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A. Proof of Lemma 2.1

Denote V; = —log(1 — F(T;)) = —0log(l — exp(—(AlogT;)?)), i=1,2,...,n, then
V1, Va, ..., Vi, are upper records from the standard exponential distribution with mean one. Let
Wy =WV, W; =V;—V;_1, i = 2,...,n, follow the Lemma 1 in Wang and Ye [30], W7, Wa, ..., W,
are the independent random variables of standard exponential distribution. Taking & = W}
and n = > ", W;, then 2¢ follows chi-square distribution with 2 degree of freedom,and 27
follows chi-square distribution with 2(n — 1) degrees of freedom, respectively. Finally, let

2¢/2 log(1 — exp(—(AlogT,)?)) !

“umn-n Y !

(N) log(1 — exp(—(AlogT1)?))

and
T (N 0) =26 +n) = —20log(1 — exp(—(Alog T1,)%)),

then it is noted that ¥(\) follows F' distribution with 2 and 2(n — 1) degrees of freedom,
T'(), 0) follows chi-square distribution with 2n degrees of freedom. Moreover, from Johnson
et al. [15], one also has ¥(\) and T°(A, 0) are statistically independent.

B. Proof of Lemma 2.2

Denote ¢ (z) =1 —exp (— (A n :c)2> and taking drivetive of h(\), one has
21n (c(a)) [u—c(a»ln(l—c(a» (1= c(®)In(1 - c(b))

" Aln(c (b)) ¢(a)In(c(a)) - ¢(b)In (c (b))

with 0 < ¢(a) < ¢(b) < 1. To show h()) increases in A is equavelent to prove that function
gx)=(1—-2)In(1—2)/(xrlnz), 0 <z <1 increases in x.

W (A =

Taking derivative of g(z) with respect to z, one has
—zlnz—(1—z)ln(l—2z) —Inzln (1 — )
g'(x) = 2
(rlnx)
let g1 (z) =In (1 — ), g2 () = Inx and using Lagrange’s mean value theorem, there exist two
numbers 0 < g1 < z < g2 < 1 satisfying

)

9 @)= O) =~ and (1)) =

1— €2—¢€1
095 2] o addition, the limita-

(zInz)?
tion results of A(A) could be obtained directly. Therefore, the assertion is comleted.

Then function ¢'(x) can be rewritten as ¢’ (z) =

C. Proof of Theorem 2.1

Based on Lemma 2.1 and Corollary 2.1, for arbitrary 0 < v < 1, it has

P{FD <y < FR Y = P Lo (B0 <x <o (F2200) ) =1 -,

then the result is proved.
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D. Proof of Theorem 2.3

Since that ¥(\) and T'(\, ) are statistically independent, using the similar manner
with Theorem 2.1, for arbitrary 0 < v < 1, one has

2,2(n—1 2,2(n—1 n
P{FHéﬁ) <W¥(\) < F; éﬁ),XHﬁ <T()\0) <X21m}
2 2

crfo(rzgt) res (22)
xP{<X%/B(A)> <6< <x2£¢2m/3(>\)>}
=V/1-yxy/l—-v=1-—x

Therefore, the MCR for (A, 0) is obtained.

E. Proof of Theorem 2.4

Following similar line of Theorem 2.1, for arbitrary 0 < v < 1, assume that z; and x»
are two upper percentiles in F' distribution with 2 and 2(n — 1) degrees of freedom satisfying
P{z1 <¥(\) < 22} =1—7, then a 100(1 — )% confidence interval of A can be constructed as
[ (x2),1 (21)], and the associated interval length can be expressed as L (x1,x2) = ¢ (1) —

Y (22).

In order to find the MCI of A, consider following optimization problem
min L (.%1, 1‘2) 5

st Fyom_1)(72) = Faom-1)(z1) =1 -1,
r1 < x9.

implying that the Lagrange function can be constructed as

L(x1,m2,2) = (x1) — ¥ (22) + 2 [Fanp-1) (#2) — Faom-1) (z1) — (1 =7)],
with z being the lagrange multiplier.

By taking derivatives of £ (x1,x2,2) and equating them to zero, the optimal solutions
(x7, %) of (z1,x2) can be obtained from following equations

V(@) _ Praoy (@)
P(z2) P{2(n71)($2)7

Fyon—1) (72) = Fya—1) (x1) = 1 — 7.

Therefore, the 100(1 — )% MCI of A can be constructed as [¢ (z3) , v (z7)].
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F. Proof of Theorem 2.6

Using same notations as in Theorems 2.4 and 2.5, and assume that x; and xo are
the two upper percentiles in F' distribution with 2 and 2(n — 1) degrees of freedom, and y;
and g9 are the two upper percentiles in chi-square distribution with 2n degrees of freedom,
then one has that

P{.Tl <W(>\) < x2,Y1 <T()\,9) <y2}:1—7,

implying that a 100(1 — v)% confidence region of (\,f) can be obtained as

{00 <acv. g <o< o)

with area S (21, z2,y1,y2) fw( o y123 - dA-

To find MCR of (A, 0), following optimization problem is considered

min S (xl; x2, yl7y2) )

st [Faom-1) (®2) = Faom-1) (®1)] - [x2n(y2) — x2n(y1)] =1 — 7,
1 < T2,Y1 < Y.

and the Lagrange function can be obtained as follows

Y1) gy — 2,2(n—1)
A($17$2>y17y2;2):/ Y2 yld)\+ { [F (1'2

F2.2(n— 1)( )} }

) —
X [x*™(y2) = x* ()] — (1 —7)

Following similar approach of the proof in Theorem 2.4, the optimal solution
(7,25, y7,y5) of (x1,x2,y1,y2) minimizing the area of the confidence region could be ob-
tained via the Lagrangian multiplier method which is the solution of following equations

P2Xn (yl) = P2Xn (yQ) 5
[F2,2(n71) (w2) — F2,2(n71) (331)] [x2n(y2) — xon(y1)] = 1 =7,

V(@) Bh(@)) _ _ Poan-1) ()
G BWa) —  Fly, @)
¥ (@1)[Faa(n— 1)($2)—F22(n y(E)]PN ) B@()

GG

[x2n (y2)—x2n (y1)] P, 22<n 1) (x1) p(zg) B()\)d)\ yamy

Therefore, the 100(1 — )% MCR of (A,0) can be established as

{On]oe <x<ven. g <o< 24

and the assertion is completed.
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G. Uniqueness and existence of MLEs A and 6

It is noted that the uniqueness and existence of MLEs X and 6 is equivalent to show
that equation (2.14) has an unique solution for A > 0.

Fon convience, let ;1 = A\? and a; = (lnti)Q, 1=1,2,...,n satisfying a1 > ag > -+ > an,.
Then equation (2.14) could be rewritten as a function of y as follows

n naye Han a;
H = — — — = 0
() po (1 —eHan)ln (1 — e—Han) Z 1 — e Hai
1=

For showing equaiton H(u) = 0, some useful results from Ghitany et al. [12] are pro-

vided as follows.

- In(1—e¥

Y ) @) limy(l-e?)|=0, (¢ lim O]
y—0

Y—00 e Y

(a). lim =1,

y—01l —eY
(d). y¥e v < (1 - e_y)lc k=1,2,y>0, (e). my<y—1,y>0,
(f) m(1—e?) <—e¥y>0.

Using results (a), (b) and (c), one directly has lim,, o+ H (1) = 00 > 0 and lim,, o H (1)
=" ,(an —a;) < 0. Further, based on results (d), (e) and (f), one could also observe that
OH (1) 2na?

< - < 0.
O [(eran — 1)In (1 — e—ran))?

Therefore, MLE \ of \ = V¢ uniquely exists and the assertion is completed.
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