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Abstract:

e Composite type distributions are being increasingly used to model insurance data. Yet
no expressions seem to be available for observed information matrices. In this paper,
we give expressions for the matrices for two-piece, three-piece and m-piece composite
distributions in their most general forms. Expressions for a number of particular cases
and a simulation study showing practical use are also given.
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1. Introduction

Composite type distributions have attracted much attention for modeling insurance data lately.
Nearly all of the proposed models are made up of two pieces. The most general two-piece composite
distribution has its probability density and cumulative distribution functions specified by
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respectively, where f1, fo are smooth and valid probability density functions, F, F» are the correspond-
ing cumulative distribution functions and ® > 0.

Various particular cases of (1.1) and (1.2) have been studied in the literature: Cooray and
Ananda [9], Scollnik [33], Teodorescu [35], Lee [18], Pigeon and Denuit [31], Eliazar and Cohen [13], Pak
[29], Bee [3], Cooray and Cheng [10], Luckstead and Devadoss [22], Luckstead et al. [23] and Mutali
and Vernic [26] considered lognormal and Pareto distributions for fi and f2, respectively; Teodorescu
and Vernic [37], Aminzadeh and Deng [1] and Gencturk et al. [14] considered exponential and Pareto
distributions for fi and f2, respectively; Cooray [8], Teodorescu and Panaitescu [36], Scollnik and Sun
[34], Calderin-Ojeda [6] and Deng and Aminzadeh [12] considered Weibull and Pareto distributions for
f1 and f2, respectively; Cooray et al. [11] considered Weibull and inverse Weibull distributions for fi
and fa, respectively; Teodorescu and Vernic [38] considered the Pareto distribution for f2; Nadarajah
and Bakar [27, 28] considered the lognormal distribution for f1; Maghsoudi et al. [25] considered Weibull
and inverse transformed gamma distributions for fi and f2, respectively; Calderin-Ojeda [5] considered
Weibull and Burr distributions for fi and fa2, respectively; Calderin-Ojeda and Kwok [7] considered the
Stoppa distribution for f1; Kim et al. [16] and Park and Baek [30] considered lognormal and generalized
Pareto distributions for f1 and f2, respectively; Maghsoudi and Abu Bakar [24] considered transformed
gamma and inverse transformed gamma distributions for f; and f2, respectively; Aminzadeh and Deng [2]
considered inverse gamma and Pareto distributions for fi and f2, respectively; Kim et al. [17] considered
gamma and generalized Pareto distributions for f1 and fa2, respectively; Benatmane et al. [4] considered
Rayleigh and Pareto distributions for f1 and f2, respectively; and so on. Liu and Ananda [19, 20| studied
an exponentiated version of (1.1) and (1.2). Grin and Miljkovic [15] provided a comprehensive analysis
on two-piece composite distributions. Liu and Ananda [21] proposed an exponentiated version of inverse
gamma-Pareto composite distribution.

Yet we are aware of no work giving the observed information matrix for the general form of
composite distributions. Even the particular cases mentioned in the cited papers do not appear to have
derived the observed information matrices. Observed information matrices are important for tests of
hypothesis and interval estimation.

Observed information matrices are commonly computed numerically. This can be prone to errors
especially for composite type distributions because they involve continuity and differentiability conditions
at 8. The aim of this paper is to derive explicit expressions for the observed information matrices for the
most general two-piece, three-piece and m-piece composite distributions. These expressions are given
in Sections 2, 3 and 4. Some particular cases of these expressions when f; is taken to correspond to
exponential and Weibull distributions are given in the supplementary file. A simulation study showing
practical use of the expressions in Section 4 is described in Section 5.

m-piece composite distributions when m > 2 can be useful models for portfolio losses when
the portfolio consists of more than two assets behaving differently. Examples could include portfolios
consisting of losses relating to food, energy and metals.

All of the differentiation was performed manually. The correctness of differentiation was verified
numerically. Mathematica code implementing the expressions in Sections 2 to 4 can be obtained from
the corresponding author.

2. General two-piece composite distribution

Suppose that the body and tail are described probability density functions f; and fa, respec-
tively. Then the probability density and cumulative distribution functions of the most general two-piece
composite distribution are (1.1) and (1.2), respectively. Suppose fi and f2 are parameterized by €
and €3, respectively. Conditions for continuity and differentiability at 6 ensure that 8 = 6 (Q21,Q2)

and & = & (Q1,Q2) = % If 1,z2,...,Zn is a random sample from (1.1)-(1.2) then the
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log-likelihood function of (921, Q2) is

log L (Q1,Q2) = > log f1 (w:) + > log f2 (x:) — a[log(1 + @) + log F1(6)]
z; <0 0<x;
+(n —a) {log® —log(1 + ®) —log [1 — F2(0)]},

where

a:il{mige}.

i=1
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(see https://en.wikipedia.org/wiki/Indicator_function), where A(-) denotes the Dirac-delta func-
tion, we obtain the first order partial derivatives as
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Hence, the observed information matrix is
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3. General three-piece composite distribution

Suppose that the lower tail, middle part and the upper tail are described probability density
functions f1, fo and f3, respectively. Then the probability density and cumulative distribution functions
of the most general three-piece composite distribution are
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respectively. Suppose f1, fo and f3 are parameterized by €21, €2 and 23, respectively. Conditions
for continuity and differentiability at 61, 02 ensure that 61 = 601 (Q1,Q2,23), 62 = 02 (21,22, Q3),
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Z1,22,...,%n is a random sample from (3.1)-(3.2) then the log-likelihood function of (€21, N2, N3) is
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where
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_b [ 32932 3922 + f2(62) 6926?23 - 5)2932 6912 — f2(61) anzabg]
F» (02) — F2(01)
b[f2(62) 22 — f2(00) 355 [F2(02) B2 — £200) 23] 520,
+ - D> Awi—61)log fo ()
[FQ (92) — F2 (01)] 692893 ;<0
001 009
A (z; —671) x; — 02) 1 i
90, 992 - Z 1) A (zi — 02) log fa ()
df2(zq) Of2(xq)
001 EIY) 002 EI)
- A (z; — 601) 2+ A (z; —02) 2
093 12)2 fa(zi) 093 ng f2 (i)
0262 061 002
o2 A (z; —0)1 — L T2 NTA (25— 01) A (i — 02) ] ;
92080 = ( 2) og f2 (xz) B 892 (@ 1) (z; 2)log f2 (mz)
e {log @3 — log [1 — Fj (62)]}
_ 9% foe®s —log [l — F:
00, L BT T8 32
HP: P 5% . b3 9P
n oa. [3(0 2) 893 Oc 4 dc | say [f3(0 2) 5 892 o005 P3 ~ Cony oa.
D3 | 1—F3(0) | 09 @ 09 | @3 | 1-— Fs(62) o2

df3(6 2
o[ 258020 202+ 3 (62) g | [1— Fi (62)] + clfs (02))* S22 522

+
[1-F3 (92)]2
BfB(Iz)
820, o0
A(z; —62)lo ;) 3
T 00,05 Z; 2)log /3 ( fa (x:)
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and

82log L 629 8% da f1(01) 3G
g 1 ZA (x; — 61)log f1 (x;) — o2 log Fy (61) — aﬂgﬁ

o032 32 v

2
[893 £1.(01) 891 +a 821[(]931) (‘997(9113 +afi(61) grfé} Fi(61) — alf (61)) (%)

- [Fy (601)]

82 8?2 a a
K o2 | aggs)(1+<1>2+<1>3)— (882 + 582) ]

2
o032

(1+ @2 + ®3)°

ODo 962
[a;‘;s o (o) P~ 200 iy

§ ]}+2ﬁ

92
9D tiog By — log [Fs (62) — Fa (8 ~ fa (00) O P27 00y
T oqz Uea @2 —los(F2 (02) = F2 (0]} + 25671 =) s (02) — b (01)

b2 <1>2¢27b(8<1>2>2

02
3
Af2(0 2 8fy(0 2
b | 25 S0 2 (02) Spop — 3 B0~ 12 (0) S
a Fy (62) — Fz (61)
2
b[f2(62) 2 — f2(01) 55

[P (92) — Fa (0]
9.001 96, A(-’Ei —01) A (z; — 02) log f2 (x:)

893 893 —
026,
- A (z; — 61) log f2 (z:) > A(wi - 02)log f2 ()
2 Z 2
aﬂ3 ;<02 893 01<x;
82
892 {log @3 — log [1 — F3 (62)]}
a%a %3 )2
4200 o0 L fa (62 DF o W il ) 82922A 0) log f3 (w:)
S —02)1o )
Q3 | @3 1—F3(62) 3 23 = e
2
[Dfass(l?) s+ fa (02) 692} 1= Fs(Ba)] +e [f3 (62) ggzs]
+
[1— F3(62))2
n 2fs(2i) 2 S ag fs (i) - [af‘“’(w’)]
902 9Q i
292 NTA (2 — 6,) 3 +
o0 l; f3( 921 [f3 (z)]?

General m-piece composite distribution

Suppose every piece of the distribution is described by f;, F; for i = 1,2,..., m. Then the prob-
ability density and cumulative distribution functions of the most general m-piece composite distribution

are
fi(z)
CiFl o)’ x <01,

(4'1) f(x) = 4@51%, 0,1 < x <06,

fm(z)
C¢mm7 Om—1 <z
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and
Fi(z)
X z < 01,
' Fi(x) - F(0i-1) 4 .
(1.2 @) =4 {Zf’ AR (e“)} s
i Fon(2) = Fo (6rm—1)
(fm [; it om = Ty |t <

respectively, where 6;, i = 2,...,m — 1 mark the section boundaries and ¢ =1/ (1 + ¢2 + -+ + ¢m ). We
take ¢1 = 1. Suppose f; are parameterized by €2;. Conditions for continuity and differentiability at 6;
ensure that 6; = 6; (Q1,...,Qm) and

i—1

L1 #5 65) [Fi (6:) = Fi (6:-1)]

Jj=1

G = ¢ (Q1,...,Qm) = -
Fo(o) [ £ 65-1)
j=2

Let
n
ar =Y I{z; <01},
i=1
n
am = Z[{Gm_1 <z}
i=1
and
n
aj = I{0;-1 <=z; <0;}
i=1
for j = 2,...,m — 1. Note that a; + a2 +---+ am = n. If z1,22,...,zy, is a random sample from

(4.1)-(4.2) then the log-likelihood function of (£21,...,Qm) is

m—1

log L (1, ..., Q) = nlog¢ — aylog[F1 (61)] — > _ a;log [F; (6;) — Fi (6;—1)]
i=2
m—1
—am log [l — Fp, (0m—1)] + Z log f1 (z;) + Z a;log ¢; + Z log fi (z:)
;<01 =2 0;1<z;<6;

+am log ¢m + Z log fim (z:) -

Om—1<z;
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The first order partial derivatives are

dlogL n O¢ day

001 0 m=l 9.
_ M -3 Oai log [F (0;) — Fi (0i-1)]
2

T S T
o0, cony  on, el )] F1 (61) BTN
. 80, _ 90,y
mil aar i (00) — et i (0i-1) 0am 1o [1— Fon (6 1)) + o, Im (Om—1)
— a; — O, — I'm m—1 am-——————————
Z Fi(6:) — F; (6:_1) o 1= Fom (Om_1)
9f1(xq)
IS

801
E A(x; —01)lo xl + E
( 2 gfl ) x; <01 fi (ac,)

m—1 99;

a; o0, 00, 1
log ¢; + a; - Az — 0i—1)log fi (2
. P DL CEUIEAIE
m—1
U5 DF- D SEPNCEYAI YA
i=1 0, 1<z;
+ am, lo d) +a g?{? _ 89771—1 ZA 1)10gf (x )
o 2 Pm m bm o < O — m \Li),
DlogL _m 0C _bay o G af () mi 0% g [ (05) — Fi (6:1)]
o, Con; o og [F1 ( 1)]*W* >~ o0, og |1 (Vs i(0i-1
; 80, _ aem
R i 00— Tt hi(0i) o 08 1 Fin (Br1)] 4 0y BT (Om=1)
~— Fi (6:) — F(6’Z D en, ! m me L 1—Fm(9m,1)
00, I m—1 ajgémi)
1 .
A (z; —01)log f1 xb)—i- L
PP P VD SN 1T
i ggi 39 1
+ 2 89: i +a; ¢Z_i — o, 12 A (z; — 0;—1)log f; (z:)
m—1
00;
+ ! A(z i) log fi (x4
i=1 891 0; 1Z<zl ( )
0dm.
dam 89
+8(;li log ¢ + am 3::1 o ZA Om—1)log fm (2:)
and
dlogL n 8¢ dar sa-aifi(01) T Ha,
= - — log [F1 (6 Stm log [F; (0;) — F; (6i—
o, C o0, o, og [F1(61)] — F 00 22 2, og [F; (0:) — Fi (0:-1)]
m—1 0, 501 Ly aem Lo (Omt)
- Z a; ag fz( 7.) ( 1) _ 8am log [1 _F, (em_l)] +am—
i=2 F; (91) - 1( i*l) 0 1—-Fn (gm—l)
00, <
0., ;A(%‘ — 01)log f1 (i)
(S a; aas(zbi 001
+ “log ¢y + a; - — ——— > A(z; — 0;_1)log f; (z;)
P 0Qm bi 0Qm i <6;
m—1
00;
+Z 0, S Awi—0:)log fi ()
i=1 0;_1<z;
O¢m Ofm(z4)

Oam 9%y 00m—1 aQ
+ lo m+am St A _em—l logfm x)"!‘ —_—
i st +an T Sy v+ T 5
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for ¢ = 2,...,m — 1. Hence, the observed information matrix is
9%log L  9%logL . _9%logL
89% 08210 02102,
9?2 log L 9?2 log L o 82 log L
001095 ang 0020,
J=- ,
82 log L 82 logL . 82 log L
00102y, 002200, 002,
where

2 961 2 0 2
0logL n & n ( ¢ ) 8%a; log F1 (61) da; 801 f1(61) (7anl> a1 [f1(61)]
= = - 1 1) —

002~ con2 2\ 002 o0, 99 Fy (61) [F1 (61)]2
391 on01) 4

226, 0 9601 day /]
Gararf1 (0) + 55 555N (01) + 55 o0, Za‘“l [F (6;) (6i-1)]
— - ¢ - i .
F1 (61) ) 1
86, _
m— 9)891 fi(0i-1) g,

Z Q. Fz(ez)_ i(ifl)

=2

820, 80; 9fi(0;) 920 20, 1 8f:i(0:-1)
m=1 [Wfi( i)+ 5ar oo aar 11 0i-1) — Tt —om,
_ a;
i=2 F; (6;) — F; (6i—1)
) ael 2 _
m-1 [595?{1 fz (91)7 1 2( i— 1)] 82 1 [1 " ( )]+28am agvgzllfm (em—l)
i - O, — L'm (Um—
[Fi (6;) — i( )] o0z 250, 1= Fm (B 1)
%0 Bem Afm(Om—1) 90,1, 2
+a 8921fm(m Dt T om @ [ a6, Jm (Om— 1)] 82912A 61) log f1 (x;)
m m — VU1 1 [3
17Fm(m_1) [1_Fm(9m—) 111
of1(zy) O211(20) f (7,) — [2h1les)
801 < ~aa an2 J1\Ti o0
127N A (- 0n) 2B S L 2[ : ]
o8 filz) = [f1 (z4)]
2
m—1 N %0, bi — Pi
82(12' 8(11' o0 oQ2 Tt o2 829i_1
1 . 2 1 . 1 _ A —0:_1)1 . .
+ < BQ% og ¢; + e a; ¢12 89% ZEQL (x4 i—1)log fi (x;)
m—1
026, 86 00
+2 o 2o Alw-tdlsli@) -~ 250 T EA(“ —6i-1) A (i - 0:) log fi ()
i= 0;_1<x; i=1
2
8¢m 6 ¢7n¢ _ Odm n
2 aam oQ m o8 6297”71
1 m 2 L m - A i—emf 1 m i)
*oa 0g m + 2500 " ta ) 5600 d A 1)log fm (2:)
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logl. n 92 n a¢ a¢ d%ay dar 901 f1(61)
== - = — =~ log[F1 (61)] —
o019, ¢ 00102 (2 0021 092 0Q100; o 0, Fy (01)
3311 3&1 a1 [f1 (61))°
[F1 (61)]
926, 901 da 961 9f1(01) _
 anroa; 91 (1) + Fat 5a, [1(01) + 5o 91 Toa; —mzl O a log [F; (6;) — F; (6i—1))
Fl (91) ~ 3918“1 g 7 K3 K3 i—1
00;— m ae,
J"Zl Ba; fi(0:) 55 — fi (6i- 1) St 721 Ba; fl(e)891 Fi (0-1) iz
i— o (6)_ ’b( - 1(91) F; (9171)
90, 9fi(6:) 020 90;_1 9fi(0i—1)
m [ nlan fi (00 + 555 “5a,~ — aayea; fi (0i1) — e, — 5,
F; (0:) — Fi (0i-1)
86, _ 897
+mZI [ £ 0) = Gt £ 0-0)] [560500 = G5t £i 0] 2, O
ag - O, — I'm (Um—
= (£ (0:) — F; (91—1)] o009, ¢ ' !
aem 86, 826, 00y —1 Ofm (O —
dam 1fm Om—1)  dam anllfm (Om—1) “ anlan,lifm (GM*l)‘*‘aTll#
a0 1 — Fm( m—1) 0 1 — Fy (Om—1) " 1— Fm (Bm_1)
00, 1 001
m (Om— ) fm( mfl) 2 n
acr, Jm (Bm—1 ] [ 0201
+am A(x; —01) 1o T;
[1 — Fp, (gm—l)]2 391891 lzzl ( 1) gfl ( )
n 5);1é11)
1
A ,91 AL E S
anl ; 71 (z1)
= 99, 9o, %¢; 4 O 9¢i
+m " 9% log ; + Oa; q; | Oai oy a000; % ~ sy on;
el K OTET VT PRI M T #
m—1 i
926; 820;_1
T A(zi — 0i)log fi (i) — S5 5o A (zi — 0i—1)log fi (wi
+ > | 909, (= ) log fi (z:) 99,09 Z (= 1) log fi (x4)
=2 [ i—1<w; z;<0;
m—1 n
(90,‘ 391'_1 891 80i_1
— i —6i—1)A —0;)1
> (s et + 2 2 DA = 0 8 (0 g i ()
m—1 [ 9fi(zi) 5f7(rl)
00; a9, 00; 1
+ (xl - 92) - A(xz - 01 1)
2 o, 2=, Fwd om 2 7w
9¢m 9¢m m 9Pm
n 0%am log ém + Oam 39Q; , Oam 9%, “ anlan dm — Ba; oa;
09,0 0" 001 m | O pm <¢>?n
0 9m71 =

2

— Om—1)log fm ()
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for2<i<m-—1,

0%2logL n 9% n 0 0OC 0%a1 log [F1 (61)] Oar 001 fi1(61)
= — - > - o —
0N OO, 2O O 09108, LUV 5a) 09, Fi (61)
Sa aan [f1 ()
[F1 (61)])
2
s 100 ¢ G G R O0 4 T S 00 R0
_ oz [F (6,) — F (6
I3 (91) ot 89189 g 15 (Vs 1 \Vi—1
96,_ 86,
_ Z da; fz 9) = fi (eifl)wml mz: da; fz( )391 fz( i— 1) 3911
o F; (ei)_Fi (6i-1) = 90m F; (0;) — F; (0i-1)
920, 80, dfi(0;) 86,1 0fi(0i—1)
= [mﬁ( i)+ 5a; 0. anlanmfl (Oi-1) = Far b,
_ a;
= Fi (0;) — Fi (0:-1)
80;_ ; BGL
mot [ B0 f(0) — B 1 (00 [ £ 00 - B £ 0i-1)] 2ay,
+> . - log [1 — Ep (0m—1)]
i [Fi (6:;) — F; (0i—1)] 010,
0O — 90, — 920, Om—1 Ofm(Om
8am O, 1f7n (emfl) 8am 6911fm (Hm—l) 891891 fm( m— 1)+ Q2 1%
0 1—Fpm (Om_1)  0Qn 1— Fp (6m_1) " 1— Fy (0 m,l)
86, 96,
25 O [ O] | oy
o — .
am [1 —F, (Hm_1)]2 00,09, <= i 1)1og J1 (%4
n Af1(z;)
001 BT
=+ A Z; —0 1
anm; ( Y @)
m—1 [ 9¢; 9¢; _9%¢; 9¢; 0¢;
" ! 0%a; log 1 + Oa; %, O0a; 9%, 4 q, 29100 b — 70, 90
= | 0921092 o ¢ 0Qm ¢ ‘ #?
ol [ g2, 901
2 a0, D Alwi—8)logfi(w) - 5o 56— Z A(wi = 05-1) log fi (w:)
=2 | i—1<T; x
m—1T7T
00; 00;_1 00; 00;_1
- A(z; — 0i-1) A (x5 — 0:) log f; (x5
2 (anl 0 | O O )Z; 1) A (e~ B log fi (@ )}
9 ¢m 82, 9¢m
N ?am log 6 4 9am o dam FH " dnlgnm $m — 5 o
92,00, 20" T 00 Gy | O b " b2,
A fm(z;)

020, _1 89m 1 EIY)
A - m 1 m 7 A T m— —_—
T 99,0, Z 1)log fim (:) Z (as D Fo (o)
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for2<i<m-—1,
96,1 \2 2
(28) arlf1 (01)]

8loglL n &% n [0 \? 0% Oay 001 f1(01)
— = >~ =3 — QIOgFl(Hl)f 3
L% ¢oQ; ¢ 00?2 aQ; 0Q; Fy (01) [Fy (61)]
2
Glrarfi (01) + 55 S8 f1 (01) + Sgar 2000
- : - l 9 - 'L 1—
Fr (91) Z 392 og ) ( 1)}
20, _
9 Z 8&1 fz 1) ( i— l) WLI
(9) F; (0i-1)
; 0f:(0; 22 el 86,1 0f: (05—
m=1 [%fi( D)+ g 2B - o7 i (eifl)_ﬁ#}
_ a;
= F; (0;) — Fi (0i-1)
; ae, 2
+m2 [%f 00 ~ "ot £ 1)] Pam | (1= Fon (0 1)] + 220 22 25at fm (6m—1)
a; — (o) F _ _—
=2 [F (ei)_Fi (91‘71)]2 o007 & met o0 1*Fm( m—1)
820, _ 90,1 fm (0m— 2
a7 Jm (0m—1) + & a(n 1) [Mm o fm (0 mfl)]
+am - am 5
1*F’m.( mfl) [17Fm (Hm_l)]
8 01
BQQ ZA("E% - ‘91)1ng1 (xz)
1 4=1
3fi(zi) 5fz( i)
80Z 1 B9 %2,
A(zi — 0;—1) A (z;
; m% fi (171 Q; i=2 0, ;m fi (z4)
o2 f7< i) afi(x:)]?
m—1 7 f (%) — [ ag(i )]
+ >
i=2 0;_1<a;<6; [fi ()
m—1 s %o, bi — a¢; \2
d%a; da; a%, o02% ~\oa;)  o? 92 1
1 i +2 i - A i —0;-1)1 i (g
+ 2 | o0 og ¢i + 2%, o, +a . o IZ:G 1) log fi (z4)
— , 00; 90
+2 Z A (i = 0:)log fi (i) =250 a;)l ZA(% = 0i-1) A(zi — 6:) log fi ()
=2 _1<zy
b BPom g (bm
Pam dam aa; g P \oa ) 820m
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for2<i<m-—1,

PlogL _n_ 9% _n 9 o da  (6) day 861 f1(61)
99,9,  Co0,00; Cow o0, omon, ootV ba; a9, B (1)
5ok s ar L1 (01)]
[F1 (61)]
2
ot a1 (01) + 56 GG (0) + St an PBF el ey ,
—— ————log [F; (0;) — F; (6;—
Fi (01) ; 8Qi69j og [F; (0:) (0:-1)]
891 060, _
_ Z aal fz ) _fz( i— 1) GI) L mX:l 80‘1 fz 9) _fi (01'71) 39].1
Q; F; (91')— F; (0i-1) 0% F; (ei)_Fi (Bi-1)

=2
220, 20, 8fi(6;) _ 9%0; Bfl( i—1)
m—1 [an a%; fi(6:) + 5ga; aQ,; — a%; anl i (0i-1) — a, a8,

F; (0;) — F; (6i—1)

1=2
90, ael S 691
mol (B8 1i00) = Gt i (0i)| [ 551000 - 51 00-0)] o2,
+ Z a; y 3 - log 1= Fm (Om-1)]
96, 86, — 82%6,, 90 —1 Ofm (Om—
Bam o Im Om-1) 94, g fm (0m-1) N aa, a0, Jm (Om—1) + =56+ a(n !
—_— QAm,
0 1—Fm(Om_1) = 09 1= (Om—1) 1= Fo (Om_1)
80,y — 00 m —
B [T P
" T i O o " om, 20 e )
m—1 Afi(®i) Ofi(x;)
00; %, 391 1 %,
+ A (x; — 0;) : A (@i = 0i-1) 5
2 o, 2 R om, X, Fo(e)
e a“’ft(zl afi(wi) 0f;(w;
S sisn, i (00) — Bt 25
i=2 0; 1 <z;<0; [fi (%ﬂ
met | 99; 99 29, 4 _ 9¢; I¢;
6% da; 2%,  Oa; ggi aa,00, % ~ oq, 90,
+ ————log¢; + — ta; 5
= | 09209 0 ¢; o, ¢ oh
[ a2, 026,
—— A i 92 1 i i — L A i 07.'— 1 [ 1
+ 2 8Qi89j > (z ) log fi (%) T amon, > 1) log fi (%)
i=2 0;_1<xz; x; <0,

m—1
00; 99;_1 = 06; 99;_1
[6°3 iF = D ISCEURINEEAIE >]

=2
1 Ofi(xs) JACH)
801- %2 861 1
+ A(x; —6; A(z; —0;
=2 anl 91‘—12931; ( Z l) fz ($1) z2<:9 ' . 1) f ( ):|
ddm . 2% ém 20m ddm
n 2am, log & aam % Oam ?9(?1; 982,09, bm = 6(?11- 8?11
M a
o200; 20" 00, o 0Q dm O 2,
026
o050 ZA(wi — Om—1)10g fm (:)

Ji=1
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for2<i<j<m-—1,

0%logL _n 0% n 0¢ 0O¢ 8%aq dar 061 f1(61)

=2 ~ 2 T g (R (01)
0 Qi C OR;0Qm, 2 0; 0, 0,00, 02 Oy F1 (01)

S ama1 [f1(01))°

Jr

[F1 (61)]
2 a
B asiagsﬂ*mfl (61) + 3?{ aan,lnf (61) + gf{ ai Ll(gl) mz 2a; log [F (6:)
Fi (01) 28989 Bl
: 601 m 96,
7”’71 da; fi (91')5%2 — fi (6;i— 1) Sa= B Zl da; i (0) s fi (0im1) o
= 0Qm Fy(0;) — Fi (05— F; (91') - F; (0i-1)
00; 9fi(8;) _ 070 601 8fi(0i—1)
m—1 [an aa fi (00 + 555 5562 — aa,00, fi (0i-1) — t = han
_ a;
i—2 F; (0;) — F (0:-1)
. ael S 80;_
+m_1 [%fi (0:) — e fi (0i- 1)] [aagfmfi (0:) — S '(9¢—1)] 2am
a; —
i=2 ' [F5 (05) — F (0;-1)]2 99,0
80,,_ aem 820,
Oam, anml Im (9m71) Oam 1fm( mfl) %2, anl fm( m— 1)+

21

Fi (0;-1)]

log[1 — Fm (0m—1)]

9Ym—1 8fm( m— 1)

Iy

am

9 1— Fm (Om_1) | 0Qm 17Fm(9m_1)
va, L0 On 0] [T 0] o2,

> A(wi — 01)log fi (wi)

1—Fp (Om_l)

1= Fm (Om—1)) * o0, =
m—1 9fi(xi) ofi(wi)
00; 22, 00; 1 20,
> pDEFNCRTA SIS NN
i=2 |:an 0;_1<x; fi (wi) OS2m xz;<0; Fi(@s)
- 99; 9¢; _0%¢; 9¢; 90¢;
+m2:1 0%a; log é: + Oda; %, n da; 2%, 4 q, 29:09m b — 5 o0,
=\ 0909, T 0% 6 0Um ¢ 7
m—1
926, 9%0; 1
_— A(x; —0;)1 (i) = =—— A(x; —6;-1)1 i (T4

m—1
2 : 00; 06;_1 00; 00;_1
B A i —0i— A i —0;)1 i (T4

[(Bﬂi 0 + O O )Z 1) A (2 ) log fi (x ):|

Odm 9Pm _ %% 9dm OPm
02am dam 3Q,, , Oam 9%, B0, Pm ~ a0, e
+——""" log ¢m + + +am y
090, 0 dm  Om dm D
Ofm(z4)

0260, 1 80m 1 2
A P 9m 1 m 2 A [ m— —_—
09,09, ; 1)108 fim (22) Z (i D o (22)
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for2<i<m—1, and

82logL n 0%C n ( ¢ ) 8%a, da1 061 f1(61)

n log F (61) —
902, co2, 2 \ o, oz, s ) = Be S 0y

2
()" ar 171 0))?
[F1 (61))?
2
gT%alfl (61) + 883”271” 3651 f1(01) + 3 891 13f1(91) m—1

Fy (61) h Z

691
ml Ja; fi (0 1) = fi (Bi—1) 90 .

- Z F; (Gi) — F; (6;-1)

log [Fi (05) — Fi (8i—1)]

Of; (0; 801 BOL Afi(0;
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5. A simulation study

In this section, we perform a simulation study to show the practical value of the expressions in
the paper. We used the following scheme:

1 simulate a sample of size rom the m-piece composite distribution in Section 4 with eac
i imul. ple of size 1000 fi he m-pi posite distribution in Section 4 with each
piece described by an exponential distribution and 6; = j, j =1,2,...,m —1;
ii estimate the maximum likelihood estimates for the distribution;
ii timate th i likelihood estimates for the distributi
(iii) compute the information matrix given in Section 4;
(iv) compute the information matrix numerically using the package numDeriv in R (R Development

Core Team [32]);
(v) take the squared sum of elementwise differences of the two matrices in steps (iii) and (iv);
(vi) repeat steps (i) to (v) 100 times;
(vii) draw a boxplot of the 100 squared sums of elementwise differences of the two matrices;

(viii) repeat steps (i) to (vii) for m = 2,5, 10, 50.
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Figure 1 shows the boxplots. Figure 2 shows the boxplots when the lognormal distribution was used
to model each piece in step (i). Figure 3 shows the boxplots when the Pareto distribution was used to
model each piece in step (i).
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The squared sum of elementwise differences versus m when each
piece was modeled by the exponential distribution.
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The squared sum of elementwise differences versus m when each
piece was modeled by the lognormal distribution.
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Figure 3: The squared sum of elementwise differences versus m when each
piece was modeled by the Pareto distribution.

We can see that the squared sum of elementwise differences is significant whatever m is. The
magnitude of the squared sum increases with increasing values of m. This is expected because of: i)
numerical errors; ii) the increasing number of boundaries in the composite distribution as m increases;
iii) the increasing number of conditions on continuity; iv) the increasing number of conditions on dif-
ferentiability. The differences appear as large as 25 when m = 50. Hence, the expressions in the paper
should be trusted (over numerical derivatives) for accurate computation of the information matrices and
hence for accurate modeling of insurance data especially when m is large.

For simplicity, we have chosen the exponential, lognormal and Pareto distributions to describe
each piece of the composite distribution. But the results were similar when other distributions were
considered. In particular, the squared sum of elementwise differences were significant for any m and
always increased with increasing values of m.
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