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1. INTRODUCTION

Regression analysis is widely used in many disciplines, including busi-
ness, engineering, agriculture, and economics, to describe the statistical rela-
tionship between explanatory and response variables by using a model. The
linear regression model, which assumes that the response variable is normally
distributed, is one of the most commonly used statistical models. Let us con-
sider the following linear regression model:

(1.1) Y=XB+e

where Y is an n x 1 vector of dependent variables, X is an n x p full column rank
matrix of n observations on p independent explanatory variables, fisa p x 1
vector of unknown parameters, and ¢ is an n x 1 vector of random errors which
are distributed as Normal with the mean vector 0 and the covariance matrix 1.
The Ordinary Least Squares (OLS) estimator of f is given by

(1.2) Bors = (X'X)' X'Y.

In addition, the covariance matrix of ﬁOLS is obtained as cov (ﬁOLS) =02 (X’X)_l.
In linear regression models, computational difficulties arise when the indepen-
dent variables are collinear. The problem of multicollinearity occurs when one
or more variables can be expressed as an exact or almost linear combination of
the others in the data set. Multicollinearity will also provide statistical chal-
lenges if the problem aims to estimate parameters. There are many criteria to
determine multicollinearity. Multicollinearity causes the diagonal elements of
(X’X)71 to inflate, which implies that the estimated variance of /§OLS will be
large. In addition, the coefficients of the OLS estimator may have wrong signs
and large variances and be statistically insignificant. For such cases, alterna-
tive biased estimators have been proposed by many researchers to overcome the
problems caused by the presence of multicollinearity. Issues related to these
proposed biased estimators in linear regression models have been investigated
and discussed in the literature by many researchers (Stein [30]; Hoerl and Ken-
nard [12]; Liu [19]; Liu [20]; Kibria [15]; Ozkale and Kagiranlar [24]; Sakallioglu
and Kagiranlar [27]; Yang and Chang [34]; Kurnaz and Akay [17]; Kurnaz and
Akay [18]; Qasim et al. [25]; Lukman ef al. [21]; Lukman et al. [22]; Aslam and
Ahmad [4]; Zeinal and Azmoun [35]; Ustiindag et al. [33]; Ahmad and Aslam
[1]; Babar and Chand [5]; Dawoud et al. [6]; Qasim et al. [26]; Shewa and Ug-
wuowo [28]; Idowu et al. [14]). The Ridge Estimator (RE), proposed by Hoerl
and Kennard [12], is the most significant of these estimators. The RE is defined

by
(1.3) Bre = (X'X+kI)' XY, k>0

where k is a biasing parameter. On the other hand, Liu [19] proposed the Liu
Estimator (LE) combining the advantages of RE and Stein estimator. The Stein
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estimator was defined by Stein [30] as follows s = cfors where 0 < ¢ < 1. The
LE is defined as follows:

(1.4) fre=(X'’X+I)H(X'Y +dfors), 0<d<1

where d is a biasing parameter. On the other hand, Lukman ef al. [22] noted
that the estimates of the parameter 4 in LE are usually negative. To overcome
this, model (1.1) is augmented with —dMLﬁOLs = B+¢’ and then the OLS method
is used. The resulting estimator is called the Modified One-Parameter Liu (ML)
Estimator and is defined as follows:

(1.5) Pur = (X'X+ D)7 (X'X —dy D) fors, 0<dyp <1

where d); is a biasing parameter. According to Lukman et al. [22], this mod-
ification provides a positive value of the biasing parameter d);;. However, al-
though RE and LE are often preferred in the presence of collinearity in linear
regression models, these estimators have some drawbacks. Researchers have de-
veloped estimators with two biasing parameters k and d to cover both RE and
LE. For example, Liu [20] introduced an estimator that is based on k and d as
follows:

(1.6) Brre = (X'X+kI) " (X'Y =df*), k>0, —co<d<oo

where * can be any estimator of . This estimator, which is called the Liu-type
estimator, is obtained by augmenting (—d/kl/z)/a’* = k28 + ¢’ to (1.1) and then
using the OLS method (Liu [20]). As an alternative, Ozkale and Kagiranlar [24]
introduced a Two-Parameter Estimator (TPE) as follows:

(1.7) Broe = (X'X+kI) (XY +kdfors), k>0, 0<d<1,

where k and d are two biasing parameters. The TPE is a general estimator that
includes the OLS, RE, and LE as special cases. As an alternative to the estimators
introduced so far, Kurnaz and Akay [17] proposed a general Liu-type estimator
that includes estimators given by(1.2), (1.3),(1.4), (1.5), (1.6), and (1.7) estima-
tors as special cases. The new Liu-type estimator is defined as follows:

(1.8) Buire=(X'X+kI) " (XY + £ (k) f7), k>0

where f* is any estimator of §, and f (k) is a continuous function of the biasing
parameter k. Similarly, NLTE is obtained by augmenting %ﬁ* = k2B + ¢ to
(1.1) and then using the OLS method. For example, if f (k) = —k and ﬁ* = /§OL5,
the KL estimator given by Kibria and Lukman [16] is obtained. The KL estima-
tor, which is a special case of the estimator (1.8), is defined as follows:

(1.9) Brr=(X'X+kI) " (X'X —kI) Bors, k>0

where k is the biasing parameter. On the other hand, Qasim et. al. [26] proposed
a Two-Step Shrinkage (TSS) estimator in the presence of multicollinearity as
follows:

(1.10) Prss = (X'X +kI) " (X’X —kdI) fors, k>0,0 <d<1
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where k and d are two biasing parameters. Note that this estimator given in
(1.10) can be obtained by taking f (k) = —kd and ﬁ* = ﬂAOLS in (1.8). Furthermore,
Sakallioglu and Kagiranlar [27] proposed another biased estimator based on RE
which is given by

(1.11) Bsx (k,d) = (X'X+ D)7 (X'Y +dfrg), k>0, —co<d<oo

where k and d are two biasing parameters. The estimator given in (1.11) is called
a k-d class estimator and is a general estimator that includes the OLS, RE, and
LEs as special cases ( Sakallioglu and Kaciranlar [27]). The k-d class estimator is
obtained by augmenting the equation dfgg = p + ¢’ to (1.1) and using the OLS
method, too. Also, Yang and Chang [34] proposed a new biased estimator based
on RE as follows:

(1.12) Byclk,d)=(X'X+I) " (X’X+dI)frg, k>0, 0<d<1

where k and d are two biasing parameters. The estimator given in (1.12) is ob-
tained by augmenting (d —k)ﬁRE = B+ ¢’ to (1.1) and using the OLS method.
In addition, the YC estimator is a general estimator that includes OLS, RE, and
LE as special cases. Ahmad and Aslam [1] proposed another biased estima-
tor similar to the YC estimator. Instead of ﬁRE in (1.12), they used the estimator
proposed by Dorugade [7]. This estimator, called Modified New Two-Parameter
Estimator (MNTPE), is given as follows:

(1.13)  Punte = (X'X+D)N(X'X+d)(X'X +kd) ' XY, k>0, 0<d<1

where k and d are two biasing parameters. Dawoud et al. [6] proposed another
biased estimator with the biasing parameters k and d similar to the YC estimator.
They also used a similar approach applied by Ahmad and Aslam [1]. Instead of
OLS in (1.7), defined by Ozkale and Kagiranlar [24], they preferred to use the
KL estimator. They defined this estimator, called the NBR estimator, as follows:

(1.14) Bapr = (XX +kI) (XX + kdI) (X'X +kI) ™ (X'X = kI) Pors,

where k > 0 and 0 < d < 1 are two biasing parameters. On the other hand,
Shewa and Ugwuowo [28] proposed another biased estimator based on the KL
estimator. Following the modification by Aladeitan et al. [3], they proposed a
new estimator called KL-MRT as follows:

(1.15) Bximrr = (X' X +kI) N (X' X k) (X'X +k(1+d)) ' XY, k>0,d>0

where k and d are two biasing parameters. On the other hand, Idowu et al.
[14] made a modification to the LE given by (1.4). Instead of the OLS estimator
utilized in LE, they used the KL estimator given by (1.9). Their estimator called
LKL is defined as follows:
(1.16)

Bk = (X'X+ D)7 NX'X +dI) (X' X +kI) N (X'X —kI) fors, k>0,0<d<1

where k and d are two biasing parameters. The estimators with two biasing pa-
rameters k and d have been generally developed based on RE, LE, and LTE. In
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particular, these estimators depend on the OLS estimator, and a more powerful
estimator is preferred over the OLS estimator to minimize the effects of mul-
ticollinearity. In addition to these modifications to reduce the effects of mul-
ticollinearity, it is also necessary to consider the optimal performance of the
proposed estimator. From another point of view, as the number of biasing pa-
rameters included in the estimator increases, it becomes more difficult to assess
the optimal performance of the estimator because the performance of biased es-
timators is affected by the selection of the biasing parameter. In general, the
estimates of the biasing parameters are obtained in such a way that the scalar
mean square error function is minimized. Since the mean square error function
is a nonlinear function of the biasing parameters, the estimates of these biasing
parameters can be approximately obtained. There are many studies focusing on
this issue in the literature (Hoerl and Kennard [12]; Liu [20]; Kibria [15]; Yang
and Chang [34]; Sakallioglu and Kagiranlar [27]; Shukur, Médnsson, and Sjolan-
der [29]; Lukman et al. [22]; Ahmad and Aslam [1]; Dawoud et al. [6]; Qasim et
al. [25]; Shewa and Ugwuowo [28]; Idowu et al. [14]).

On the other hand, estimators with two biasing parameters k and 4 have
attracted the attention of many researchers in recent years. However, the most
important problem for these estimators is that the number of these biasing pa-
rameters is large and it is also very difficult to find their optimal estimates. Al-
though many iterative techniques have been proposed to find the optimal esti-
mates of these biasing parameters, it is a complex process to obtain these esti-
mates. In these cases, one of the biasing parameters can be estimated depending
on the other biasing parameters or vice versa (Liu [20]; Ozkale and Kagiranlar
[24]; Sakallioglu and Kagiranlar [27]; Yang and Chang [34]; Ahmad and Aslam
[1]; Dawoud et al. [6]; Qasim et al. [26]; Shewa and Ugwuowo [28]; Idowu et al.
[14]). Therefore, it can be considered that there is an unknown functional rela-
tionship between these two biasing parameters k and d. In the literature, there
are some studies that examine the applications of this consideration in various
other statistical models(Ertan and Akay [9], Akay and Ertan [2], and Erkog et al.

(8])

The purpose of this paper is to examine the performance of the estima-
tor to be obtained under the hypothesis of an unknown functional relationship
between these two biasing parameters k and d. In this context, we first develop
a new hybrid estimator that combines the advantages of LE and RE. Then, we
try to find the optimal functional relationship between the biasing parameters.
With the help of the functional structure used in this hybrid estimator, it is ex-
pected that the estimated model parameter values will not be affected at large
biasing parameter values k. In addition to this feature, the proposed hybrid es-
timator can be defined to include the estimators given by (1.2), (1.3), (1.4), (1.5),
(1.11), and (1.12) estimators as special cases. In other words, it can be said that
the proposed estimator forms a general class of estimators like the estimator
given in (1.8). In addition, a comprehensive comparison of these two proposed
classes of estimators was carried out using simulation studies.
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The article is organized as follows: In Section 2, the proposed biased es-
timator is introduced and some properties are given. In Section 3, a general
theorem is given to compare RTE and NLTE in the sense of the matrix mean
square error. In Section 4, alternative approaches to determine the functional
relationship between the biasing parameters are presented. Two Monte Carlo
simulation studies are designed to evaluate the performances of the considered
estimators in Section 5. In Section 6, the performance evaluation of all consid-
ered estimators is given in the Portland cement data. Finally, the conclusion of
the study is given in Section 7.

2. A new general Ridge-type estimator

To mitigate the effect of multicollinearity, researchers have made efforts to
develop alternative estimators for linear regression models instead of the OLS,
which are affected by collinearity between variables. Especially when the esti-
mators given by (1.11) and (1.12) are examined, it is observed that RE, which
is more resistant to collinearity effects, is used instead of the OLS estimator.
However, a major disadvantage of RE is that it can result in small parameter
estimates at large values of the biasing parameter k. To overcome this problem,
researchers have developed hybrid estimators that combine the advantages of
RE and Liu Estimators (Sakallioglu and Kagiranlar [27]; Yang and Chang [34]).
In order to collect these estimators under a general class with the help of an
unknown functional relationship that can be among the biasing parameters, we
can define the new Ridge-type estimator (RTE) for g as follows:

(21)  Brre() = (X'X+1) N (X'X+g(K))(X'X+kI) ' XY, k>0

where g (k) is a continuous function of the biasing parameter k. We can obtain
the estimator given in (2.1) by augmenting (g (k) — k)ﬁRE =B +¢’ to model (1.1)
and using the OLS method. The advantage of RTE over other estimators is that
the g (k) function helps us determine the optimal estimator. When we select g (k)
as a linear function of the biasing parameter, such as g(k) = ak + b where a,b €
R, RTE is a general estimator that includes other biased estimators as follows:
ﬁRTE = ﬁOLS for g(0) =1 where k =0and b = 1. ﬁRTE = ﬁRE for g(k) = 1 where
a=0and b =1. /§RTE = [§LE for g(0) = b where b corresponds to the biasing
parameter d. /§RTE = [§ML for g(0) = — b where b corresponds to the biasing
parameter dy;. frre = fyc (k,d) for g (k) = b where a = 0 and the b corresponds
to the biasing parameter d. ﬁRTE = [§5K (k,d) for g(k) =k+b wherea=1and b
corresponds to the biasing parameter d. Note that the proposed estimator given
in (2.1) is different from the biased estimator given in (1.7). That is, when we
use /§RE instead of ﬁ* in (1.8), BNLTE does not correspond to the estimator in
(2.1). Also, if ﬁRE is used instead of ﬁ* in (1.8), the obtained estimator does
not exactly correspond to the estimators proposed by Yang and Chang [34] and
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Sakallioglu and Kagiranlar [27], respectively. We rewrite the model given in
(1.1) in canonical form:

(2.2) Y=Za+e¢

where Z = XQ, a = Q’f, and Q is the orthogonal matrix whose columns con-
stitute the eigenvectors of X’X. Then Z'Z = Q’X'XQ = A = diag(/\l,/\z,..., /\p)
where Ay > A5 >... > A, > 0 are the ordered eigenvalues of X’X. For the model
(2.2), we can rewrite the above estimators in canonical form as follows:
(2.3)

Anire = (A+kD) A+ (k) dors = (A+kD) T (A+ fF()ATIZ'Y =AY

(2.4) drre= A+ (A+g(k))(A+KI)'Z'Y =AY

where the other existing estimators can be obtained based on the appropriate
selection of f (k) and g (k). As known, Matrix Mean Squared Error (MMSE) and
Scalar Mean Squared Error (SMSE) are the two most common methods used to
detect the superiority of the estimators to each other. The MMSE and SMSE of
an estimator f is defined as:

(2.5) MMSE(ﬁ;) —var [bzas )][bias ]

SMSE( (MMSE(/S)):tr(var( ))+bzas( )bzas(ﬁ)

where var(ﬂ) is the variance-covariance matrix and bias (ﬂ) = E(ﬂ) — B is the
biasing vector. Let 5, and f;be any two estimators of parameter f. Then, 5, is
superior to f; with respect to the MMSE criterion if and only if MMSE (ﬂl) -
MMSE(Bz) is a positive definite (pd) matrix. If MMSE(ﬁl)—MMSE(ﬁZ) is a
non-negative definite matrix, then SMSE ([31 ) -SMSE (52) > 0. But, the reverse
i§ not alwiiys true (Theoba}d, 1974). Becguse of the relation of @ = Q’B; ﬁOLS,
BrE, PLE, PNLTE, Psk (k,d),pyc(k,d) and prre (k) have the same mean squared
error values as dprs, drg, drp, ANLTE, dsk (k,d), dyc (k,d) and dgrE (k), respec-
tively. To compare the biased estimators mentioned above in terms of MMSE,
we use the following theorems:

Theorem 2.1.  (Farebrother [10]): Let A be a positive definite matrix,
namely A > 0, and ¢ be a nonzero vector. Then, A —cc’ is a positive definite
matrix iff A7 c < 1.

Theorem 2.2.  (Trenkler and Toutenburg [32]): Let f; = B;Y, 1 = 1,2
be two homogeneous linear estimators of p and C be a positive definite matrix,
where C = B|B| - B,B,.  Then MMSE(B1) - MMSE(f,) > 0 if and only if

-1

bias(ﬂz)/ (02C + bias(ﬂl)bias (/§1 )) bias (/52) <1
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3.  The superiority of the proposed Ridge-Type estimator

In this section, we give a general theorem to compare RTE and NLTE in the
sense of MMSE. With this general theorem, it is possible to compare the above-
mentioned estimators obtained by choosing different g (k) and f (k) functions in
terms of MMSE sense. As a result of this comparison, the superiority of RTE over
OLS, RE, LE, LTE, TPE, ML, TSS, and KL estimators is determined. Similarly, to
determine the superiority of the RTE over the MNTP, NBR, KLMRT, and LKL
estimators, the constraints on the function g (k) are given.

3.1. The comparison between the RTE and the NLTE estimator

Firstly, we can compute the MMSE of dy;rg = A1Y and dgrep = A,Y as
follows:

MMSE (dN1TE) =02A1 A} + (A1 Z - T)aa’ (A1 Z 1)
=02 (A+kI) "N (A + F(DATY A+ F () (A + k)7
+(f)=k)*(A+kI)aa’(A+kI)7!
MMSE (drTE) =02 AyAL +(AyZ —T)aa’ (A Z —1)
=02 (A+I) Y (A + g()D)(A + kD) " AA + KDY (A + g(k)I) (A +1)7!
+((g(k) =k =1)A =kI)A+I)" YA+ kD) Laa’ (A +kI) YA+ 1) ((g(k) -k - 1)A —kI)

Then, we can give the following theorem:

_|Aj+f(k)|(Aj+1)
X

A

Theorem 3.1.  Letbek >0and-A; <g(k)<-A;+

where j=1,2,..,p+1. Then, MMSE (dNyTE) — MMSE (dgrrg) > 0 if and only if
(3.1)

. R ’ , , . R . . -1, R
bias(ArTE) [02 (A1A] —AyA)) + bias(dnpre) bias(ANLTE) ] bias(drrg) <1

where dgrg and dy 7 are two estimators for a and bias (dnp7e) = (f (k) —k) (A + kI)_l a.

Proof: Using (2.3) and (2.4), we obtain

COV(dNLTE) —COV(OA(RTE) = 0'2 [AlAi —A2A/2]
s [(A +kI) YA+ FIODATYA + FIOI)(A + k)]

~(A+D)7H A +GUNA + I AN +KD T (A +g(R)I(A+ D)7

+1
(+rw) (yrgw)y |

(k) (+1) (4 +K)

=o? diag 3 .
j=1
. . 2 2 2
We observe that AjA]—A,A), > 0if and only 1f(/\]' + 1) (/\]' +f (k)) _/\jz (/\]' +g(k)) >
_|/\j+f(]i\)|(/\j+1)

]

0. If this inequality is rearranged for g (k) function, we can obtain —A; <
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g (k) < —/\]- + W\w where j =1,2,..,p+ 1. That is, the RTE is superior
]

A

to NLTE when g (k) function is selected as —A;

j < g(k) <-Aj+
A

]

where j=1,2,..,p+1. Therefore, AjA] —A,A) is the pd matrix. By
]

Theorem 2.2, the proof is complete. i

3.2. The comparison between the RTE and the MNTP estimator

The MMSE of dyntp = (A+I1) " (A+dI)(A+kdl)F Z’'Y = A;Y estimator
is
MMSE (&ynTp) = 02A3A% +(A3Z 1) aa’ (A3Z - I).
We use the MMSE difference given below to compare the MNTP and the RTE:
MMSE (dyntp) - MMSE (drrp) = 02 [A3A} = AAL | + (AsZ - Daa’ (A3Z 1) -
(AyZ —T)aa’' (AyZ 1)
Then, we give the following theorem:

(Aj+d)(Aj+k)
(Aj+kd)

where j=1,2,..,p+1. Then, MMSE (apNTp) —MMSE (dgrE) > 0 if

Theorem 3.2. Letbek>0, 0<d<1 and —/\j—
and only if

<g(k)<-Aj+

(3.2) bias(drre) [0? (AsAs —A2A) + (AsZ ~I)aa’(AsZ - 1)] " bias(dgre) <1

where dgrrp and d) yp are two linear estimators for the parameter a.

Proof: = We can obtain

cov (dpNTP) - cov(dRrTE) = 02 |A3 A} 7A2A’2]
= |[(A+ D) YA +dD)(A +kd]) T AN +kdI) V(A +dI)(A+T)7!
~(A+ DN A +gUNA + kI AN +KD T (A +g(R)IA+ D)7

:sziag{ (a2 (yra)yy |

(/\j+1)2(/\j+kd)2 (/\j+1)2(/\j+k)2 ],:1’

2 2
We can observe that A3A} — Ay A’ > 0 if and only if (/\j + d) (/\j + k)

2 2
- (/\]- +g(k)) ()\j + kd) > 0. The RTE is superior to the MNTP estimator when
()3, +4) |, G
oekd) gk) < -A;+ (3, +kd)
j=1,2,..,p+1. Therefore, A3A — AyA} is the pd matrix. By Theorem 2.2, the
proof is complete. O

g (k) function is selected as —A; — where
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3.3. The comparison between the RTE and the NBR estimator

The MMSE of dngr = (A +kI) V(A +kdI) (A +kI) V(A —kI)A™1Z'Y = AyY
estimator is

MMSE (dypg) = 02A4AL + (AsZ — ) aa’ (A4 Z ~1).

We use the MMSE difference given below to compare the NBR and the RTE:
MMSE (dnpr) — MMSE (dgTE) = 02 [A4Aj1 —AZA’2] +(AgZ -1 aa’ (AyZ -1)—-
(AyZ-I)aa’(AyZ —1I). Then, we can give the following theorem:

(Aj+kd)(A;+1)|A;—k|

]

—/\]‘, where ] = 1,2,...,p+1. Then, MMSE(O?NBR)—MMSE(O’ZRTE) >

Theorem 3.3. Letbek>0, 0<d<1and-
0 if and only if

—Aj<g(k)<

(3.3) bias(drre) [0 (AsA) - ArA})+(AsZ — ) e’ (AyZ — 1)]‘1 bias(drrg) < 1

where drrp and dnpg are two linear estimators for a parameter.

Proof: @ We can obtain

cov(dNBR)—cov(ARTE) = o? [A4A£1 —A2A'2]
=o? [(A +kI)"HA + kdI)(A +kI)"HA = kDATYA = KI)(A + kI) "N (A + kdI)(A + k)™

— (A+ 17 A+ gOD(A +KDT A+ kI THA + g(k)I)(A +1)7!]

(k) (A =k)  (y ) &

Aj(Aj + k) (A;+1)° (2 +K)°

= Uzdiag
j=1

2 2 2
We can observe that A4A) —A,A’, > 0 if and only if ()\j + kd) (/\j - k) ()\j + 1) -

2 2
(/\]- + k) (/\]- + g(k)) /1]2 > 0. From the solution of this inequality with respect to
(Ajtkd) A+ D)Ko
2;(A;+k) A<

the function g (k) we can derive the following condition: —
8 (k) Aj(Aj+k)

forms the NBR estimator in terms of MMSE if the function g (k) is determined
in a way that satisfies the condition given above. Therefore, A4A) — A, A} is the
pd matrix. By Theorem 2.2, the proof is complete. O

—/\j, where j=1,2,..,p+1, k>0,0<d < 1. RTE outper-

3.4. The comparison between the RTE and the KLMRT estimator

The MMSE of @xipmrr = (A +kI) LA —KI)(A+k(1+d) )1 Z’Y = As5Y is
MMSE (dgpmrr) = 02 AsAL + (AsZ —T)aa’ (AsZ — ).
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We get attention to the MMSE difference given below to compare the KLMRT
and the RTE:

MMSE (@ pyrr)-MMSE (dgre) = 02 [AsAf — A Ay [+(AsZ ~T) aa’ (AsZ ~ 1)~
(AyZ-I)aa’(ArZ —1I). Then, we can give the following theorem:

2
Theorem 3.4. Let be k >0, d >0 and —-A; — L() < g(k) <

i
A (Aj+k( 1+d)

2 2
—/\]‘-i- M, ] = 1,2,...,p+1. Then, MMSE(O?KLMRT)—MMSE(C?RTE) >0

if and only if
(3.4) bias(drrp) |07 (AsAs - A1A}) + (AsZ — D aa’ (AsZ - 1)]‘1 bias(drrg) < 1

where drrp and dgpprr are two linear estimators for the parameter .

Proof: = We can obtain

cov(@KkLMRT) = €0V (GRTE) = [ASA AzA]
—02[A+k1 (A=KkD)(A+k(1+d) )" AA+k(1+d) ) Y (A—kI)(A+kI)!
—(A+ D) A+ gR) DA+ KD AN+ (A +g ()T (A+1)7]

2 2 p+1
- o2 diag (A%) C(Airgh) A '
(A +k) (A+kd)) (A1) (A+k)°

j=1

We observe that AsA; — A, A} > 0 if and only if (/\]- - k)Z(/\j + 1)2 -
2 2
(/\j +g(k)) ()\j + k(1 +d)) Aj > 0. So, the RTE is superior to the KLMRT esti-

(A=k) (A1)’

mator when g (k) function is selected as—A; — (L k()N

g(k) < =Aj+
(A=k)*(A;+1)°
(A +k(1+d))° 2,
Theorem 2.2, the proof is complete. O

j =12,..,p+1. Therefore, AsAl — AyA) is the pd matrix. By

3.5. The comparison between the RTE and the LKL estimator

The MMSE of d;x; = (A+kI) P (A+dD)(A+kI) YA -—KkI)A1Z'Y = AgY
estimator is

MMSE(C%LKL) = O'2A6A’6 + (A6Z —I)CKO(,(A6Z —I)

We use the MMSE difference given below to compare the LKL estimator and
RTE,
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MMSE (d1x1) - MMSE (dr7E) = 0 [A6A’6 —A2A’2] +(AgZ - aa’ (AgZ - 1) -
(AyZ -I)aa’(AyZ —I). Then, we give the following theorem:

Theorem 3.5. Letbek>0,0<d <1 and -, M) oy < )
]

|Aj=k|(1;+d)
/\.

where ] = 1,2,...,p + 1. Then, MMSE(O?LKL) —MMSE(O?RTE) >0 if
]
and only if

(3.5) bias(drre) [02 (AeA; — A2A%) + (AsZ ~I)aa’ (AeZ ~1)| " bias(dgre) <1

where dgrrp and dpg| are two linear estimators for the parameter a.

Proof: = We can obtain

cov (dLKL) —Ccov (OA‘RTE) = O'2 [AﬁA/6 —A2A’2]

=o2 [(A+1)—1 (A+dI)(A+kI) YA =kD) AV (A=K (A+ kD)"Y (A +dD)(A+1)7!
—A+D YA+ ) (A+KD)TIAA+KD)TH(A +g(k)I)(A+I)’1]

2 2 2 1

o2 digg] LR (st |7

/\j(/\]-+1)2(/\/+k)2 (z\j+1)2(/\j+k)2

j=1

2 2
We can observe that AgA; — A,A’, > 0 if and only if (/\]- +d) (/\]- —k) -
2
(/\j + g(k)) )\;' >0where j=1,2,..,p+1. The RTE is superior to the MNTP esti-

mator when g (k) function is selected as _Aj_w <g(k)< —)\j+m
where j=1,2,..,p+ 1. Therefore, AgA; — A,A) is the pd matrix. By Theorem
2.2, the proof is complete. O
4.  Determination of g (k) function

Determining the optimal estimate of the biasing parameter is very impor-
tant because it is associated with the performance of the biased estimator. For
practitioners, this is a complex process. This process becomes even more com-
plicated for a biased estimator with biasing parameters k and d. Many different
techniques have been proposed by many researchers to estimate the biasing pa-
rameter(s) (Hoerl and Kennard [12]; Liu [19][20]; Kibria [15]; Yang and Chang
[34]; Sakallioglu and Kagiranlar [27]; Shukur, et al. [29]; Ahmad and Aslam [1];
Dawoud et al. [6]; Qasim et al. [26]; Shewa and Ugwuowo [28]).

The main advantage of RTE over the estimators with two biasing param-
eters k and d is that there is a functional relationship between the biasing pa-
rameters. The performance of the proposed RTE is based on g(k), and therefore
the single biasing parameter is k. Note that different choices of the g (k) func-
tion lead to different estimators. To find the optimal g (k) function, let’s take
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the derivative of SMSE (dgr7E) depending on k. The SMSE (dgrg) is calculated
using (2.4) as follows:

p+1 ‘ P 2 i pil - ‘_kz :
(4.1) SMSE(LQRTE):OJZ (/\]+g2( )) A z+Z((g( ) 21)/\] )za]
j=1 (/\]'+1) (/\]+k) j=1 (/\]'+1) (/\]+k)

Note that Equation (4.1) is a function of the k parameter; thatis, h(k) = SMSE (dgrTE)-
We can find K’ (k) as follows:

W (k) = ’i 2[A;(A; -8 (k) A; =g (k) Kk + g (k)| [ ((k + 1 = g (K)) Aj + k) = 0% (A; + g (k)]
p= (A;+1)° (1, +K) '

In case h’ (k) = 0, there are two scenarios:

Fact 1. A, (/\]- -g'(k)Aj—g"(k)k +g(k)) = 0 differential equation is found. Then,
we have

(4.2) gk)=ck+(c-1)A;

where c is the constant of integration.

Fact 2. a]-2 ((k +1-g(k)A;+ k) -7 (/\]- +g(k)) = 0 equation is found. Here, g(k)
is obtained as follows:

(4.3)
1+A;)a? a? - o? 1+1;)a? 1+1;)a?
k):( ]);k+(] ZAj or g(k):( ])§k+( ])§—1AJ~
o+ dja; o’ +Aja; 0%+ Aja; o’ +Aja;

where j=1,2,..,p+1. Based on the first and second facts, it can be said that the
selection of g(k) as a linear function of the biasing parameter k is appropriate.
Also, g (k) which is obtained in Fact 2, is a solution of the differential equation,
which is obtained in Fact 1. Here, depending on the functions obtained in Fact
1 and Fact 2, we can observe the following results: Firstly, note that g (k) given
in (4.2) and (4.3) makes SMSE (drrg) function approximately minimum for a
given j value. So, the determination of g (k) depends on the eigenvalues of X'X,
the unknown a parameter, and the estimate of the biasing parameter k. In other
words, many g (k) functions can be determined depending on the functional
relationship given in (4.2) and (4.3). For example, the following functional rela-
tionships can be given to determine g (k) in this sense:

min

1+ Apin) @2 1+ Apin) @2
(4.4) g(k) — (A mln) z k + ( (A mln) ;Illl’l _ 1)Am1n
62+ Amax®max 62+ Amax@max
1+ Amin) @2 2_g2
(4:5) gk = U min) i +min(f—“2)Amin
o +/\maxamax o +/\maxamax
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(14 Apin) @2 a’ -2
(4.6) g(k) = ————= Tk 4 min [ ———— | Amin
6%+ Amax@max 6%+ Aa
where aﬁlin and a2, are defined as the minimum and maximum value of a]?, j=

1,2,..,p +1, respectively. Similarly, A;, and A, indicate the minimum and
maximum values of the eigenvalues of X’WX, respectively.

In this study, to determine the optimal g (k) function, we examined only
the first-degree polynomial functions such as those given in equations from (4.4)
to (4.6). Note that it is clear that g (k) can be selected as any continuous function
of k. However, the proposed estimator depends on a single biasing parame-
ter k. In this case, we should use an appropriate estimator of k to control the
conditioning of the X’X matrix. Since the proposed estimator depends on a pa-
rameter k, a suitable estimator of k can be used, as given in Kibria [15]. In addi-

tion to the previously proposed estimators, we can use the following estimators
2

3 7 i ) po-z/\min 7 O'Z 7 po
to estimate k: k = P27 %in  f = k = —%—— k = =
RTE » KRTE = 53 %) KRTE A RTE = jq2—
2 (. 2 L \2
A po“min(A;as) A oA . R " (o,
kRTE — ( ]2] ), kRTE — /\max+/\mm’ kRTE — /\max /\mm Where 02 - Z;J_(}’x_lyx) .
nmax(/\jaj) p p n-p
5. The Monte Carlo simulation studies

In this section, we designed two separate Monte Carlo simulations to ex-
amine the performance of the proposed biased estimator relative to other exist-
ing estimators in linear regression models. In the first design, we investigated

the effects of sample size (n), the degree of the collinearity (p), the number of
explanatory variables (p), and the variance (0‘2) on the performances of OLS,
RE, LE, LTE, SK, YC, MNTP, NBR, ML, TSS, KLMRT, LKL estimators and RTEs.
In the second simulation design, we examined RTE and NLTE performances for
each of n, p, p, and o2 values at certain values of k. For both simulation designs,
we generate the explanatory variables by following McDonald and Galarneau

[23] and Kibria [15] as

172 . .
(5.1) Xjj = (1 -p ) Wij+ PWipy1, 1= 1,2,.,n, j=1,2,..,p

where w;; are independent standard normal pseudo-random numbers and p is
specified in such a way that the correlation between any two variables is given
by p?. These variables are standardized such that X’X is a correlation matrix.
Four different sets of correlations are investigated corresponding to p = 0.8,0.9
and 0.99. The response variable is generated by

Vi =Bo+Pix1i+Poxoi+o + PpXpit e, 1=12,...m

where ¢; ~ N(O,o2) and B, considered to be zero. For different comparisons
of the error term, the value of o2 is considered to be 0.5, 1, 5, and 10. For
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each set of explanatory variables, the real parameter vector f is chosen as the
normalized eigenvector corresponding to the largest eigenvalue of X’X so that
B’B = 1. The sample size n is taken to be 50, 100, and 200. The number of
explanatory variables is chosen as p = 2, 4, 8, and 12.

In the simulation and application sections, the estimates of the biasing
parameters for RE, LE, LTE, SK, YC, MNTP, NBR, ML, TSS, KLMRT, and LKL
are chosen based on the best estimators suggested in the literature ( Kibria [15];
Liu [20]; Qasim et al. [25]; Sakallioglu and Kagiranlar [27]; Yang and Chang
[34]; Ahmad and Aslam [1]; Dawoud et al. [6]; Idowu et al. [14]; Lukman et al.
[22]; Qasim et al. [26]; Shewa and Ugwuowo [28]).

To estimate the biasing parameter k in RE, Kibria [15] proposed the best

. . " ()

estimates of k as follows, kgp = % where 62 = Z’j;_(+ly’). Based on
(T2, a7)7™

the results given by Qasim et al. [25], we use the best estimation of d in LE as

n 2 62

dr g = max| 0, min — %77 1|. On the other hand, k;7g and dy 7 in LTE are

max( j] )+ozfnax

estimated by using the methods given by Liu [20]. Sakallioglu and Kagiranlar
[27] and Yang and Chang [34] did not provide a specific technique for estimating
the biasing parameters k and d for SK and YC estimators, respectively. There-
fore, we used kgp as an estimate of k for the SK estimator. Also, the estimate
of the biasing parameter d was determined in such a way that SMSE (dsg) was
minimized. Moreover, we used two methods proposed by Huang and Yang [13]
to estimate the biasing parameters of the YC estimator. Huang and Yang [13]
proposed two methods. We referred to these methods as (K1, D1) and (K2, D2)
(Huang and Yang [13]). We used these methods by adapting them for the YC
estimator in linear regression models. As a result, the estimator obtained with
(K1, D1) indicated YC I, and the estimator obtained with (K2, D2) indicated YC
II. Moreover, for the MNTP, NBR, ML, TSS, KLMRT, and LKL estimators, the
iterative techniques from the relevant papers are used together with the opti-
mal biasing parameters. Since there are many combinations to determine k and
g (k) functions in RTE, we only report the simulation results for the following k
estimates and g (k) functions:

T+ A min)a2in T+ Amin)a2,,
RTE I: kRTEI = P9 mm and g(k) ff +/\maxamaxk + ((7 +/\max)amax - 1)/\min
A po“min(A; a T+ Amin) a2 2_ a2
RTE II: kRTE = # and g(k) = mkﬁ-mln(%)/\mm
. _po i «) (1+ dmin)a2y, aj-6
RTE III: kRTE 1 = W and g(k) = mk +m1n(m /\min
(1+/\mln)

N 2
RTE IV kRTE v = /\maxp min and g(k) Ymin k +( (1+’\mm) X min ) _ 1)/\min

G +/\maxamax) (0 +/\maxamax

The performance of the estimated MSEs (EMSEs) is used as the basis for
comparison of the proposed estimators calculated for an estimator f of § as
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follows:
R TSN
(5.2) EMSE(f)=~ ) _(B=#) (.~ B)
r=1

where (ﬁr - /j’) is the difference between the estimated and true parameter vec-
tors at rth replication, and N is the number of replications. For each case of n,
p, 02, and p, the experiment was replicated 2000 times by generating response
variables using R programming. The results are given in Tables 1-4 where the
bold numbers show the smallest EMSE values. In addition, the signs (*), (**),
and (***) show the first, second, and third smallest EMSE values in each row,
respectively. Based on Tables 1-4, we can conclude that the degree of correla-
tion, number of explanatory variables, sample size, and variance have different
effects on all estimators in the simulation. Several observations can be obtained
as follows:

1.  When the number of observations n and o2 are kept constant, it is ob-
served that as the number of variables increased, generally, the EMSE val-
ues of the estimators tend to increase for models with low correlation vari-
ables and to decrease for models with high correlation. However, it is seen
that in the increasing trend of EMSE values, the slopes of the proposed
estimators RTE I, RTE II, RTE III, and RTE IV are much lower than the
other existing estimators.

2. It is observed that when the number of variables p, n, and o2 are kept
constant, as the correlations of the variables increase, the EMSE values of
all estimators tend to decrease in general. However, the RTE I is not as
dramatically affected by the increase in the correlation between the inde-
pendent variables compared to the other existing estimators. Based on this
situation, it can be concluded that RTE I has a robust structure depending
on low or high correlation.

3. When the correlations p, n, and p are kept constant, the increase in the
variance leads to an increase in the EMSE values of all estimators. How-
ever, in terms of EMSE values, the increases in all proposed estimators are
smaller compared to the increases in other available estimators.

4. It is seen that when the number of variables p, p, and o2 are kept constant,
the EMSE values of the proposed estimators are lower than the EMSE val-
ues of the existing estimators in n = 50,100,200. However, it is observed
that there is no significant systematic change in the EMSE values of all esti-
mators as the number of observations increases. As a result, it can be said
that compared to p and 02, the number of observations has a relatively
small effect on EMSE values.

In all scenarios examined, it is observed that all our proposed estimators are
significantly superior to existing estimators: OLS, RE, LE, LTE, SK, YC I, YCII,
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MNTP, NBR, ML, TSS, KLMRT, and LKL. However, even if the estimators RTE I
and RTE IV are better than other estimators accessible in all cases, they behave
differently in each scenario. In general, RTE I has the best EMSE value in models
with few variables and low variance. In contrast, RTE IV has a smaller EMSE
value in models with large variance. When the number of variables increased,
RTE IV generally gave better results in all scenarios.

In the second simulation scheme, we only investigated the performances
of RTE and NLTE for each n, p, p, and 2. The purpose of this simulation is
to examine the performances of NLTE and RTE at various values of the biasing
parameter k depending on EMSE values given in (5.2). There are many f (k) and
g (k) functions that can be considered to evaluate the performances of these two
classes of estimators. The biasing parameter k is not estimated in the second
simulation scheme. Only the EMSE values obtained by increasing k values in
the range [0, 1] by 0.05 are compared. In order to compare the performances of
these two estimators under some situations as an example, the following esti-
mators with f (k) and g (k) functions are taken:

Bnrre = (XX +kI)NX' X+ f(K)I)Bors

— /\mlnamm /\mmaé‘m
Where f ( 1"'/\maxamax k * 1+/\maxamax 1 /\mln

BnLTERE) = (XX +KI) N (XX + (k+ f (k) I) B re
k A'l"n'ln

where f (k) = ;nu‘# (k + Amin)

Prre = (X'X+1)"1(X 'ZX+8( )1 )/5RE2

(1+/\m1n) min (1+/\mm) mm

62 +/\maxamaxk + (G +/\maxamax B 1)/\min‘

where g (k) =

Note that, when we use ﬁRE instead of /3 in ﬁNLTEf the obtained estimator is
shown as ﬁNLTE (Re)- Also, f (k) functions used in /SNLTE and /SNLTE (RE) Were
determined in accordance with the rules given by [17]. We only consider the
cases p = 0.9, 0.99, n =50, 200, and p =4, 8, 12, and 0> = 1, 10. Depending
on these 1, p, p, and o2 values, the explanatory variables are generated according
to equation (5.1). The simulation is repeated 2000 times for each k value. The
results are collectively presented graphically in Figures 1 and 2.

Based on Figures 1-2, we can interpret the results as follows depending on each
(n,.p.0%).

1) At small values of the biasing parameter k, ﬁRTE outperforms ﬁNLTE and
ﬁNLTE(RE). Although both /§RTE and ﬁNLTE(RE) include the /§RE, the performance
of ﬁNLTE(RE) is quite poor compared to frrg at small values of the biasing pa-
rameter.

2)Forp=4and p=0.9, ﬁNLTE(RE) exhibits quite different behavior from ﬁNLTE
and fgrrg. If the value of the biasing parameter and the number of explanatory
variables increases, ﬁNLTE, ﬁNLTE(RE), and ﬁRTE show almost the same behav-
iors. In general, ﬁRTE exhibits a more consistent behavior at different values of
the biasing parameter k.
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Figure 1: The EMSE values of NLTE I, NLTE(RE) I, RTE I as a function of k

where p = 0.9

Based on the results of the second simulation design, we can recommend
PrTE to the researchers because it is a more consistent estimator than g and
BnrTE(RE) for the considered conditions. In general, the performances of these
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Figure 2: The EMSE values of NLTE I, NLTE(RE) I, RTE I as a function of k
where p = 0.99

estimators depend on f (k) and g (k) functions. In practice, we need to replace
these functions with functional relationships that can occur between the biasing
parameters. Therefore, it should be kept in mind that the results of graphical
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findings may change.

6. Numerical example

In this section, we reconsider the Portland cement data that was analyzed
by Hald [11], Liu [19], Sakallioglu and Kagiranlar [27], Yang and Chang [34],
and Kurnaz and Akay [18]. In this data set, the following four compounds
are independent variables: tricalcium aluminate(x), tetracalcium silicate (x;),
tetracalcium alumino ferrite (x3), and dicalcium silicate (x4). The dependent
variable p is the heat evolved in calories per gram of cement. We fit a linear re-
gression model with intercept to the data by adding a column of ones to the ma-
trix X. Then, the eigenvalues of X'X are Ay = 44676.2059,1, = 5965.4221,15 =
809.9521, A4 = 105.4187 and A5 = 0.0012. The condition number is approxi-
mately 3.66 x 107, therefore the matrix X is quite ill-conditioned. The numerical
results are summarized in Table 5 to compare RTEs with other estimators. In ad-
dition, three different f (k) functions for both ﬁNLTE and ﬁNLTE(RE) are given in
Table 5. Since there are many combinations to determine k and f (k) functions
in NLTE and NLTE(RE), we use the following k estimators and f (k) functions
based on the Kibria [15] and Kurnaz and Akay [17]. Note that the function f (k)
that minimizes SMSE (BNLTE RE)) is a quadratic function.

7 o? Amin arznin min ar%mn
NLTE I: kNLTEI = Z?_ ) and f 0-2+/\maxarznax k+ (0 N W, - 1)/\min
/\min rznin /\min
NLTE II: kNLTE Inm= ] 1 ] and f O'2+/\mjxarznax k - 0ﬁ2"'o;\maxarzrmx
6?2 Amin riun : 52
NLTE III: kNLTE 1 = W and f = Wia?w(k —min (#ja}?)/\min
J=17
2
NLTE(RE) I: knire(re)1 = Zp 2 and f (k C,;\X# (k + Amin)® = (K + Apyin)
], max
N 2 2

NLTE(RE) II: kNLTE(RE) 11 = np’.);‘la.z and f (k) = grpoe—(k+ Amin)” = (k+ Amin)

j=19%j max

A 22 2.

NLTE(RE) I1I: kNLTE(RE) o= (npg—dz)%’ and f (k) = W (k + /\min)2_(k + /\min)

j=17j

In addition, the bootstrap sampling method was used to obtain the actual pa-
rameter values to be used instead of the a parameter. Therefore, 10000 boot-
strap samples were created and the parameter estimates associated with the
estimators were calculated for each of the samples. The mean of the OLS es-
timates is considered as an estimate of a. The calculated SMSE values are given
in Table 5. As seen in Table 5, the estimated variance values and the SMSE val-
ues of RTE I, RTE II, RTE III, and RTE IV under the proposed g (k) functions
with k estimates can yield appropriate results compared to other existing es-
timators. To compare the estimators under the MMSE sense, dp;s is used in
place of the unknown parameter a. Here, the eigenvalues of the matrices ob-
tained with the MMSE differences are taken into account. That is, if any of the
eigenvalues is less than or equal to tolerance, then the MMSE difference is not
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pd. Otherwise, the MMSE difference is pd. The R Programming is used with
tolerance 10719 to find whether MMSE differences are pd or not. To illustrate
Theorem 3.1, the function f (k) is taken as f (k) = 3.0866 x 10713k — 0.0012 by
using NLTE I. Also, the g(k) is obtained as g (k) = 2.5372 x 107! - 0.0012 in
RTE I using (4.4). In this case, cov (ﬁNLTEI) —cov (ﬁARTEI) is the pd matrix for
k > 0. But, the criterion (3.1) given in Theorem 3.1 is not held. On the other
hand, if functions g (k) and f (k) are arbitrarily taken as f (k) = 0.5k — 0.05 and
g (k) = 0.6k —0.05, cov (ﬁNLTE) - cov(ﬁRTE) is pd matrix for 0 < k < 0.09754 or
k > 0.09758. Also, k values which provide (3.1) criterion are 0 < k < 0.0479.
Consequently, MMSE(ﬁNLTE) —MMSE(ﬁRTE) is the pd matrix where 0 < k <
0.0479.

7. Conclusion

In this study, a new general biased estimator called RTE is proposed as
an alternative to other existing biased estimators used in the presence of multi-
collinearity. The RTE is a general estimator that includes other biased estima-
tors, such as the OLS, RE, LE, ML, YC, and SK estimators as special cases. The
RTE is based on a functional relationship g (k) between the biasing parameters,
which would provide an alternative method for overcoming multicollinearity.
In this study, we investigated several rules for determining the optimal function
g (k). The performance of these functions is analyzed using different k estima-
tors. Results revealed that the estimators obtained with these g (k) functions
outperformed the other existing estimators under the examined conditions. In
particular, RTE I has the best EMSE value in models with few variables and low
variance. On the other hand, RTE IV has a small EMSE value in high-variance
models. When the number of variables increased, RTE IV generally gave bet-
ter results in all scenarios. Besides, a general simulation study is performed to
compare RTE and NLTE. In the cases we have considered, it has been observed
that RTE performs well when the biasing parameter k is small values. Although
RTE and NLTE(RE) are both dependent on RE, the main advantage of RTE over
NLTE(RE) is that it can minimize the SMSE function with the help of a sim-
pler function. Additionally, Portland data is also considered to illustrate the
advantage of RTEs in the linear regression models. Since NLTE and RTE are
two general classes of biased estimators, a comparison of these classes is given
in Portland data from various perspectives. Finally, based on the results of the
simulations and application, it can be recommended that the RTE can be used
when there is multicollinearity in the linear regression models.
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Table 1: The EMSE values of the estimators for the model when p = 2.

o n [4 OLS RE LE YCI YCII SK LTE MNTP NBR ML TSS KLMRT LKL RTEI RTEII RTE III RTE IV
0.5 50 0.8 1.618 0.777 0.459 1.005 0.945 0.59 0.936 0.562 0.952  0.551 0.977 1.130  0.957  0.336* 0.38** 0.4174* 0.525
1 50 0.8 3.362 1.189 0.733 1.897 1.794 0.963 1.905 1.028 1.842  0.727 1.867 1.141 1.843  0.415* 0.568***  0.592 0.546**
5 50 0.8 15906 3.584 2.601 8.143 7.851 3.405  9.008 4.392 8.381 2.133 8.154 1.204*** 8.237  0.947**  1.422 1.641 0.811*
10 50 0.8 33.336 7.192 5.255 17.225 16.474 6.966 19.286 9.123  17.965 3.993 17.254 1.332*** 17.46 1.252% 1.928 2.93 1.058*
0.5 50 0.9 2.411 0.839 0.420 1.321 1.276 0.569  1.258 0.634 1.256  0.757 1.285 1.020 1.257  0.284* 0.325** 0.346*** 0.454
1 50 0.9 5.001 1.314 0.619  2.626 2.56 0.93  2.636 1.212 2.579 1.271 2.600 1.030  2.579  0.372* 0.472** 0.491 0.49***
5 50 0.9 24621 4372 2320 12.272 12.015 3.401 13.022 5.519 12.619 4.99 12312 1.113"** 12.478 0.882**  1.225 1.502 0.781*
10 50 0.9 50.032 7.954 4.370 24.739 24.087 6.421 26.396 11.049 25.349 9.838 24.845 1.224"* 25.236 1.161** 1.729 2.549 1.127*
0.5 50 0.99 32129 2.127 0.253 15.181 15.201 0.513 15.179 4.105 15.178 14.331 15.18  0.369 15.179  0.229* 0.23** 0.232%** 0.364
1 50 0.99 64.220 2.882 0.370 30.653 30.609 0.689 30.675 8.207 30.674 28.759 30.659  0.434  30.675 0.329* 0.34** 0.3444* 0.414
5 50 0.99 330.294 8.046 1.259 157.766 157.492 1.895 158.013 41.855 158.007 147.428 157.838 0.942*** 158.013 0.781**  0.958 1.132 0.779*
10 50 0.99 688.415 16.812 2.472 338.238 337.655 4.038 338.758 89.554 338.749315.882 338.397 1.614  338.759 0.978* 1.35%+* 2.115 1.259%%
0.5 100 0.8 1.656 0.750 0.456  0.994 0.938 0.567  0.927 0.552 0.942  0.551 0.965 1.119  0.943  0.324* 0.372** 0.403*** 0.513
1 100 0.8 3.426 1.145 0.699 1.925 1.822° 0.917 1.927 1.033 1.865 0.763 1.894  1.129 1.868  0.412* 0.571* 0.573 0.544**
5 100 0.8 16.554 3.701 2.605 8.336 7.987 3.455 9.219 4.471 8.596  2.288 8.359 1.199*** 8.441 0.992**  1.567 1.743 0.798*
10 100 0.8 31.583 6.382 4.756 15.488 14.833  6.19 17.442 8.262 16.186 3.928 15.529 1.304** 15.755 1.312*** 2.087 2.85 1.023*
0.5 100 0.9 2.296 0.824 0.424 1.26 1.209 0.572 1.2 0.616 1.195 0.704 1.223 1.039 1.197  0.280* 0.329** 0.35%** 0.454
1 100 0.9 4.828 1.302 0.642 2.537 2.434 0.941  2.561 1.195 2487 1.147 2.505 1.051 2.485  0.365* 0.498* 0.509 0.477**
5 100 0.9 23.645 4.422 2415 11.858 11.605 3.531 12.601 5.447 12.287 4.528 11.896 1.131*** 12.04 0.961** 1.404 1.627 0.792*
10 100 0.9 45931 7.982 4.472 22.675 22.214 6.535 24.381 10.456  23.447 8.439 22.797 1.231** 23.166 1.3°* 1.923 2.817 1.149*
0.5 100 0.99 28916 2.003 0.249 13.852 13.85 0.496 13.852 3.779 13.85 12.98 13.851 0.39 13.852  0.225* 0.227** 0.230%* 0.364
1 100 0.99 58.151 2.905 0.373 28.054 28.014 0.695 28.078 7.579  28.075 26.089 28.061 0.45 28.077 0.332* 0.341** 0.346*** 0.414
5 100 0.99 295.883 8.379 1.393 138.579 138.274 2.152 138.815 37.168 138.805128.047 138.651 0.963*** 138.812 0.908** 1.061 1.256 0.827*
10 100 0.99 566.008 14.678 2.539 264.646 264.037 3.807 265.197 70.921 265.174244.384 264.817 1.522  265.187 1.092* 1.4770% 223 1.268**
0.5 200 0.8 1.946 0.792 0.445 1.124 1.062 0.575 1.059 0.588 1.064 0.606 1.091 1.086 1.067  0.306* 0.362** 0.385%** 0.486
1 200 0.8 3.819 1.215 0.683 2.069 1.974 0.937  2.087 1.07 2.019 0.882 2.041 1.094  2.018  0.406* 0.558***  0.563 0.525**
5 200 0.8 18927 3.905 2.421 9.432 9.118 3.396 10.251 4.719 9.67 2976 9.456 1.178%* 9555  0.97** 1.575 1.681 0.747*
10 200 0.8 39.471 7.575 4.818 19.579 19.033  6.747 21.442 9.769  20.203 594 19.674 1.276™ 19.969 1.498* 2.39 3.157 1.123*
0.5 200 0.9 2.647 0.860 0.403 1.416 1.374 0.573  1.365 0.651 1.358  0.823 1.381 0.993 1.355  0.264* 0.31°* 0.328** 0.432
1 200 0.9 5.335 1.278 0.626  2.699 2,627 0.876  2.717 1.222 2.653  1.365 2.672 1.003 2.653  0.372* 0.493 0.492%** 0.476**
5 200 0.9 27563 4.503 2.171 13.77 13.507 3.337 14.429 5.898 14.152 6.125 13.814 1.091*** 13.98  0.986** 1.432 1.553 0.777*
10 200 0.9 52921 7.628 4.079  25.52 25.09 5.905 27.057 12.545  26.533 11.137 25.669 1.193** 26.081 1.443** 2.109 2.727 1.145*
0.5 200 0.99 30.667 2.026 0.245 14.453 14.447 0.477 14.454 3.924 14.453 13.578 14.453  0.376 14.454  0.219* 0.223** 0.226*** 0.358
1 200 0.99 62.054 2.855 0.38 29.61 29.564 0.664 29.631 7.973 29.629 27.617 29.617  0.449  29.631 0.343* 0.352** 0.356*** 0.418
5 200 0.99 307.111 8.671 1.345 147.727 147.469 2.187 147.983 39.423 147.973137.132 147.806 0.958** 147.98 0.997"* 1.133 1.237 0.810*
10 200 0.99 628.440 15.042 2.577 298.862 298.277 3.799 299.384 79.68 299.37277.161 299.021 1.597*** 299.38 1.309** 1.694 2.32 1.294*
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Table 3: The EMSE values of the estimators for the model when p = 8.

o2 n P OLS RE LE YCI YCII SK LTE MNTP NBR ML TSS KLMRT LKL RTEI RTEII RTE III RTE IV
0.5 50 0.8 10.963 1.281 0.767 6.713 3.627 1.054 5.994 1.039 6.7180.275°** 6.719  0.449  6.723  0.256**  0.745 0.335 0.155*
1 50 0.8 21.551 2.237 1.497 13.031 6.972 1.988 11.671 1.998 13.0920.476*** 13.094  0.587 13.106 0.459**  1.412 0.62 0.231*
5 50 0.8 109.743 8.648 7.435  66.498 35.953  9.338 59.944 9.915 66.9 2.3 66914 1.729°% 66.974 1.556** 4.921 2.653 0.833*
10 50 0.8 221.218 16.724 14.939 133.789 73.022 18.632 120.621 19.83 134.668 4.661 134.708 3.205*** 134.825 2.373**  7.15 5.021 1.638*
0.5 50 0.9 23.039 2.231 0.534 14.013 7.557 0.987 9.93 0.913 14.085 0.344 14.089 0.36 14.103  0.191**  0.514 0.281*** 0.107*
1 50 0.9 44473 3946 1.024  26.587 14.128 1.832 18.779 1.737 26.74 0.669 26.746  0.611 26.777 0.326"*  0.936 0.524*4* 0.154*
5 50 0.9 222946 14.449 5.068 133.78 70.271 7.788 93.708 8.649 134.549 3.008 134.584  2.744 134.737 1.047**  3.016 2.1390* 0.553*
10 50 0.9 440.11 26.692 9.859 262.906 141.258 14.853 187.16 16.969 264.814 6.374 264.928  5.308 265.268 1.524**  4.074 3.866%*F 1.067*
0.5 50 0.99 179.643 13.262 0.152 107.686 56.714 1.6 57.125 1.408 108.098 1.637 108.137 1.518 108.235 0.07* 0.128 0.116*** 0.084**
1 50 0.99 347.312 20.067 0.265 205.644 105.842 2.066 106.649 2.631 206.557 2.669 206.647 2.94 206.837 0.117* 0.212 0.199** 0.121**
5 50 0.99 1780.847 77.538 1.257 1079.538 568.707 7.628 573.19 13.931084.237 14.1271084.676 15.133  1085.5990.428% 0.694** 0.751 0.439**
10 50 0.99 3574.818157.409 2.559 2164.081 1139.681 16.0771146.738 27.97 2172.414 32.0922173.152  30.483 2174.92 0.688* 1.154%*  1.409 0.855**
0.5 100 0.8 10.603 1.201 0.769 6.449 3.368 1.021  5.482 1.018 6.4420.2470* 6.444  0.453  6.446  0.225**  0.75 0.297 0.153*
1 100 0.8 21.435 2.203 1.519 12.894 6.802 1.992  11.05 1.991 12,952 0.46*** 12.958  0.601 12.964 0.405**  1.456 0.563 0.226*
5 100 0.8 106.783 8.475 7.429  64.153 34.314 9.276 55.277 9.84 64.524 2.115 64.543 1.718*** 64.587 1.477** 5.59 2.35 0.75*
10 100 0.8 216.062 16.232 14.804 131.28 70.792 18.483 112.891 19.669 131.983 4.288 132.023 3.122*** 132.097 2.279**  8.422 4.334 1.346*
0.5 100 0.9 19.838 1.905 0.54 11.856 6.091 0.919  7.999 0.868 11.8950.247*** 11.898  0.355 11.906 0.161**  0.524 0.2474* 0.106*
1 100 0.9 40.778 3.66 1.077 24.838 13.024 1.849 16.825 1.769 24943 0.473 24953 0.616  24.967 0.29** 1.022 0.4724* 0.153*
5 100 0.9 199.467 13.852 5.209 119.483 61.984 8.02 80.836 8.575 120.02 2.188 120.07  2.647 120.132 0.989**  3.57 1.921%%* 0.528*
10 100 0.9 394.458 23.96 10.242 235.022 121.152 14.934 159.1 16.842 236.083 4.328 236.181 5.143 236.322 1.541**  5.221 3.46%** 0.972*
0.5 100 0.99 185.186 12.524 0.148 111.087 56.641 1.328 56.856 1.397 111.356 1.434 111.382 1.616  111.434 0.073* 0.13 0.115%* 0.088**
1 100 0.99 366.431 21.167 0.267 217.66 110.366 2.164 110.517 2.718 218.195 2.965 218.259 3.217  218.362 0.127* 0.228 0.203*** 0.132**
5 100 0.99 1830.505 81.447 1.191 1088.923 556.968 7.795 558.111 13.5731092.375 15.3361092.759  15.972  1093.3420.449**  0.722***  0.731 0.436*
10 100 0.99 3751.459153.338 2.384 2246.778 1156.604 14.891159.543 28.067 2252.611 31.2942253.289  32.708  2254.3510.719* 1.192%¢%  1.316 0.814**
0.5 200 0.8 10.66 1.246 0.761 6.451 3.304 1.037 4.71 1.012 6.4270.157°* 6.427  0.441 6.427  0.146**  0.74 0.222 0.137*
1 200 0.8 21.333 2.212 1.476 12.979 6.666 1.989  9.429 1.961 12.9870.263*** 12.99  0.576 12,991  0.235**  1.423 0.381 0.173*
5 200 0.8 104.209 7.95 7.137 62972 31.982  8.91 45.832 9.391  63.0391.159***  63.042 1.785  63.052 0.935**  5.852 1.549 0.578*
10 200 0.8 210.074 14.973 14.4 126.321 64.277 17.708 92.213 18.896 126.4832.272*** 126.495  3.333 126.513 1.627**  9.579 2.925 1.094*
0.5 200 0.9 19.286 1.941 0.543 11.538 5.922 0.951  7.366 0.871  11.5590.196%**  11.562 0.36 11.565 0.135**  0.529 0.223 0.104*
1 200 0.9 38.292  3.33 1.063 22.818 11.587 1.748 14.491 1.704  22.8680.367*** 22.874  0.618 22.88  0.243**  1.025 0.409 0.151*
5 200 0.9 192914 13.086 5.232 116.524 59.091 7.861 73.792 8.529 116.721 1.808 116.737  2.702 116.761 0.944**  4.024 1.7250* 0.537*
10 200 0.9 388.286 25.075 10.535 233.444 119.683 15.599 148.703 17.191 233.989 3.688 234.033  5.326  234.104 1.56** 6.184 317144 0.987*
0.5 200 0.99 214.867 15.351 0.134 129.551 66.368 1.637 66.195 1.551 129.674 1.906 129.692 1.913 129.715 0.064* 0.116 0.101*** 0.082**
1 200 0.99 422703 244 0.244 254318 128.303 2.299 127.823 3.003 254.639 3.046 254.689  3.796  254.717 0.122* 0.217 0.188*** 0.131**
5 200 0.99 2110.968 96.261 1.094 1258.604 642.555 8.7 637.585 14.921260.247 19.6881260.535 18.974 1260.7770.465**  0.723 0.683*** 0.433*
10 200 0.99 4251.352171.417 2.109 2543.115 1292.978 14.781287.173 29.982 2546.31 35.5782546.865 38.132 2547.2380.731* 1.179** 1.198 0.761**
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Table 5: The estimated parameter values and the estimated variance values of
the estimators

[ Bo 1 B2 B3 Ba var(8) — SMSE(B]

BorLs 62.4054 1.5511 0.5102_0.1019 —0.1441 4912.0902

BrE (kre = 1.4250) 0.1003 2.1725 1.1568 0.7435 0.4882  0.067330 0.067346
ArE (drE =0) 0.1230 2.1781 1.1552 0.7473 0.4871  0.071467 0.071479
ALTE (kLTE =451.2736, dL7E = —199.5073) 27.6065 1.1641 1.0097 0.0891 0.2955 960.089121  960.375122
Bsk (ks =1.4250, dgg = 493.7504) 26.4790 8.5996 —0.6618 5.2740 -0.7883 878.099704  879.220053]
Byc1 (K1 =0.0015, Dy =0.9992) 27.6068 1.9090 0.8688 0.4680 0.2075 959.502978  959.502981
Byc 11 (K2 =0.0008, D =0.7206) 27.6067 1.9052 0.8697 0.4653 0.2080 959.502677  959.502680)
PMNTP

(kpinTp =1.3761x107°, dpynTp = 0.0883) 56197 21227 1.0983 0.6904 0.4314 39.291526  39.291535
ANBR (knBR =0.3388x 1073, dypg = 0.0015)  27.6068 1.9091 0.8688 0.468 0.2075 959.502980 959.502982
Bar (dpr = 0.4426) -27.4454  2.4556 1.4408 1.033 0.7665 954.838327 954.838351
Brss (krss =0.5500x1073, dgg = 0.7920) 27.6068 1.9091 0.8688 0.468 0.2075 959.502980  959.502982
PKLMRT

(kkLMRT =348.2785, dippRT = 0-4420) 0.0244 0.2284 1.4622 0.0276 0.6772 0.001739  6.4125088
frxr (kLxp = 047141073, digp = 1) 27.6068 1.9091 0.8688 0.468 0.2075 959.502980  959.502982

BNLTE1(f (k) =3.0866 x 10713k ~0.0012)
]}NLTEI =0.0015

BANLTETI

(f () =3.0866x 10713k -41930x10711) 42,0456 1.7605 0.7200 0.3161 0.06162228.180975 2228.180976
kNLTE T = 0.0006

ANLTETII

(f () =3.0866x10713 k- 6.0859x 1078) 0.1003 2.1725 1.1568 0.7435 0.4882  0.067330 0.067346
KNLTE 111 = 14250

BNLTE(RE)I

(f () =2.5341x 10710 (k+0.0012) - (k +0.0012))  0.0473 2.1925
kNLTE(RE) T =0-0015

BNLTE(RE) IT

(f () =2.2383x1075 (k+0.0012)% - (k+0.0012))  0.0473 2.1925
kN LTE(RE) 11 = 0-0006

BNLTE(RE) I1I

(f () =3.6781x1070 (k+0.0012)%  (k+0.0012)) ~ 0.0468 2.1538
KNLTE(RE) 11T = 1-4250

BrTET(8(k) =2.5372x 10710k ~0.0012)

%RTEI =0.1013

BrTE (8 (k) =2.5372x10 10k 41621 x 1071T)
fiRTE 11 = 10.9035

BrrE 11 (3(k) = 2.5372x 10710k - 0.2692 x 10~%)
kRTE 117 = 0.9106 x 104

BRTE 1V (g(k) =0.1952x 10710k —0.0122)

kRTE v = 8935.2414

0.0473 2.1925 1.1528 0.7580 0.4858  0.065275 0.065282]

1529 0.758 0.4858  0.065273 0.065280)

1528  0.758 0.4858  0.065275 0.065282]

1618 0.7302 0.4917  0.062256 0.062300]

0.0471 2.1774 1.1563 0.7471 0.4881  0.064088 0.064099|

0.0452 2.0425 1.1873 0.6513 0.5083  0.054048 0.054708|

0.1161 2.1781

1553 0.7474 0.4872  0.070216 0.070227|

0.0231 0.2431 1.1857 0.2203 0.6003  0.000312  255.273061
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