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1. Update scheme of variational parameters

For simplicity, the following notations are used in this Appendix: we use
p(x| · · · ) to signify the conditional distribution of x given the quantities ‘· · · ’;
E\x represents the expectation with respect to the variational density excluding
q(x), and ‘tr’ denotes the trace of a square matrix. For any vector a, we write
a⊗2 = aaT . In addition, we write X−1 ∼ IG(α, β) with EX−1 = β/(α − 1) if
X ∼ Ga(α, β). To simplify the exposition, we omit some irrelevant constants
which are implicit in the context. The following derivations are mainly based on
the first two moments of random variables.

(i). Update of the variational parameters ηui in q(u∗i ).
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It follows from equation (2.6) in the main text that

log p(u∗i |u∗\i, · · · ) = −1

2
u∗i (α+ βTxi)

2 + log pPG(u
∗
i ).

By the independence of variational density factors, we have

log q(u∗i ) ∝ E\u∗i log p(u
∗
i |u∗\i · · · ) = −1

2
u∗iE\u∗i (α+ βTxi)

2 + log pPG(u
∗
i ).

Compared with the definition of exponential tilting Pólya-Gamma distribution
in [3], we have

q(u∗i ) = PG(1, ηui ),

where

ηui = {E\u∗i (α+ βTxi)
2}1/2

= {σ2α + µ2α + tr(Σβ + µ
⊗2
β )x⊗2

i + 2µαµ
T
βxi}1/2

= {(µα + µTβxi)
2 + tr(Σβx

⊗2
i ) + σ2α}1/2.(1.1)

(ii). Update of the variational parameters ϕik(k = 1, 2, · · · ,K) in q(si).

Note that for any i ∈ I,

log p(si| · · · ) ∝ log p(zi|si,θ∗, · · · ) + log p(si|V)

=
K∑
k=1

I{si = k}

[
1

2
log σ∗−2

k −
σ∗−2
k

2
(zi − γ∗k − xTi ψ)

2 + log πk

]
.

Hence,

E\si log q(si) ∝
K∑
k=1

I{si = k}E\si

[
1

2
log σ∗−2

k −
σ∗−2
k

2
(zi − γ∗k − xTi ψ)

2 + log πk

]
.

Note that

E\si log σ
∗−2
k = Ψ(αϵk)− log(βϵk),

E\siσ
∗−2
k = αϵk/βϵk,

E\si{σ
∗−2
k (zi − γ∗k − xTi ψ)

2} = {(zi − µγk − xTi µψ)
2 + trΣψx

⊗2
i }αϵk/βϵk + σ2γk,

E\si log π1 = Ψ(ζ11)−Ψ(ζ11 + ζ12),
(1.2)

E\si log πk = Ψ(ζk1) +
k−1∑
ℓ=1

Ψ(ζℓ2)−
k∑
ℓ=1

Ψ(ζℓ1 + ζℓ2)(1 < k < K − 1),

E\si log πK =

K−1∑
k=1

{Ψ(ζk2)−Ψ(ζk1 + ζk2)},
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where Ψ(x) = d log Γ(x)/dx is the digamma function. By equation (3.2) in the
main text, we have

q(si) =
K∑
k=1

ϕikδk,

with

log ϕik ∝
1

2
E\si log σ

∗−2
k − 1

2
E\si{σ

∗−2
k (zi − γ∗k − xTi ψ)

2}+ E\si log πk,(1.3)

where the components on the right hand side are give by (1.2).

(iii). Update of the variational parameters µβ and Σβ in q(β).

Note that

log p(β| · · · ) = log p(β) +
n∑
i=1

log p(ui|β, · · · )

= −1

2
trβ⊗2[diag(τ−2

β ) +
n∑
i=1

u∗ix
⊗2
i ] + βT

n∑
i=1

xi(κi − u∗iα),

hence,

E\β log p(β| · · · ) = −1

2
trβ⊗2[diag(µβ) +

n∑
i=1

û∗ix
⊗2
i ] + βT

n∑
i=1

xi(κi − û∗iµα),

where µβ = (µβ1, · · · , µβq)T is the mean of τ−2
β and û∗i = tanh(ηui /2)/(2η

u
i ) is

the expectation of Pólya-gamma distribution PG(1, ηui ). As a result, we have
q(β) ∼ Nq(µβ,Σβ) with

µβ = Σβ

( n∑
i=1

xi(κ
u
i − û∗iµα)

)
, Σβ =

(
diag(µβ) +

n∑
i=1

û∗ix
⊗2
i

)−1

.(1.4)

(iv). Update of the variational parameters µψ and Σψ in q(ψ).

Firstly, recall that γi = γ∗si and σ
2
i = σ∗2i , hence,

γ̂i = E\ψγ
∗
siσ

∗−2
si =

K∑
k=1

ϕikαϵkµγk/βϵk, σ̃∗−2
i = E\ψσ

∗−2
si =

K∑
k=1

ϕikαϵk/βϵk.

Secondly, it follows from

log p(ψ| · · · ) = log p(ψ) +

n∑
i=1

log p(zi|ui = 1,ψ, · · · )

= −1

2
trψ⊗2

(
diag(τ−2

ψ ) +

n∑
i=1

uix
⊗2
i /σ2i

)
+ψT

n∑
i=1

uixi(zi − γi)/σ
2
i ,
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that

E\ψ log p(ψ| · · · ) = −1

2
trψ⊗2

(
diag(µψ) +

n∑
i=1

uix
⊗2
i σ̃∗−2

i

)

+ψT
n∑
i=1

uixi(ziσ̃
∗−2
i − γ̂i),

where µψ = (µψ1, · · · , µψq)T is the mean of τ−2
ψ . Thus, by equation (3.2) in the

main text, we have q(ψ) ∼ Nq(µψ,Σψ) with

µψ = Σψ

( n∑
i=1

uixi(ziσ̃
∗−2
i − γ̂i)

)
, Σψ =

(
diag(µψ) +

n∑
i=1

uix
⊗2
i σ̃∗−2

i

)−1

.

(1.5)

(v). Update of the variational parameters µβj , λβj , µψj and λψj , and aβj ,
bβj , aψj and bψj .

The deviations of µβj , λβj , µψj , λψj , aβj , bβj , aψj and bψj are similar to
those in [1]. We omit these technical details to save spaces.

(vi). Update of variational parameter ζk1 and ζk2(k = 1, 2, · · · ,K − 1) in
q(V).

By Bayes theorem, we have

log p(V| · · · ) = log p(S|U,V) + log p(V|c)

= log V1

n∑
i∈I

I{si = 1}+
K−1∑
k=1

(
log Vk +

k−1∑
ℓ=1

log(1− Vℓ)

)
n∑
i∈I

I{si = k}

+

(
K−1∑
ℓ=1

log(1− Vℓ)

)
n∑
i∈I

I{si = K}+ (c− 1)
K−1∑
k=1

log(1− Vk).

It follows from q(V) ∝ E\V log p(V| · · · ) that

q(V) =

K−1∏
k=1

Beta(ζk1, ζk2),

where

ζk1 = 1 +

n∑
i∈I

ϕik, ζk2 = c+

K∑
ℓ=k+1

∑
i∈I

ϕiℓ.(1.6)

(vii). Update of variational parameters µγk, σ
2
γk αϵk and βϵk, in q(θ

∗
k).
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Firstly, note that

log p(γ∗k , σ
∗2
k | · · · ) = log p(σ∗2k ) + log p(γ∗k |σ∗2k ) + log p(Z|S,θ∗k)

= (αϵ0 + 1) log σ∗−2
k − βϵ0σ

∗−2
k +

1

2
log σ∗−2

k − 1

2σ∗2k σ
2
γ0

(γ∗k − γ0)
2

+
1

2
log σ∗−2

k

∑
i∈I

I{si = k} − 1

2σ∗2k

∑
i∈I

I{si = k}(zi − γ∗k − xTi ψ)
2

= − 1

2σ∗2k

{
γ∗2k

(
σ−2
γ0 +

∑
i∈I

I{si = k}

)
− 2γ∗k

(
σ−2
γ0 γ0 +

∑
i∈I

I{si = k}(zi − xTi ψ)

)}

+
1

2
log σ∗−2

k +

(
αϵ0 +

1

2

∑
i∈I

I{si = k}+ 1

)
log σ∗−2

k

−

{
βϵ0 +

1

2

[
γ20/σ

2
γ0 +

∑
i∈I

I{si = k}(zi − xTi ψ)
2

]}
σ∗−2
k

It follows from q(γ∗k , σ
∗2
k ) ∝ E\γ∗k ,σ

∗2
k
log p(γ∗k , σ

∗2
k | · · · ) that

q(γ∗k , σ
∗2
k ) = IG(αϵk, βϵk)×N(µγk, σ

∗2
k σ

2
γk)

where

µγk = σ2γk

(
σ−2
γ0 γ0 +

∑
i∈I

ϕik(zi − xTi µψ)

)
, σ2γk =

(
σ−2
γ0 +

∑
i∈I

ϕik

)−1

,

αϵk = αϵ0 +
1

2

∑
i∈I

ϕik,(1.7)

βϵk = βϵ0 +
1

2

(∑
i∈I

ϕik{(zi − xTi µψ)
2 + trΣψx

⊗2
i }+ γ20/σ

2
γ0 − µ2γk/σ

2
γk

)
.

Note that under q(θ∗k), the expectation of γ∗k is given by γ̂∗k = Eqγ
∗
k = µγk ,

while its variance is given by σ2γkβϵk/(αϵk − 1).

(viii). Update of variational parameter µα, σ
2
α in q(α).

Note that

log p(α| · · · ) = − 1

2σ2α0
(α− α0)

2 +

n∑
i=1

{
κi(α+ xTi β)−

u∗i
2
(α+ xTi β)

2

}

= −1

2

{
α2(σ−2

α0 +
n∑
i=1

u∗i )− 2α(σ−2
α0α0 +

n∑
i=1

(κi − u∗ix
T
i β)

}
.

It follows from q(α) ∝ E\α log p(α| · · · ) that q(α) = N(µα, σ
2
α), where

µα = σ2α

{
σ−2
α0α0 +

n∑
i=1

(κi − û∗ix
T
i µβ)

}
, σ2α = (σ−2

α0 +
n∑
i=1

û∗i )
−1.(1.8)
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(ix). Update of variational parameter αc and βc in q(c).

A straightforward calculation shows that

αc = τ1 +K − 1, βc = τ2 − E\c log πK(1.9)

where E\c log πK is given by (1.2) in the update (ii).

2. Calculations of ELBO

For the ease of exposition, we break the log-likelihoods involved in equation
(3.4) in the main text into three parts (omitting irrelevant constants).

The first part is related to the log-likelihood of the complete data given by

I1 =
n∑
i=1

κiηi −
1

2

n∑
i=1

u∗i η
2
i +

n∑
i=1

log p(u∗i |1, 0)

+
1

2

∑
i∈I

log σ−2
i −

σ−2
i

2

n∑
i=1

ui(zi − γi −ψTxi)2

+
∑
i∈I

K∑
k=1

I{si = k} log πk + (c− 1)

K−1∑
k=1

log(1− Vk) + (K − 1) log c

−βϵ0
K∑
k=1

σ∗−2
k + (αϵ0 + 1)

K∑
k=1

log σ∗−2
k +

1

2

K∑
k=1

log σ∗−2
k − 1

2σ2γ0

K∑
k=1

(γk − µγ0)
2/σ∗2k

+

q∑
k=1

log γ2βk +

q∑
k=1

log γ2ψk +
1

2

q∑
k=1

γ2βkτ
−2
βk +

1

2

q∑
k=1

γ2ψkτ
−2
ψk

+

q∑
k=1

[(ak0 − 1) log γ2βk − bk0γ
2
βk] +

q∑
k=1

[(ck0 − 1) log γ2ψk − dk0γ
2
ψk].

where ηi = α + βTxi, σ
2
i = σ∗2si and γ2i = γ∗si . Here we write p(x|1, 0) as the

standard Pólya-Gamma density function.

The second part is defined as the log-likelihood of the priors as follows:

I2 = − 1

2σ2α0
(α− α0)

2 +
1

2

q∑
j=1

log τ−2
βj − 1

2

q∑
j=1

τ−2
βj β

2
j +

1

2

q∑
j=1

log τ−2
ψj − 1

2

q∑
j=1

τ−2
ψj ψ

2
j

+(τ1 − 1) log c− cτ2
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The last part involves the logarithms of the variational densities given by

I3 = −1

2
(α− µα)

2/σ2α − 1

2
log σ2α + (αc − 1) log c− βcc+

n∑
i=1

log p(u∗i |1, ηui )

−1

2
trΣ−1

β (β − µβ)⊗2 − 1

2
log |Σβ| −

1

2
trΣ−1

ψ (ψ − µψ)⊗2 − 1

2
log |Σψ|

+
∑
i∈I

I{si = k} log ϕik +
K∑
k=1

[(ζk1 − 1) log Vk + (ζk2 − 1) log(1− Vk)]

−
K∑
k=1

βϵkτ
∗
k + (αϵk + 1)

K∑
k=1

log τ∗k +
1

2

K∑
k=1

log τ∗k − 1

2

K∑
k=1

(γk − µγk)
2/(σ2γkτ

∗
k )

+

q∑
k=1

(
1

2
log λβk −

3

2
log τ−2

βk −
λβk
2µ2βk

τ−2
βk −

λβk

2τ−2
βk

+
λβk
µβk

)

+

q∑
k=1

(
1

2
log λψk −

3

2
log τ−2

ψk −
λψk
2µ2ψk

τ−2
ψk −

λψk

2τ−2
ψk

+
λψk
µψk

)

+

q∑
k=1

(
(aβk − 1) log γ2βk − bβkγ

2
βk + aβk log bβk − log Γ(aβk)

)

+

q∑
k=1

(
(cψk − 1) log γ2ψk − dψkγ

2
ψk + cβk log dψk − log Γ(cψk)

)
,

where τ∗k = σ∗−2
k .

Evaluating ELBO involves the expectations of the above three parts with re-
spect to the variational density q. Among them, most computations are straight-
forward due to the independence of variational factors. For example, Eq log τ

∗
k =

Ψ(αϵk) − log(βϵk), Eq log τ
−2
βk = log(µβk) + ∂K(x, λβk/µβk)/∂x|x=−1/2, where

Ψ(x) = d log Γ(x)/dx is the psi function and K(x, ω)(x ∈ R, ω > 0) is the mod-
ified Bessel function of the third kind and with index parameter x [2]. In the
applications, one can replace Eq log τ

−2
βk by logEqτ

−2
βk to alleviate computational

burden. Obviously, such adjustment does not alter the determination of the
convergence of the CAI algorithm.

However, direct computations of Eq log p(u
∗
i |1, 0) and Eq log p(u∗i |1, ηui ) be-

come infeasible since these density functions touch on the infinite sum. Luckily,
in the current analysis, we only need evaluate Eq log p(u

∗
i |1, 0)/p(u∗i |1, ηui ). Note

that

p(u∗i |1, 0)/p(u∗i |1, ηui ) = cosh−1(ηui /2) exp

(
u∗i
2
ηu2i

)
,(2.1)

hence,

Eq(log(p(u
∗
i |1, 0)/p(u∗i |1, ηui )) = − log cosh(ηui /2) +

ηu2i
2
Equ

∗
i

= − log cosh(ηui /2) +
ηu2i
2

0.5 tanh(0.5ηui )/η
u
i .
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3. Simulation Study

In this section, we present the results of simulation study given in the main
text. The model setups are given in the section of simulation study in the main
text. For the following three scenarios:

• scenario I: zi − xTi ψ ∼ N(0.8, 1.0),

• scenario II: zi − xTi ψ ∼ 0.3N(−3.5, 1.0) + 0.7N(3.0, 4.0), and

• scenario III: zi − xTi ψ ∼
7∑

k=0

1
8N(3{(23)

k − 1}, (23)
2k),

Tables 1 and 2 summarize the bias (BIAS), the root mean squares (RMS) and
the standard deviation (SD) of VB estimates under the parametric and semipara-
metric fittings across 100 replications. The BIAS and RMS of the estimate θ̂j are
respectively defined as

BIAS(θ̂j) = (θ̄j − θ0j ), RMS(θ̂j) =

√√√√ 1

100

100∑
κ=1

(θ̂
(κ)
j − θ0j )

2,(3.1)

where θ0j is the jthcomponent of the true population parameters θ0, and θ̄j =∑100
κ=1 θ

(κ)
j /100 represents the sample mean of θ

(κ)
j over 100 replications. The

sums of SD and RMS across the estimates are presented in the last rows.
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Examinations of Tables 1 and 2 show that: (i) for scenario I, the perfor-
mance of VB estimates under semiparametric fitting is the same as those under
parametric fitting. The BIAS, RMS and SD of two estimates are exactly identical
regardless of n = 300 or 1000; This suggests that the semiparametric fitting can
automatically adjust their random weights in DP to shrink data into one clus-
ter to meet the assumption of the single parametric model; (ii) for scenario II,
we find there exist larger differences between two estimates. The totals of RMS
and SD under normal fitting equal to 2.304 and 1.703 at n = 300, while under
semi-parametric fitting amount to 1.403 and 1.032. This reveals the fact that the
normal fitting accommodates multiple modes via inflating the variances of the
estimates; (iii) for scenario III, though not significant, the VB estimates under
semiparametric fitting still outperforms those under parametric fitting; (iv) As
expected, with the increase of the sample sizes, two estimates becomes more and
more accurate but the differences between them are still not ignorable when the
posited models are not specified correctly; (v) Since the estimates of regression
coefficients involved in Part one are not affected by the semiparametric fitting in
Part two, the behavior of VB estimates in Part one under two fittings are wholly
identical.

Table 3 gives the summary of the estimates ψ̂j under the parametric and
semiparametric fittings for the heavier-than-normal data and the contaminated
data with contamination levels at 5% and 10%, respectively.
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Examinations of Table 3 give the following facts: (i) For the heavy-tailed
data with single mode, the semiparametric fitting is very close to the parametric
fitting and slightly outperforms the parametric fitting. This situation also occurs
in the previous simulation study. The underlying reason is that for the unimodal
data, the atoms in the semi parametric fitting are adaptively clustered into one
group and the estimated model behaves more like the parametric setting. Instead,
for the contaminated data, the results produced by the semiparametric method
are better than those under the parametric method. Moreover, as the levels of
contamination increase, the estimates obtained via semiparametric method are
stabler than these obtained under the parametric method and the confidence
intervals are uniformly narrower than those under the parametric fitting. It
reveals that the proposed method is rather effective in dealing with outliers.
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