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1. INTRODUCTION

In actuarial science, it is often of interest to compare stochastically extreme claim
amounts from heterogeneous portfolios. In this regard, in the present work, we compare the
extreme order statistics arising from two heterogeneous portfolios in the sense of the usual
stochastic ordering. It is assumed that the portfolios belong to the general exponentiated
location-scale model. The general exponentiated location-scale model includes several im-
portant statistical models such as generalized exponential distribution, generalized Weibull
distribution, generalized Pareto distribution and many more. The exponentiated location-
scale model has three types of parameters: location, scale and shape(or skewness) parameters.
Location parameter is useful in modeling the insurance related data, since an insurance com-
pany suffers a claim from policyholder after a certain period of time from the date of beginning
of the policy. Also, most of the data dealing with health care costs and economy are skewed.
In finance, an investigator may often have small gains, but occasionally may have a few large
losses. In this case, the data will invariably be negatively skewed. If, howeve, we have a
reverse situation, the data in this case will be positively skewed. Thus, fitting skewed models
to these types of data in finance and some other fields is a very important issue. in order to fit
a skewed data, we require a model having a skewness parameter. The general exponentiated
location-scale model possesses this kind of flexibility. For this reason, such a general model is
useful for fitting various kinds of data sets. In practical situations, the extreme claim amounts
play an important role as these provide useful information for determining annual premium.
In actuarial science, it is an important issue in expressing preferences between random future
gains or losses. In this direction, comparisons of claim amounts in two heterogeneous portfolio
of risks based on different stochastic ordering such as usual become very useful. Order statis-
tics have received a great amount of atention from various authors. It plays an important
role in several areas of probability and statistics such as reliability theory, queueing theory,
and survival analysis. Let Xi., < ... < X,,.,, denote the order statistics corresponding to the
random variables X1, ..., X,,, where X1., and X,,.,, corresponds to the sample minimum and
sample maximum, respectively. The results of stochastic comparisons of the order statistics
with independent and dependent sampling units can be seen in Dykstra et al. (1997) [9], Zhao
and Balakrishnan (2011) [30], Li and Li (2015) [25], Torrado (2015) [28], Torrado and Kochar
(2015) [29], Kochar and Torrado (2015) [18], Kundu et al. (2016) [24], Kundu and Chowdhury
(2016 [19], 2018 [20], 2019 [21], 2020 [22]), Chowdhury and Kundu (2017 [4], 2018 [5]), Hazra
et al. (2017) [14], Fang and Zhang (2013) [12], Fang and Xu (2019) [13], Das et al. (2020)
[8], Kundu et al. (2022) [23], Chowdhury et al. (2022) [6], and the references there in for a
variety of parametric models. The assumption in the papers lies in the fact that each of the
order statistics X1.,, Xom, ..., Xn:n Occurs with certainty and the comparison is carried out
on the minimums or the maximums of the order statistics. Now, it may so happen that the
order statistics experience random shocks which may or may not result in its occurrence and
it is of interest to compare two such systems stochastically with respect to vector or matrix
majorization. A random variable X is said to follow the exponentiated location-scale model
if it’s cumulative distribution function is given by

(1.1) Fy(z; )\, 0, ) = [F(%A)r, >\

where A € R, a > 0, 8 > 0 and F is the baseline distribution function. Here, A, 6 and « are
respectively known as the location, scale, and shape parameters. We write X ~ ELS (), 0, «)



Ordering properties of the smallest and largest order statistics... 117

if X has the distribution function given by (1.1). The probability density function of the
exponentiated location-scale model with (1.1) is denoted by fx. In particular, when o = 1,
the model given in (1.1) reduces to the location-scale family of distributions. Further, when
a=1and A =0, (1.1) reduces to the scale family and when o =1 and # = 1, (1.1) becomes
location family. The model in (1.1) coincides with the exponentiated-scale family when the
location parameter A is equal to 0. Thus (1.1) is a general family of distribution with great
flexibility.

Let us assume series and parallel systems consist of n independent components in
working conditions. Each component of the system receives a shock which may cause the
component to fail. Let the random variable X; denote lifetime of the ¢-th component in
the system which experiences a random shock at binging. Also, suppose that I, denotes
independent Bernoulli random variables, independent of Xs, with E(Ip,) = p;, where p; will
be called shock parameter hereafter. Then, the random shock impacts the i-th component
(Ip, = 1) with probability p; or doesn’t impact the i-th component (I, = 0) with probability
1 — p;. Hence, the random variable Y; = I, X; corresponds to the lifetime of i-th component
in a system under shock. Fang and Balakrishnan (2018) [10] have compared two such systems
with generalized Birnbaum—Saunders components. Similar comparisons are carried out in the
context of the insurance where largest or smallest claim amounts in a portfolio of risks are
compared stochastically. One may refer to Barmalzan et al. (2017) [3], and Balakrishnan et
al. (2018) [2].

The survival function of Y., = min{Y1,...,Y,} is given by

_ L —\
(1.2) FYLn(xSE: N 0,a) = Hpi [1 — P (x 7 )}, x> max{\;, i =1,...,n},
i=1 !

and the cumulative distribution function of Y., = max{Y1,...,Y,} is given by

n

(1.3) Fy, . (z;p, M\ 0,q) :H[l—pi [1—FC” (T)”, x >max{\;, i=1,..,n},

=1

where ¢ = (z1, ..., x5,) € I" be any real vector and I" denote a n-dimensional Euclidean space

where I C R. Hereafter, we assume that Y7%, (Y;%,,) denotes similarly the smallest (largest)
order statistic arising from Y;* = [» X7, i = 1,...,n, where X7, ..., X are independent non-

negative random variables with X ~ ELS(\!,07,a}), i =1,...,n and Lys, ..., Iy are inde-

pendent Bernoulli random variables, independent of X7's, with E(I,:) = p;, i =1,...,n. Let
P, = {(g},g;n) ca; >0,y; > 0and (v —zj)(y; —y;) <0, 4,5 = 1,...,n},

(020 2> 0 and 3 < (B i > (g 5> (3

@y, zn) 21, 2> 0,4 >0, 2 < (2)aj, yi < (2)y5, 21 < (Z)Zj},

(T y,z5m) 1 20> 0,2, >0,y >0, 2 < (2)zj, yi < (2)yy, 21 < (>)Zj},

(W, 2,9, 2:m) © Wi, Tj, Yk, 21 > 0, wi < (Z)wy, 7 2 (S)wy, i = ()Y, 2 2 (<)Zj}-
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The rest of this paper is organized as follows. In Section 2, we introduce some definitions
and fundamental lemmas. In Section 3, we establish some ordering properties for the smallest
and largest order statistics of the ELS model with associated random shocks. In Section 4,
some special cases of our main results are added. Section 5 provides applications of the
established results. Finally, in Section 6, we include some concluding.

2. PRELIMINARIES

In this section we provide some preliminary definitions and lemmas which will be useful
in the sequel. To compare lifetimes of series and parallel systems, stochastic orders have been

extensively used in the literature. Below, we present a few of them. Throughout the paper,
we use the notations R = (—00,+00), Ry = (0, +00) and a *=" b means that a and b have the

same sign. Let X be non-negative random variable with distribution function F', and density
function f. The survival function, hazard rate, and reversed hazard rate are F =1 — F,
rx = %, and Ty = %, respectively.

Definition 2.1. Let X and Y be two absolutely continuous random variables with
respective supports (Ix,ux) and (ly,uy), where ux and uy may be positive infinity, and [ x
and [y may be negative infinity. Then, X is said to be smaller than Y in usual stochastic
(st) order, denoted as X < Y, if Fx(t) < Fy(t) for all t € (—o0, +00).

Let x = (z1,...,x,) € I" and y= (Y1, -+, yn) € I" be any two real vectors with z(yy, ..., z(n)

being the increasing arrangement of the components of the vector . The following definitions

may be found in Marshall et al. (2011) [27].

Definition 2.2.
m
(i) The vector g is said to majorize the vector y (written as g >y) if

J J n n
Zx(i) < Zy(i), j=1,.,n—-1, and Zﬂﬂ(i) = Zy(i)§
i—1 i—1 i—1

=1

w
(ii) The vector g is said to weakly supermajorize the vector y (written as  >y) if
J J
<D yw  for j=1,..m;
i=1

i=1

(iii) The vector g is said to weakly submajorize the vector y (written as g >, y) if
n n
Zx(i) = Zy(i) for j=1,..,n;
i=j i=j

p
iv) The vector z is said to be p-larger than the vector vy (written as x > vy) if
L p g Yy =Y

J J

Hx(l-) < Hy(i) for 7=1,...,n;

i=1 =1
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m
(v) The vector g is said to reciprocally majorize the vector y (written as x > y) if

1 1
Zx- 22 4 for j=1,...,n.

. . m w p ™m
It is not difficult to show that x>y =z>y=z>2y=2>y.

Definition 2.3. A function: I" — Rissaid to be schur-convex (schur-concave) on I" if

ggg implies  ¢(z) > (<)Y(y) forall gz,yel™.

The following definitions related to matrix majorization may be found in Marshall et
al. (2011) [27].

Definition 2.4.

(i) A square matrix II,, of order n, is said to be a permutation matrix if each row
and column has a single entry 1, and all other entries as zero;

(ii) A square matrix P = (p;;), of order n, is said to be doubly stochastic if p;; > 0,
foralli,j=1,...,n, > pij=1,75=1,..,n and Z}l:lpij =1,i=1,..,n;

(iii) A square matrix Ty, is said to be T-transform matrix if it has form T, =
wl + (1 —w)II; where 0 < w < 1, [ is the identity matrix and II is the per-
mutation matrix. Let Ty, = w1l + (1 —wq)Il; and Ty, = wol + (1 — wy)Ily be
two transform matrices, where 0 < wy,wo < 1 and II; and Il are two permuta-
tion matrices that interchange two coordinates. Then, we say T}, and Ty, have
the same structure if II{ = Ily, where II; and Il are permutation matrices with
the same dimension, otherwise they are different structures.

Definition 2.5. Consider the m x n matrices A = {a;;} and B = {b;;} with rows
Q1. Gy and by, ..., by, respectively.

(i) A is said to be larger than B in chain majorization, denoted by A > B, if there
exists a finite set of n x n T-transform matrices 17, ..., T}, such that B = ATy---Ty;

(ii) A is said to majorize B, denoted by A > B, if A = BP, where the n X n matrix
P is doubly stochastic. Since a product of T-transforms is doubly stochastic, it
follows that A > B = A > B;

(iii) A is said to be larger than the matrix B in row majorization, denoted by A 5 B,
m

if a; > b; for i =1,...,m. It is clear that A > B = Am>wB;

(iv) A is said to be larger than the matrix B in row weakly majorization, denoted by
w
A B,ifa; = b; for i = 1,...,m. It is clear that A'S"B = A B. Thus it can be
written that A> B= A>B= A > B= A> B.
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Also, we introduce the following notations.

(i) Dy ={(z1,..,pn) : 1 = ... = x5 > 0};
(li) E4 = {(:El, ,acn) 0< 2 <., l‘n};

(i) (h@’%):(h&pll) h(Ap;) 5 h(ﬂn))

The following two Lemmas are used to prove the two Theorems 2.17 and 2.18.

Lemma 2.1. A differentiable function ® : RS — R satisfies
(2.1) ®(A) > (L)®(B) forall A,B suchthat A€ Uy, A> B
if and only if

(i) ®(A) = ®(AIl) for all permutation matrice I1 and for all A € Us, and
4

(ii) Z (aik - a”)[q),k(A) - (I)lJ(A)] = (g)O for all ],k = 1,2 and for all A € UQ,
=1
(A) = 22(4)
where ®;;(A) = Das; -

Lemma 2.2. Let the function ~ : Ri — Ry be differentiable and the functin ®,, :
Ri” — Ry be defined as

n

®n(A) = H v(aii, agi, asi, as;)-
i=1

Assume that @9 satisfies (2.1). Then for A € U,, and B = AT,,, we have ®,(A) > (<)®,(B),
where T, is the T-transform matrix.

Proof: The proofs of Lemmas 2.1-2.2 are similar to those of Theorems 2 and 3 of
Balakrishnan et al. (2015) [1], and Marshall and Olkin (1997) [26]. O

3. MAIN RESULTS

In this section we establish some ordering properties for the smallest and largest order
statistics of the ELS model with associated random shocks. We now consider the following
assumption.

Assumption 3.1. Suppose X1, ..., X;, are independent non-negative random variables
with X; ~ ELS()\;, 0, ;), and I, ..., I, are independent Bernoulli random variables, inde-
pendent of X’s, with E(I,,) = p;,i = 1,...,n. Further, suppose X7, ..., X}

non-negative random variables with X* ~ ELS(A},0f,a), and Ly:, ..., I; are independent

are independent

Bernoulli random variables, independent of X's, with E(Ipf‘[) =pi,i=1..n.

Theorem 3.1 shows that usual stochastic ordering holds between two parallel systems
of heterogeneous components under random shocks for fixed 6 and a.
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Theorem 3.1. Let Assumption 3.1 hold and h :[0,1] — R be a differentiable, in-
creasing and strictly convex function. Also, \; = A}, 0; =07 =0 and o; = o] = «, where
i=1,..,n. Then, h(p) >, h(p*) implies Y., 25t Yy, provided )\ € Dy, h(p) € D4, and

h(p) = (h(p1), -, h(pn))-
Proof: The cumulative distribution function of Y., is given by

=iy (5]

=1

where h(p;) = u;. Let us define 91 (u) = Fy,,_, (z). Differentiating ¢ (u), partially, with respect

to u;, we get
dh71 U afl z—=X\;
01 (w) T (1 -F (a))
(3.1) = >w@<o

1— h=1(u;) (1 - Fa(%)

so, 11 (u) is decreasing in each u;. Again, it can be shown that

o (1) wmm@d%WO—W( D dﬁ@@—ﬁ@?ﬂ

(32 =~ 5 21_h_( )<1_Fa< A)) 1—h_1(ui)(1—Fa<19>‘i)>

51(1 - h%u)(i—F“(T)) B dhd;(U) (1 _Fa<x 7 A)) >0,

1

1—-h=1(u) <1Fa(%*)

taking A\; > A\; and u; > u; and noticing that h~!(u) is increasing in u, it can be written that

1—F°‘<$ A) _ 1—Fa(f”—TAi)
1— h-1(u )(1—Fa(”” Ay )) b l—h—l(ui)<1—F0($_9)‘i)>

—1¢,. —1(0y.
Again, if h(u) is convex in u, then u; > u; gives dh du(,ul) > & du(juJ ) which yields

() | s(or(e)
1—h-1(u )<1—Fa( A)) (uz)<1—F°‘( ))

I o1(w)  Oa(n)
Substituting the above result in (3.2), we get ou T ow, S < 0. Thus, by Lemma 3.1 of

Kundu et al. (2016) [24], ¥1(u) is Schur concave in y. Thus the result is proved by Theorem
A8 of Marshall et al. (2011) [27]. O

Now,

implying that

) is increasing in w. Thus, as A € Dy, h(p) € Dy, fori < j

)
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Theorem 3.2 shows that the majorized shape parameter vector leads to smaller systems
lifetime in the sense of the usual stochastic ordering when the location and scale parameter
vectors are constant and shock parameter vectors are heterogeneous.

Theorem 3.2. Let Assumption 3.1 hold and h: [0,1] — R be a differentiable and
decreasing function. Also, \j = \; =\, 0; =07 =0, and o = 3;, where i =1,...,n. Then,

w
o> implies Yo <t Y, provided o, 5, h(p) € e

Proof: The cumulative distribution function of Y;,., is given by

Frn ) =] [1 () [1 e (““" - A)H

=1

where h(p;) = u;. Differentiating Fy,  (z), partially, with respect to «;, we get

8an;(9@) _ hT M) P (552) 1n[F(%)]FYM (2) <0,

1-— h*l(ui) <1 _ Fa (we)\)>

so, Fy, ., (z) is decreasing in each «;. Again, it can be shown that
(3.3)
OFy, () OFy,, () sign b~ (u) F* (552) [F (252)] b~ (uy) F (%5*) In[F (%5)]

Doy Do L h—l(ui)<1 B Faz(xgﬁ)) 1- h—l(uj)<1 _ Faﬂ'(xgi)> :

i) o (2 ()

Now,

af Z=X
implying that o (55) is decreasing in «. Again, as h(u) is decreasing in u, then
1—h=1(u) (1—Fa(T)>
8< h’l(u) ) sign 8h*1(u) <0
Ou\1—h=1(u)(l — Fo(%52) ou 7

h=1(u) . . . . )
w1 F(52) is decreasing in u. Thus, as ¢ € €4, h(g) c€ey, fori<j
taking o; < a; and u; < u; and noticing that h~'(u) is decreasing in u, it can be written that

) () ) (552)
1=t ) (1= P () ) 1= o) (1o P () )

implying that e

<

which implies

h=Y(u;)F (z?‘) ln[F(%)] o h_l(uj)Fo‘i(xg)‘) In[F (£52
1—h = (w) (1 - FC”W?)) 1—h=1(uy) (1 — Fee(252)

)
M) P ) 1n[F($9A)>].

\
—_
[
>=
L
—~
£
-
Y
—
|
o
2
—~
8
| |
>
~—
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Hence, substituting the above results in (3.3), we get BF%&’;(@ — 8F’ggj?(z) < 0. Thus, by
Lemma 3.3 of Kundu et al. (2016) [24], it can be proved that Fy; (x) is Schur-convex in q.

Thus the result is proved by Theorem A.8 of Marshall et al. (2011) [27]. O

Theorem 3.3. Let Assumption 3.1 hold and h: [0,1] — R be a differentiable and
decreasing function. Also, \i = \; =\, 6; =07 =0, and o = [3;, where i =1,...,n. Then,
a >, @_1 implies Y., <st Yyiy,, provided, a, 3, h(p) € e+.

Proof: The cumulative distribution function of Y;,., can be expressed as the function
of a;, where a; = a%_, i =1,...,n. We denote it by ¥»(a), where ¢ = (ay, ..., ay), and

o) =TT 1= 1- 7% (252 |,

n
=1

where h(p;) = u;. It can be shown that the partial derivative of 13(a), with respect to a;
increasing in ¢ = 1,...,n. Thus, by Lemma 3.1 of Kundu et al. (2016) [24], it can be proved
that 12(a) is Schur-convex in g. Thus the result is proved by Theorem A.8 of Marshall et al.
(2011) [27). O

Theorem 3.4 shows that Y,,., is smaller than Y, with respect to the usual stochastic
ordering when a vector of scale parameters is p-larger than that of another vector of the scale
parameters with some additional conditions when the location and shape parameter vectors
are constant and shock parameter vectors are heterogeneous. Similar result also hold under
reciprocally majorized based conditions among the scale parameters.

Theorem 3.4. Let Assumption 3.1 hold and h: [0,1] — R be a differentiable and
decreasing function. Also, \j = A} = X, 0 = 9;, and oy; = o = «, where i =1, ...,n. Then,

p
(i) @>=¢ implies Y.y <ot Y,

nmn’

provided 0, 3, h(p) € D,, and ur(u) is increasing in u;

(i) @ > ¢ implies Yy.n <t Yy'p, provided 9,4, h(p) € e+, and (u) Is increasing in u.

Proof:

(i): The cumulative distribution function of Y}, can be expressed as the function of
a;, where a; =1n#6;, i = 1,...,n. We denote it by ¢3(a), where ¢ = (ay, ..., a,), and

vale) =[] [1 —h M ) (1= PO e o - A)))],
=1

where h(p;) = u;. Differentiating 3(a), partially, with respect to a;, we get

Ip3(a) ah™ Y (u;)e % (z — N)7(e™% (x — N))F (e~ % (z — \))
da; 1= h=t(u;) (1 = Fo(e%(z — ) vala) <0
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so, 1¥3(a) is decreasing in each a;. Again, it can be shown that

Wsla)  0s(@) Gon ah=" (u)e= (& = N)F(e (& = A) F (e~ (z — )
da; ey 1= h=t(wy) (1= Fo(e % (x = \)))

3.4
(34) B ah ™ (u;)e % (z — N)F(e % (z — ) F(e % (x — \))
1—h=1(u;) (1 — Fo(e%(x — )\)))
Now,
9 Fe(xz —A)) sign —a - S(,—a
da (1 — bt (u) (1 = Fe(e—o(x — /\)))> = —ae "z = A)(1—h7 () x 7™ (z — )

x F¥e %z —\)) <0,

implying that ;—— (I;)a ((f:;(f (_e il)(x, ) is decreasing in a. Again, as h(u) is decreasing in wu,

then Fang, L. and Balakrishnan, N. (2018) [10]. Ordering properties of the small25 est order
statistics from generalized Birnbaum—Saunders models with associated 26 random shocks,
Metrika, 81, 1, 19-35.

0 h_l(u) sign ah_l(u)
ou <1 —h~(u) (1 — Fe(e=a(z — /\)))) T Taw Y

h™*(u)
I=h=T(u) (1-Fa(e—(z—N)))

implying that is decreasing in u. Thus, as §,h(p) € D4, for i < j

taking a; > a; and u; > u; and noticing that h=1(u) is decreasing in u, it can be written that
(u JE (e (z — A)) S h™H ) F(e” % (z = X))
1- uj) (1= Fe(e=%(x —N)) ~ 1—h(uy) (1 — Fo(e 9i(z — \)))
R (us) F (e~ % (z — \))
T 11— h Ll (w) (1= Fo(esi(z — X))’

As ur(u) is increasing in u, then
ah™H(uj)e % (z — N)F(e™% (z — \))F(e"% (z — \))
1—h=Y(u;) (1 = Fe(e~%(z — \)))

< ah_l(ui)e_o‘i (x = N7(e % (z — X)) F*(e % (x — X))
g 1—h Y u;) (1 — Fo(e=%(z — X))

Opz(a)  Ov3(a)
Hence, from (3.4), we get —a;~— —aa, =0 Thus, by Lemma 3.1 of Kundu et al. (2016) [24],

it can be proved that ¢3(q) is Schur-convex in g. Thus the result is proved by Lemma 3.1 of
Khaledi et al. (2002) [16].

(ii): The cumulative distribution function of Y;,., can be expressed as the function of
1

b; = 1,...,n. We denote it by 14(b), where b = (b1, ..., by ):

1 . _
0;0 "

) =] [1 M) (1= FO bl A)))} ,

i=1
where h(p;) = w;. Differentiating 1¥4(b), partially, with respect to b;, we see that 1¥4(b) is

increasing in each i = 1,...,n. Thus, by Lemma 3.1 of Kundu et al. (2016) [24], it can be
proved that 14(b) is Schur-convex in §. Thus the result is proved by Lemma 4.1 of Hazra et

al. (2017) [14]. O
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Theorem 3.5 shows that the majorized shape parameter vector leads to smaller systems
lifetime in the sense of the usual stochastic ordering when the location and scale and shock
parameter vectors are heterogeneous.

Theorem 3.5. Let Assumption 3.1 hold and h: [0,1] — R be a differentiable and
decreasing function. Also, \; = X}, 0; =07, and o = [3;, where i =1,...,n. Then, o g g

implies Yn.n <st Yy, provided o, B3, h(p), A, 0, € €.
Proof: The cumulative distribution function of Y., is given by

Fy,.. () =] [1 — Y () [1 _ po <’“° ;Am :

n
i
1=1

where h(p;) = u;. Differentiating Fy,  (z), partially, with respect to «;, we get

OFy () h—l(ui)F“i<zg—;\i) m[F(‘”@A")} Py (2) <0

day; 1— h=1(u;) <1 - F (gﬂ?>>

so, Fy, . (x) is decreasing in each ;. Again, it can be shown that

OFy (1)  OFy,, () sign (W) F™ (552 ) [F (550
oo Oa; 1— h1(w) (1 _ Fo (m;ﬁ,))

Now,
() e (5[5
8a<1—h1(u) (1 - Fo(22)) ( (u)) 7 n ;
. . Foz(zf)\) ) ‘ ' ‘ ' ' ‘
implying that o is decreasing in «. Again, as h(u) is decreasing in u, then,
PR B (e () gina. Again, as h(u) :
o ( W w) o 2
0\ ) (- Fe(5)) w5

R~ (u)
1-h=1(u) (1-Fe(252)

(o) (5 (7)<

Fe(252)

1-h=1(u) (1-Fa(252)

5)9(1_;1-1(5&((3}@(%))@ G- (55 e (557

implying that ) is decreasing in u. Again,

implying that ) is decreasing in A. Also,
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Fe(552)
1=h=tw) (1-Fe (252))
taking o; < aj, u; <wuj, A < Aj, 0; < 0; and noticing that h~1(u) is decreasing in u, it can
be written that

implying that is decreasing in 6. Thus, as o, 3, h(p),),0,€ 4, fori < j

B () Fo (524 _ L) )
1—h1l(u )(1_Fag<fv9f->> 1—hYuy)(1- az ))
g u»w« )
1— hY(u)(1— az( ))
_ () Fi ’\ >
b (1 Fm( )
_ uZ)Fa ’\ )
\ (1 r ()
which implies
B g e (52 B () P (5520)

el )<1—F0‘7(x9j )) ) 1"11(“")@”%(?))

Hence substituting the above results, we get 8FY50‘ZZ? @) _ 8F§"&? (2) < 0. Thus by Lemma 3.3 of

Kundu et al. (2016) [24], it can be proved that Fy;  (x) is Schur-convex in ¢. thus the result
is proved by Theorem A.8 of Marshall et al. (2011) [27]. O

Theorem 3.6. Let Assumption 3.1 hold and h : [0,1] — R be a differentiable func-
tion. Also, \i = X\; =X, 0; =07 =0, o = [3;, wherei =1,...,n. Then,

w n n
(1) Q= g implies Y1., <st }/1*717 provided Q‘ag €eq, H pi < H p:;

=1 i=1

n n
(i) o !>, @_1 implies Yi., <st Y7, provided @, 8 € e, [Ipi <IIp}
i=1 i=1

Proof:

(i): The survival function of Y7, is given by

mio-Tiol-rm ()]

where h(p;) = u;. To prove the required result, it sufficient to show that Fy,, (z) < Fy= (),

which is equivalent to proving that H?Zl[l — F%i (“”3?‘)} < H?:l[l — FPi (”CE’\)} , since H pi <
i=1
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n
[T p; Let ¢(a) =11, [1 — i (3”5’\)] Differentiating ¢(q), partially, with respect to «y,
i=1

we get
8¢(Qé) Fo‘l(i) ln[ (%)]
da; I Foi(5) ¢(a) = 0,

so, ¢(q) is increasing in each «;. Again, it can be shown that

09(a)  00(Q) sgn Fo(252) [P (252)]

0
Oa; Oa; 1 — Foy (a2
(3.5) j ) (55%) .
Fo(552) m[F(552)]
o T—A\
1 — Foi(252)
Now,
0 T)\ sign T — A T — A
— = F¢ In|F <0,
da <1 > o )" 0
implying that £ 2 is decreasing in . Thus, as o € €4, for i < j taking o; < «j, it can

Fe (5

be written that

) P

= () T T ()
P () WIP(R)] P (22 WP ()]
1 — Foi(232) S 1—Faa( Ay

() 9¢(a)
Hence, from (3.5), we get —5.— — a0, 20 Thus, by Lemma 3.3 of Kundu et al. (2016) [24],

it can be proved that ¢(q) is Schur-concave in ¢. Thus the result is proved by Theorem A.8
of Marshall et al. (2011) [27].

which implies

(ii): The survival function of Yj.,, can be expressed as the function of ¢; = a%,
i =1,...,n. We denote it by ¥5(c), where ¢ = (c1,...,¢,), and

- 1 /x—A
=T (552)]

where h(p;) = u;. To prove the required result, it is sufficient to show that ¢5(q) < 5(83),

n n n
which is equivalent to proving that [] {1 — Fo (Ig)‘)} <II [1 — FBi (x?‘)], since [[ pi <
i=1 i=1 i=1

n n 1
IIp;. Let ¢(c) =11 [1 — Fei (T)} It can be shown that the partial derivative of ¢(c¢),
i=1 i=1

with respect to ¢;, is decreasing in each ¢;. Thus, by Lemma 3.1 of Kundu et al. (2016) [24],
it can be proved that ¢(c) is Schur-concave in ¢. Thus the result is proved by Theorem A.8

of Marshall et al. (2011) [27]. O

Theorem 3.7. Let Assumption 3.1 hold and h : [0,1] — R be a differentiable func-
p
tion. Also, \i =\ =\, 0; =07 =0, and o] = 3;, where i = 1,...,n. Then, g}@ implies

n n
Yl:n gst Y1*n; prOdeed g?ﬂ € D+7 ]._[ Di < H p;k
~ i=1 i=1
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Proof: The survival function of Yi., can be expressed as the function of d;, where
di =Ina;, i =1,...,n. We denote it by ¥g(d), where d = (d1, ..., dy,):

Ys(d) = E[lp [1 — Fe" (”“’ 5 A)]

where h(p;) = u;. To prove the required result, it is sufficient to show that 1g(a) < ¥g(5),

which is equivalent to proving that []7 ; p; [1 — [ (””5)‘)] <TI, pi [1 — FBi (5”5’\)} , since

n n

I1pi < TIpf Let o(d) =1, [1 — pe (5‘?‘)] Differentiating 16(d), partially, with respect
i=1 i=1

to d;, we get

O e () [P ()
od; 1 — et (z22) ¢(d) =0

so, ¢(d) is increasing in each d;. Again, it can be shown that

00d) 0 g HF (22) I[F(22)] _ ehF" (252) W[F(232)]

3.6
( ) Odz 6d] 1 — Fev (xf)\) 1— Fedi (:ch)\)

Now,

implying that :
be written that

which implies

0p(d)  06(d)
Hence, from (3.6), we get —57— — —57— < 0. Thus, by Lemma 3.1 of Kundu et al. (2016) [24],
i J

it can be proved that ¢(d) is Schur-concave in d. Thus the result is proved by Lemma 3.1 of
Khaledi et al. (2002) [16]. O

Theorem 3.8. Let Assumption 3.1 hold and h : [0,1] — R be a differentiable func-
tion. Also, \i = \; =\, 07 =0;, and o; = o] = o, where i =1,...,n. Then, 61>, 6t

n n
implies Y1., <st Y1%,, provided 6,6 € ey, [[ pi < [] p}, and 7(u) is increasing in u.
i=1 i=1

Proof: The survival function of Yi7., can be expressed as the function of e;, where
e; = 9%_, i =1,...,n. We denote it by ¥ (e), where e = (ey, ..., e, ), and

0Tl 1~ et )

i=1
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where h(p;) = u;. To prove the required result, it is sufficient to show that 17(9~1) < ¥7(571),

which is equivalent to proving that []7 [1 — F (g (z — )\))] <TI%, [1 —F(F(x=N)|,

7 7

n n

since []pi < [Ip;. Let ¢(e) =111, [1 — F(ej(x — )\))] Differentiating ¢(e), partially,
i=1 i=1

with respect to e;, we get

00(€)  a(w — N)i(es(m — \)F*(ei(a — N))

Oe; - 1— Fe(ei(z — N)) P(e) <0,

so, ¥7(e) is decreasing in each e;. Again, it can be shown that

9¢(e) B 9¢(e) sign a(z — N)F(ej(x — X)) F*(ej(z — X))
oe; 6ej 1- Fa<ej(w - )‘))
ax — N)F(ei(x — N)F(ei(x — N))
1—F2(e;j(x —N))

2 Fo‘(e(x — )\)) si&n
de\1— F%(e(x — \))

implying that —€@=A)_ ¢ ing i Th 0 for i < j taking e; > e;
implying that y=pa;n=x)y 18 inscreasing in e. us, us § € €4, for ¢ < j taking e; > ej,

it can be written that

Folee =) o Fej(x = N)
1—Fe(ei(z—N) ~ 1—F(ej(x—N)’

As 7(u) is increasing in u, then

alx — Nr(ei(z — X)) F(ei(z — X)) < a(z — N)7(ej(z — X)) F(ej(x — X))
1— F2(ei(xz — \)) - 1—Fo(ej(z—N) '

d¢(e)  9¢(e)
Hence, from (3.7), we get —.— — ;- < 0. Thus, by Lemma 3.1 of Kundu et al. (2016) [24],

it can be proved that ¢(e) is Schur-concave in e. Thus the result is proved by Theorem A.8
Marshall et al. (2011) [27]. O

Theorem 3.8 shows that if both the location and shock parameter vectors i.e. the matrix
of location and shock parameters of one system majorizes the other when the scale and shape
parameter vectors remain constant do not lead to better system reliability.

Theorem 3.9. For n =2, let Assumption 3.1 hold. Further, let h:[0,1] — Ry be a
differentiable and strictly increasing concave function. Then, for i = 1,2, if 0; = 0] = o; =
aj =0, and (h(p),)) € P2, we have that

implies Y7%, >4 Y1.2, provided 7(u) is increasing in u.
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Proof: With u; = h(p1), uz = h(p2), we have p; = h~1(u1),p2 = h~*(uz), where h~1
denotes the inverse of the function h. From (1.2), the survival function of Y7.o is

2
Fy,,(z;u,),0,0) = H Rt (uy) [1 _—y <a:—9)\1>} ,  x>max{\,i=1,..,n}
i=1

Note that the function Fy,, (x;u, ), 6,0) is permutation invariant in (u;, \;), and so condition
(1) of Theorem 2 of Balakrlshnan et al. (2015) [1] is satisfied. Next, we have to show that
condition (i7) of Theorem 2 of Balakrishnan et al. (2015) [1] also holds. The assumption
(u,A) € P implies that (u; — u2)(A1 — A2) < 0. This implies that u; > ug and A\; < A2 or
up < ug and A1 > Aa. We proof only for the case when u; > uo and A1 < Ao. The proof for
the other case is similar. The partial derivatives of Fy,,(z;u, ), 0,0) with respect to u; and
\; are

8FY1:2(£§@72\, 9,6) 8h71(u2) ~
= 2y, (3w, ), 0,0),

Ou; h=*(u;)
OFy,(15u,0,0,0) 722 ) Fo (250
- ON; T <19129<m<@:) )FYl:a(ﬂ?;Lt,Z\a@ﬁ)-

For fixed x > max{\;, i = 1,...,n}, let us define the function ¢(u, )) as follows:

aFYl:z(x;LL?z‘aeve) aFYlﬁ(SU;INL,z\,Q,Q)
o(u,A) = (u1 —uz)

Ouy B Ous
8FY1:2(33;@72"979) aFYm(x;% 2‘7979)
(A1 =22) o\ a Oy
Bhél(uﬂ 8hél(ug)
— _ ul _ u2 F

(u1 — u2) hT(u1)  hL(ua) X Py, (750, ), 0,0)

f(%)pa(xfe)q) F(CE;)\Q)FG(I*Q)\Q)
(3.8) + ()\1 — )\2) — Fy ( u, A\, 0 (9)
Fo(z=M Fo(z=X 1:2
1-r(e) =R

Since h is strictly increasing and concave, then for u; > us and A1 < Ao, we have

8h71(u1) 8h71(u2)

(39) h*?@l) = hjqaz) '

Furthermore, ; etg is increasing in t for 6 > 0. For the reversed hazard rate function 7 that is
increasing, we have
., — )\1 T — )\2
3.10 >
(3.10) i = ()
and

1) () s) () (se)
1—F9<$_0#> 1_F0(x—Tf\2)

Combining (3.9) and (3.10) and (3.11), we see that ¢(u, A) < 0. Condition (ii) Theorem 2 of
Balakrishnan et al. (2015) [1] is satisfied, which completes the proof. O
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Counterexample 3.1. Let the baseline distribution function be F(t) = e_Tl, t > 0.
Take h(p) = —Inp. Here, the baseline reversed hazard rate function is decreasing and
h(p) is decreasing and convex. Thus, the assumptions of the Theorem 3.9 are violated.
Let us take 91 = 92 = 9{ = (9; = ] = (g = Oéi< = Oéz == 1.5, ()\1,)\2) = (03,09), ()\’{,)\3) =
(0.54,0.66), (p1,p2) = (e7%4, e79%) and (pi,p3) = (e704,e7046). Consider the T-transform

matrix T().ﬁ = < 0.6 0.4

04 0.6 ) It can be shown that

which implies <hE\pl) h(Apz)> > <h(;11) h&ﬂ?)) Under this set up, Fy,,(2) = 0.2597610428,
— 1 2_ 1 2 —

Fyr (2) = 02599036428, Fy,,(5) = 0.06532417018, Fy (5) = 0.06516286182, which readily
shows that Y%, ?s Yio.

The following theorem extends Theorem 3.8 when two sets of n-independent observa-
tions from E'LS distribution. The generalization is the direct result of the Theorem 3.8 and
Lemma 5 of Balakrishnan et al. (2018) [2]. So, the proof is omitted.

Theorem 3.10. Let Assumption 3.1 hold and h : [0,1] — R, be a differentiable and
strictly increasing concave function. Further, let T, be a T-transform matrix. Then, for
i=1,.,n,if0; =60 =0, =a =6, and (h(]g), A) € P, we have that

h(pi) h(pz) - h(py) h(p1) h(pz2) - h(pn)

implies Y75, >st Y1.n, provided 7(u) is increasing in u.

Theorem 3.11. Let Assumption 3.1 hold. Further, let T,,,,...,Ty, have the same
structure. Suppose h : [0,1] — Ry is a differentiable and strictly increasing concave function.
Then, fori=1,...,n, if ; =0 = oy = a =0, and (h(]g),g\) € P,, we have that

h(pi) h(p3) - h(pp) h(pr) hp2) - h(ps)

n
implies Y75, >st Y1.n, provided 7(u) is increasing in u.

Proof: Since a finite product of T-transform matrices with the same structure is also
a T-transform matrix, so, the desired result is obtained from Theorem 3.9. O

Our next Theorem shows that the result in Theorem 3.10 holds for T-transform matrices
with different structure.

Theorem 3.12. Let Assumption 3.1 hold. Further, let T\, , ..., T\, , k > 2, have differ-
ent structures. Suppose h : [0,1] — R is a differentiable and strictly increasing concave func-
tion. Then, fori=1,...,n, if0; =0 = a; = af =0, (h(p),}) € Py and (h(p), ) Tw, - Tw, €

P,, we have that

h(p) hp3) - h(py) hp1) h(p2) - hipa)

implies Y75, 25t Y1.n, provided 7(u) is increasing in u.
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Proof:
h(p)D o h(pa)@ \ _ (h(p1) - h(pa) S
( /\@ g) = AN A Ty T, for i=1,.. k.
Assume Vl(i),..., n@, t=1,...,k, are independent sets of random variables with Vj(i) ~

ELS()\g-i), 6;, ;) where 6; = 0;=a;=a;=0,j=1,..,nandi=1,...,k. From the assump-
tion of the theorem, it follows that

h(p1)® ... h(pn)®
(p(li)) %2 €P, for i=1,..k
Al An

From these observations and the results of Theorem 3.9, it then follows that

<st V(kil)

k—2)
n 1n

1
Yl:n <st Vl(n) gst gst Vl(; <st Yf:na

which completes the proof of the theorem. O

The following example illustrates the result established in Theorem 3.11.

Example 3.1. Suppose X1, Xs and X3 are independent non-negative random vari-
ables with X; ~ ELS(\;,0;,04), and I, I,, and I, are independent Bernoulli random vari-
ables, independent of X;s, with E(I,,) = p;,i = 1,2,3. Further, suppose X7, X5 and X3
are independent non-negative random variables with X ~ ELS(A}, 07, a;}), and Iz, Ix and
I: are independent Bernoulli random variables, independent of X['s, with E(ij) =p;,
i =1,2,3. Consider a baseline distribution with distribution function F(z) =1—e™%, z > 0.

Consider the T-transform matrices as follows:

0.7 0 03 04 06 O 06 0 04
To7 = 0 1 O , Tope=| 06 04 0 |, Tpa= 0 1 O
03 0 0.7 0 0 1 04 0 06

Suppose h(p) = %_;p. Then, for 0, =0 =a; =of =1,7i=1,2,3, let (A1, A2, 3) = (2,3,4),
(AT, A5, A3)=(3.06,2.76,3.17), (p1,p2,p3)=(0.4,0.3,0.2) and (p7,p5,p;5)=(0.285,0.317,0.273).

It is easy to observe that (h(p),Q) € Ps,(h(p),A)To.7 € Ps and (h(p),A)To.7Tv6 € P53 and
(h(pN*), ) = (h(g), MNTo.7T0.610.4. So, from Theorem 3.11, we have Yis >4 Yi.3.

Theorem 3.13. Let Assumption 3.1 hold for n = 2. Suppose h : [0,1] — R is differ-
entiable and strictly increasing concave function. Further, let #(u) and ur(u) increasing in u.
Then, if o; = o = a, and (h(p), A, 0) € Sz, we have that

h(p1) h(p2) h(p) h(p3)
VRS VR SN S R
0 0 T
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Proof: With u; = h(p1),u2 = h(p2), we have p1 = h=(u1), p2 = h~*(uz), where h~1
denotes the inverse of the function h. From (1.2), the survival function of Y7.o is

2
Fyip(@iu, ) 0,0) = [Th 7 (w) [1 ~ FO‘<

i=1

.I'—/\Z'
0;

)], x > max{\;, i =1,...,n}.

Note that the function Fy,,(x;u, ), 8, «) is permutation invariant in (u;, A;, 6;) and therefore
condition (i) of Lemma 6 of Balakrishnan et al. (2018) [2] is satisfied. Next, we have to show
that Condition (ii) of Lemma 6 of Balakrishnan et al. (2018) [2] also holds. The assumption
(u, A, §) € So implies that u; < (=)ug and A; > (<) A2 and 67 > (<)f02. We proof only for the
case when u; < ug and Ay > Ao and 07 > 02. The proof for the other case is similar. The
partial derivatives of Fy, ,(z;u, ), @, «) with respect to u; and \; and 6; are

aFi‘Y'I:Q (x7 L’La A) Q, OZ) ahil(uz)

Ou; - h—alizlul) X FYM(QJ;LL,Z\,Q,@),
OFyi(wiw)b,0) , F(5)Fe(5)
o\ - 97X 1_Fa<z57'>\i) X Fy, o (750, ), 8, @),
OFyio(miw ) 0,0) (%}f)f(ﬁjf)F@(x;ji) )
D6, = EX 1_}7@(@) x Fyy, (T3, ), 8, ).
0;

For fixed x > max{\;, i = 1,...,n}, let us define the function ¢(u, ), §) as follows:

ouq Ous

8FY1:2(:L‘;LL7£‘7Q’O‘) 8FY1;2($;@72‘7Q70‘)
SO(QNM 2‘7@) = (’U,l - u2)

OFy,,(z;u,0,0,0)  OFy;, (x4, 6, )
=) ( o - Do )
OF vy, (z3u, M, 0,0)  OFy,,(z3u, ), 0, )
+ (01— 62) ( 96, - 96, >
Oh(u1)  Oh(ug)
= (u —ug) | 4~ — 22 | X Py, (23,0, 0, 0)

20 <t
1 m—)\l - .%'—)\1 1 Q?—)\Q - x—)\g
12 —0y)| — ——
(3.12) + (01 92)<91< o )7"( 0 >11 62< % )7"< 5 >l2>
X FY1:2($;Q,2\,Q,Q),

o T
1a Fa(( fﬁki)) , 1 =1,2,is defined in Lemma 2.8 of Torrado (2015)
—Fa(h

[28]. Since h is strictly increasing and concave function, then for u; < ug and A; > A2 and

where [; = l(a, F”(%f‘)) =

01 > 05, we have

Bh—l(ul) ah_l(’u,g)
(9’u,1 8u2

P (un) ~ B (u)

(3.13)




134 M. Abdolahi, G. Parham and R. Chinipardaz

1~ x—)\l .’L‘—/\l 1~ .73—)\2 x—)\g
14 - pe(TM)) ¢ = ol (et
(3.14) 91r< 61 >l<a’ ( 01 )) 92r< 62 )l<a ( 02 >>

and
(3.15)

1 $—)\1 - J}—)\l a:—)\l 1 J}—)\Q - l‘—)\Q .13—)\2
= 1 a, Fo < 1 a, Fo
91( 01 )T< 01 > (a’ ( 01 >) 92( 02 >T< 02 ) <a < 02 )>

combining (3.13), (3.14) and (3.15) in (3.12), we see that ¢(u, A, d) < 0. So condition (ii) of
Lemma 6 of Balakrishnan et al. (2018) [2] is satisfied, which completes the proof. O

Counterexample 3.2. Let the baseline distribution function be F(t) = e_Tl, t>0.
Here, 7(t) and t7(t) are decreasing. Take h(p) = p. Thus, the assumption of Theorem 3.13
are violated. Let us take a1 = ay = af = ab =2.2, (61,602) = (5.2,2.7), (07,65) = (4.2,3.7),
(A1, A2) = (2.2,2.5), (AT, A\5) =(2.32,2.38), (p1,p2) = (pi,p5) =(0.2,0.2). Consider the

T-transform matrix Ty g = ( 82 8;1 . It can be shown that
h(p1) h(p3) h(p1) h(p2)
1 A5 = A1 A2 | Tos,
0 6 6 6
h(p1) h(p2) h(pi) h(p3) B
whichimplies | A1 A2 |>| A7 A5 |. Under this set up, Fy,,(2.8) =0.9999999923,
61 6o 05 o

Fyy,(2.8) = 0.9999999918, Fy, ,(5) = 0.8918294672, Fy,, = 0.9248659543, which readily shows

The following theorem extends Theorem 3.12 when two sets of n-independent observa-
tions are from ELS distribution. The generalization is the direct of the Theorem 3.12 and
Lemma 7 of Balakrishnan et al. (2018) [2]. So, the proof is omitted.

Theorem 3.14. Let Assumption 3.1 hold. Suppose h: [0,1] — Ry is differentiable
and strictly increasing concave function. Further, let 7(u) and ur(u) are increasing in u.
Then, for i =1,...,n and T-transform matrix Ty, if o; = of = «, and (h(p), ), ) € Sn, we

have that

h(py) h(p3) - h(py) h(p1) h(p2) - h(pn)
X DY ST - A Ao A\ T,
0; 05 - 0" 0, Oy - 0,

implies Yi%,, 2t Y1:n.

Theorem 3.15. Let Assumption 3.1 hold and T, , ..., Ty, be T-transform matrices
with same structures. Suppose, h : [0,1] — R is differentiable and strictly increasing concave
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function. Further, let #(u), and u7(u) are strictly increasing in w,. Then, if o; = o = «,, and
(h(p), A, 0) € S, we have that

h(pi) h(pz) - h(pp) h(p1) h(p2) -+ h(pn)
% A5 XS — A\ Ao A, Ty Ty,
0 05 - o 0, 0y - 0,

imp]jes }/1*71 2515 }/1n

Proof: Since, a finite product of T-transform matrices with the same structure is
also a T-transform matrix, so, the desired result can be obtained by repeating the result of
Theorem 3.13. O

Theorem 3.16. Let Assumption 3.1 hold and T, ..., Ty,., k > 2 be T-transform ma-
trices with different structures. Suppose, h : [0,1] — R, is differentiable and strictly increas-
ing concave function. Further, let 7(u) and ur(u) are increasing in u. Then, if o; = o = a,
and (h(p), A, 0) € Sy and (h(p), A, 0) T+ Tw; € Snyi=1,....;k — 1, we have

h(py) h(p3) --- h(p},) h(p1) h(p2) - hipn)
)\’{ )\3 )\;"l — )\1 )\2 )\n Twl"'ka
0; 0; - 0 0, Oy - O,

implies Y, 2t Yi:n.

Proof
WO 1) e B (pn) h(p) - hipn)
Al AW = N Ao | T T, for i=1,.. k
Assume Vl(i),...,Vn(i), i=1,...,k, are independent sets of random variables with V;(i) ~

ELS()\E»i),GJ(»i),aj) where o; = of =, j=1,....,n and i = 1,...,k. From the assumption of

the theorem, it follows that

h(p1)® h(pn)®?
Al A es,
6\" 0\

Using the results of Theorem 3.13, it then follows that

Yi:n Sst ‘/l(ln) <ot 0 st V(k_Q) <st ‘/1(:1:7,_1)

1n

*
gst }/1:77,7

which completes the proof of the theorem. O
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Theorem 3.17. Let Assumption 3.1 hold for n = 2. Suppose h:[0,1] — Ry is a
differentiable and strictly increasing concave function. Further, assume that 7(u) and u(u)
are increasing in u, and (h(g),g\,Q,g) € Us,. Then,

h(p1) h(p2) h(pi) h(p3)
AL A 1 >
o 6 || e 6
o o %) o fa%)

implies Y%y 24 Y1:2.

Proof: With the help of Lemma 2.1, the proof follows from arguments similar to those
in the proof of Theorem 3.13. It is omitted for brevity. O

We present a counterexample to show that the comparison result may not hold if the
assumptions are not satisfied.

Counterexample 3.3. Let the baseline distribution function be F(t) =1—exp(1—t%9),
t > 1. Here 7(t) and t7(t) are decreasing. Take h(p) = eP, where h(p) is convex. Thus, the
assumption of Theorem 3.17 are not violated. Let us set (a1, a2) = (0.2,0.5), (af,a3) =
(0.44,0.26), (A1, A2) = (1,1.5), (A}, A5) =(1.4,1.1), (01,602) = (4,2), (07,05) =(2.4,3.6),
(p1,p2) = (In(4),1n(5)), (p3,p5) = (In(4.8),1n(4.2)),. Consider a T-transform matrix Tpo =

( 0.20.8 ) Then, it can be shown that

0.8 0.2
h(p1) h(p3) h(p1) h(p2)
YRREP T I VIR PR
0 03 - 01 0y 0-2)
o] os aq o
h(p1) h(p2) h(p1) h(p3)
which implies | 20 22 || M A2 | pinany Fy,,(5) — Fy=_(5)=0.4133022299,
0, 05 07 05 : 1:2

) ) o1 a9 o fa%
Fy, ,(7.5) = Fy;,(7.5) = —0.0324688838, which readily shows that Y%, Zs Y1.2.

In the following theorem, we present a generalization of Theorem 3.17 to the case of
n independent variables.

Theorem 3.18. Let Assumption 3.1 hold. Further, let T,, be a T-transform ma-
trix. Suppose h : [0,1] — Ry is a differentiable strictly increasing concave function. Further,
assume that 7(u) and uf(u) are increasing in u, and let (h(p), ), 0,a) € Uy. Then,

h(pi) h(p3) -+ h(py) h(p1) h(p2) -+ h(pn)
DV R V2 I HED VIS FR S S
0 05 - 0% 0, Oy - 0O, w
N . ay o ap

implies Y%, 2t Y1:n.
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Theorem 3.19. Let T),,,...,T,, be T-transform matrices with same structure. Let
Assumption 3.1 hold and h : [0,1] — Ry be a differentiable and strictly increasing concave
function. Further, assume that 7(u) and ur(u) are strictly increasing in u, and (h(p), A\, 0, a) €

U,. Then,

h(pi) h(p3) - h(pp) hp1) h(p2) - h(pn)
)\’{ ; \* A Ao An
¥ = Ty Tw

implies Y%, 2t Y1:n.

The following theorem presents a generalization to the case of a finite number of
T-transform matrices with different structures.

Theorem 3.20. Let Assumption 3.1 hold. Further, let T, , ..., Ty, , k>2 be T-transform
matrices, with different structures. Suppose h : [0,1] — R4 is a differentiable and strictly in-
creasing concave function. Further, assume that 7(u) and ur(u) are increasing in wu, and

(h(p), A, 8, @) € Up and (h(p), A, 8, @) T, Tw, € Un,i=1,....;k — 1. Then,

h(pi) h(p3) - hipy) h(pr) h(p2) - h(pn)
A D} SRR ¥ _ A\ Ao A
o 6 - o || e 6 . g, |TwTe
a’f O‘z a;kl a1 a9 Qp,

implies Y%, 2t Y1:n.

4. SOME SPECIAL CASES

In this section, we present some special cases of the results obtained in the previous
sections. We consider two special distributions - generalized gamma, half - normal distribu-
tions. For these distributions, we present some comparisons results using the general results
established earlier. In terms of hazard rate function, the following theorems can be proved
like the theorems above, which are proved by reversed hazard rate function. To prevent
recurrence, you can refer to Das et al. (2021) [7].

4.1. Generalized gamma distribution

In this subsection, we consider the generalized gamma distribution with density function

ft) t“ile*tb, a,b,t > 0.

It is easy to check that the hazard rate function of this distribution is increasing for a,b > 1
and decreasing for 0 < a,b < 1(see Hazra et al., 2018 [15]). We now consider the baseline
distribution function to the generalized gamma distribution.
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Theorem 4.1. For a baseline distribution function F(.), let X1,..., X, (X7,..., X))
be non-negative independent random variables with X;~ELS(\;,0;,0;)[ X} ~ELS(u;, 0, 5)],
i=1,..,n. Further, let I, ..., Iy, [Ipr,....Ipx] be a set of independent Bernoulli random
variables, independent of Xi[Xl*]’s with E(Iy,) = pi[E(Ip:) = pi], i = 1,...,n. Further, let
h:[0,1] — Ry be a differentiable, increasing and convex function. Then, for i =1,2, if
0; =9; =0 and oy = ; = a > 1, r(x) is increasing. Suppose h(p) = ePIn(1 + p). Then, for

a,b>1, we have hpr)  h(p2) > hp1)  h(p3) implies Y{iy >4 Yi:2.
(91 92 (51 52 ’

Theorem 4.2. For a baseline distribution function F(.), let X1,..., X, (X7,..., X))
be non-negative independent random variables with X;~ELS(\;,0;,0;)[ X} ~ELS(u;, 0, 5)],
i=1,..,n. Further, let I, , ..., Ip, [IPT’ ..., Ipx] be a set of independent Bernoulli random
variables, independent of X;[X[]s with E(Ip,) = pi[E(Ipr) =p;], i =1,...,n. Further, let
h:[0,1] — Ry be a differentiable, increasing and convex function. Further, let the baseline
hazard rate r(.) be increasing. If a; = 3 = a > 1 and (h(p), A, ) € N2. Suppose h(p) = P2,

h(p1) h(p2) h(p) h(p3)
Then, for a,b > 1, we have A Ao > 1 %) implies Y{ig >4 Yi:2.
91 92 (51 52

4.2. Half-normal distribution

Consider the probability distribution function of a half-normal distribution given by

f(t) xe=, t>0.

The hazard rate function of the above half-normal distribution is increasing (see Hazra et al.
(2018) [15]). The distribution function of the half-normal distribution is now taken as the
baseline distribution function.

Theorem 4.3. For a baseline distribution function F(.), let X1,..., X, (X7,..., X))
be non-negative independent random variables with X; ~ ELS(\;, 0;, ;) (X~ ELS(i,6:,5i)),
i=1,..,n. Further, let Iy, ..., Ip, [Ipr,...,Ipx] be a set of independent Bernoulli random
variables, independent of X;[X[]'s with E(Ip,) = pi[E(Ipr) = p;], i =1,...,n. Further, let
h:[0,1] — Ry be a differentiable, increasing and convex function. Further, let the baseline
hazard rate r(.) be increasing. If 0; = 6; = 0 and (h(p), ), o) € N3. Let h(p) = —pIn(1 — p).

h(p1) h(p2) h(py) h(p3)
Then A1 A9 > 1 1) implies Y{io >4 Y1.2.
aq (65) Bl ﬁ2

5. APPLICATIONS

In this section, we discuss application of few of our established results in insurance and
auction theory. Suppose Xi,..., X, are independent exponentiated location-scale random
variables with X; ~ ELS(\;, ps, i), for i = 1,...,n, and I, ..., I, are independent Bernoulli
random variables, independent of the Xs, with E(I,,) =p;. Let Y; =1, X;, fori=1,...,n
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Suppose X; denotes the total of random claims that can be made in an insurance period and
I,,, denotes a Bernoulli random variables associated with X; defined as follows: I, = 1 when
ever the ith policyholder makes random claim X; and I, = 0 whenever he/she does not make
make a claim. In setting, Y; = I,,, X; corresponds to the claim amount in a portfolio of risks.
The problem of comparison of number of claims and aggregate claim amounts with respect
to some well-known stochastic orders is of interest on both theoretical and practical view
points. Under some conditions Theorems 3.2, 3.3, 3.4 respectively conclude that Y., in the
weakly supermajorized order, weakly submajorized order, p-larger and reciprocally majorized
order is stochastically smaller. There are many real-life applications of the ordering results.
We discuss applications of few of our established results in auction theory. Auction theory
has been an interest topic to various scientists because of its usefulness for sale of variety
of items or purchasing services. For more details in auction theory, we refer to (Klemperer,
(2004) [17]). In real world,among all types of auctions, the sealed-bid private-value auction
is of theoretical interest. Also, this type of auction has been used extensively. In this case,
bidders hand in their bids to the auctioneer simultaneously and can neither observe their
rival bids nor revise their own bids.The bidders having the highest bid wins. The bidders
with the lowest bid wins in the reverse auction. Consequently, the bidder pays his own bid
in the sealed-bid first-price auction (FPA). Few of our established results could be useful for
some new light in the auction theory. Let the bids follow exponentiated locatio-scale model.
Then, under some conditions, Theorems 3.2, 3.3, 3.4 respectively conclude that the final
price in the FPA with more heterogeneous shape parameters in the weakly super majorized
order, reciprocal of the shape parameters in the weakly submajorized, scale parameters in
the p-larger and reciprocally majorized orders is stochastically smaller.

6. CONCLUDING

In this paper, when the matrix of parameters changes to another matrix of parameters
with respect to multivariate chain majorization, we study the usual stochastic order of the
smallest order statistics when each component receives a random shock. Under certain condi-
tions, by using the concept of vector majorization and related orders, we have also discussed
stochastic comparison between series and parallel systems in the sense of the usual stochastic
order under random shock. We have then applied the results for some special cases of the ex-
ponentiated location-scale model with possibly different scale, location and shape parameters
to illustrate the established results.
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