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Abstract:

e The main purpose of this paper is to look at the extremal properties of

&) j—1
XkZ<HAk_S>Bk_j, keZ,

j=1 \s=1

where (A, Br)rez is a periodic sequence of independent Ri—valued random pairs.
The so-called complete convergence theorem we prove enable us to give in detail the
weak limiting behavior of various functional of the underlying process including the
asymptotic distribution of upper and lower order statistics. In particular, we inves-
tigate the limiting distribution of the maximum and its corresponding extremal index.
An application to a particular class of bilinear processes is included. These results
generalize the ones obtained for the stationary case.
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1. INTRODUCTION

A general approach to look at the extremal properties of non-linear pro-
cesses is through the analysis of stochastic difference equations (SDEs hereafter)
of the form

(11) X =ArXg_1+ By, keZ,

where (Ayj) are dxd random matrices with possibly negative entries, (Bj) are
[0, 00)?-valued random (column) vectors such that (Ay, By) are independent and
identically distributed (i.i.d.), and independent of the random column vector
X € [0,00)%. The literature of SDEs is vast mainly for i.i.d. and stationary er-
godic sequences (A, By). The existence of a solution to (1.1) has been addressed
by Kesten [23], Vervaat [37], and Goldie [18]; for more general results see also
Brandt et al. [8], Bougerol and Picard [7], and Babillot et al. [2]. SDEs play a
central role in fields such as finance, economics, insurance mathematics and bi-
ology. Examples can be found in Dufresne [12], Embrechts et al. [13], Baxendale
and Khasminskii [6], Starica [36], Mikosch [28], and Konstantinides and Mikosch
[24]. The interest in these equations is generally justified by the fact that many
non-linear processes, including (G)ARCH, threshold, and bilinear processes can
be embedded in SDEs.

Extremal properties of the solution of one-dimensional SDEs were first stud-
ied by de Haan et al. [11] and then by Perfekt [31]. de Haan et al. [11] proved
the convergence of the point processes of exceedances to a compound Poisson
process. As an application, these authors obtained the extremal behavior of the
ARCH(1) process. Perfekt [31] extended de Haan et al.’s results to Markov pro-
cesses including SDEs as special cases with possibly negative A and Bj. More
recently, Scotto [35] derived the extremal behavior of stationary solutions of SDEs
where (Ag, B )kez are i.i.d. Ri—valued random pairs, the distribution of By being
heavy-tailed and the distribution of A; having relatively lighter tails compared
to the one of By (cf. Grincevicius, [20] and Grey, [19]).

The primary objective of this paper is to derive the extremal properties
of one-dimensional SDEs when (Xj)rez forms a periodic sequence, i.e., when
there exists an integer M > 1 such that for every choice of integers iy, ..., %y,
(Xiys -y Xi,,) and (X5, 401, -, Xi, +0) are identically distributed. We will refer to
such a sequence as an M-periodic sequence if M is the smallest integer as above.
Note that if M = 1 then (Xy)kez is a stationary sequence. The study of the ex-
tremal properties of non-stationary (periodic) stochastic processes plays a central
role when modelling environmental time series, because of its wide applicability to
the analysis of phenomena such as extreme concentration of air pollution, floods,
wind storms, and extreme temperatures. Extreme value theory of non-stationary
processes has been discussed under certain conditions. Horowitz [21] considered
the model log(Yy) = g(k) + X}, for daily ozone maxima (Yj)rez, where g(k) is a
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deterministic function and (X )rez is a normal stationary autoregressive process.
Ballerini and McCormick [4] discussed limit theory for non-stationary random se-
quences of the form Y;, = g(k) + h(k) Xk, where (Xj)rez is a stationary random
sequence, satisfying some mixing conditions, and h(k) is a positive, periodic func-
tion with integer period p > 1 as the variance function. The authors derived the
limiting distribution of the maximum term based on the assumption that the
distribution of X} belongs to the domain of attraction of an extreme value dis-
tribution. The results were applied in a rainfall study; see also Ballerini and
Waylen [5] and Ballerini [3]. Niu [29] introduced a class of nonlinear additive
time series models for daily maxima of ozone concentrations in which both mean
levels and variances are nonlinear functions of relevant meteorological variables.
As an alternative approach to analyze tropospheric ozone data Niu [30] focus on
estimating probabilities of monthly maximum ozone observations exceeding some
specific levels, calculating the mean rate of exceedances of daily maximum ozone
over the national standard level 120 ppb (parts per billion). For further examples
see Coles [9].

Extreme value theory for periodic sequences was first considered by Alpuim
[1] who showed that under Leadbetter’s D condition (Leadbetter et al., [26]) the
only possible limit laws for the normalized maxima of the periodic sequence are
the three extreme value distributions. Extensions for randomly indexed periodic
sequences under long range dependence conditions were established by Ferreira
[16]. Further results can be found in Ferreira [15] who studied the extremal be-
havior of periodic sequences under local mixing conditions. Generalizations under
weaker local mixing conditions have been considered by Ferreira and Martins [17].
More recently, Martins and Ferreira [27] derived the expression of the extremal
index (and hence the limiting distribution of the maximum) of a periodic moving
average sequence driven by heavy-tailed innovations.

The rest of the paper is organized as follows: Section 2 deals with the tail
behavior of X,., r=1,..., M. Section 3 is devoted to a detailed point process
analysis of asymptotic properties of the periodic sequence (Xj)iez. In particular
we deduce the maximum limiting distribution and the extremal index. Finally,
in Section 4 the results are applied to a particular class of bilinear processes.

2. TAIL BEHAVIOR

Let (Ag, Bk )rez be a one-dimensional M-periodic sequence of independent
Ri—valued random pairs, such that Fg_ (z) = P(B,>z), r =1,..., M, are regu-
larly varying with tail index —a, for some a > 0, i.e.,

(2.1) Fp (z) =2 %L.(x) , r=1,...,M,

for some slowly varying functions L,: Ry — Ry (r =1,..., M) at infinity.
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We further assume that the tails are equivalent in the sense that

F
(2.2) lim 7Bl<$) =Yk, 0<yr<oo) LkeZ.
T—00 FBk(x> ’ ’

Note that v, = vi4mr and v i = Y k+nm. In addition, we assume that for
r=1,...M

(2.3) EAY <1, and EAY < oo, forsome §>0.

Note that no further assumptions are needed since the central role in determining
the tail behavior of X, is played by the distributions Fp,.. Furthermore, we
assume that X admits the representation

(2.4) Xy = i (1:[ Aks) By—j ,

j=1 \s=1

where we use the convention HS 1 = 1. This series representation is possible
a.s. by virtude of the assumptions on Ay and By. Clearly, (Xj)kez forms an
M-periodic sequence and satisfies the SDEs

X, = A, X1+ By, .
We start with the analysis of the tail behavior of X, r =1,..., M. In doing so,

the following alternative representation of X, is very useful.

Proposition 2.1. For the process defined in (2.4), it holds that for
r=1,...M

with

We now begin with a series of results designed to understand the tail be-
havior of Xﬁl) as well as sums of these variables. The tail behavior of X,EZ) will
be derived in two stages: first we obtain the tail behavior of the approximation

X,g?n, with m = KM (K >1), defined as

with
M@—1)+
= ( H Ar s) r—(j—1)M—i—1 >

then the results are extended so that the number of summands can be infinite.
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Lemma 2.1. Let (Ag, Bi)rez be an M-periodic sequence of independ-
ent R? -valued random pairs satisfying (2.1), (2.2), and (2.3). For a fixed value
0<i<M-1and 1<j<m, we have as T — o0

i M
(2.5) P(Wr(,Jz) >$) ~ Yr4+M—i—1,r <H E(Ag_s)j> < H E(Ag—s)j_1> P(BT>.%') :
s=1 s=i+1
Furthermore, for all fixed values 1< j1<jo<mand 0<i<M-—1,asz — o0
P<WT(7JZ:1) >, WTSJZ) > 1:)
P (B, > )

(2.6) —~0, r=1,.,M.

Proof: The first statement follows as an application of Breiman’s result
(cf. Davis and Resnick [10], p.1197). Let Cs;, = Hi\i(ljh_l)HAr_s, for h=1,2.
In proving (2.6) observe that

P(ng) >z, Wr(ff) > m) =
= P(Cs,lerf(jlfl)Mfifl >, Cs5,Csjy B (jy—1)M—i-1> 37)

S P(Cs,jl S €, CsdlBT,(jl,l)M,i,l > l‘)

+ P(Cs,jl > € CojiBr_(ji—1ym—i—1> @, CsiCsjy Br(j—1ym—i—1 > w)

< P(Cs,j1 Lic,;,<d Br—(h—1)ym—i—1> 55)

x x
+ P<Br—(j1—1)M—i—1 > Z> Os,jz Br—(jg—l)M—i—l > z) .
Now, by Breiman’s result

P (Cs,jl Lic, ;,<d Br—i-ym-i-1 > f”)

lim sup

(0%
- . E(C i )
T—00 P(BT > l‘) Tr+M—i-lyr 8,71 +[Cs,j, <¢]

— 0,

as € — 0. Moreover,

P<Br7(j171)M7i71 > 2, Cs gy Br_(jo—1)M—i-1> %)
P(B, > a:)

~ € Yryim—io1 B(Cyjy)® P<Br—(j2—l)M—i—1 > 96‘) ;

~

as x — 00. Note that as € — 0, the right-hand side converges to 0. This completes
the proof. O
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Lemma 2.2. Let (Ag, Br)kez be an M-periodic sequence of independent
R? -valued random pairs satisfying (2.1), (2.2), and (2.3). For a fixed value of
0<i<M-1

P(X\), > ) ' - (T, Bae,)”
2. lim ———— 7~ EAY r+M—i—1r
@7 Jlim P(B, > x) (H > |- [[PL, BAe MR

for r=1,..., M. Moreover, as m — o0

o oP(xY sy i BA>
(2.8) lim (X ) = Hsjb e A M -
el P(BT > I‘) 1—- Hszl EA?—S

Proof: The first statement follows as an application of Lemma 2.1 in Davis
and Resnick [10] and Lemma 2.1. The proof is complete upon showing that by
letting m — oo we obtain (2.8). First note that the first statement implies that

(%) ()
tmint DT> 5) gy PEom > 2)
T—00 P(Br > .%') T—00 P(Br > 1_)

. M m
(ﬁ ) 1- (Hs:l EA?—S)

= EAY Vet M—ie1r -

— M r+M—i—1,r

s=1 T 1—- Hs:l EA;?LS

Hence, as m — oo

o P(X(l) > ) Hi:l EAY
lim inf > 7
e P(Br > $) 1- Hszl EA’I(}—S

Yr4+M—i—1,r -

The arguments needed to get the upper bound follow closely the arguments
outlined in Resnick ([33], p.228): decompose the event [XT(Z) > z] according to
)

whether [maxjeN Wr,]i > ;p] or [maxjeN Wr(]z) < :1:]

P(Xf,i)>x) = <X(Z)>x maxW()>x>—|-P(X()>:L“ mach() )
jeN Jje€ "

7) ©))
(UW >$>+P<Z {W(J)< } > mEaNxWr,i Sx)

JEN J

ZP W(J > —i—P(Z {W(])<x} >

| /\

IN

By Markov’s inequality
oo ()
>a) X PWE >a) X B o
P(B,>xz) ~ P(Br>x) " z P(B,> 1)
= I(z)+ J(z) .
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To handle I(x), note that by Kamarata’s Theorem quoted in Resnick ([33], p. 17),
the result in (2.5) along with condition (2.3) and dominated convergence, lead us
to obtain

i EA~
lim I(z) = [lom s

M o Yr+M—i—1,r -
e 1- Hs:l EAT*S

For J(z) let us start by considering the case 0 < a < 1. By Lemma 2.1, the
distribution tail of Wﬂ) is regularly varying with index —a. Now

() () »
EWilwo<ey  FWei Lo <oy PWS) > o)

e P(B,>z) SEP(W,E?>$) P(B, > z)
From an integration by parts along with the result in (2.5), and Kamarata’s
Theorem
e {WTQZ)S‘T} —1
(2.9) ’ - oal—a), T — 00 .

T P(Wr(jz) > x)

Since P(B, > x) is regularly varying with index —a we can use its Kamarata
representation and (2.5) to obtain that for sufficiently large = and some constant
K>0

(W9 > )

‘ M
PBsa) S <H E<A?s)j>( 11 E(Ags)m) |

s=1 s=i+1

(2.10)

for r=1,..., M. Combining (2.9) and (2.10), we conclude, for sufficiently large =

EW;JZ) 1 () 7 M
4 AW, <z} , 1
+P(B, > 1) < KiYrgM—i-1,r (1:[ E(Aff_s)]> ( l_[ E(AY,) ) )
s=1 s=i+1

for some constant Kj > 0. This bound is summable providing, by dominated
convergence

limsup J(z) < K Z%+M—i—1,r (H E(A?‘_s)‘7> ( H E(A?‘_S)]_l)

T=eo j=1 s=1 s=i+1
[T, PAY
= K, e — Vi M i1
1- Hs:l EAgfs
and hence
P(x\ > i EAS

(2.11) lim sup ( - 1:) < (K1+1) [Li1 BA VrdM—i—1 -

T—00 P(BT > iL‘) 1— Hé\il EA?LS
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If a > 1, we proceed as follows:
pick 3 € (o, ad~1) and consider A®) = PO Hi\i(lj_l)HAr,s, (i=1,..., M)
and P\ = (ITMY V74, ) {AD} 1, (i=1,..,M, jeN).

By Jensen’s inequality

B
(ngi))ﬁ = z)}ﬁ ZPJ(Z —(G—1)M—i—1
7j=1
< {A@D}F iP@BB . |
- J r—(j—1)M—i—1
j=1
Ny A1 (-1)+1
= {4} Z( H A ) G—)M—i1 ?
7=1
providing
) Bs-1 oo %
<
P(B,>z) P(Bg>xﬁ)

Using the fact that P(Bf > ) € RV_q5-1 with § < a8, for r=1,.., M and
i=0,..., M—1 it follows that

P(x{ > z)

oo i M
ligrcn_>5£p m < (Ki1+1) ]; <];[1E(A?—S)J> ( H E(Aff_s)]_1>

s=1+1
(2.12) . -
X {EA(Z)}Q(I_ﬁ ) Yr+M—i—1r < OO.
On the other hand, for any ¢ > 0
P(xsa)  P(SEw > (1-e2) . P(S5 WY > ex)
P(B,>z) P(B, > x) P(B, > x) ’
and for (2.7) and (2.11)

%0 1 (112, Ao )"
P > 5= r—S§
lim sup P((B>xx)) < (1—¢)” (H EAS ) . (HMl — > Vet M i1
r—oo r T 1lls=1 r—s

+ Kie @
X Z <HE(A$—S)]> < HE(AS—S)J_:L) Tr+M—i—1,r »
j=m+1 \s=1 s=i+1

for the case 0 < a <1 with a similar bound for the second piece provided by
(2.12) when a > 1. Let m — oo and then send € — 0 to obtain

P X(l) 7 E A2
lim sup ( r’ > $) < Hs:]b r—8
T—00 P(Br > l’) 1— Hs:l EA;%LS

and this combined with the liminf statement concludes the proof. ]

Vr+M—i—1,r
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Combining Lemmas 2.1 and 2.2 yields the following result.

Theorem 2.1. Let (Xj)rez be the M-periodic sequence defined in (2.4).
Let (Ag, Bi)kez be an M-periodic sequence of independent Ri—va]ued random
pairs satisfying (2.1), (2.2), and (2.3). For r=1,.... M

. P(X,>az) 1 = S
(2.13) xlinolo P(BT>JZ) = 1—Hs]‘/ilEAa Z'YrJerzfl,r EEAT—S :

r—s =0

Proof: Note that by Lemma 2.1 in Davis and Resnick [10] it is sufficient
to show that for 0 < i1 <i9o < M—1, as x — 00

P(X;il) > x, X,(«m > .1‘) .

=1,..,M.
P (B, > z) r=be M

(2.14)

Now an argument similar to the one in the proof of Lemma 2.1 shows that (2.14)
holds. O

3. POINT PROCESS APPROACH

In this section we investigate the limit behavior of a sequence of point
processes based on the periodic sequence (Xi)kez. Since our results are based
on point process theory, we briefly discuss some notation and background about
point processes; for further details see Kallenberg [22] and Resnick [33].
Let (2, F,P) be a probability space and E a state space where points reside
and assume that F is Euclidian. Let £ be the o-algebra on E generated by open
sets of E. For x € E, define €,(-) on £ as the simple point measure with unit
mass at . Let {«;} be a countable collection of points on E. A point measure
N on £ is defined to be

N() = e,

J=1

which is a non-negative integer valued Radon measure on compact subsets of E.
Let My,(E) be the class of such Radon measures on £ and M,(E) the smallest
o-algebra, making maps N — N(A*) measurable, where N € M,(E) and A* € £.
M,,(E) can be made into a complete separable metric space, hence we assume that
it is a metric space with vague metric d. A point process on F is a measurable map
from (Q,F) to (Mp(E), Mp(E)). Let C(E) be the set of all continuous, non-
negative functions on the state space E with compact support. If N, € M,(E)
then N,, converges vaguely to N (N, = N) if N,,(f) converges to N(f) for every



Extremes for Solutions to Stochastic Difference Equations... 239

f € CE(E), where N(f) = [ fdN. A Poisson process on (E,£) with mean mea-
sure p is a point process N such that, for every A* € £, N(A*) is a Poisson random
variable with mean measure p(A*). If A7, ..., A}, are mutually independent sets
then N(A7),..., N(A},) are independent random variables. We call N a Poisson
random measure with mean measure p or PRM(u) for short.

In this section, we investigate the limiting behavior of a sequence of point
processes (N, )nen defined as

o0
No =) €hmanixg -
k=1

based on (a; !X} )rez with the sequence of norming constants (a,)nen satisfying

lim nP (B, > apz) = 7 , (- >0), r=1,..,M.

n—oo

Note that such a sequence exists by the assumption of regular variation of each
Fg,, (r=1,...,M), and implies that

M-—1 7
1
nP(Xr> anx) - Tr{l HM EAC Z (HEA3—5> ’YT—&-M—i—l,T} )
T lls=1

r—s =0 s=1

as n — o0o. It is important to point out the fact that 7. = 75,7,;, for .l €
{1,...,M}. Hence, without lost of generality it will be assumed that 7, = 71,1
with 7 = 272

The main result of this section is formalized through the following the-
orem, which discusses the weak convergence of the sequence of point processes
(Np)nen to a function of PRM. For simplicity of notation we define Ej, = (0,00) x
[—00, 00\ {0}, with h € N.

Theorem 3.1. Let (Xy)kez be an M-periodic sequence defined as in (2.4)
where (A, Bi)rez is an M-periodic sequence of independent Ri—va]ued random
pairs satisfying (2.1), (2.2), and (2.3). Then, as n — oo

M M-1 co oo

o0
Ny = ; 6{% an ' Xi } = N = Z Z Z Z G{T,SZ, Jlii) Uk,1,r~~~Uk,M(j—1)+i—1,r} ’

r=1 i=0 k=1 j=1 "
in the space M,(E1), where Y 72, e{T@) @ are PRM (dt x dvy.;) with
k, v “k,r

1
Vri = M Yr, 1 Yr+M—i—1r ,u(dx) )

where p(dx) = az=*! L(0,00] (%) dx and (Ug 1, .-, Uk m,r) having the same dis-
tribution as (A, ..., Aum).
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Proof: First note that

o
Z an Xk} ZZ {(k 1>1\/[+T 1X(k—1)M+'r‘} '

k=1 r=1k=1

As an application of Proposition 3.2 in Feigin et al. [14], for fixed values of
r=1.,M and ¢ =0,..., M —1, it follows that

o0

€ — —_ . . ,
]; {(kl)#v anl(Bk—(j—l)]VI—i—l)7 ]:17""m)7 Akfsw 521”M(J71)+7‘}

= Z
Té’i,J(’ e1,00,Uk 1, -- 7Uk1vl(j71)+i,r}

Z {T(’,LB*’ J]gi)GQ» Uk,l,r» S SPRE) Uk»M(j_1)+i’T}

+ Z
em, Uk,rs o Uk, M(G—1) 41, 7700}

kr’

in M, (Em x (0, oc;)]\/[(j*l)“)7 where e, is the unit vector in R” with 1 in the s-th
component and the rest zero. By the lines of reasoning given in Resnick and Van
den Berg ([34], Theorem 4.1) it follows that, for a fixed value of r=1..., M and
i=0,.,M—1

e DN
Z {(k DMtr —13(i) {T(z) IO Ut Uty i}

(k— 1)]\/I+r =1 j—1

in M,(E;). Next we have to show that the point processes

N(l Z {(k 1)M+r a,jl(X(O) x(M-1) )}

(k—1)M+7 """ (k—1)M+r
and
M—-1 oo
N(Z) = (k—1)M+r 1]\4+’r —1 (i
; kzjl { Xk 1)M+rv1}

where v, is the unit vector in R with 1 in the s-th component and the rest zero,
differ negligibly, as n — oo. In doing so we must prove that

(3.1) d(ND,NP) -0,

in probability, where d is the vague metric on the space of point measures in which
N,(LU and N,(LQ) live. Here N7(12) concentrates all its points on the axes vg, and (3.1)

(4)

is expressing the fact that, for each k, at most one of the M components X,
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is non-negligible as compared to a,. From the definition of vague convergence,
(3.1) follows if

(3.2) NO(f) = NP(f) — 0,

in probability for each f € C}(E), the space of continuous non-negative func-
tions with compact support on Ejps. To prove (3.2), suppose that f is such a
function. Because of compactness, the support of f is contained in the set

[0,&] x {x: x € [0, 00\ {0}, o L8 s > 5} ,

for some ¢ >0 and J > 0. Note therefore that f vanishes in [0, £] x [0, 8. For an
arbitrary y € (0,9) we define Sy as

Sy {x: x € [0,00]\{0}, at most one component ; > y} ,

and

N = [

de#>+/) faN® o h=1,2.
[Ovﬂ X Sy

[0,£]x S5

()
[0,£]x S5

Note that

< (s f) B(NSV([0,¢]% 55))
< (sup f) L\Z} §P[2 or more X](\g)(k_l)w, ...,X](V[A{]:_li)H > any}
M i i
< (sup f) [n} §<2> P<X](\/[l()k—1)+r > any, X](Vf()k_l)M > any> — 0, n—oo,

M
which follows by (2.14). Furthermore, it is also true that

‘/ fdAN® = 0.
[0.€]x S

Thus, in proving (3.2) it is enough to show that

/ deS’—/ FAN® 0,
[0,£]><Sy [0,£]><Sy

in probability. This last statement follows by the same arguments used in the
proof of Proposition 4.26 in Resnick [33]. We skip the details. Consider now the
map T': (My(E1))™ — M,(E)) such that, for a fixed value of r = 1..., M

o oo
T E E € %) (i) ZZO M—l =
=1 = {Tk?rvJkl’rUk,l,v'“‘Uk,]w(j—l)Jri,r}’ T
M—-1 oo oo

= € () 6 .
Z ZZ {TJEZ)MJ}if’)rUk,l,'r“'Uk,]vl(j—l)+i,rvi}

i=0 k=1 j=1
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Note that this map is continuous and hence by the continuous mapping theorem

Z {(k 1)]\/[+’7‘ 71X()

3 i=0,.,M—1|=

(k—1)M4r
M-—1 oo
Zf (k=1)M+r 1)M+r —1 () -
yan - X A\
=0 kel { (k—1)M4r }
(3.3)
oo o
= T(> ) 0 o i=0,..M—-1|=
T, 7J YUk Uk MG -1t | Y
P {kr e Uk mg—1)+ }
-1 o©
=> Z B 50 ,
Ty s Jer Ukt Ug m(i—1)+i,r Vi
=0 k=1 j=1 { k -1+ }

in My,(Ey). Finally the map T': My,(Ey) — Mpy(E7) defined by

o0 o

T Z 6{(}‘*1)# (X(0> X(M*U )} = Z G{W,aZIX(kfl)MW} ’

1 (k=1)M 7> (k—1) M+r 1

is almost surely continuous with respect to the distribution of (3.3). Hence ap-
plying the continuous mapping theorem we obtain

o
T ZG (k—1)M+r —1(+(0) (M—1) =
k=1 { n » On (X(k—l)M+r""’X(k—l)l\/j+r)}
o0
Z (k— 1)M+'r ~1y —
— k—1)M+r
2 (k- 1)ar4e |
M-1 oo o0
— (XS -
pr v {;MJ Uk1,r Uk,IVI(j—l)Jri,rVi}
M—-1 oo o
ZZG B 50 ,
Tt Ty U1, Uk M (G —1) i
=0 k=1 j=1 k, -1+ }
providing

o0 o0
Z Z E{T(l) J(Z) Uk,1,r Uk,]w(jfl)w%,r} ' =

The distribution of M,, = maxj<k<,(X}) and its corresponding extremal
index can now be obtained.
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Corollary 3.1. Under the conditions of the above theorem,

1. asn— o

(3.4) P(M, < apz) — exp{—ﬂz EWO‘:U_O‘} )
with
M M-1 o0
W = \/%,1 \/ <%»+M—i—1,r \/{U1,1,r"' Ul,M(j—l)—i—i,r}) ;
r=1 i=0 j=1

2. the periodic sequence (Xy)kez has extremal index

[1-TY, paz} Ewe

0 = )
21{\117731 Zz 0 (Hs 1EA7" s) Yr4+M—i—1,r

oo o0
Z Z e{T< 0 I Ut Uioats 1yt ((0,1]x (z,00]) = 0

o0 o0
Z Z E{JIE?AUIC,I,T'“Uk,]ﬂ(j*lﬁri,r}(x’ ] =00,

is equivalent to the event that none of the points
{J,EfZUk,LT e Upat(etysizs 7= 1Ly M, i=0, ., M1, k. j eN} :

exceeds x. The latter can be expressed as the set

M M—-1 o~
(3.5) NN ﬂ{J,iz Vil <},
r=1 =0 k=1

where

Vk(l,, \/{Uk,m Uk, M(j—1)+isr } -

For a fixed value of r =1..., M and ¢ =0, ..., M —1 it follows that {Jkl)V }keN
are the points of a PRM on (0, co] with mean measure

(/M) Yr1 Ve M—i-1,r (Vl(z)) ;
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(cf. Resnick, [32]). Since the set in (3.5) can be expressed as
{J,giiw <z, r=1,..M, i=0,...M—1, k€ N} ,

with
1

M-
\/ 17"7

1 i=

W =

<:

r

the set {J,ngT/V, r=1,..M, i=0,....M—1, kEN} contains the points of
a PRM on (0,00) with mean measure EW®zx~® and the result follows.

Finally, we concentrate on the examination of the extremal index. Define
(Xk)kez as the associated independent M-periodic sequence of (Xj)rez, i.e.,
X 1, Xg..., are independent random variables being the tail distribution of X, as
n (2.13), for r =1, ..., M. Further we define M;X = maxy,(X}). From Theorem 2.1
and classical extreme value theory we obtain that

P(MY <an,z) —

(3.6) ) M ) M—1/ 3
— exXpy — 7~ ZTT< Vi - (HEA?—S> 77‘+M—i—1,7‘>} .
{ M r=1 1- Hs:l EAT‘*S i=0 \s=1

By comparing (3.4) with (3.6) the expression of the extremal index is obtained,;
see Leadbetter et al. [26]. O

4. EXAMPLES

Consider that Xj is given in the form
00 7j—1
X = Z (HbZk_s> bZp ke,

j=1 \s=1

with b > 0 a positive constant. Note that the process (Yj)rez defined as
Y. = X+ 2,
satisfies the bilinear recursion
Y, =bYr 121+ 2, kez.

The reason in considering the tail behavior of X rather that Y} itself is due to
the fact that the contribution of the term Zj, on the extremal behavior of Y}, is
negligible.
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For deriving probabilistic and extremal properties of this process we will
make extensive use of the fact that Xj can be embedded in the form (2.4) if
(Ag, Bx) = (bZk,bZ?%). We further assume that

F.(x) = P(Zf > ) = a2 L(2) r=1,...M,

and that
WPEZY? <1, r=1,.,.M.

It follows by Lemma 2.2 and the fact that
P(B,>xz)=P(bZ}>z) =b"227%2L,(z),
forr=1,....M andi=0,....M—1

lim P(x" > x) _ blDa .22 YrtM—i-1
= T —i—1,r -
z— P(Z3>$) 1 — pMa/2 Hsj\ilEZ?ﬁ

Furthermore, by Theorem 2.1, for r =1,..., M

P(X, > 1) po/2 Ry 2\ i
lim = EZ 6y
IHOOP(Z3>.’L') 1 — pMaj2 H£1EZTOC_/§ ; 51:11 ’
The expression of the extremal index can be calculated from Corollary 3.1,
providing
(1 — pMa/2 HﬁﬁlEZﬁ‘,/i) EWe/?
p =

b2 3o L Sty (Hizl EZ?—@) Vet M—i—1, DO/

Extensions for bivariate bilinear models can be easily obtained from the previous
results; see Kumar [25] for details.
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