Study on density estimators of sample maximum 1

Proof of Proposition 2.1 for the Hall class

It holds that

1 T — b -l x—0b\ ©
g,yk(a:):a—k 14+~ o exp| — 1+~ o

=a(Ak) ™ (Akz ™) exp (—Akz ™)

In fin)(z) = — My {1 +Br P4+ %Al,fa +o(z® + xﬂ)}
*loe (az‘an {a + Bla+ )z~ + Aaz™ 4 o(a™* + x_ﬁ)}>
fom)(x) =exp(—My) exp [_Mn {B:U_ﬂ + %Ax_a + oz + x_ﬁ)}]

(:E_an {a + Bla+B)z P + Aoz + o(z™ + x_ﬂ)}) .
When (M, V K,) =o(1) and (M, A K,,) = 00,
n ::f(m)(:n) — Gy () = a:v_l(Mn — Ky, + oM,V K,)) =0,
T =™t (M, exp (—M,) — K, exp (—K,) + o(M, exp (—M,,) — K, exp (—K,))) = 0,

respectively. When there exists some positive constant § s.t. M, —d =: ¢, — 0, T, converges
only if K,, — 0 =: €, — 0. Then,

Tn = exp(—0) { exp [—en -0 {Bm_m + %Am_1 +o(m™P7 + m_l)}]
(6 + ) (oz + B(a+ )" + Aax™® + oz~ + :c*/’))> —exp (—€y) },

and the convergence rate of 7, is 27! times (m YV m™ Ve, VE,).

Proof of Proposition 2.1 for the Weibull class

It holds that

e e (52 o (o (1))

~k" exp(—kCY R (In k)0 ) exp[—k* exp(—wCY 5 (In k)?2)].

Set K, := k* exp(—xCY/*(In k)?z); then, we have
fomy(@) =6Cma" ' (1 — exp{—Cz"})™ !
~kCmz Lexp[(m — 1)In (1 — exp{—Cz"})]
~kCmz" 1 exp [(m —1) (— exp{—Ca"} — 271 exp{—2Cz"})]
KCma"™ H1+ (=1 +m HM, —27' M2} for M, —0
- {mme“_l exp (—M,) for M, — oo,
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where M, := mexp(—Cz"). It follows that the convergence rate is

kCmz" ' — M, — K, for M, —0
kCmz"Lexp (—M,) — K,exp(—K,) for M, — cc.

7, for M, — § converges only if both K,, — 6 and K, ~ kCma" 1, ie., k ~m.

Proof of Proposition 2.1 for the bounded class

It holds that

1 z—bp\ HH x—b\ #
gvk(w)zafk <1+7 o k> eXP(—(lJrv akk> )
1
= Dk(z* —2) "exp (—Dk(z" — x)™*
=y R =) e (~Dh(a” ) )

In fimy (@) = = (m = D{(1 = F(x)) + %(1 — F()) +O0((1 = F())*}

+ log < (l‘*niw)[’t/(l — F(.%')) — ({I)* _ x)_uE%({E* o x)ua + O((l‘* . $)—u+ua)] )

Jomy(x) = exp(=(m — D{(1 - F(z)) + %(1 — F(2))*})
Li _ T $*—I‘_‘“ Ex*_x,ua Ol‘*—:p_“'ﬂw.
(= F@) (0 =) B = e ol (o — ) )

When (M, V K,) = o(1) and (M, A K,,) — o0,

_

(" — )

(M,, exp (—M,, + o(M,,)) — K, exp (— K, + o(K,))) — 0,

o =) (&) — g () = (My = Ko+ oMy V 1)) =0,

_ 1
Ty ——————————
" et - a)
respectively. When there exists some positive constant § s.t. M, —J =: ¢, — 0, 7, converges

only if K, —d =: €, — 0. Then, the convergence rate of 7, is (z* —x)~! times (m=°Vvm~!v
€n V €n).

Proof of Theorem 2.1 for the Hall class and the bounded class

First, we decompose the difference as follows:

Fm) (@) = 95, (2) = [fm) (€) = 9, (2)] = [, () — 95, (2)]
:7~_n + gn (SaY)'
It holds that
0

Cn = (1) = g5, (1) = — =gy (2 Ve —
9, (@) — g5, (2) 8797()7:% (Y, — k)



Study on density estimators of sample maximum 3

and v = (%,Zik,gk)T is between 4y and - with probability 1. By calculating the derivative,
we obtain

2 gala) | =a (o) e~ (zin) )

Y=Yk
{1 = 21 +7) = In (z) = (z0) (1 = 23,,,) — I (20,0)) )

where zj,, := 1 + (aag) "' (z — b) = va, '=. Dombry and Ferreira (2019) proved that under
the assumption of Theorem 2.1,

1
VN | a;t Ak —vr) > N = N(M b, I Y,

where the bias term b and the Fisher information matrix Iy are given in Dombry and Ferreira
(2019). Tt follows from (1 4 (ady) " (x — bx))/2k.n = 1 that

0 - p
—g~(x) -5, — 0,
da Y=Yk

where

5= ap 'Ky exp(—Ky) {(1 - K1 +9) +yIn K, — K, (1 — K)) +yInK,,)} .

Similarly,
8 % P 8 ~x P
— () —ty, =0, ——gy(x) —u, — 0,
day, Y=k by Y=k
where
- Kl'1+a)—aK," ' +aK,” —a
ty = — Kg2(1+7)a% exp(—K,)
~x% (K’r:l (a+1)_a)
Uy = aK;Z(lJr’Y)a% exp(—Kp).

As seen from Dombry and Ferreira (2019), Zn is asymptotically equivalent in distribution
to —Nﬁl/QﬁgN = Op(Nfl/Qa,;I), where 7, = (8nytn, Un)', tn = axty and u, = api;.
Combining Proposition 2.1 and the above results, Theorem 2.1 for the Hall class is proved.
In the same manner, Theorem 2.1 is proved for the bounded class.

Proof of Theorem 2.1 for the Weibull class

It holds that

0 p 0 ~
9~ () - -y
da Y=k
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where

~ _ 1/(k=1) _« o _ 1/(k=1) _« _ 1/(k=1) _«
#o=(1—k $oay, zkm)(l‘;naka doay, zkﬂn)eXp |:—]<2 poay, xk,n:| ’

n

Th o o= r—{C~'In k}% and ¢g := /?CY (=1 1t follows from ¢0a,1€/('{_1)x;g’n = kCV5(In k)~ Vrz—
k that

k_¢0a]1€/<'i*1>wzyn :k;‘% % k*ﬁcl/n(lnk)_l/ﬁﬁ

=k" exp ln(k*’{cl/ﬂ(lnkrl/%) =: K,.

1

Combining these results and zj,,,a; " = —In K, we obtain

tr = a; ' exp(—Kp) K, (K, — 1) In K.

Similarly, we have

0 ~x P
g’Y(x) —Up — 07
by, Y=Yk

where ¥ = a; 'K, (K, — 1) exp(—K,).
It follows from the same asymptotic normality of 4 used in the proof for the Hall class

that Zn is asymptotically equivalent in distribution to —N—1/ 2n) N, where 1, = (Gt 1) T,
Sn =0, t, := agt}, uy = agu,,. Theorem 2.1 for the Weibull class has now been proved.

Proof of Theorem 3.1 for the Hall class

It follows from F'(z — haz) equals

L= Al = haz) ™ (14 Ble — haz) 7 4 oa")
afa+1)
ala+1)

B(B+1)
2

=1-A {w‘a — ahsz™* 12+ Rz~ 2% 4 O(h%x‘a‘3)}

< 1+B {wﬂ — Bhoz Pl 4 h2x P22 4 O(h%wﬂ?))} +o(z™P) >
that
E[F(2: ho)] — F(z) = / w(2) {F(z — hoz) — F(z)}dz
~ Aa(a+1)

= Qh%:U_O‘_Q/zQw (2)dz + o(h3z™72),

WV(F(z; ha)] = [W? ( ;fi)] - (E [W ( ZX)D

=Ax™¢ { 14+ Bz ? — Az~ — 20z ™! /zW(z)w(z)dz +o(z™+ 27 4 hoz™1) } .
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In the same manner, we have

Elf(e; )] — fla) =220 D@ H D) 2o [ #uids +othta?)

2
V[ f( )] =hy f(2) / w?(2)dz + o(hT L ().

~

Set Z, := m(F(z; ho) ~E[F (23 ha)]), yn := m(E[F (2; ha)|~F(x)), Wy == f(a; h1)~E[f(2; h1)),

AL

( ;
and uy, := (E[f(x; h1)] — f(2)). fim)(x;h1, h2) equals

=m{f(x) + Up + Wy} exp (m {ﬁ(aﬁ; hy) — 1+ op(F(x; hy) — 1)})

= { f(2) + T + Wak exp (=M + Zy + yo + op(m(F(z: hy) — 1))

N—

)

—m exp(~My){f(&) + iin + W (14 Zu + yo + Op(22) + op(m(F(x: ha) = 1) + O2))

Since u, = o(1) and W, = op(1) as seen from the above, J?(m) (x; h1, he) is asymptotically

given by —
mexp(—M){f(x) + tn + Wy + f(2)(Zn + yn)}-

As a consequence f(,,)(z) — fzm) (x; hi, he) is asymptotically equivalent in distribution to
mexp(—Mp){—u, — Wn} +m exp(—M,,) f(z)(—Zn — yn). This is the sum of i.i.d. sequence,
hence the asymptotic bias is found to be

2 2
% exp(—My,) M 37m =374, / 22w (z)dz + % exp(— M) M,mé&, f () /z2w(z)dz.
The variance of W, + f (z)Z,, is asymptotically given by
I [z + (7@ [t - PN+ 2@ UE [ W - Fefw)

M) (M = 2o, [ AW (2w (a)da).

Combining these results with the asymptotic normality of Z, and Wn, Theorem 3.1 for the
Hall class is proved.

Proof of Theorem 3.1 for the Weibull class

f(z)—kCz" Lexp(—Cz") — 0,
f'(2)—kC2"2(—kC2" + Kk — 1) exp(—Cz") = 0
" (2)—kC2 " 3(K2C?2* — KC(3k — 3)2" + (k — 1)(k — 2)) exp(—Cz") — 0
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as £ — 0o. There exist some ¢y > 0 such that

< cohi exp(—Cz")

‘E[ﬁ(m; ho)| — F(x) — h2L ’g”) / 2w(z)dz

and

< coh3 exp(—Cz").

‘E[f(w; ol — f(a) — m2L "2(“"”) / 2p(2)dz

For hoz"~! — 0, the asymptotic variances are given by
V[F (3 he)] ~n~ ' exp(—Cz"){1 — 26Chyz" /zW(z)w(z)dz},

V[]?(x;hl)] ~(nhy) T tkCzr 1 eXp(—C’:r"‘)/wz(z)dz.

~

(F (@3 ho)~E[F (w3 h2))), yn 1= m(E[F (x; ho)] = F (2)), Wy, == f(@; 1) —E[f (3 ha)],
and u, = (E[f(z;h1)] — f(x)). It follows from
h

1, h?) = m{f(x) + an + Wn}exp <_Mn + Zn+ Yn + OP(m(ﬁ(x) - 1)))
that f(,(z) — f(m) (x; h1, ho) is asymptotically equivalent in distribution to
mexp(—Mpy){—u, — Wn} + mexp(—M,)kCx" L exp(—Cx"™) (= Zy — yn).

Combining these results with the asymptotic normality of Z, and V[N/n, Theorem 3.1 for the
Weibull class is proved.

Proof of Theorem 3.1 for the bounded class

F(x — hoz) asymptotically equals
1
1-— {(:c* —2) T —pu(x* — ) P hyz + ,u(,u2—|—)($* - x)“Q(hzz)2}

{ D+ FE {(:c* — )"+ po(z* — x)" Thez + MU(M; — Y (x* — x)WZ(hgz)Q} ]

for ho(z* — 2)~! — 0 and asymptotically equals

- {(hzzw — lho2) @ ) P i m>2}

-1
[ D+E {(th)W + po(he2)Ho Nzt — z) + ‘”(W;)(hﬂ)w—%* - ;13)2} }
for ho(z*—x)~! — oo. ha(z* —z)~! — 0 means supp(w) C [hy ' (x—2*), hy ' (z—x.,)] for a large
enough n, where z, is the lower endpoint of f. ha(z* — )1 — oo means (z* —z)™# = o(hy").
Therefore, E[F(z; ha)] — F(x) is asymptotically
_Dp(p+1)
2

—Dh;“/ 2 Pw(z)dz  for he(z* —z)"! — oo,
0

(z* — x)"*2h} / 2w(z)dz for ho(z* —z)"' =0



Study on density estimators of sample maximum 7

where x, is the lower endpoint of f if the support of w is bounded. Similarly, nV[ﬁ (z; he)] is
asymptotically

D(z* —z)™" <1 —2u(z* — )" thy / W(z)w(z)zdz) for ha(a” —z)"L =0

2Dh2“/ Hrw(2){1 - W(2)}dz for he(z* —2)™' — oco.
0

~

It holds that E[f(z;h1)] — f(x) is asymptotically

_DM(M+21)(M+2) (x* —:L')_“_Sh%/zzw(z)dz, hi(z* —x)"t =0

—Duhlul/ 2P lw(z)dz bz — ) = oo
0
and

hitf(x) /w2(z)dz hi(z* —x)"t =0
nV[f(z)] ~

—Duhl_“_Q/O 7wt (2)dz (et —2)7t = ool

Proof of Theorem 4.1

E[fm)(@)] = fim (2) = /w (2) {f(m) (@ = hz) = fom) () }d2
~— @ F () + f @) F@){f (@) + (2m = 3)} + (m = 1)(m = 2) f ()]
Fm_?’(x)/ZQw (z)dz.

It follows for the Hall class from

Aa(a+1)
2

Ao+ D)(0+2) oy

—a—2 "

flx) ~ Aoz, f(x) ~—

that (E[f(n)(7)] — fim) (7)) is asymptotically equivalent to

Tn2h2f(m) MM$_2—2ma;1$_l+m2]/z2w(z)dz.

2
Since for the Weibull class
f(z) ~eCz 1 exp(—Cz") << C((1 - r)/C)? exp(k — 1))
f'(x) ~eCa" 2 (—rCa™ + k — 1) exp(—Ca")
f(x) NKO$H_3(I€202ZE2H — kC(Bk —3)z" + (k — 1)(k — 2)) exp(—Cx"),

- mh?

E[fm) ()] = fom)(x) ~ ?f(x) {(/fC)ZwQ(“*l) — 2mkCa !+ m2] /22w (z)dz.
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It follows from

wvi) =1 [u ()] - (o (S5 ) 0 o [0 e

and the asymptotic normality of the kernel density estimator that Theorem 4.1 holds for
the Hall class and the Weibull class. Theorem 4.1 for the bounded class for the case of
ho(z* — x)~! — 0 is proved in the same manner. For the case of ho(z* — 2)~! — o0,
(E[f(m) ()] = fam)(x)) is asymptotically equivalent to

—D/ﬂnhlul/ 2P lw(2)dz,
0
and

aV[f(z)] ~ —Dumhl_“_2/ 2wt (2)dz hy(at —2)7t — oo,
0

Proof of Theorem 6.1

From Charpentier and Flachaire (2015) we see

2

B (ai )] - (o) ~ 2 [ o) F(a) + 32f () + 22 (2)
V[ (z; hy)] Nhl_lxlf(x)/wQ(z)dz.

In the same manner, we have

2

E[F'™ (x; ho)] — F(x) ~%< / Fw(z)d2){wf (@) +2°f (2)}

WY[E (2 ho)] ~1 — F(2) + 2hoz f(2) / W (2)w(2)dz.

Set ZI" = m(F™(z;hg) — E[F™(z;ho)]), y := m(E[F™(z;hs)] — F(z)), W =
]ﬂn(aj; hi) — E[f™(2;hy)], and u® = (]E[Jﬂn(x;hl)} — f(z)). It follows from the proof of
Theorem 3.1 that f(m)(a:) — f(lf%) (x; h1, he) is asymptotically equivalent in distribution to
m exp(—M,){—u — W}lﬂ} +m exp(—M,) f(x)(—Z" — yM). Hence, the asymptotic bias of
];221) (x; hi, he) is given by

h? h3
?1 exp(— M) MIT3m =722y | 22w(z)dz + ?2 exp(—M,) M,mé),x? (m)/22w(z)dz.

The asymptotic variance is

2

%exp(—2Mn) [hl_lxlf(m)/wQ(z)dz + f(2) /zw2(z)dz — (2
+of @) {f (@) / W(2)w(=)ds — F(2)f(2)} + M2F2(2){ M. m — 2hozwn / zW(z)w(z)dz}} .

The asymptotic normality of Z!* and ’erlbn yields Theorem 6.1.
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Proof of Theorem 6.2

From Charpentier and Flachaire (2015) we see

_ h%

B[ 715 (0] = Fony (&) ~ 2 [ ()2 fiy () + 32 ) +

x exp(—Mn)f(x)/zzw(z) dz
It follows from

AV )]~ S () [t () d

(I{m) ()}

and the asymptotic normality of the kernel density estimator that Theorem 6.2 holds.



