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The notations given in the main article titled “Likelihood-Based Finite Sample Inference

for Synthetic Data from Pareto Model” are to be followed. In the supplementary file, we
provide necessary details of the algorithms in form of codes written in Mathematica and R.

1. ALGORITHM 1

Table 1 in the main article contains the results of the simulations to construct exact
shortest (1 — )% confidence interval for C' when v is known. Recall that the formula is
(C’e"”, C’e‘”l) .

1. Assign values of n, v and 1 according to the parameter setting.

2. Compute k1 and k9 using the following R-code.
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R Code 1:

library (cubature)
library (nlegslv)
library (rootSolve)

numsol=function (w_all){

wl=w_all [1]; w2=w_all [2];

fl=function(t){
al=(n"2)*(psi”“2)*(t)*exp(—n*kpsix*t)
return(al)

}

Al=integrate (f1,0,wl)$value
A2=integrate (f1,0,w2)$value
k1=A2-Al1—(1—gam)

k2=exp (w2)*fl (w2)—exp(wl)*fl (wl)
return (c(kl,k2))

}
nleqslv(c(0.001,0.01),numsol)

Assign value to C' for simulation.
Draw a sample of size n from Pareto with parameter C' and 1.

Compute the maximum likelihood (ML) estimates of C' and 1. Generate a synthetic
data of size n from Pareto with the ML estimates of C' and .

Compute estimate of C' using the generated synthetic data.

Compute the unbiased estimate of C', estimate of the standard error, bias, MSE, lower
and upper confidence limits using the following Mathematica code.

Mathematica Code 1:

ParetoCcurl[n0_, c0_, psi0_]:=

Module[{n = n0, ¢ = 0, psi = psi0},

OriginaldataX = Random Variate[ParetoDistribution|c, psi|, n];

MLEs = FindDistributionParameters[OriginaldataX, ParetoDistribution|g, h]];
MLEC = Values[MLEs[[1]]]; MLET = Values|MLEs|[[2]]];

y = Sort[RandomVariate[ParetoDistribution[ MLEC, MLET], n]];

Coul =yl1);
Ccurlunbiased = % [[1]];

o (nxpsi)2 n*psi(nxpsi—2) .
VaCcurl = N (n*psi—l)Ag(n*psi—Q)AQ * (1 + W) * Ccurl/\Q} ;

VaCcurlunbiased = %V&CCUI‘I;

SDCcurl = N[VaCcurl”.5];
SDCVaCcurlunbiased = N[VaCcurlunbiased”.5];
mybias = ¢ — Ccurlunbiased;

myMSE = mybias”2 + VaCcurlunbiased;

myU = Ccurl « Exp[—k1];

myL = Ccurl * Exp[—k2];

success = Boole[LC < c&&c < UC];

Bias = CstarUnbiased — ¢;

{Ccurlunbiased, SDCVaCcurlunbias success, myMSE}|;
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2. ALGORITHM 2

In Table 2 of the main article, we presented simulation results for estimating C when v is
unknown. The symmetric exact (1—)100% confidence interval is given by (C’e_’”/ v e"’“w*).

1.  Choose n and 7.

2. Compute k1 and k9 using the following R-code.
R Code 2:

library (cubature)
library (nleqgslv)
library (rootSolve)

cov=0;

for(j in 1:nsim){

print ()

U=runif(n,0,1)

X=C/((1-U)" (1/psi))

Chat=min (X)

psihat=n/(sum(log (X/Chat)))

Y=Chat/((1-U)"(1/psihat))

psist=n/(sum(log(Y/min(Y))))

fl1xci=function (var){
k=var[1]; tx=var[2];
al=(n—1)*log(n)+log(n—1)—log (gamma(n—1))
a2=exp(—n/tx)/((tx—1))
a3=(tx+k) " (—n) — ((tx*(k+1))"(—n))
f=exp(al)*a2+*a3
return(f)

}

numsoll=function (w_val){
A3=adaptIntegrate (flxci, lowerLimit =c(0,0), upperLimit =
c(w_val ,Inf))8$integral —(gam/2)
return (A3)

}

numsol2=function (w_val){
A3=adaptIntegrate (flxci, lowerLimit =c(0,0), upperLimit =
c(w_val ,Inf))8$integral —(1—gam/2)
return (A3)

}

lclval=nleqslv (0.001 ,numsoll)$x

uclval=nleqgslv (0.005,numsol2)$x

lcl=min(Y)*xexp(— uclval/psmt)

ucl=min(Y)*exp(—lclval/psist)

if (lcl <=R&ucl>=C){cov=cov+1}

print (c(lcl ,ucl))

}
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3. Choose C' and v for simulation, and run the following Mathematica code.

Mathematica Code 2

ParetoClInterval[n0_, c0_, Psi0_]:=

Module[{n = n0, ¢ = 0, Psi = Psi0},

OriginaldataX = RandomVariate[ParetoDistribution|[c, Psi|, n];

MLEs = FindDistributionParameters[OriginaldataX, ParetoDistribution[g, h]];
MLEC = Values[MLEs[[1]]]; MLET = Values|MLEs|[[2]]];

y = Sort[RandomVariate[ParetoDistribution[ MLEC, MLET], n]]; Ccurl = y[[1]];

Pestar = T G
I1 = NlIntegrate [(tA(n_l)i}z?l;géﬂtar*t)_l), {t,1/(n * Psistar), oo}] ;
12 = Nlntegrate [(t/\ (n_l)i}zr()};;giﬂtar*t)_Q), {t,2/(n = Psistar), oo}] ;

. _ (Gamma[n—1]*(n*Psistar—1)) .
CstarUnbiased = A (R 1)+ Psistar o)~ * Cecurl;

VaCstarlUnbiased = (o Comeabbebsacct) 22 1) G,
SDCstarUnbiased = VaCstarUnbiased”.5;

LC = Ccurl * Exp[—w2/Psistar|; UC = Ccurl * Exp[—w1/Psistar];
success = Boole[LC < c&&c < UC];

Bias = CstarUnbiased — ¢;

myMSE = Bias”2 + VaCstarUnbiased;

{CstarUnbiased, SDCstarUnbiased, Bias, myMSE, success}|;

3. ALGORITHM 3

Table 3 in the main article deals with estimation of ¢ when C is known. The

n(log A)~! n(log A)~1
exact shortest (1 —~)100% confidence interval is given by ( (log 4) , (log 4) ) where

K2 K1
A=CT" L Y

Choose n and 7.

2. Compute k1 and k2 using the following R-code.
R Code 3:

library (cubature)
library (nlegslv)
library (rootSolve)

numsol=function (w_all){
wl=w_all [1]; w2=w_all [2];
fl=function (t){
—(1/)((m)"(~n—1))
a2=exp(—n= (1 /t+t/m))
a3=2#«n*xlog(n)—2 *log (gamma(n))
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a=exp(a3d)*xa2xal
return(a)
¥
Fl=function (vari){
t=vari[1];w=vari[2];
al=(1/t)x((w)"(-n—-1))
a2=exp(—nx*(1/t+t/w))
a3=2«nxlog(n)—2 *log (gamma(n))
a=exp (a3 )*a2xal
return(a)
}
Al=adaptIntegrate (F1, lowerLimit = c¢(0, 0),
upperLimit = c¢(Inf, wl))8$integral
A2=adaptintegrate (F1, lowerLimit = ¢(0, 0),
upperLimit = c¢(Inf, w2))$integral
A2-A1
m=w1
if (m<=0)fm=10"—3}
Bl=integrate (f1,0,10)8$value
nm=w2
if (m<=0){m=10"-2}
B2=integrate (f1,0,10)8$value
k1=A2—-Al1—(1—gam)
k2=(w2"2)*B2—(wl"2)*B1
return(c(kl,k2))

}

nleqslv (c(0.7,1.6),numsol)
3. Choose the true values of C' and ¢ for simulation, and run the following Mathematica code.

Mathematica Code 3:

ParetoPsicurl[n0_, c0_, Psi0_]:=

Module[{n = n0, ¢ = ¢0, Psi = Psi0},

OriginaldataX = Random Variate[ParetoDistribution[c, Psi|, n];

MLEs = FindDistributionParameters[OriginaldataX, ParetoDistribution|g, h|[;
MLEC = Values[MLEs[[1]]]; MLET = Values|MLEs[[2]]];

y = Sort[RandomVariate[ParetoDistribution[ MLEC, MLET], n]];

Psicurl = n

Log[ L2, wlill/e)]”
(nfl)AZ n .

()2 TLog| [Tj, (wllill/c)]’
VaPsicurlunbiased = N [(gfg)%) * Psicurlunbiased”2| ;
SDPsicurlunbiased = N[VaPsicurlunbiased”.5];

mybias = Psi — Psicurlunbiased;

Psicurlunbiased =

myU ]wlA —1;

" Log[ T, (lll/o) .
= n 20 —1;
Log[ T, I1/0] ’
myMSE = mybias”2 + VaPsicurlunbiased;
success = Boole[LC < c&&c < UC];
{Psicurlunbiased, SDPsicurlunbiased, mybias,myMSE, success}|;

myL
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4. ALGORITHM 4

Table 4 in the main article estimates the parameter b when C' is unknown. The

n(log B)~! n(log B)~!
exact shortest (1-v)100% confidence interval is given by ( (log ) , (log B) ) where

K2 K1
B= Y(I)n [[= Y

1. Choose n and +.
2. Apply following R-code to compute 1 and ko.

R Code 4:

library (cubature)
library (nleqgslv)
library (rootSolve)

numsol=function (w_all){

wl=w_all [1]; w2=w_all[2];

fl=function (t){
al=(1/t)*((m)"(—n))
a2=exp(—nx(1/t+t/m))
a3=(2xn—2)*xlog(n)—2 =*log (gamma(n—1))
a—exp (a3 )*a2xal
return(a)

}

Fl=function (vari){
t=vari[1];w=vari [2]
al=(1/t)*((w)"(-n))
a2=exp(—n#*(1/t+t/w))
a3=(2«n—2)xlog (n)—2 *log(gamma(n—1))
a—exp (a3 )*a2xal
return (a)

}

Al=adaptIntegrate (F1, lowerLimit = ¢(0, 0),

upperLimit = c¢(Inf, wl))8$integral

A2=adaptIntegrate (F1, lowerLimit = c¢(0, 0),

upperLimit = c¢(Inf, w2))$integral

A2-Al

m=wl

if (m<=0){m=10"-3}

Bl=integrate (f1,0,10)8$value

m=w2

if (m<=0){m=10"-2}

B2=integrate (f1,0,10)$value

k1=A2-Al1—(1—gam)

k2=(w2"2)*B2—(wl"2)*B1

return(c(kl,k2))

9

}

nleqslv(c(0.7,1.6) ,numsol)
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3. Choose true values of C' and %, and run the following Mathematica code to get esti-
mates.

Mathematica Code 4:

ParetoPsistar[n0_, c0_, Psi0_]:=

Module[{n = n0, ¢ = ¢0, Psi = Psi0},

OriginaldataX = Random Variate|[ParetoDistribution|c, Psi|, n];

MLEs = FindDistributionParameters[OriginaldataX, ParetoDistribution[g, h|[;
MLEC = Values[MLEs[[1]]]; MLET = Values|MLEs|[[2]]];

y = Sort[RandomVariate[ParetoDistribution[ MLEC, MLET], n]];

Psistar =

Log TT= (u[) /o]
(7’L72)/\2 n .

(n)"2 " Log| TT7, (yllil]/y[[1])]’
VaPsistarunbiased = N [( (gf;)%) * Psistarunbiased/\2] ;
SDPsistarunbiased = N|[VaPsistarunbiased”.5];

mybias = Psi — Psistarunbiased;

. n AN_ 1.
= Tog[ T GEemn] » 1Y b

_ A_ 1.
= Tog] TI, Ga/rm] 20— b

myMSE = mybias”2 + VaPsistarunbiased;

success = Boole[LC < c&&e < UC];

{Psistarunbiased, SDPsistarunbiased,mybias, myMSE, success};]

Psistarunbiased =

myU

myL

5. ALGORITHM 5

Tables 5 and 6, respectively, provide (1 —~)100% Bayesian predictive shortest intervals
for ¢ when C' is known. The confidence intervals are computed using the formula

<1/~1w2_1,z;w1_1> .
The two tables are created with two sets of hyper parameter values needed in the prior
distributions. Thus same algorithm is used to create these two tables. The algorithm steps
are described as follows:
1. Choose the values of the hyper parameters, namely, d and cg.

2. Choose n and 7.

3. Run the following R-code to compute wy and we for the above settings.

R Code 5:
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library (cubature)
library (nlegslv)
library (rootSolve)

loggam=function (q){
return (sum(log(seq(1l,q—1,1))))
}
numsol=function (w_all){
wl=w_all [1]; w2=w_all [2];
fl=function (t){
al=t " (2#n+c0—1)
a2=exp(—(1/m)=*(nxt/(1—t)))
a3=1/(1—t)
ad=1/(m" (n+1))
ab=nxlog (n)—2*loggam (n)+loggam (2*n+c0)—loggam (n+c0)
ab=exp (ab)
a=al*xa2xadxadxab
return(a)
}
Fl=function (vari){
t=vari[1]; wval=vari[2];
al=t " (2#n+c0—1)
a2=exp(—(1/wval)*(nxt/(1—-t)))
a3=1/(1-t)
ad=1/(wval " (n+1))
ab=nxlog (n)—2*loggam (n)+loggam (2*n+c0)—loggam (n+c0)
ab=exp(ab)
a=al*xa2xadxadxab
return(a)
}
Al=adaptintegrate (F1, lowerLimit = c¢(0, 0),
upperLimit = ¢(1, wl))8$integral
A2=adaptIntegrate (F1, lowerLimit = c¢(0, 0),
upperLimit = ¢(1, w2))8$integral
A2-A1
m=wl
Bl=integrate (f1,0,1)8$value
m=w2
B2=integrate (f1,0,1)8$value
k1=A2—-Al1—(1—gam)
k2=(w2"2)*B2—(wl"2)*B1
return(c(kl,k2))

}
strN=nleqslv (c(0.7,1.6) ,numsol)
twl=strN$x |

1]
tw2=strN$x [2]
Al=adaptIntegrate (F1, lowerLimit = ¢(0, 0),
upperLimit = c(1,twl ))8$integral
A2=adaptIntegrate (F1, lowerLimit = c¢(0, 0),
upperLimit = c(1, tw2))8$integral
A2-A1
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4.  Using w; and wy computed above run the following Mathematica code to compute the
estimates.

Mathematica Code 5:

ParetoPsilnterval[n0_, c0_, Psi0_]:=

Module[{n = n0, ¢ = 0, Psi = Psi0},

OriginaldataX = Sort[Random Variate[ParetoDistribution[c, Psi], n]];
u = Log|[ [[;-,(OriginaldataX[[:]]/OriginaldataX[[1]])] ;

Psistar = Random Variate[GammaDistribution|n, 1/u], 1];

y = Sort[Random Variate[ParetoDistribution[c, Psistar[[1]]], n]];
Psicurl =

Log| 111, WlEll/o)]’

M{[i_]:=Integrate [Z“"‘I(L‘f;‘)‘;[; Sl {z,0, oo}] ;

ExpectedPsicurl = N [”(”+Cl)*P sifn ( Gammaln—1] )] :

(n—1)Gamma|n| PsicurlM (n—1)
Il = n”2%(n+cl)x(n+cl+1)*Psicurl*n « Gamma[n—2] |
- (n—1)"2%(n—2)*xGammaln] Psicurl (n—2)
9 — n”\2%(n+-cl)*Psicurl*n
—  (n—1)"2+«Gammal|n]

(0 +e1+ 1) it ) - i+ (s *2)
VaPsicurl = 11 4 12;

SDPsicurl = VaPsicurl’.5;

LC = Psicurl/w2; UC = Psicurl/wl;

success = Boole[LC < Psi&&Psi < UC];

Bias = Psicurl — Psi;

myMSE = Bias"2 + VaPsicurl;

{Psicurl, SDPsicurl, Bias, myMSE, success}];
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