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Abstract:

e Recently, G. Yanev (2020) obtained a characterization of the exponential family of distributions in
terms of a functional equation for certain mixture densities. The purpose of this note is twofold:
we extend Yanev’s theorem by relaxing a restriction on the sign of mixture coefficients and, in
addition, obtain a similar characterization for the Laplace family of distributions.

Keywords:

e hypoexponential distribution; Laplace distribution; characterization of distributions; sums of inde-
pendent random variables; characteristic functions; functional equations.

AMS Subject Classification:

e 62E10, 60G50, 60E10.

™ Corresponding author


https://doi.org/10.57805/revstat.v23i1.530
https://orcid.org/0000-0003-1011-651X
mailto:reza_rastegar2@oxy.com
https://orcid.org/0000-0001-8207-4289
mailto:roiterst@tamu.edu

48 R. Rastegar and A. Roitershtein

1. INTRODUCTION

Our aim is to prove certain characterizations of the exponential and double exponential
families of distributions. We will use the notation X ~ £(\) to indicate that X is an expo-
nential random variable with parameter A > 0, that is P(X > z) = ™ for all z > 0. We
will write X € £ if X ~ &E(X) for some A > 0. Similarly, will write X € £ if X has a Laplace
(double exponential) distribution (Kotz et al., 2001), that is, for some A > 0 and ¥ ~ £(A),

1 [0.9]
P(X >x) = §<P(Y >z)+ P(-Y > ;E)) = ;\/ e MWl ay, VzeR.

T

For the exponential random variable we have:

Theorem 1.1. Let X be a random variable and py, ..., 4, be distinct non-zero real
numbers. Let p(t) = E(eitX), t € R, be the characteristic function of X, and suppose that
 is infinitely differentiable at zero and, furthermore,

n

(1.1) [T etuwt) = Oro(unt),  teR,
k=1

k=1
where
n
(1.2) 0 = H Fk ; k=1,..n.
j=tyh T H
If, in addition,
n n
(1.3) Z H M?j # Zu? for any integer m > 2,
(klw"vkn)ewn,m ]:1 k=1
where
n

(1.4) Wim 1= {(kzl,...,kn) €Z":kj >0and Y k :m},

j=1

then, either P(X =0) =1 or E(X) # 0 and X - sign (E(X)) ~ £(\) with A = 1/E(X).

The proof of the theorem is given in Section 2. Theorem 1.1 is an extension of a similar
result of G. Yanev (2020) obtained under the additional assumption that the coefficients ju
are positive. In that case, the key technical condition (1.3) is trivial as the left-hand sides
contains the uj" terms and hence is always larger than the right-hand side.

To ensure the existence of the derivatives of ¢ at zero one can impose Cramér’s condi-
tion, namely assume that there is £y > 0 such that E(etX ) < oo for all t € (—tg, tp). Note also
that the equality in (1.3) for any fixed m € N describes a low-dimensional manifold in R,
and hence Theorem 1.1 is true for almost every vector (u1, ..., tin,) chosen at random from a
continuous distribution on R".

The identity in (1.1) with 0 introduced in (1.2) holds for any X € &£, and Theorem 1.1
can be seen as a converse to this result. Let Xi,...,X,,, n > 2, be independent copies of a
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random variable X. Equations (1.1) and (1.2) give an expression of the characteristic function
of the sum

(1.5) S=mX1+ -+ pnXn
as a linear combination of ¢(ugt)’s. If X ~ E(N), then ¢(t) = 12+, and thus (1.1) is the
partial fraction decomposition of the complex-valued rational function ¥(t) := E (eitS ) In the

particular case when X € £ and ui = for some integer L > n, the random variable S/

1
L—k+1
is distributed as the n-th order statistic of a sample of L independent copies of X (this is the
Rényi representation of order statistics; see, for instance, David and Nagaraja, 2004, p. 18).
For further background and earlier versions (particular cases) of Yanev’s characterization

theorem see Arnold and Villasenor (2013), MiloSevi¢ and Obradovi¢ (2016) and Yanev (2020).

It was pointed out in Yanev (2020) that an extension of their result to a more general
class of coefficients pg would be of interest from the viewpoint of both theory and applica-
tions'. When all the coefficients py, are positive and X is an exponential random variable,
the random variable S = >}, u,Xj has a hypoexponential distribution. When some of the
coefficients are negative, S is a difference of two hypoexponential random variables. Some
applications of such differences are discussed, for instance, in Li and Li (2019). An insight-
ful theoretical exploration of the densities of hypoexponential distributions can be found in
Belton et al. (2022).

We remark that the theorem is not true if the particular form of the coefficients 6 in
(1.2) is not enforced. For instance, for the Laplace distribution we have:

Theorem 1.2. Let X be a random variable and pi1, ..., b, be distinct positive num-
bers. Let p(t) = E(e“x), t € R, be the characteristic function of X, and suppose that ¢ is
infinitely differentiable at zero and, furthermore, (1.1) holds with

2
(1.6) =[] 55  k=1l..n
j=1gzk Ml T HG

Then, either P(X = 0) =1 or X has a Laplace distribution.

The result is closely related to the one stated in Theorem 1.1 because X € L implies
that for a suitable Y € &,

L (E (eity) + E(e*ity)) .

E(eitX) — 5

The proof of the theorem is similar to that of Theorem 1.1, and therefore is omitted. The
key technical ingredient of the proof, namely an analogue of Lemma 2.1 for Laplace distribu-
tions, follows immediately from Lemma 2-(iii) in Yanev (2020), and the rest of the proof of
Theorem 1.1 can be carried over verbatim to the double exponential setup of Theorem 1.2.

We conclude the introduction with a brief discussion of condition (1.3). The equal-
ity with n =2 and some m > 2 reads Z}n:o Wiy = pi 4 plt, which is equivalent to

1See also a recent preprint (Yanev, 2022), where a special case of exponential convolutions with repeated
coefficients is considered.
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m+1 m—+1

% = pu* + py'. The latter implies that ,ugnfl = ,uT’l, and hence m is odd and
po = —p1. In that case, (1.1) becomes

1
(1.7) p(t)p(=t) = S (p() + (1),  teR

The equation is satisfied when X is a Bernoulli random variable with P(X =0) = P(X = a)
= 1 for some constant a > 0, in which case ¢(t) = 1 (1 + €’®). More generally, (1.7) holds if
and only if p(t) = %(1 + ei/’(t)), where p: R — R is an odd function. Unfortunately, we are
not aware of any example where ¢ in this form would be a characteristic function of a random
variable beyond the linear case p(t) = at and linear fractional p(t) = ﬁlz, p(t) = 3\\1'2 which

correspond to, respectively, X € £(A) and —X € E(N).

Our proof technique differs significantly from the one used in Yanev (2020). However,
interestingly enough, both rely on the validity of (1.3). Nevertheless, we believe that the
following might be true:

Conjecture. For n > 3, (1.3) is an artifact of the proof and is not necessary.

2.  PROOF OF THEOREM 1.1

The following is a suitable version of Lemma 2-(iii) in Yanev (2020).

Lemma 2.1. Assume (1.3). Then, for any integer m > 2,
n n
Z Opir # Z [y
k=1 k=1

Proof of Lemma 2.1: Let Y7,...,Y,, be i.i.d. random variables such that Yj € £(1)
for each k = 1,...,n. Similarly to (1.5), define

S=mY1+ -+ ppYa.

Let ¢(t) = E(e"™1) = 1. Thus, for E(eigt) =1l % we have a partial fraction de-
composition similar to (1.1), namely

n n

g O ~

EE) =Y 2 =39 t teR

(€1 Zl—ituk > 0B (uat), € R,
k=1 k=1

where the coefficients 6, are introduced in (1.2). Differentiating m times and taking in account

that E(Y]™) = m!, we obtain

dm

o T (e

L = BE™) =D 0k B(Y) = ml Y O
k=1 k=1

Recall W), ,, from (1.4). Using the multinomial expansion

~ m! - .
S™ = (Y14t pnYn)" = > - k L™,
(B1yooskin)EWnm T =1
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and the fact that E(Y}) = k! for any k € N, we obtain:

~ - IR s ey
Zek”k = ﬁE(S ) = Z k- k! H'ujJE(Y ’
k=1 j=1

(kl,...,k‘n)EWn,m

(2.1) I I

(k‘l,...,kn)EWn,m Jj=1

which yields the result in view of (1.3). O

Differentiating both sides of (1.1) m times we obtain the identity

= Z ek:u;cn@(m) (0), m 2 2.

(2.2) T H @ (prt) o
k=1 =

In view of Lemma 2.1 and the fact that ¢(0) = 1, these identities can be used to determine
all the derivatives of ¢ at zero in terms of ¢’(0), first ¢”(0) in terms of the parameter ¢'(0),
then ¢ (0) in terms of ¢’'(0) and ¢”(0), and hence in terms of ¢’(0) only, and so on. For
instance, (2.2) with m = 2 yields

n n—1 n
O3 10— 1) = (£0)°3 3 1ny.
k=1

k=1 j=k+1

Note that Y7_; p3(6x — 1) # 0 by Lemma 2.1 with m = 2.

In general, for an arbitrary m € N, (2.2) can be written as

(00 (O = 1) = Fyn (1, wvos i, ' (0), ..., 0™ 1(0)),
k=1

where the multivariate functional F,(-) in the right-hand side is independent of (™) (0).
An explicit form of F,, is given by the general Leibnitz rule (an extension of the product
differentiation rule to higher derivatives):

Fm = Z kl!...]{;n]H“J’]w !
J=1
where (cf. (1.4))

n
Vim = {(kl,...,kn) €Z": 0<kj<m and » k= m}
j=1
In view of Lemma 2.1, Y ;' ui*(6 — 1) # 0, and thus we can define the derivative of ¢
at zero inductively, using the formula

Fm(ula ceey Uny ¢/<0)7 (L) Sp(mil)(o))
> k=1 ppt (O — 1)

Let now Z € & and (t) = E(e"?). The derivatives ¢”(0),¢"(0),... as functions of the
parameter ¢’(0) can be in principle derived using the same inductive algorithm. There-
fore, ©'(0) = 0 implies P(X = 0) = 1 while ¢/(0) = ¢’(0) = A~! for some A > 0 implies that
0™ (0) = (™) (0) for all m € N, and hence (since ¢ is analytic under the conditions of the
theorem) ¢(t) = 1h(t) = 125 as desired. Finally, the case ¢(0) = —A~! < 0 can be reduced
to the previous one by switching from X to —X in the above argument. O

P (0) =
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