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2 S. Nadarajah and M. Kebe

1. INTRODUCTION

Armero and Bayarri (1994) and Gordy (1998) independently introduced the Gauss
hypergeometric beta distribution given by the probability density function

Kz 11 — )bt

for0<z<1l,a>0,b>0, —c0o <c<ooandd>—1, where

1
= B(a,b) oF (c,a;a 4+ b;—d),

where B(a,b) and oF} (a,b; c; z) are the beta and Gauss hypergeometric functions defined by

1
B(a,b):/ (1 — )P dt
0

and

o
k
gFlabcx:E ,
Ck k'
k=0

respectively, where (a)r = a(a+1)---(a+k—1) is the ascending factorial. The beta function
can also be expressed as B(a,b) = I'(a)I'(b)/T'(a+b), where I'(a) denotes the gamma function

defined by

I'(a) = /000 7 exp(—t)dt.

The standard beta distribution is the particular case of (1.1) for ¢ = 0 or d = 0. Libby
and Novick (1982)’s beta distribution is the particular case of (1.1) forc =a+b. If X is a
Gauss hypergeometric beta random variable with parameters (a, b, c,d) then 1 — X is also a
Gauss hypergeometric beta random variable with parameters (b, a,c, —d/(1 + d)). Hence, X
is symmetric if and only if a = b and d = 0.

There have been only a few papers studying the Gauss hypergeometric beta distribu-
tion. Nadarajah (2008) proposed a bivariate extension of (1.1). Nagar and Valencia (2011)
derived the distributions of the product and quotient of two independent Gauss hypergeo-
metric beta random variables. Nagar and Valencia (2011) also derived expressions for the
cumulative distribution function, moments, Shannon entropy (Shannon, 1948a,b) and Rényi
entropy (Rényi, 1960) corresponding to (1.1). Gupta and Nagar (2012) proposed a matrix
variate extension of (1.1). Nagar et al. (2015) proposed a multivariate extension of (1.1).
The main applications of the Gauss hypergeometric beta distribution have been to queue
inference.

The objective of this paper is to offer a comprehensive examination of the mathematical
properties of (1.1). The derived properties encompass various aspects, including the shape
properties of the probability density function (Section 2), cumulative distribution function
(Section 3), moment generating and characteristic functions (Section 4), moments (Section
5), conditional moments (Section 6), entropies (Section 7), and stochastic orderings (Section
8). Additionally, we present procedures for maximum likelihood estimation (Section 9) and
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evaluate their performance in finite samples (Section 10). Furthermore, we provide a real-
world application of the Gauss hypergeometric beta distribution in Section 11. Finally,
Section 12 outlines some conclusions drawn from the study and suggests directions for future
research.

Apart from the specified special functions, the calculations in this paper entail the use
of the degenerate hypergeometric series of two variables and the degenerate hypergeometric
function of two variables, defined as

m, n
m+n n-r Yy
(I)l(a’bacaxy E E 11
m+nmn

m=0n=0

and

F . m+n Jm )nwmyn
1 ((I, bv & d,.fL' y Z Z R min! )
m n

m=0n=0

respectively. The properties of these special functions are documented in Prudnikov et al.
(1986) and Gradshteyn and Ryzhik (2000).

2. SHAPE

The critical points of fx(z) are the roots of

dlog fx(z) a—1 b-1 cd

dx T _l—x_l-i—dx:

or equivalently the roots of
(2.1) A+ Bz +Cx* =0,

where A =a—1, B=ad—cd—a—b—d+2and C = cd—ad — bd+ 2d. Let §; =
(—B —VB?— 4AC’) /(2C) and 62 = (—B +VvB? - 4AC) /(2C') denote the roots of (2.1).

If c=0or d=0then A+ Bx + Cz? factorizes as [a — 1 — (a + b — 2)z] (1 + dx), so the only
a—1

root 1s b3
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Figure 1: Shapes of (1.1) for a = 0.2, b = 0.9, ¢ = —5,—4,...,5 and
d=0,1,...,4 (top left); a = 2, b =5, ¢c = —5,—4,...,5 and
d=0,1,...,4 (top right); a = 0.2, b=5,¢c = —5,—4,...,5 and

=0,1,...,4 (bottom left); a =6, b=0.9, c = —5,-4,...,5
and d =0,1,...,4 (bottom right).

The probability density function can exhibit the following shapes

if0§(51<(52§1,

a-1_ b-1 N cd? “0
52 (1—-6)%  (1+ds)?

and
a-1_ b-1 N cd? “0
62 (1—68)%  (1+ddo)?

then f(z) has one mode followed by another mode.
if0§51<52§1,

a-1_ b1 N cd? -0
52 (1—61)%  (1+dé)?
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and

b—1

a—1

cd?

- +
&3 (1—0y)?

>0
(14 ddy)?

then f(x) has one anti mode followed by another anti mode.

C) if0§51<52§1,

and

_a—l_ b—1 n cd?
52 (1—6)%  (1+ds)?

a-1_ b1 N cd?
62 (1—62)%  (1+ddy)?

then f(z) has one mode followed by an anti mode.

d) if0§51<52§1,

a—1 b—1

cd?

and

then f(x) has an anti mode followed by a mode.

e) if51<0§62§1and

then f(z) has a single a mode.

f) if51<0§62§1and

then f(z) has a single anti mode.

g) if0<6d <1< dgand

then f(z) has a single a mode.

h) if0§51§1<52and

- +

52 (1—61)%  (1+ds)?
a—1 _ b—1 n cd?

B (1-6)°  (L+doy)?
_a— 1 _ b—1 n cd?

0 (1=62)*  (1+dby)?
a—1 _ b—1 n cd?

0 (1=62)*  (1+dby)?
a—1 _ b—1 n cd?

62 (1—6)%  (1+ds)?
b—1 cd?

a—1

then f(z) has a single anti mode.

- +
7 (1-06,)?

<0

>0

>0

<0

<0

>0

<0

>0
(14 déy)?
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a—1 b-1 cd

- - 0
x l—2z 14dzx <
for all 0 < x <1 then f(z) is monotonically decreasing.
poif
-1 b-1 d
a c 0

— - >
T 1—2 1+dx

for all 0 < x <1 then f(z) is monotonically increasing.

Figure 1 illustrates various possible shapes of f(z). Certain shapes depicted, such as the plot
in the bottom left of Figure 1, cannot be represented by a standard beta distribution.

3. CUMULATIVE DISTRIBUTION FUNCTION

By equation (2.2.8.5) in volume 1 of Prudnikov et al. (1986), the cumulative distribution
function of X is

z ,a—1 b—1 a
Y (1 —vy) Kx
F =K dy = F 1—b,a+1;—d .
X(.Z') /0 (1 dy)c Yy a 1 (CL,C, , a ) .TJ,.I')

The quantile function defined by Fx (Q(p)) = p is the root of

K[Q(p)*

a Fl (a,c,l—b,a—{—L—dQ(p),Q(p)) =D

In particular, the median of X, Q(1/2), is the root of Mﬂ (a,c,1=b,a+1;—dQ(1/2),Q(1/2)) =
1/2. The expression for the cumulative distribution function has been previously given in
Nagar and Valencia (2011).

4. MOMENT GENERATING AND CHARACTERISTIC FUNCTIONS

By equation (2.3.8.1) in volume 1 of Prudnikov et al. (1986), the moment generating
function of X is

)l‘ail(l _ x)bfl
(1+dx)°

1
Mx(t) = E [exp(tX)] = K / exp(te dx = KB(a,b)®; (a, —c,a+ b, —d, —t) .
0

The corresponding characteristic function is
ox(t) = Elexp(itX)] = KB(a,b)®; (a, —c,a + b; —d, —it) ,

where i = v/—1.
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5. MOMENTS

The nth moment of X is

B (X" K/ gt (1 — )b 1d$_F(a+b) I'(n+a) oF (e,n+a;n+a+b;—d)
1+d:r ~ TI'(a) T(n+a+b) oF (¢,a;a + b; —d)

In particular, the first four moments are

a oFi(¢,1+a;14a+b;—d)

E(X)=
( ) a+b 2F1(C,a;a+b;—d) ’

B (X?) = ala+1)  9Fi(¢,2+a;2+a+b—d)
T (et bDatb+l)  oF (cajatb—d)

ala+1)(a+2) oF1 (¢,3+a;3+ a+ b;—d)
(a+b)(a+b+1)(a+b+2) oF1 (¢,a;a + b; —d)

E(X?) =

and
a(a+1)(a+2)(a+ 3) oF1 (¢,4+ a;4+ a+ b; —d)

B(XY) = @+b)(a+b+1)(atd+2)(a+b+3) 2F (c,a;a+b;—d)

The harmonic means of X are

1\11 1 2@2(1 — g)b-1 -1
F(3)] -]
B(a,b) oF1 (¢,a;a + b; —d)
- B(a—1,b) 2F1 (¢,a—1l;a+b—1;—d)
a oF (c,a;a + b; —d)
a+b—19F (c,a—1;a+b—1;—d)

1 -1 1 xa—1(1 . x)b—Z -1
Ew)] -
B(a,b)  2Fi(c,a;a+b;—d)
B(a,b—1)9F (¢c,a;a+ b —1;—d)
b 21 (¢, a;a + b; —d)
a+b—19F (c,a;a+b—1;—d)’

and

Further,
1,.a=3/1 _ .\b—1 _1\2 1. 71— N\12
Var<1> :K/ x5 (1 —x) 4 (a+b-—1) |:2F1(C,a Lia+b—1; d)]
0

(1+ dx)e v a? oF1 (¢,a;a + b; —d)
B(a —2,b) oFy (¢,a —2;a+ b — 2;—d)
- B(a,b) o F1 (¢, a;a + b; —d)
(a+b—1)2[oF (c,a—1l;a4+b—1;—d)]?
a a? [ 2 F1 (¢,a;a + b; —d) ]
(a+b—1)a+b—2)2F (c,a—2;a+b—2;—d)
ala—1) 2F1 (c,a;a + b; —d)
(a+b—1)2[oF (c,a—1;a4+b—1;—d)]?
a [ oF1 (¢,a;a + b; —d) ]

a2
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and

b3 _1)2 . 1. 2
Var( 1 )—K/ daz—(a+b 1) [gFl(c,ma—l—b 1; d)]

1-X 1—|—dIL‘ b2 oFy (¢,a;a + b; —d)
B(a,b—2)9F; (¢c,a;a + b — 2;—d)
B(a,b) 2F1 (c,a;a + b; —d)
(a+b—1)2[2F (c,a;a+b—1;—d)]?
a b2 [ oFy (¢,a;a + b; —d) ]
(a+b—1)(a+b—2)2F (c,a;a+b—2;—d)
b(b—1) 2F1 (c,a;a + b; —d)
(a+b—1)2% [oF (c,a;a+b—1;—d)]?
a b2 [ oF1 (¢,a;a + b; —d) ]

The expressions for the nth moment have been previously provided in Armero and
Bayarri (1994) and Nagar and Valencia (2011).

6. CONDITIONAL MOMENTS

By equation (2.2.8.5) in volume 1 of Prudnikov et al. (1986), the nth conditional mo-
ment of X is

1 n+a 1 1__ )b—l
E(X”\X>m):1_FX()[E (X™) K/ de y]
B 1 I'(a4+b) T(n+a) oF (c,n+a;n+a+b;—d)
1—Fx(z)| TI'(a) T(n+a+b) oF) (c,a;a + b; —d)

}($a+n
a+n

Fl(a+n,c,1—b,a+n+1;—dm,x)].

In particular, the first four conditional moments are

1
1— Fx(z)

}(xa+1
a+1

a 2Fi(c,1+a;1+a+b;—d)

EFX|X =
(XX > z) a+b  oF (c,a;a+ b;—d)

Fi(a+1,¢1— b,a+2;—dm,x)],

1
1 —>fig(x)

}($a+2
a—+2

a(a+1) oF1 (6,24 a;24 a+ b; —d)
(@+b)(a+b+1)  2Fi(c,a;a+ b;—d)

E(X*|X>z)=

F1(a+2,c,1—b,a+3;—dx,x)],

1
1 —-f%((w)

}(xa+3
a—+3

a(a+1)(a+2) oF1 (¢,34 a;3+a+b;—d)
(a+b)la+b+1)(a+b+2) oF1 (c,a;a + b; —d)

EX*|X>a)=

Iy (a—|—3,c,1—b,a+4;—d:17,1:)]
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and

1 a(a+1)(a+2)(a+ 3) o1 (¢,4+ a;4 + a+ b; —d)
1-Fx(z)|(a+b)(a+b+1)(a+b+2)(a+b+3) 2Fi(c,a;a+b;—d)

K:L’a+4
a—+4

EX'|X>z)=

Fi(a+4,¢,1 —b,a+5;—dzx,x)

Note that E(X | X > z) —z and E (X? | X >z) — [E(X | X > 2)]? are the mean residual
life and the variance residual functions, respectively.

7. ENTROPIES

Three of the most widely recognized entropies are the geometric mean (Feng et al.,
2013; Vogel, 2022), Shannon entropy (Shannon, 1948a.,b), and Rényi entropy (Rényi, 1960),
as defined by

(7.1) GM(X) = exp [ / log & fX(:r)dw] ,
(7.2) 500 = - [ 1og fx(@)fx (w)do
and

73) Rx) = o tou{ [ U ds |

respectively, for « > 0 and « # 1.

For X having the Gauss hypergeometric beta distribution,
fx(x)dz

1 1 «
/ logxfx(z)de = / dz?
0 0 a=0

/ K:L,oﬂra 1 1 _ x)bfl
= dx
Ao (1+ d:v) 00

_ 0T(a+b) Dla+a) oFi(c,ataa+a+b—d)
~ da T'(a) T(a+a+b) oF (c,a;a + b; —d)

a=0
I'(a) 1 )
- F b; —d
Do) T 3F (6 a0+ bi—d) da 21 (@ o T @atatbi=d)
I'(a+b)

" T(a+b)’
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f (x)dx

Ko~ )oz-l—b— 1
= / dx
da 1 + daz) =0

_ 0 T(a+bd) T(atb) oFi(ca;a+a+b—d)
~ Oa () T(a+a+bd) oF (c,a;a+b;—d)

a=0
~T'(b) 1 0
=T T aR (caatbi—d) da 2 (Gaatatbi=d) o
I(a+b)
(7.5) I'(a+0b)’
1 Va1l +dx)
| s+ de) sy = | M (s
0
B Ko~ )a+b 1
N 804/ (1 —i—dw dr =0
0
(76) _2F1(caa+b d)a 2F1( a,a,a+b,—d)
and
N 1 Kaa;aa—a(l _ x)ba—a
/[fX(x)] de 0 (1 + dz)°a dv

B(aa —a+1,ba—a+1) oF (ca,aa — a+ 100 + ba — 2a + 2; d)
[B(a,b)]* [ 2F} (¢,a;a + b; —d)]*

Hence, (7.1), (7.2) and (7.3) can be expressed as

B I’ (a) 1 ) I(a+b
GM(X)_eXp[F(a)+2F1(caa+b ~4) 9a o1 (c,a+ a0+ a + b d)a_O_F(a+b)
(1 —a)T'(a) 1-a
S(X) = I'(a) oFy (c,a;a + b; d)a 2P (e atasatath d)a:(]
2—a-bI'(a+b)  (1-bI'(b)
Ta+0) T()
1-b 0

and

respectively.

oI (¢, a5+ a + by —d)

+ oF1 (c,a;a + b; —d)@ia
c
2F1(c a;a+ b; —d) da
—log oF; (¢ — a,a;a + b; —d)

a=0

2F1 (¢ — a,a;a + b; —d) — log B(a, b)

1
R(X) = 1_alogB(aa—a+1,ba—a+1)

L1
1—

log oF (ca,aae — o + ;a0 + ba — 20 + 2; —d)
a

[0
og B(a,b) —

1 _ falog 2F1(c,a;a+b;—d),
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Another popular entropy is the relative entropy (Kullback and Leibler, 1951). If X3
and X, are Gauss hypergeometric beta random variables with parameters (a1, b1, c1,d1) and
(a2, be, ca,ds), respectively, the relative entropy is defined by

o550 - [ o

B (az,b2) 2F (c2,a2; a2 + by; —do)
B (a1,b1) 2F (c1,a1;a1 + by —dy)

1 1
+ (b — bQ)/O log(1 — z) fx, (z)dx + 02/0 log (1 + dax) fx, (x)dx

1
= log + (a1 — ag)/ log zfx, (x)dx
0

1
(7.7) —01/0 log (1 + dyz) fx, (z)dx

Using (7.4), (7.5) and (7.6), we can express (7.7) as

B (az,b2) 2F1 (c2,a2; a2 + by; —da) I (a1)
D (X, Xy) = 1 +(ay —
(X1, X2) OgB(ahbl) o F'y (c1,a15a1 + bi; —dy) (a1 —az) I (a1)
1 0
_ — oF ; bi; —d
+ (a1 — a2) P (i by —dy) da 1(c1,a+ar;a+ap + by —dp) Y
(a1 +b) I’ (b1)
(a1 —ag) — AT L
(al a2) I‘(a1 +b1) ( 2) (bl)
+ (b1 — b2) ! 0 Fi(c1,a1;00+ ay + by —dy)
1 2 2F1 (Cl,al;a1+bl, dl)a 241 \C1, 041, 1 13 1 o
Fl (a1+b1)
— (b — b)) LT O
( ! 2) F(al—i—bl)
C2 0
+ — Fi (a1, —a,c15a1 +by;—do, —d
oF1 (c1,a1;a1 + b1; —dy) Oa e tia1 + by —d, ~d) a=0

C1

R (c1,a1;a1 + by;—dy) da 2F1 (c1 — a,a15a1 + b1y —dy) .

Additional measures of entropy include geometric variances and geometric covariance.
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Note that
1 1 dea

/(logx)2fx(x)dx :/ 5 fx(z)dx

0 0 do a=0

Kzota=l(1 — g)b-1
= ——= / dzx
da (1+ dm =0

F'la+b) T(a+a) o2F (c,a+a;a+a+b;—d)
da2 I'(a) T(a+a+D) oF1 (c,a;a + b; —d)

) 62 a=0
= [F(a+b)]2 P (c.ara b —d) 902 oF) (c,a+ a;a+ a+ b; —d) -
I'(a) 0
@) M@t O oF (c.arat b —d) da 21 (@atmatatbizd)
I'(a+b) 9
_[I‘(a+b)] Fcaath d)a 2F1(ca+aa+a—|—b—d)a:0
I'(a) )
+F@Hﬂa+®]2chaa+b 3 9o 2@ taatatbi=d)]
@) @@+
M@ [+ () [a+b)f
I'(a+b) 0

) E b —d
I'(a+b) 2F1 (¢, a;a + b d)a oFy (c,a+a;a+a+ )

a=0

Py ety | 2[Tero]
L(a)T(a+b)  T(a+b) [T(a + b))

and

1 U 2(1 — 2o
/f (log(1 — ) fx (z)dz = ]/ 915144427  Ixtade
0

Ko~ )a-i—b 1
= d
da2 / 1 + d:l: v a0

[(a+b) T(a+b) 2F (c,a;a+a+b;—d)
dOz2 ') Ila+a+bd) o2Fi(c,a;a+b;—d)
1 9?

= F(c,a;a+a+b;—d
Do+ 0)F oF (cara 1 b —d) 97 1 )

a=0

a=0
' (b) ) ' o
+F(b) T(a+ D) oF (e, aza+ b —d) 0 2 F1 (¢, a0+ a + b; —d) L
I'(a+b) )
_[F(a+b)]3 o Fy (¢c,a;a + b; —d) da 2Fi(casa+atbi—d) =0
' (b) )
) T 0 oF (c.ara b —d) oo 21 (@atatbi=d)]
I’ (b) IRNOINCERD
L®) [Ca+b)*  T®)[C(a+0b)
I'(a+b) 0

oF1 (c,a;a + a + b; —d)

(a+b)2F1(caa+b d)a

a=0

Uy ey 2T 2l
T(O)T(a+b) T(a+b) ' [[(a+b)?
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Hence, the geometric variances are

1 0*
Var(log X) = Fi(c,a+aja+a+b—d
rlios %) [C(a+b)]° oF) (c,a;a+ b;—d) 0o (e atoata ) a=0
+ Qr(a) i2F1(C,Oz—i—a;oz—i—a—l—b;—d)
['(a) [[(a+b)]° 2F (c,a;a + b; —d) O =0
— 3F(a+b) 2gFl(c,oz—l—a;a—i-a—i—b;—d)
[C(a+0b)]° 2Fy (c,a;a+ b; —d) O =0
+ QF(G) E2F1(C,oz—Hz;oz—HH—b;—d)
I(a) [[(a+b)]" 2F1 (¢, a;a + b; —d) O a=0
I (a) B ' (a)I" (a + b)
T'(a) T(a+b)]* T(a)[[(a+b)’
I'(a+b) 0 ' _
" T(a+0b) oF (c,a;a+ b;—d) da 2Fi (e, et aatatbi—d) 00
) 2
U@y Uy 2Pl
T@la+b) Ta+b) & [Natb)] :
and
Var (log(1 — X)) ! O P (easa+atbi—d)
ar (log(1 — = c,a;a+a+ b; —
& C(a+ b)) oF, (c;aza+ b —d) 02 > o
+ QF (®) 9 oF (c,a;a + a + b; —d)
L(b) [[(a+b)]° 2F (c,a;a + b; —d) O =0
- 3F(a+b) 32Fl(C,a;oz—l—a—i—b;—d)
[[(a+b)]° 2F (c,a;a + b; —d) O =0
+ 2P ©) 9 oF1 (¢,a;a0 4+ a+ b;—d)
L(b) [[(a+b)]° 2F (c,a;a + b; —d) O =0
" (b) ' (a+b)
T(b)[T(a+b)]* T®)[T(a+b)
I (a + b) )

B a F . b—d
[(a+0b) oF (c,a;a 4 b;—d) o 2 1 (c,a;0 4+ a+ b;—d)

a=0

, 2
IO (a+b) T'(a+b) 2 [F (a+b)} ,
TTOMat®)  Tatd | ragpp el =N
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Note also that

1
(7.8) /0 log zlog(1l — z) fx (z)dx
fx(x)dx

B /1 d?x*(1 — )8

d2 1 K:Ea+a_1(1 _ x)ﬁ—i—b—ld
- dadﬁ/ (1 + da)e *

a=0,8=0
_ &> Blata,b+pB)2Fi(c,a+a;a+a+b;—d)
- dodf B(a,b) 2F1 (¢, a;a + b; —d) a=0,3=0
_ T@r'e)
- T(a)T(b)
r'()
~ F : b; —d
F(b) oFy (¢c,a;a + b;—d) O 2P ataat frath; )a:0,6=0
RUUNCED)
I'(a+b)I'(b)
I'(a)
F; b; —d
+F(a) 2F1 (¢, a;a + b; —d) 85 hleataotftat ) a=0,8=0
82
F ; b; —d F; b; —d
+ 2F1 (¢, a5a + b; )8a652 1(cataat+B+at )azo,B:O

B I'(a+0b) 9
I(a+b) 2F1 (c,a;a+b;—d) 0B

M@r'(a+b) TI'(@)I(a+b)
I'(a)I'(a+0b) ['(a)T(a+0b)
I (a+b)

F(a+b)2F1(caa+b d)@

2Fi (c,a+aja+ B+ a+ by —d)

a=0,8=0

oF) (c,a+a;a+ B+ a+b;—d)

a=0,8=0
2 I (a + b)]
[T'(a+ b))
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Hence, the geometric covariance is

(7.9) Cov [log X, log(1 — X)]

~ ()T (b)
I'(a)l'(b)
' (b) )
~Z F : b; —d
F(b) 2Fy (c,a;a+ by —d) da Heataetfyath )a:O,B:O
(DI (a+b)
I(a+b)L(b)
I'(a)
F
+I‘(a) o F (c,a;a + b; —d) 85 2fi(eataatftath-d a=0,8=0
82
F ; b; — F
+ oF1 (¢,a;a + b; —d) 6&062 1(c,a+a;a+ B+ a+b;—d) op

I'(a+b) Kl
I(a+b) 2F1 (c,a;a +b;—d) OB

oF ) (c,a+a;a+ B+ a+b;—d)

a=0,8=0
T'@I'(a+b) T'(@)I(a+b)
I'(a)l(a+0b) [(a)T'(a+0b)
I'(a+b)
F(a+b) P (aat b d) % oF ) (c,a+a;a+ B+ a+b;—d) o
2 [T (a + b)]
W — Elog X] E'[log(1 — X)].

The expressions for Shannon and Rényi entropies have been previously provided in
Nagar and Valencia (2011).

8. ORDERING

Let X; and X2 be Gauss hypergeometric beta random variables with parameters
(a1,b1,c1,d1) and (ag, ba, 2, d2), respectively. We say that X is smaller than Xy with respect
to likelihood ratio ordering if fx,(z)/fx,(z) is an increasing function of z. Note that

fxo(x) _ Bl(a1,b1) oF (c1, 01501 + bis —dh) La2—ar
fx,(x)  B(ag,b2) 2F1 (c2,a2; a2 + by; dz)

(1— )27 (1 + dyz)? (1 4 dyz) ™

and
Ix,(z) B (a1,b1) 2F1 (c1,a15a1 + bi; —dy)
log = lo + (ag —ay)logx + (by — by)log(1l — x
le(l“) gB(a27bz) 2 Iy (2, a2; ag + by; —do) (a2 — a1)log (b2 = b1) log )
+cglog (1 + dox) — cilog (1 + dyz) .
So,
i og fXQ( )_a2—a1 _bQ—bl ngz _ Cldl
le( ) x 1—=x 1+ dox 1+ dix

Hence, X, is smaller than Xy with respect to likelihood ratio ordering if as > ay, by > bo,
codo > c1dy and cadida > c1dids.
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9. MAXIMUM LIKELTHOOD ESTIMATION

Suppose x1, T2, ..., T, is a random sample from (1.1) with a, b, ¢ and d unknown. The

joint loglikelihood function of a, b, ¢ and d is

log L(a,b,c,d) =nlog K + (a — 1) Zlog:ci +(b-1) Zlog(l — ;) — chog(l +dz;) .
i=1 i=1 i=1

The partial derivatives of log L with respect to a, b, ¢ and d are

dloglL. n 0K
e = K oo T2 loe

log L K
Olog ﬁa—+zlog<1—xi>,
=1

ob K 0b
dlogL  n 0K -
and
OlogL  n 0K zn: T
od K od po 1+ dx;’
where
oK ' (a)T(b) F(a)F(b) 0 oF1 (c,a;a + b; —d)
o K2 F s &y )
da I'(a+0b) 2P (¢, asa 4 b =d) - F(a+b) da
r
+ K2 (@) (@ +?) oF (c,a;a 4 b;—d)
[[(a +0))?
oK (b '(®)r(a) F(G)F(b) 0 2F1 (c,a;a + b; —d)
—— = _K? F
b ( ) 2 1(caa—|—b d) F(a+b) b
K? 2 (@) ()T ( ) oF) (c,a;a+ b;—d),
[T'(a + b))
oK _ K23 2F1 (¢, a;a + b; —d)
dc dc
and

oK _K28 2 (¢, a;a 4+ b; —d)

od od

The maximum likelihood estimates of a, b, ¢ and d, say a, Z ¢ and c?, are the simultaneous

OlogL __ OlogL __ Olog L BlogL
osL _ (), 2losL _ g Dlogl _ g gpq —0.

solutions of
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The second order partial derivatives of the loglikelihood are

azlogL_EWK_l OK 2
da2 K da®2 K2\ 0a )’

Plogl _ n K  n OKOK
Hadb K dadb K2 da Ob’

PlogL _ n K n OKOK
dadc K dade K2 da dc’

PlogL _n K _ n 0K OK
dadd K dadd K2 da 0d’

0*logL  n K n (0K\?
o K o K2\ob)’

Plogl _ n O°K  n OKOK
obde K Obde K2 b dc’

Plogl _ n O°K  n 0K 0K
obdd K obdd K2 0b dd’

0’logL.  n°K  n (0K\®
o2 K 0c2 K2\ 0c) '’

Ploglk _ n K n OKOK g~
dcdd — K ocdd K2 dc dd 1+ dz;

=1

and

0*logL  n K n (0K 2+ a2
0> K od®> K2\ od  (

2
1+ d.ﬁCi)Q ’

17
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where

PK o 0K ' (a)T(b) K2 I (a)T(b

) JFy (c,asa+ b —d)

2F1 (¢, a;a + b; —d) —

da? da T(a+b) I'(a+10)
UL LTS B (T R
_2K8£F( a)l'(b) 921 (c,a5a+b;—d) K2F/(a)F(b) 02F1 (c,a;a + b; —d)
Oda T'(a+0b) da I'(a +b) da
o, T(a)T(b) 82 o Fy (c,a;a + b; —d) N KQF(CL)F(Z))FI((L;L b) 02F) (c,a;a+ b;—d)
['(a+b) da? [T(a+b)] Oa
QK%[j F(GE;((ZL— lg; +b) oF (¢c,a;a + b; —d)
2T (@)T(O)I (a +b) ot b
+K Tlat b)}Q oFy (¢c,a;a + b; —d)
PO R oot 1)
L T(a)T(O)T (a +b) oF) (¢,a;a+ b; —d)
+K [C(a+b)] da
D(@)T(®) [ (a+ b)]
2K [I‘(a n b)]3 2F1 (C a;a —+ b d)
gzg} =— K%I;'I;EZ)I(:)) oFy (¢,a;a + b; —d) — K2 FF((Z)—I;— I()l))) oF (c,a;a + b; —d)
_ g2k ((Z)—ilj(bb)) 92k (e Ogba +bimd) | el m{?(?f;)?j ) 2F1 (¢, a;a + b; —d)
—2K8—KF( a)L'(b) 02F1 (c,a5a+b;—d) KQF(a)F (b) O2F1 (c,a;a+ b; —d)
b T'(a+0b) da I'(a+0b) da
[(a)[(b) 0% o F (c,a;a + b; —d) ,T(a)T(D)T (a4 b) doF) (¢, a;a+ b; —d)
K2 + K
I'(a+b) 0adb [T(a+ b)}2 Oa
+2K%§ F<a€§((s)+ b(; 0 LB (cyasa+ b —d)
D@ (B)T (a +b) S
+K [1“( n b)} 2F1 (C, a;a+ b, d)
+K? (a)[II:EZ)JIQ ()a ) 2F1 (¢, a;a + b; —d)
ZD(a)T(O)T (a +b) oF) (¢,a;a + b; —d)
e+ or i
,T(@T () [I(a+ b)]
—2K oF) (c,a;a+ b;—d),

INCRROIK
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2K OK T (a)T(b ' (a)T(b) 8 oFy (¢,a;a + b; —d
dade Féa)+ (b)) 2Fi (e, 30+ b —d) — K7 r(< )+(b)) o )
—2K6K ['(a)T'(b) 0 oF1 (c,a;a + b; —d) _ g ['(a)T'(b) 02 2 F (c,a;a + b; —d)
dc T(a+0b) da I'(a+b) dadc
+2K08[C( F(a?l“((a:_ b()a];- 2 2 F'1 (¢, a;a 4 b; —d)
o T(a)T(D)T (a4 b) d o F) (¢, a;a + b; —d)
+K 5 :
[C'(a+b)] dc
2K OK T (a)T(b ' (a)T(b) 8 oF) (¢, a;a+ b; —d
9a0d 8dI‘((a)+(b)> oF (c,a;a + b;—d) — K? F(( )+([))) ( . )
_2K37K ['(a)l'(b) 9 211 (¢, a;a + b; —d) K2 T(a)T(b) 82 oF1 (¢, 050 + b; —d)
dd T(a+ b) da T'(a+b) dadd

Fi(c,a;a+ b;—d
ad [F(a+b)]2 oF (c,a;a )

,T(a)T(D)T (a4 b) d o F) (¢, a;a + b; —d)
" [C(a+b))? od ’
PK OK T (b)I'(a) I (b)(a) . _
W——2K%W2Fl(caa+b —d) — 2F(a+b) oFy (¢,a;a + by —d)
L' (b)T(a) d 2 Fy (¢, a;a + b; —d) L' (5)L(a)I (a + b) . _
2 Foth 211 = + K? Tlas D) oF (¢,a;a + b; —d)
o OKT(@)(b) 2Fi (c,a;a+b;—d) KQF/(b)F(a) D9 F1 (¢, a;a + b; —d)
db T'(a+b) b T(a+b) db
[(a)['(b) 0% oF (c,a;a + b; —d) L)L (D) (a+b) 02F) (¢, a;a + b; —d)
i I'(a +b) - ob? I [M(a+ b)) - db
OK T(a)L(b)I (a + b) ' o
o gy Heserid
+K2F (b[)ll:((s)fb()?; 2 oFy (¢,a;a + b; —d)
eI R oo+ 1)
L2 L@POIT (@ +b) 5P (e, a0+ b —d)

[C(a+b)? b

, 2
T'(a)0(b) [F (a+ b)]
[C(a+b))°

oFy (e,a;a 4 b;—d)
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I’K OK T'(b)'(a)

I'(0)T'(a) O oFy (c,a;a + b; —d
a oFy (¢,a;a + b; —d) — K> (b)(a) 9 2Fi (e, asa + b5 —d)

= g T\
0boc dc T'(a+Db) I'(a+b) oc
o 9K L(a)T'(b) 0 2F1 (c,a;a +b;—d) K2 ['(a)T'(b) 0% 2F (¢, a;a + b; —d)
dc T(a+0b) b I'(a+b) 0boc

OK T (a)T ()T (a + b)
dc  [D(a+b))
(a)D(L) (a +b) D 2 F (¢, a;a + b; —d)

12K 2F1 (¢, a;a + b; —d)

+K? :
T(a+b))? dc
*K OK T'(b)'(a) ZT'(b)T(a) & oFy (¢, a;a + b; —d)
= oK R (e,aia+ by —d) — K
0bdd 9d T(a+p) 2Frlematbi=d T(a+b) od
o 9K I'(a)L'(b) 0 oF1 (¢, a0 + by —d) K2 T(a)T(b) 8* oF1 (¢, a5a + b; —d)
dd T'(a+b) b I'(a+b) 0bod
K T(a)L' (D)
+2K6— ()TO)T (@ +b) oF1 (c,a;a + b; —d)

od  [T(a+b)?
K2r(a)r(b)r’(a, +0) 8 oF) (¢, a;a + b; —d)

T(a+b))? od ’
PK oK 02 (casatbi—d) K262 oFy (¢,a;a+ b; —d)
oc? dc oc 92 )
PK _ —2K87Ka 2 F1 (C,a;a—|—b; —d) —K262 o F (C,CL;a—{—b; —d)
36661 ad 80 acad
and
K _ -9 0K 0 3F (c,a;a + b; —d) —K282 oF (c,a;a + b; —d)
od? od od 9d2 :

Therefore, subject to certain regularity conditions, v/n (Zi — a,g —b,c—c, d— d) con-
verges to a quadrivariate normal distribution with zero means. Its variance-covariance matrix
can be approximated by

Iin Iip g Iig
Lip Inp Ing Iy

I= ,
Iz I3 I33 I3,
I Iog I34 Ig4
where

[ n 02K n n [(OK\?

="K 92 " K2\ da )’
n 02K n 0K 0K

I

2= T K 9400 T K2 0a b

L= _ROK | n KK
137~ " K 9adc " K2 da dc’
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n %K n 0K 0K

[ig— — 22> 10T
4= T K 9a0d T K200 04
Ly — POPK m (OKNT
227" Ko T K2\ ob )

= DOK  n 0KOK
237 T K obde | K2 0b oc’

n 02K n 0K 0K

La=-Faoa T 2 o0 aa
Lo 0K n (0K’
337 T K 92 K2\ Oc ’

n 0°K n 0K OK na oF) (c+1,a+1;a+b+1;—d)

L= 00 1 onon
T T Kood  KZoc 0d  a+b  oFi(c.aiatbi—d)

and

I _7262K+£ 0K 27 nca(a+1)  oF1 (c+2,a+2;a+ b+ 2;—d)
T UK o2 T K2\ ad (a+b)a+b+1) oFy (¢,a;a + b; —d) '

This result is applicable for conducting hypothesis tests and constructing confidence intervals
for (a,b,c,d). For instance, approximate 100(1 — «) percent confidence intervals for a, b, c,
and d can be expressed as

a:I:za/Q V j\l’l,
/b\:t Za/? \% f2’27
/C\j: Za/2 V f3’3

and

C/i\:li ZO[/Q \% f4’4,

respectively, where

71,1 T T 7T T 712 = 7 T 7T 7T = 7
I = [-72,2-73,3-74,4 —Iool3y — 153140+ 2023124134 — 12,413,3]

T 7T T 7T T 7 72 T 12 7 T 7T 7T 7T T 1 7
/ [-71,1]2,213,314,4 —halaolsy — Iialyslaa+ 201123004034 — 111154133

—f127213,3f4,4 + f12721c§74 + 209013003144 — 211 211 312 413 4 — 211 201 412 313 4
+2h ol aloal33 — f1273[2,21—4,4 + f1273f22,4 + 20130 4122134

T 7T 7.7 = 7 7 2 72
—2L 3haloglan — 17 4122133+ 17 415 3

9




22 S. Nadarajah and M. Kebe

72,2 T 7T 7 T 712 = 7 T 7T 7 = 7
I = [-71,1-73,3-74,4 —halsy— I 3laa+ 20 30 al34 — -71,4-73,3]

P Dy sy o P
/ [—71,1—72,2-73,314,4 —Dialoolsy — L5 gl g+ 20 112310 4154

—DaI3 4133 — T ols 3lya + 17513, + 21 0Ty 3To 314
=20 ol 3124134 — 211 211 412 313 4 + 211 211 4124133

R =~ & o~
—Iisloolsa+ I 315 4 + 21 311 4d2 2134

=211 301 412315 4 — f12,4-72,2f3,3 + f12,4f22,3] ;

3= [-71,1[2,2-74,4 - 11,123,4 — f12,214,4 + 20 0l 400 4 — 37412,2]

/ [11,1-72,2-73,314,4 - -71,1-72,21?4 - -71,1-?2273[4,4 + 21123104134

_Il,lf227413,3 - f1272[373f474 + f1272f§74 + 262113023144
_211,2.[1,3]274[374 — 2[1’211’4_[2’3]374 =+ 2[17211’412’4_[373
_1\1273.[2,2]474 + f12’3./[\2274 + 2[173]174_[27213,4

—2h 3 alo 3124 — 2'\12,41'2,213,3 + 3,4373]
and

T4.4 T 7T 7 T 712 = 7 T T 7 = 7
" = [1'1,1[2,213,3 —nhialy3 = I{ol33+ 20 201 3123 — 1173[2,2]

P S
/ [11,112,213,314,4 —haloolsy— halsglaa+ 201123104134

T 72 7T = 7 7 2 72 7T 7T 7T 7
—hly 133 — T oI33laa + {905 4 + 21 211 3123144
=201 901 3024134 — 211 201 4l2 3134 + 211 201 412413 3

N R = &~ o~ o
—I7gloolya+ I 315 4 + 21 311 4122134

T T 7T 7T = 7 7 ™ 712
—2@ 30 4123124 — If 4122133 + —71,4—72,3] ;

where Iy, Ino, I3, Ii 4, T2, I3, 124, I33, I34 and Iy 4 are the same as 11, I3, I3, T14,
Iy, Ing, Io4, I3 3, I34 and Iy 4, respectively, with a, b, ¢ and d replaced by a, b, ¢ and d,
respectively.

10. SIMULATION STUDY

In this section, we evaluate the finite sample performance of the maximum likelihood
estimators introduced in Section 9, focusing on biases, mean squared errors, coverage prob-
abilities, and coverage lengths. We conducted the following simulation study to achieve this
assessment.
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a)  set initial values for a, b, ¢ and d;
b)  simulate a random sample of size n from (1.1) by the inversion method;

c) compute the maximum likelihood estimates of a, b, ¢ and d as well as their standard
errors for the sample in step b);

d) repeat steps b) and c) a thousand times, giving the estimates a;, EZ-, ¢ and d; as well
as their standard errors @(’di), SE (b\z), SE (¢;) and SE (c@) fori=1,2,...,1000;

e) compute the biases of the estimators as

| 1000
bias (@) = < > (@ —a).
ias (a) 1000 2= (a; — a)
2 | 00
bias (b) = 1000 - (bi - b) )
| Lo0o
blas(c):ﬁ00 (¢ —c)

and

IR 1 1000 R
bias (d) = 000 2= (d,- - d) :

f)  compute the mean squared errors of the estimators as

1000

MSE (@) = 7555 > (@ —a)*,
i=1

| Looo
. ~ 2
MSE (¢) = 1000 2 (¢ —c)
and
R T 5
MSE (d) = 1000 & CRUN

g)  compute the 95 percent coverage probabilities of the estimators as

1000
~ 1 ~ ==~ ~ ==~

CP (CL) = m I {ai — 20.9755'F (az) < a < a;+ 20.9755E (a@)} ,

=1
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% 1 1000
Cp (b) = 5 {b — 209755 E (b) <b<bi+ 29755E (b)}
i=1
1000

< 1 . G . S
CP (C) = m Z I {Ci — 20.9755F (Cz) <c< ¢+ z209755E (Cz)}
=1

and

CP (J) = Wloo 1000[ {CZ — 20.9759E <C/l\z) <d < d; + 29755E <CZ>} ;
i—1

where I {-} denotes the indicator function;

h)  compute the 95 percent coverage lengths of the estimators as

CL 220975 ZSE &),

1000

_20975
CL (¢) = 200 ZSE i)

and

1000

oL (4) = 550 2257 (4):

i)  Repeat steps b) - h) for n = 100, 101, ..., 1000.

We initialized the parameters as a = 2, b = 2, ¢ = 1, and d = 0. Figure 2 displays
plots illustrating biases against n. In this figure, the horizontal lines represent zero biases.
Figure 3 showcases plots depicting mean squared errors against n. Figure 4 exhibits plots
demonstrating coverage probabilities against n, with horizontal lines indicating probabilities
equal to 0.95. Finally, Figure 5 displays plots illustrating coverage lengths against n.
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Figure 2: Biases of a (top left), b (top right), ¢ (bottom left) and J(bottom
right) versus n. The horizontal lines correspond to the biases
being zero.



26

MSE (a)

MSE (c)

S. Nadarajah and M. Kebe
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MSE (b)
0.005 0.010 0.015 0.020
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0.005 0.010 0.015 0.020
MSE (d)
0.005 0.010 0.015 0.020

I I I I I I I I I I
200 400 600 800 1000 200 400 600 800 100

Figure 3: Mean squared errors of a (top left), b (top right), ¢ (bottom left)
and d (bottom right) versus n.
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Figure 4: Coverage probabilities of @ (top left), b (top right), ¢ (bottom
left) and d (bottom right) versus n. The horizontal lines corre-
spond to the coverage probabilities being equal to 0.95.
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Figure 5: Coverage lengths of @ (top left), b (top right), ¢ (bottom left)
and d (bottom right) versus n.

We can observe the following from the figures:

The biases are generally positive and decrease to zero with increasing n;

The biases appear larger for b and smallest for c/l\,

)
)
c¢)  The mean squared errors generally decrease to zero with increasing n;
) The coverage probabilities are around the nominal level even for n as small as 100;
)

The coverage lengths generally decrease to zero with increasing n.

The observations mentioned pertain to specific initial values of a, b, ¢, and d. However,
these observations remain consistent across a broad spectrum of alternative values for a,
b, ¢, and d. Notably, biases consistently diminished to zero as n increases, mean squared
errors consistently decreased with increasing n, coverage probabilities consistently hovered
around the nominal level even for relatively small n values such as 100, and coverage lengths
consistently decreased to zero with increasing n.
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11. REAL DATA APPLICATION

In this section, we conduct a performance comparison among the Gauss hypergeometric
beta distribution, the standard beta distribution, the beta distributions proposed by Libby
and Novick (1982) and the confluent hypergeometric beta distribution studied by Nadarajah
and Kebe (2023), utilizing a real dataset. The dataset comprises the proportions of individuals
voting “Remain” in the Brexit (EU referendum) polls, encompassing 126 polls conducted from
January 2016 until the referendum date in June 2016. The specific values of the actual dataset
are 0.52, 0.55, 0.49, 0.44, 0.54, 0.48, 0.41, 0.45, 0.42, 0.53, 0.45, 0.44, 0.44, 0.42, 0.42 0.37,
0.46, 0.43, 0.39, 0.45, 0.44, 0.46, 0.40, 0.48, 0.42, 0.44, 0.45, 0.43, 0.43, 0.48 0.41, 0.43, 0.40,
0.41, 0.42, 0.44, 0.51, 0.44, 0.44, 0.41, 0.41, 0.45, 0.55, 0.44, 0.44 0.52, 0.55, 0.47, 0.43, 0.55,
0.38, 0.36, 0.38, 0.44, 0.42, 0.44, 0.43, 0.42, 0.49, 0.39 0.41, 0.45, 0.43, 0.44, 0.51, 0.51, 0.49,
0.48, 0.43, 0.53, 0.38, 0.40, 0.39, 0.35, 0.45 0.42, 0.40, 0.39, 0.44, 0.51, 0.39, 0.35, 0.41, 0.51,
0.45, 0.49, 0.40, 0.48, 0.41, 0.46 0.47, 0.43, 0.45, 0.48, 0.49, 0.40, 0.40, 0.40, 0.39, 0.41, 0.39,
0.48, 0.48, 0.37, 0.38 0.42, 0.51, 0.45, 0.40, 0.54, 0.36, 0.43, 0.49, 0.41, 0.36, 0.42, 0.38, 0.55,
0.44, 0.54 0.41, 0.52, 0.42, 0.38, 0.42, 0.44.

The method of maximum likelihood was used. The fit of the standard beta distribution
gave a = 45.589(5.726) and b= 57.576(7.240) with log L = 202.134, AIC = —400.269 and
BIC = —394.596, where the numbers within parentheses are standard errors. The fit of
Libby and Novick (1982)’s beta distribution gave @ = 3.866 x 105(2.048), b= 27.119(0.462)
and d = 183838.1(1.192) with log L = 204.054, AIC = —402.109 and BIC = —393.600.
The fit of the confluent hypergeometric distribution due to Nadarajah and Kebe (2023) gave
@ = 8.443(2.013), b = 2.132-105(0.001) and ¢ = 1.929-102(5.934) with log L = 203.635, AIC
= —401.270 and BIC = —392.761. The fit of (1.1) gave a = 70.949(1.032), b= 33.987(0.103),
¢ = 165.032(3.062) and d= 83175.8(0.972) with log L = 213.481, AIC = —418.961 and BIC
—407.616. We see that the fit of (1.1) gives the largest log L, the smallest AIC and the
smallest BIC. The use of likelihood ratio test shows that Libby and Novick (1982)’s beta
distribution does not provide a significantly better than the standard beta distribution. But
(1.1) provides significantly better fits than the standard beta and Libby and Novick (1982)’s
beta distributions.
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Figure 6: Probability plots of the fits of the standard beta (black), Libby
and Novick (1982)’s beta (red), the confluent hypergeometric
beta (blue) and the Gauss hypergeometric beta (green) distri-
butions.

The superior fit of (1.1) is substantiated by the probability plots depicted in Figure
6. Notably, the plotted points for (1.1) closely align with the diagonal line, demonstrating a
closer proximity overall, with slight deviations observed primarily in the upper tail.

12. CONCLUSIONS

This paper has revisited the Gauss hypergeometric beta distribution originally intro-
duced by Gordy (1998) and explored its various mathematical properties. While some of
these properties are already established, the majority are novel discoveries. Notably, we have
delved into the shape properties of the probability density function, derived expressions for
moment generating and characteristic functions, established formulas for harmonic means,
investigated variances of inverse Gauss hypergeometric beta random variables, determined
conditional moments, computed geometric mean, relative entropy, geometric variances, and
geometric covariance, analyzed stochastic ordering properties, and proposed procedures for
maximum likelihood estimation, all of which are original contributions. Furthermore, we have
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evaluated the finite sample performance of maximum likelihood estimators and provided a
practical application using real data.

Future research avenues include exploring estimation methods beyond maximum like-
lihood, such as Bayesian methods, method of moments, generalized method of moments,
method of probability weighted moments, least squares methods (including weighted least
squares and method of maximum entropy), pseudo maximum likelihood, minimum chi-square
method, minimum L, norm method, minmax method, M-estimation, quantile-based meth-
ods, ranked set sampling method, and bootstrap methods.
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