 2(x) + f ′(x)F (x){f(x) + (2m− 3)}+ (m− 1)(m− 2)f(x)

]
Fm−3(x)

∫
z2w (z) dz.

It follows for the Hall class from

f(x) ∼ Aαx−α−1, f ′(x) ∼ −Aα(α+ 1)

2
x−α−2, f ′′(x) ∼ Aα(α+ 1)(α+ 2)

2
x−α−3

that (E[f̄(m)(x)]− f(m)(x)) is asymptotically equivalent to

mh2

2
f(x)

[
(α+ 1)(α+ 2)

2
x−2 − 2m

α+ 1

2
x−1 +m2

] ∫
z2w (z) dz.

Since for the Weibull class

f(x) ∼κCxκ−1 exp(−Cxκ)
(
< C((1− κ)/C)θ exp(κ− 1)

)
f ′(x) ∼κCxκ−2(−κCxκ + κ− 1) exp(−Cxκ)
f ′′(x) ∼κCxκ−3(κ2C2x2κ − κC(3κ− 3)xκ + (κ− 1)(κ− 2)) exp(−Cxκ),

E[f̄(m)(x)]− f(m)(x) ∼
mh2

2
f(x)

[
(κC)2x2(κ−1) − 2mκCxκ−1 +m2

] ∫
z2w (z) dz.
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It follows from

n̄V[f̄(x)] = h−1E
[
w2

(
x− Yi
h

)]
−
(
E
[
w

(
x− Yi
h

)])2

∼ h−1f(m)(x)

∫
w2 (z) dz

and the asymptotic normality of the kernel density estimator that Theorem 4.1 holds for
the Hall class and the Weibull class. Theorem 4.1 for the bounded class for the case of
h2(x

∗ − x)−1 → 0 is proved in the same manner. For the case of h2(x
∗ − x)−1 → ∞,

(E[f̄(m)(x)]− f(m)(x)) is asymptotically equivalent to

−Dµmh−µ−1
1

∫ ∞

0
z−µ−1w(z)dz,

and

n̄V[f̄(x)] ∼ −Dµmh−µ−2
1

∫ ∞

0
z−µ−1w2(z)dz h1(x

∗ − x)−1 → ∞.

Proof of Theorem 6.1

From Charpentier and Flachaire (2015) we see

E[f̂ ln(x;h1)]− f(x) ∼h
2
2

2
(

∫
z2w(z)dz){f(x) + 3xf ′(x) + x2f ′′(x)}

nV[f̂ ln(x;h1)] ∼h−1
1 x−1f(x)

∫
w2(z)dz.

In the same manner, we have

E[F̂ ln(x;h2)]− F (x) ∼h
2
2

2
(

∫
z2w(z)dz){xf(x) + x2f ′(x)}

nV[F̂ ln(x;h2)] ∼1− F (x) + 2h2xf(x)

∫
zW (z)w(z)dz.

Set Z ln
n := m(F̂ ln(x;h2) − E[F̂ ln(x;h2)]), y

ln
n := m(E[F̂ ln(x;h2)] − F (x)), W̃ ln

n :=
f̂ ln(x;h1) − E[f̂ ln(x;h1)], and ũlnn := (E[f̂ ln(x;h1)] − f(x)). It follows from the proof of
Theorem 3.1 that f(m)(x) − f̂ ln(m)(x;h1, h2) is asymptotically equivalent in distribution to

m exp(−Mn){−ũlnn − W̃ ln
n } +m exp(−Mn) f(x)(−Z ln

n − ylnn ). Hence, the asymptotic bias of
f̂ ln(m)(x;h1, h2) is given by

h21
2

exp(−Mn)M
1+3γ
n m−3γx2ψ′

n

∫
z2w(z)dz +

h22
2

exp(−Mn)Mnmξ
′
nx

2f(x)

∫
z2w(z)dz.

The asymptotic variance is

m2

n
exp(−2Mn)

[
h−1
1 x−1f(x)

∫
w2(z)dz + f ′(x)

∫
zw2(z)dz − f2(x)

+ 2f(x){f(x)
∫
W (z)w(z)dz − F (x)f(x)}+M2

nf
2(x){M−1

n m− 2h2xωn

∫
zW (z)w(z)dz}

]
.

The asymptotic normality of Z ln
n and W̃ ln

n yields Theorem 6.1.
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Proof of Theorem 6.2

From Charpentier and Flachaire (2015) we see

E[f̄ ln(m)(x)]− f(m)(x) ∼
h22
2
(

∫
z2w(z)dz){f(m)(x) + 3xf ′(m)(x) + x2f ′′(m)(x)}

∼mh
2

2
x
[
f ′′(x)F 2(x) + f ′(x)F (x){f(x) + (2m− 3)}+ (m− 1)(m− 2)f(x)

]
Fm−3(x)

∫
z2w (z) dz

∼m
3h2

2
x2 exp(−Mn)f(x)

∫
z2w (z) dz

It follows from

n̄V[f̄ ln(x)] ∼ h−1x−1f(m)(x)

∫
w2 (z) dz

and the asymptotic normality of the kernel density estimator that Theorem 6.2 holds.


