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1. Update scheme of variational parameters

For simplicity, the following notations are used in this Appendix: we use
p(z|--+) to signify the conditional distribution of x given the quantities - --’;
E\, represents the expectation with respect to the variational density excluding
q(z), and ‘tr’ denotes the trace of a square matrix. For any vector a, we write
a®? = aal. In addition, we write X! ~ IG(«,8) with EX~! = 8/(a — 1) if
X ~ Ga(a, B). To simplify the exposition, we omit some irrelevant constants
which are implicit in the context. The following derivations are mainly based on

the first two moments of random variables.

(i). Update of the variational parameters 7} in g(u;).
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It follows from equation (2.6) in the main text that
*| % 1 T *
log p(uj|uys,---) = —gui(a+ B xi)? + log ppa (uy).
By the independence of variational density factors, we have
* 1 * *
log g(u) oc Byr log p(uifuly -+ +) = = 5uj By (o + B xi)* + log pea (u).

Compared with the definition of exponential tilting Pdlya-Gamma distribution
in [3], we have
q(u;) = PG(1,n;"),

where

= {Byus(a+8"x) 2y1/2

= {08 + o + (S + 5% + 2uapfxi
(1.1) = {(tta + phxi)? + tr(ZpxP?) + o212

(ii). Update of the variational parameters ¢;p(k = 1,2, -+, K) in q(s;).
Note that for any i € Z,

log p(si|---) o< logp(zilsi, 0%, - ) +log p(s;| V)

K *—2
= ZI{S’ =k} [ log o} 2 Uk2 (zi —vi — xI )2 + logﬂ'k] .
Hence,
1 2 02_2 T,1\2
B\, logq(s;) ZI{SZ = k}B\, | 5log oy — (2 — o —x{ )" +logmy | -
Note that
E\Si log 02_2 = V() — log(Bek ),
E\sio-;:_z = aek/ﬁeka
B {02z = = xT9)2 = (20 — s — 5L 12+ 12 Yoo/ Bk + 0%,
(1.2)
E\Si logm = U(¢11) — V(¢ + Ci2),
k—1 k
By logmp = U(Cu) + > W(C) = > W(Ca +C)(1 <k < K 1),
=1 =1

K-1

By, logmr = Y {¥(Cra) = ¥(Cr1 + Cra)}s

k=1
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where ¥(z) = dlogI'(x)/dx is the digamma function. By equation (3.2) in the
main text, we have

K
si) =Y Pikbk,
k=1

with
1 w2 1 -2 * T, 1\2
(1.3)  log ¢ ox 5 E\s log oy ™ — o Bng, {0377 (21 — vk — xi )7} + B\, log 7y,
where the components on the right hand side are give by (1.2).
(iii). Update of the variational parameters pg and 3z in q(3).

Note that

logp(B| -+ ) = logp(B) + Zlogp(uiw, )

:—ftrﬁtg’ [dzag('rﬁ —i—Zu* ®2 —i—ﬁTsz Ki — U] Q)

=1

hence,
Byglogp(B] ) = — trB8%[diag ;) £y +ﬂTsz Ki — T ta),
=1

where pg = (pg1,- -+ pgg)” is the mean of TE2 and u = tanh(n}'/2)/(2n}) is
the expectation of Pélya-gamma distribution PG(1,7n}"). As a result, we have
q(B) ~ Nq(uﬁ, 33) with

n —1
(14)  pg= zﬂ(zxi(n;% - ajﬂa)>, 5= <dzag ps) + Zu* ®2) .
=1

=1

(iv). Update of the variational parameters p,, and X, in q(v).

Firstly, recall that v; = v;, and 02 = 02, hence,

K . K
= B\yv5,05, ~ = Z GikQektig/Bers 07 2 = B\yoh ? = Z Pikck / Bek-
k=1 k=1

Secondly, it follows from

logp(e|---) =logp(¥) + Y logp(zifu; = 1,9, -+ )
=1

*7t7ﬂ¢®2 (dlag + Zuz ®2/U > + 'lpTZuzXz Zi ’Vz)/
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that

1 P
By logp(|---) = —§t7“¢® (dwg 1) Zuz o 2)

+'l,b Zuzxz zzU - 71)

=1

where gt = (fyp1,- -, fpg)” 18 the mean of 7;2. Thus, by equation (3.2) in the
main text, we have ¢(v) ~ Ny(py, Xy) with

(1.5)

- T2 —\ 1

i=1 i=1
(v). Update of the variational parameters 55, Agj, yp; and Ay;, and ag;,
bﬁj, Gy and bwj.

The deviations of pgj, Agj, tyj, Myj, agj, bgj, ayj and by; are similar to
those in [1]. We omit these technical details to save spaces.

(vi). Update of variational parameter (3 and (po(k =1,2,--- K — 1) in
q(V).

By Bayes theorem, we have

logp(V|---) =1logp(S|U, V) + log p(V|c)

logvlzl{sl =1} + Z <long+Zlog 1-Vy > i[{si =k}

€L €L

K-1
—i—(Zlog(l—Vg))ZI{sz K} +(c—1) Zlogl—Vk'
/=1 k=1

1€T
It follows from ¢(V) oc E\y logp(V]|---) that

K-1

= H Beta(Cg1, Cr2),
k=1

n K
(1.6) Gu=1+Y i, Ga=c+ Y > ¢

€T {=k+1 1€l

(vii). Update of variational parameters ji, 03k o, and B, in q(07,).



Robust model fitting under Bayesian semiparametric framework 5

Firstly, note that

log p(vi, 04| -+ +) = log p(o *2) + log p(vy|or?) + log p(Z[S, 67)
1
2

= (oo + 1) log o™ = fooi” log o)~ gomasn (k — )
0 0 ~0
+ logak QZI{Sl—k}— *2ZI{SZ_k} VZ—X?¢)2
i€L i€l
1 . _ . -
= —20_;:,2{7]4;2 <O-')/02 + ZI{S'L = k}) - 2’yk <O"y02fyo + ZI{SZ = k}(zl — XZ"I,Z))) }
1€ i€l

1
+§log 0';272 + (aﬁo + = Zl{sl =k} + 1) logoy™ 2

ZGI
{560 + =

It follows from q(v}, 0}%) o E\WZJZQ log p(vf, 05| -+ +) that

€T

4V, 072) = 1G (e, Ber) X N(pyh, 03 03)

where
-1
fogk = 03, <<77_0270 +) iz — ] Nw)) = ( Oy T Z@k) ;
1€T €T
1
(1'7)aek = Q0 T ) Z¢zk,
€L
b= Bt L (z (5= XT g ) 4302, — u/) |
€T

Note that under ¢(67), the expectation of v} is given by 7} = Eyv; = fiv,,
while its variance is given by U?,kﬂek /(aer — 1).

(viii). Update of variational parameter j, o2 in q(a).

Note that

logp(a]--+) = — ! —— (a0 — ap) —I-Z{/ila—l-xT,B)

20a0 =

:_{ aO—i—Zu ) — 2a( a0a0+z —ux }

It follows from gq(a) o< By, logp(al---) that g(a) = N(pa,02), where

n n
(18) o= ai{aaéao . a:x?um}, o2 = (o2 + Y !
=1

=1

5 U ot xT B }
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(ix). Update of variational parameter . and f. in ¢(c).
A straightforward calculation shows that
(1.9) ac=1+K -1, e =1 — FE\ logmg

where E\.log 7 is given by (1.2) in the update (ii).

2. Calculations of ELBO

For the ease of exposition, we break the log-likelihoods involved in equation
(3.4) in the main text into three parts (omitting irrelevant constants).

The first part is related to the log-likelihood of the complete data given by

L = jg:*%nl_"’j£:1L +‘j£:10g17 |1 O
+§ Zloga;2

iEI

(zi — i — PTx;)?

K-1
+ZZI{sl—k}logwk+ (c—1) Zlogl—Vk (K —1)logc
k=1

€L k=1
K K
B 2 a2 N2 a2
Beo Zok + (aeo + 1) Zloga + = Zloga 5,2 Z(fyk Hr0)°/O%
k=1 70 k=1
q
+ D log g + Z log vk + 5 Z VorTan + 5 Z VorTon
k=1 k=1 =
q q
+ Z[(ako — 1) log 73 — brov3e] + Z cro — 1) 10gYox — droviy]-
k=1 k=1

where n; = a + B1x;, 0? = 0% and 2 = ;.. Here we write p(z|1,0) as the

standard Pélya-Gamma density functlon

The second part is defined as the log-likelihood of the priors as follows:

1< _
L= ——(a—ag)’+5) logry’ - Z 75 B + 5 Zlog% Z%
a0

+(r1 —1)logc —cm
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The last part involves the logarithms of the variational densities given by

1

1 " .
I3 = —§(a — pa)? ol — 3 log o2 + (e — 1) log ¢ — Bec + Zlogp(ui 11, m;")
=1

1 1 w2 1 | 2 1
—5”25 (B—pg)*" — 3 log [Xg] — 5757“2¢ (Y —py)?" — §log |2y

K
+3 I{si=k}log g+ D _[(Grr — 1) log Vi, + (Cra — 1) log(1 — V)]

i€ k=1

K K 1 K 1 K
= Bati + (car +1)> _log T + 3 > logT - 3 > (v = 1)/ (02477)

k=1 k=1 k=1 k=1

q

1 3 _ Ask o Mgk Agk

+ (log)\gk—logT 2 _ Tg ——— + —

; 2 2 Bk 2#?319 Bk 2Tﬂk2 KBk

+

1 3 o Ak o Agk . Agk
—log Ay — = log 7,2 — Toh — ——5 + ——
(2 vk g ek 2y, 22

+ ((agk —1)log ’yék — bgk'ygk + agy log bgy, — log F(agk)>

+

M= T T

((ka —1)log ’Yik - dzpk’yik + cgi log dyy, — log F(ka)> ,

i

1
where 7} = JZ_Q

Evaluating ELBO involves the expectations of the above three parts with re-
spect to the variational density ¢q. Among them, most computations are straight-
forward due to the independence of variational factors. For example, E;log 7 =
U(aer) — log(Ber), Eq logTﬂ_k2 = log(ugr) + OK (x, \gr/pipr)/0%|y——1 /2, where
U(z) = dlog'(z)/dz is the psi function and K(z,w)(z € R,w > 0) is the mod-
ified Bessel function of the third kind and with index parameter x [2]. In the
applications, one can replace E,log 7'673 by log EqT/g,f to alleviate computational
burden. Obviously, such adjustment does not alter the determination of the
convergence of the CAI algorithm.

However, direct computations of E,logp(uf|1,0) and E,logp(uf|1,n) be-
come infeasible since these density functions touch on the infinite sum. Luckily,
in the current analysis, we only need evaluate E, log p(u|1, 0)/p(u}|1,n}"). Note
that

@0 plaLo)pluilt) = cosh /2 exp ()

hence,

2
9

Eq(log(p(u;|1,0)/p(u;|1,ni')) = —log cosh(n;*/2) +

1>
; 0.5 tanh(0.5n;") /n;".

*
Eu

%

= —logcosh(n!/2) +
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3. Simulation Study

In this section, we present the results of simulation study given in the main
text. The model setups are given in the section of simulation study in the main
text. For the following three scenarios:

e scenario I: z; — Xszp ~ N(0.8,1.0),

e scenario II: z; — x! 4 ~ 0.3N(—3.5,1.0) + 0.7N(3.0,4.0), and

7
e scenario III: 2; — x/9p ~ > éN(3{(§)k -1}, (%)Qk)v
k=0

Tables 1 and 2 summarize the bias (BIAS), the root mean squares (RMS) and
the standard deviation (SD) of VB estimates under the parametric and semipara-
metric fittings across 100 replications. The BIAS and RMS of the estimate ; are
respectively defined as

100
~ _ ~ 1 K

k=1

where 9? is the jthcomponent of the true population parameters 8°, and éj =

leg)l GJ(-H) /100 represents the sample mean of 9](@ over 100 replications. The
sums of SD and RMS across the estimates are presented in the last rows.
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Examinations of Tables 1 and 2 show that: (i) for scenario I, the perfor-
mance of VB estimates under semiparametric fitting is the same as those under
parametric fitting. The BIAS, RMS and SD of two estimates are exactly identical
regardless of n = 300 or 1000; This suggests that the semiparametric fitting can
automatically adjust their random weights in DP to shrink data into one clus-
ter to meet the assumption of the single parametric model; (ii) for scenario II,
we find there exist larger differences between two estimates. The totals of RMS
and SD under normal fitting equal to 2.304 and 1.703 at n = 300, while under
semi-parametric fitting amount to 1.403 and 1.032. This reveals the fact that the
normal fitting accommodates multiple modes via inflating the variances of the
estimates; (iii) for scenario III, though not significant, the VB estimates under
semiparametric fitting still outperforms those under parametric fitting; (iv) As
expected, with the increase of the sample sizes, two estimates becomes more and
more accurate but the differences between them are still not ignorable when the
posited models are not specified correctly; (v) Since the estimates of regression
coefficients involved in Part one are not affected by the semiparametric fitting in
Part two, the behavior of VB estimates in Part one under two fittings are wholly
identical.

Table 3 gives the summary of the estimates QZ]- under the parametric and
semiparametric fittings for the heavier-than-normal data and the contaminated
data with contamination levels at 5% and 10%, respectively.
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Examinations of Table 3 give the following facts: (i) For the heavy-tailed
data with single mode, the semiparametric fitting is very close to the parametric
fitting and slightly outperforms the parametric fitting. This situation also occurs
in the previous simulation study. The underlying reason is that for the unimodal
data, the atoms in the semi parametric fitting are adaptively clustered into one
group and the estimated model behaves more like the parametric setting. Instead,
for the contaminated data, the results produced by the semiparametric method
are better than those under the parametric method. Moreover, as the levels of
contamination increase, the estimates obtained via semiparametric method are
stabler than these obtained under the parametric method and the confidence
intervals are uniformly narrower than those under the parametric fitting. It
reveals that the proposed method is rather effective in dealing with outliers.
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