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1. INTRODUCTION

The statistical study of single index models have been investigated and developed by
several authors from a practical and theoretical point of view. The case of a vector explanatory
variable was studied by [19] and [20]. The single index models are very popular in the
econometric community because it respond two important preoccupations. The first concerns
dimension reduction since this type of model makes it possible to provide a solution to
the problem of the curse of dimensionality, in the sense that pure nonparametric models
are highly affected by dimensionality effects while semiparametric ideas are more appealing
candidates. The second is related to the interpretability of the index 6 introduced in these
models, for more details on refer to [8], [18] and [3] for an overview on methodological issues
on FDA. Therefore, the single functional index model accumulate the advantages of single
index model, and inherits the potential of the functional linear model in terms of applications.
The interested reader, for the semiparametric and the nonparametric functional models, may
refer [17], [24, 25], [27] and [7] for survey on the topics.

The modelization of functional data, has been developed intensively. The motivation of
such statistical analysis is justified by the recent technological development of the measuring
instruments that offers the opportunity to observe phenomena in an increasingly accurate way,
but this accuracy obviously generates a large amount of data observed over a finer grid, which
can be considered as observations varying over a continuum. The most theoretical results
are obtained under independence condition. However, in practice, it is rarely that we have
an independent identically distributed observations of functional nature. The functional time
series presents the more realistic situation. Thus it is really crucial to study the functional
statistical models when the usual independence condition on the statistical sample is relaxed.
In this paper, we consider the problem of the nonparametric estimation of the regression
function in single functional index model when the data are weakly dependant.

Usually the dependence structure is modelled with the strong mixing hypothesis, in
this paper we focus in some more general correlation, that is the quasi-associated condition.
The latter has been introduced for real valued random fields by [5], which generalizes the
positively associated variables introduced in [13].

From practical point of view, this kind of data has great importance in practice, in
particular, in reliability theory, mathematical physics and in percolation theory (see, for in-
stance, [28]) for more discussion on the practical interest of these random variables. Moreover,
from the theoretical point of view, the concept of quasi-association correlation can be viewed
as a particular case of the weak dependence condition for real-valued stochastic processes
introduced by [12] which allows treating the mixing condition and association correlation in
a unified approach.

Noting that the single index model is a semi-parametric regression model, thus, it couples
the advantages of both parametric and nonparametric regression models. Because of these
advantages, it has received an increasing amount of attention in the nonparametric regression
literature. Key references on this topic in multivariate statistic are [21] and [20] for previous
results and [30] for more recent advances and references.
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However, in the literature of functional statistic, the single functional index model is
strictly limited in the case where the data is functional (a curve). The first result in this
context, was given by [15]. They obtained the almost complete convergence of the regression
function r(-) in the independent and identically distributed (i.i.d.) case. The generalization
of this result to the dependent case has been studied by [26]. [29] uses a Bayesian method
to estimate the bandwidths in the kernel form error density and regression function, under
an autoregressive error structure, and according to empirical studies, the author considered
that the single functional index model gives improved estimation and prediction accuracies
compared to any nonparametric functional regression considered. [27] have proposed a new
automatic and location-adaptive procedure for estimating regression in a Functional Single-
Index Model (FSIM) based on k-Nearest Neighbours ideas. Motivated by the analysis of
imaging data, [23] proposed a novel functional varying-coefficient single-index model to carry
out the regression analysis of functional response data on a set of covariates of interest.
This method represents a new extension of varying-coefficient single-index models for scalar
responses collected from cross-sectional and longitudinal studies. By simulation and real data
analysis, the authors demonstrated the advantages of the proposed estimate. [31] have consid-
ered the problem of predicting the real-valued response variable using explanatory variables
containing both multivariate random variable and random curve. The authors considered the
functional partial linear single-index model in order to treat the multivariate random variable
as linear part and the random curve as functional single-index part, respectively.

The concept of quasi-association for random variables taking its values in a Hilbert space
has been investigated by [10], and obtained some limit theorems for this type of variables.
More recently, [11] studied the asymptotic normality of regression function under quasi-
associated data when the explanatory variable takes its values in a Hilbert space.

The main purpose of the present paper is to establish the asymptotic properties of
the estimator 7y(-), when the variables are functional quasi-associated and in single index
structure, such as the almost complete convergence rates. Furthermore, the asymptotic dis-
tribution is obtained under some mild conditions.

We point out that the mixing and the association concern two distinct classes of pro-
cesses but not disjoint and offer two complementary approaches to study the dependence.
Moreover, the functional quasi-associated data analysis has great importance in various
domains such as the reliability theory or the statistical mechanics. Furthermore, it should be
noted that the dependence condition considered here allow to avoid the widely used strong
mixing condition which is very easy to verified in practice.

The rest of this work is organized as follows. In Section 2, we describe the single index
regression model for functional data and in the quasi-associated framework, the next section is
devoted to the introduction of the notation and hypotheses needed to state our main results.
In Section 4, we will establish our main results of the almost complete convergence of the
kernel estimators and the asymptotic normality under non restrictive conditions. In Section
5.2, we discuss the impact of our contribution in practice application of our results for the
construction of the confidence interval. In Section 6 we perform a short simulation study to
show that our proposed model works well for finite samples. To avoid interrupting the flow
of the presentation, all mathematical developments are relegated to the Section 7.
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2. MODEL AND ESTIMATOR

We start by giving a definition of quasi-association adapted to the functional framework.
In the real valued random fields, [5] define the quasi-association dependence in the Definition
2.1 and it adapted to functional random variables in the Definition 2.2 given in [10] as follows.

Definition 2.1. A sequence (Xp)nen of r.v.’s is said to be quasi-associated, if for
any disjoint subsets I and J of N and all bounded Lipschitz functions fi: R/l — R and
f2: RVl — R satisfying:

(2.1) )COV<f1(Xia ie€l), f2(X;, 7€ J))‘ < Lip(f1) Lip(f2) > > |Cov(Xi, X;)| ,

iel jeJ

where |I| denotes cardinality of a finite set I, and the Lipschitz of a function f(-) is defined
by

Lin() — sup @) =S|

n
w2y |1z —ylh 7 T kE—:l

Definition 2.2. A sequence (X;);en of r.v.’s taking values in a Hilbert space H is
called quasi-associated relative to an orthonormal basis {e,: p>1} of H, if for any p > 1,
((Xise1), ..., (Xi, ep));cy 18 @ sequence of random vectors quasi-associates.

Now, we consider a sequence of quasi-associated random variables {(X;,Y;)}ien iden-
tically distributed as (X,Y’), which are valued in H xR, where H is a separable real Hilbert
space with inner product (-,-) and a orthonormal basis {e,: p>1}. We consider the semi-
metric dy(-, -) associated to the single-index 6 € H defined by Vu,v € H:

do(u,v) := |(0,u—v)|.

The purpose of this paper is to study the estimation of the nonparametric regression of Y
given (A, X') structure, denoted by

Such structure suppose that the explanation of Y from X is done through an fixed functional
index 6 in ©. Now, we suppose that exists a § € © C H where the observations (X;, Y;)i=1,..n
are related by the following relation:

(2.3) Y =r((0, X))+, Vi=1,..,n,

where 7(-) is a real function, and for i =1,...,n, &; is a real random variable such that
E(ei | Xi) = 0. We consider that the single functional index model is identifiable, i.e., if the
regression function is differentiable and if (0,e;) = 1, where e; is the first element of an
orthonormal basis of H. Then, if r1((01,z)) = r2((f2, x)) implies that ry = ry and 6; = 6s.
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This hypothesis that we consider is demonstrated by [15] once we have the differentiability of
the regression operator 7(-). For more details on the problem of identifiability of the single
functional index model, one can refer to the last reference. The kernel estimator 74(-) of
regression operator rg(-) = r({(f, -)) is defined by

> YiKi(x)
(2.4) Pon(w) = S—
> Ki(z)
=1

where K;(z) == K (W) is the kernel function and h,, is the bandwidth parameter de-

creases to zero as n goes to infinity.

, forall =z € H,

3. ASSUMPTIONS AND NOTATION

In the sequel, we will denote by C' and/or C’ some strictly positive constants and by
A the covariance coefficient defined as:

Ap = sup Z i

>r
= i—j|>s

where

Nij = ) _[Cov(XF, XD+ |Cov(XF,Y))| + D |Cov(V;, X})| + [Cov(V, Y5)

k>11>1 k>1 1>1

)

with X? := (X;,e,). In our analysis, we shall assume the following assumptions:

(H1) Let Ei(x) := (8, —X;) so that E;(x) is a real-valued random variable,
Go(w,hn) = B(|Ex(x)| <hy) > 0,
and Gy(z, -) is differentiable at 0.

(H2) The random pair {(Xj,Y;), ¢ € N} is quasi-associated such that:

(i) The covariance coefficient satisfies
A < Ce™  for some a >0, C>0;
(ii) The process (X;); satisfies
max{P(|E] < hu, |8 <o) } o= () > 0,

where 1),(x, -) is differentiable at 0;

(iii) The response observations (Y;); are such that, almost surely

Vi£j E([VYj]]X;,X;) <C < oo
and E([Y]P|X=2) <C <oo for p>4.
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(Hs) For all u,v € H we have

}rg(u) - rg(v)| < C’|<9,u—v>’6, for certain (> 0.

(H4) The kernel K(-) is a Lipschitzian function on [0, 1] such that

C]]-[O,l](t) < K(t) < C/]]-[O,l](t) .

(Hs) There exists a sequence of positive real numbers §,, such that
- —4)/2
(52 2Xép )/ p(x’hn) N 07

an;p < 00,
n

where X, (x,hy) = max (v (z,hy), G3(2,hy)) and p is given in (Hy).

Some comments on the assumptions

All the assumptions are standard in this context of semiparametric functional data
analysis. The concentration property of the explanatory variable in small balls under single
index topological structure is defined in the assumption (H;). The quasi-association features
of the underlying functional time series is explored through the condition (Hs). It covers the
three fundamental aspects of the considered process. The correlation’s level of the data is
quantified by the geometric form of the covariance coefficient g, while the local dependency
of the data is expressed by the function 1,(x,h,) allowing to emphasize the functional com-
ponent of the time series (X;);. It should be noted that the conditional moments integrability
in (Hy)(iii) is usual in the regression data analysis. It was used by [16] for the nonparametric
case and by [1] in the single functional index case. It is less restrictive than the exponential
version assumed by [10]. Finally, let us mention that the hypothesis (Hs) is used to control
the regularity condition of the link function with respect the single index. This kind of as-
sumption is needed to evaluate the bias in the asymptotic results of this paper, while the
conditions (Hy) and (Hs) are classical technical assumptions in NFDA.
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4. MAIN RESULTS

4.1. The almost consistency

Our aim is to establish the almost complete convergence (a.co.)! of 7y(x) to re(z),
and the main result is given by the following theorem.

Theorem 4.1. Under the assumptions (H;)—(Hs), we have, as n — oo,

1/2

. Xg (%,hy) logn
4.1 — = Oaco.| W2 0
( ) TG,n(x) T@(m) Oa.co. n T nGg(SL',hn)
Let
42)  Fpolr) = — zn:K-(:c) and  Tpy(z) = — b zn:Y-K(x)
. 0,0 = nEKl(iﬁ) - i 0,1 = nEK1($) - RN .

Let us consider the following decomposition:

~ . ;‘\9,1(%’) -
Ton(x) —To(2) = Foo(@) o(z)
1 = = R ro(x) .
= 5 [(mg(z) —E(7p1)) — (ro(z) — E(Teg))} - ?:0(:5) (To,0 — 1)
= s [(F01(0) ~ Faale) + Gale) - BGu)]
+ ?e,ol(x) [(E(?Q,Q(Cﬂ)) —E(7p,1)) — (ro(z) — E(?eg))} - ?7;90(2) (Fo0 — 1),
where
(4.3) Faa(a) = m S ViKi().
=1

The real variable Y response is not necessarily bounded. For this, we introduce the truncated
random variable Y, defined by Y; = Y; 1{}y;<s,}- The proof of the Theorem 4.1 is based on
the following Lemmas.

!We say that the sequence (0,,), converges a.co. to zero, if and only if

v1>0, Z]P’(|@n|>’r)<oo.

n>1

Furthermore, we say that ©, = Oa.co.(0r) if there exists 7o > 0 such that

ZP(IG"‘ >7'09n) < 00.

n>1
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Lemma 4.1 (See [22]). Let Xy, ..., X,, be real random variables such that EX; =0
and IP’(|XZ-| < M) =1, foralli=1,...,n and some M < co. Let

n
0721 = Var (Z Xz-> .
i=1
Assume, furthermore, that there exist K <oo and (3>0 such that, for all u-tuplets (s1, ..., Sy)
and all v-tuplets (t1,...,t,) with 1 <s; <--- <3, <t; <--- <t, <n, the following inequality

is fulfilled:

‘COV(XSl...Xsu, th"‘Xtu) < K2 )\ futv—2 Ue*ﬁ(tl*Su) ]

t2/2
A, + B3 ts

Lemma 4.2. Under the assumptions (H;)—(Hs), we have, as n — oo,

Then,

>

=1

for A, <02 and

xéﬂ(m,hn) logn

(4.4) [7o.2(2) = B[o2)| = Ouco.| \| = et 5

Lemma 4.3. Under the assumptions (H;), (H2)(i,ii)—(Hs), we have, as n — oo,

xfl/Q(w,hn) logn

4. T — 1| = Oa.co.
( 5) ’rg,o(‘r) ‘ O . nGg(iU,hn)

Lemma 4.4. Under the assumptions of Lemma 4.3, we have, as n — oo,

n
(4.6) dn >0 such that Z P(}?gp(x)} < 77) < 00.
i=1

Lemma 4.5. Under the assumptions (Hy), (H4)—(Hs), we have, as n — oo,

(4.7) |ro(x) — E(7g1)| = O(hS).

Lemma 4.6. Under the assumptions (H;), (Hz)—(Hs), we have, as n — oo,

Xy > (2, ) log

nGg(a:,hn)

(4.8) |E(T9,2) — E(Fo,1)| = O

Lemma 4.7. Under the assumptions (Hy), (Hg)(iii)—(Hs), we have, as n — oo,

Xg (@, hy) logn
nG2(x,hy)

(49) ’?9,1('%) - ?9,2(1‘)‘ = Oa.co.
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4.2. The asymptotic normality

Now, we study the asymptotic normality of 7p(x). To do that, we assume that the
function
QOQ(I‘) = E(YVE | <9,X1:Z>) ) S H7

exists and is uniformly continuous in some neighborhood of z. Moreover, we modify slightly
the assumptions (H;), (Hy) and (Hf) is required:

(H}) The concentration property (H;) holds. Moreover, there exists a function (3,(-)
such that
Vselo,1], hlirno Go(z,8hy)/Go(z,hy) = Bu(s).

(H)) The kernel K(-) satisfies (H3) and is a differentiable function on ]0,1[ with
derivative K'(+) such that —oo < C < K'(-) < C' < 0.
(Hy) There exists a sequence of positive real numbers 7, such that

Yn XQ(xahn) - 07

n3/2 XZ/P—Z(x’hn) 0.

Theorem 4.2. Under the assumptions (H})—(Hs), (Hs), (H}), (Hf) and if
nh2 Gy(z,hy) — 0,

we have, for all x € A,

(4.10) 1 Go(2,hn) (Fon(z) —ro(z)) =2 N(0,03(x)), as n— oo,
where )
o) = 2P ZTO),
1
with
1 .
B = —/ (K7)(s) Bx(s) ds, for 7=1,2,
0
and

A:{:IZEHto'g(fL’);éO}.

We can use the same decomposition as in the proof of Theorem 4.1, where §,, is replaced
by vy, in Tp2(x). Observe that the consistency of 7o to 1 is shown in Lemma 4.3 and, under
the consideration n h2’ Gy (x,hyn) — 0, we get

vnGy(z,hy) (T@(l‘) —E(?g,l)) — 0.

D e e
— denotes the convergence in distribution.

2
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Moreover, by straightforward modification of the proofs of Lemmas 4.7 and 4.6, we obtain,
under (Hj),

vnGo(z,hy) ’?971(30) - ?972(1‘)‘ — 0,  in probability,

and

VnGo(z,hy) (E(?Q}Q) — E(?g,l)) — 0.

So, all it remains to show is the following intermediate lemma.

Lemma 4.8. Under the hypotheses of Theorem 4.2, we have, as n — 00,

(4.11) nGy(z,hy,) (%,2(93) —ro(z) Too(x) — E(To2(z) — ro(x) ?a,o(x))) L, N(0,03(x)).

5. DISCUSSION AND APPLICATIONS

5.1. On the weak functional time series data analysis

The functional time series data analysis is one of the most important subject in func-
tional data analysis (FDA). It is motivated by the rarity of the independent identically dis-
tributed observations functional observations in practice. The functional time series presents
the more realistic situation. At this stage, the most of the existing studies on functional
dependent data are developed under mixing assumption, namely, strong mixing framework.
However, in this contribution, we investigate functional semiparametric regression under weak
dependency condition of the quasi-associated correlation. From theoretical point of view this
consideration allows to increase the scope of application of the proposed functional model.
Indeed, it is well known that the mixing conditions are very hard to check and there exists
lot of usual process fail to verify the mixing assumption. [4] have listed a numerous process,
we quote, for instance, Bernoulli shifts class, Markov processes driven by discrete innovations
and the AR(1) process with p < 1/2 and Bernoulli innovation among others. Thus we can
say that the important feature of our study is to analyse the functional time series data
without the mixing assumption. In addition we point out that our study generalize also the
classical association (negative or positive). Thus the quasi-associated functional time series
data is sufficiently weak to cover a large class of weak functional time series data. Finally,
let us precise that our theoretical development explore the dependence structure of the data
through the convergence rate. The latter contains the additional x,(z,h,) that is control the
local dependency of the data. It is clear that this dependency condition impact significantly
the convergence rate of the estimator compared to the independent situation. Of course the
independent case is more fast than the dependent one.



Single index regression model for functional quasi-associated time series data 615

5.2. Application to the confidence intervals

The purpose of a confidence interval is to supplement the functional estimate at a point
with information about the uncertainty in this estimate. It is a direct application of the
Central Limit Theorem (CLT). In order to provide a confidence interval for the regression
function in single functional model, we need first to propose a consistent estimator of the
variance ag (). A natural consistent estimator of this variance is obtained by estimating the
parameters involved in this quantity such as (3;);=12 and @g(-). A natural estimator of f3; is

A‘ . 1 " : (9,.1‘—Xi> -
(5.1) B; = RYCRENS ;KJ (hn > j=1,2,

while the Nadaraya—Waston type estimator ¢(-) is

— o (B —X)
(5.2) san(:c):;fl K< " >

()

Consequently, by combining the Equations (5.1), (5.2) with the definition of 7, (z) consis-

tent estimator of 03(z) denoted by 3(z), it follows that the asymptotic confidence band at
asymptotic level 1 — « for r9(x) is

63 (e & Uy_s (asm)?

55 (@)
TLGQ(CB,h)
The latter will be removed by a simple manipulation.

Let us note the ( ) is essay to compute and does not require the estimation of Gy(x,h).

5.3. On the applicability of the SFIM

From theoretical point of view, it is well known that the single index model is one of the
most important additive models used to improve the convergence rate of the nonparametric
approach. This model keeps this feature in functional statistics. However, the applicability of
this model in practice requires an additional works that is the determination of the functional
index € and the smoothing parameter h which are often unknown in practice. This issue has
been widely addressed in the nonfunctional case, but, remains not fully explored in the
functional statistics. The readers interested by this topics can refer to [29] and the references
therein (for recent advances in this topic). Thus, the estimation of the functional index
and/or the bandwidth h,, in the quasi-associated functional time series case is an important
prospect of the present contribution. As preliminary step, we present in this paragraph
some selector rules compatible with our context of the functional time series data analysis.
The first one is the Least Squares Cross-Validation (LSCV) rule, defined by

o~ I . 9
(5.4) (6,h) = argmin — > (Y- Fph(X0)7
0cO
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where 7, is the leave-one-out estimator of 7 ,,. This kind of cross-validation is widely used
in the n(;nparametric prediction problems to select the bandwidth parameter in the kernel
smoothing. It was popularized in semi-parametric functional data analysis by [1]. The second
one is the Maximum Likelihood Cross-Validation (MLCV) rule, expressed by

o 12 ~ .
(5.5) (6,7) = argmin — Y "log f(Vi |7, (X)),
hn€H, T ’
6cO

~

where f(-|-) is the estimator of the conditional density of Y given (f, X). This criterion can
be viewed as generalization of the rule (5.4) when the conditional distribution is Gaussian.
Of course in practice we must optimize these rule over finite subset © of index. Similarly to [1],
we propose to select the optimal index from the following subset:

k

© =0, = {(9 €H, 6 :Zciei, 6] =1, and 3j € [1, k] such that (6, e;) > O} ,
i=1

where (e;);=1,... is finite basis functions of the Hilbert subspace spanned by the covariates

(X;); and (¢;); some real calibrated constants allowing to insure the identifiability of the

model. The common way is to choose the (¢;); with calibration from the subset {—1,0,1}.

Finally let us point both rules (5.4) and (5.5) we can take H,, as the subsets of the p-quantiles
of the vector distance D = D;; = || X; — X

6. A SIMULATION STUDY

This section is devoted to some simulation experiments allowing to highlight the finite sam-
ple performance of the proposed SFIM-regression in different situations. This empirical study
has two main purposes: The first one is to show the easy implantation of the SFIM in practice
and the second one is to control the effect of the principal settings of the study (such as, the
dependence’s level, the type of the functional index, the smoothing degree of the link func-
tions and the nature of the conditional distribution) in the efficiency of this functional model.
For these objects, we simulate a functional time series data using the following SFIM equation:

(6.1) Yi=r{0,X:))+e¢  for i=1,..,n=150,

where the ¢;’s are generated independently according to a normal distribution N (0,1). The
functional regressors are generated by the following formula:

Xi(t) = cos(W;t) + sin(W; +t) + .2(Wjt), te€|[—m, +7],

and W, is selected random variable. Three levels of dependency are considered that are
independent, quasi-associated (weak-dependency) and a-mixing (strong dependency). For
the independent case, we take (W;); as sample of AN(0,1). The quasi-associated case is
carried out by generating the process (W;); as non-strong mixing autoregressive of order 1.
It obtained by taking the coefficient of the autoregressive p = 0.1 and the innovation random
variable as Binom(10,0.25). It is shown in [6] that this kind of process fails to satisfy the
a-mixing assumption. However, this process is quasi-associated because it can be treated
as linear process with positive coefficients. Concerning the strong dependency, we drown W
from an autoregressive of order 1 with p = 0.75 and the x,(4) as innovation random variable.
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The strong mixing property of this kind of process has been proved by [2]. The following
Figure 1 shows the shape of n =150 curves X;’s for three situations (independent, quasi-
associated and strong dependency). The curves are discretized in the same grid formed by
100 points [—, ].

Independent case

-1.0 05 2.0

0 20 40 60 80 100

Time

Weak dependence

1
I I |

Time

Strong dependence

Time

Figure 1: The shape of the regressors in the three cases.

In the first illustration, we control the effect of the degree of dependency on the pre-
diction’s quality using the single functional index regression. For this goal, we generate the
scalar response Y; by taking r1(x) = 3log(1+ x?) as link function and ; = e; is the first ele-
ment of the Karhunen—Loeve basis functions. Explicitly #; is the eigenfunction associated to
the first eigenvalue of the covariance operator of the process (X;);. It is eligible functionals
index because it belongs in the same Hilbert subspace of the functional variable and is an
element of ©,, (see the previous section).

Undoubtedly, the easy implementation of any statistical approach in practice is closely
linked to the flexibility of the choice of parameters involved in this approach. At this stage
the bandwidth parameter h, and the functional index 6 are the principal parameters of
the estimator. In this first illustration, we use the least squares cross-validation rule (5.4)
described in the previous section to determine #. The mentioned rule is optimized over O,
associated to the Karhunen-Loeve basis functions (for k = 5). For sake of brevity, we use the
default smoothing parameter h,, of R-package fda.usc and quadratic kernel on (0, 1).
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The obtained results are given in the Figure 2. The latter gives a global overview
on the behaviours of SFIM-predictor with respect the dependence’s level. In this figure we
plot the true values (Y;); versus the predicted values for the three situations (independent,
quasi-associated and strong dependency).

Independent case Weak dependence Strong dependence
Te] v -
©
g g ¥ g
=) > > ©
E El E
kel ® ke [Se it kel
2 2 2
% % g
a a N &
[aV)
o o 4 S ()
I I I I I I I I I I I I I
01 2 3 45 6 01 23 456 2 4 6 8 10 12
True values True values True values

Figure 2: The SFIM-prediction results.

The results are not surprising. The SFIM-predictor has a satisfactory degree of perfor-
mance. However, its behavior is strongly affected by the correlation of the data. The quality
of prediction decreases with the degree of the dependency. The performance of the prediction
procedures is tested by comparing the Mean Square Prediction Error defined by:

150
1

2 ~
MSPE = = 1 (y - ?gm(Xi)) , 0y being the optimizer of (5.4).
-

For this first illustration, we have obtained 0.23 for the independent against 0.92 for the
quasi-associated and 1.78 for the strong mixing case.

Now, in order to give comprehensive empirical analysis for this semi-parametric model,
we examine, in this second illustration, the impact of the other characteristics (the type of the
functional index, the smoothing degree of the link functions and the nature of the conditional
distribution) on the SFIM-prediction. More precisely, we compare two link functions (smooth
and unsmooth (discontinuous in some points)), two functional indexes (eligible and ineligible)
and two conditional distributions (Gaussian and non-Gaussian). This comparison will be
carried out for the three previous dependence situations (independent, quasi-associated
and strong mixing). We keep the data of the first illustration as perfect situation of the
SFIM-prediction (eligible index, smooth link function and Gaussian conditional distribution).
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Now, for the other situations, we follow the same algorithm of the first illustration to generate
the output observations (Y;);. To do that, we simulate with an arbitrary functional index
expressed by the normalised function

02(t) = 0.15¢ sin(t)

and the link function
ro(x) = ri(x) Ly 5 — ri(2) L1 5 -

The last factor of SFIM-prediction is the conditional distribution of ¥ given X. The latter is
explicitly given by the distribution of ¢; shifted by ({6, z)). For this second illustration, we
generate the white noise ¢; from normal mixture distribution (0.75) N(0,1) + 0.25 N(.5,2).
To quantify the impact of the conditional distribution on the SFIM-prediction we compare the
two selector rules of the functional index (5.4) and (5.5). Of course both rules coincide when
the conditional distribution is Gaussian. Finally, we point out that we have used the same
kernel and the same bandwidth as in the first illustration and the conditional distribution
in the rule (5.5) is computed by the routine npcdist in the R-package np. The results on
this comparison study are presented in Table 1. It contains the MSPE for the six scenarios
mentioned before.

Table 1: Comparison of the MSPE errors of the SFIM-prediction.

Dependency Conditional SFIM CV-rule
case distribution Index Function LSCV MLCV
Eligible Smooth 0.23 0.24
Gaussi Ineligible Smooth 0.71 0.76

aussian O . .
Eligible Discontinuous 0.57 0.64
Ineligible Discontinuous 1.23 1.36
Independent

Eligible Smooth 0.41 0.33
Ineligible Smooth 0.93 0.67

Normal Mixture - . .
Eligible Discontinuous 0.79 0.62

Ineligible Discontinuous 1.56 0.95

Eligible Smooth 0.92 0.97
Ineligible Smooth 1.62 1.71
Eligible Discontinuous 1.27 1.29
Ineligible Discontinuous 2.09 2.14

Gaussian

Quasi-associated

Eligible Smooth 1.18 0.97
Ineligible Smooth 1.54 1.18
Eligible Discontinuous 1.41 1.07
Ineligible Discontinuous 2.14 1.92

Normal Mixture

Eligible Smooth 1.78 1.88
Ineligible Smooth 2.23 2.34
Eligible Discontinuous 2.17 2.25
Ineligible Discontinuous 2.57 2.59

Gaussian

Strong mixing
Eligible Smooth 1.93 1.57
Ineligible Smooth 2.37 2.05
Eligible Discontinuous 2.18 1.93
Ineligible Discontinuous 2.68 2.15

Normal Mixture
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The simulation results of Table 1 show that the prediction is strongly affected by the
different features of the data (dependence degree) as well as the model (the smoothing prop-
erty of the link function). This statement incorporates the theoretical result that relates the
convergence rate of the estimator to the correlation of the data and the regularity assumption
of the model. In addition the choice of the functional index impact also the performance of
the prediction by the SFIM. In particular the two rules (5.4) and (5.5) are equivalent when
the conditional distribution is Gaussian while the selector criterion (5.5) is more adequate
for the mixture case. Overall, both criterion give a satisfactory level of accuracy even in the
critical situation when the index is illegible and the link function is discontinuous.

7. PROOFS OF THE INTERMEDIATE RESULTS

This section is devoted to the proofs of our results. The previously presented notation
continues to be used in the following.

Proof of Lemma 4.2

The proof of this lemma is based on inequality given in Lemma 4.1 on the variables

1 ~

ﬁix = ZZ—Egl y izl,...,n,
where Z; = Y; K;(z), and we have
E(A;) = 0,
~ 24
Aillse € =7 K]0,
Bl < s K]
on

Po2(x) —E(fpa(@) = > A
=1

We start by evaluating the covariance term Cov (3517 ey ﬁsu, ﬁtl, s ﬁtv), for all (s1,...,8,) € N*
and (t1,....t,) E NV with 1 <51 <+ <5, <t; <--- <, <n. If m=t; — s, =0, using the
fact that, for all p > 0,

E(KY(z)) = O(Gy(x,hn))

and under the second part of (Hz)(iii), we readily obtain

<<1>u+vE(\2 722
~ ’I’LE(K1<3:‘)) s100r gy Lty

C0n || K lloo N\ s 12 o2
< | ——————= E(Y.”K

05n u+v
< _ .
- <n Gg(x,hn)> Go(,hn)

’Cov(ﬁsl... A, Ay ... &tv)
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If m =t — s, > 0, by quasi-association of the sequence (Zn), we infer that

Sn Lip(K) V2 [ 260 1K |loe }7' 2 &n &
! <HG9($,hn)h ) nG@(JE,hn) ZZ)‘Si,t]’

i=1 j=1

Lip(K)\? b uty
u—+v
C < I > G on) (u A v) Aty —sy

. 2 u+v
Cvqu'U Llp(K) 571 v efam.
hn, n Go(z,hy,)

On the other hand, making use of the first part of the condition (Hs2)(iii) we may write

CoulE oo\ (A, A
(nGe«c,hn) 0o (B Bu)

ConlE oo\ (|g(A. A
- (nGeu,hn) (3 Bu)

C o] K loo 72 C Vo
< _— _ .
- <n Go(z,hy) n Go(z,hy,) O Xo(%:hm)

IN

‘Cov(&sl... Asu, Atl... Atu)

IN

(7.1)

IN

‘COV(&SI--- ﬁsu7 ﬁh“' 3tﬂu)

L E|R,,| E\Atlo

It follows that

. R R . 5 u+v
2 Aerin Do Ap, oA ( < ovrv 9 ).

Moreover, by multiplying a 7-power of (7.1) and (1—7)-power of (7.2) for some + < 7 < %,
we obtain an upper-bound of the covariance as follows for 1 <s1 < -+ <, <t7 <--- <t, <n:

L bn U Lip(K) )T 20-7)
‘COV(ASl...Asu,Atl...Atv)‘ < CU+U(TLG9(:L‘h)> ( II;L( )> ( Xg(:ﬂ,hn)) ve .

So, by (Hs), we have

’COV(BSl... Bsu, Atl--- Atv)

Cé, utv—2 cs, 2
= nGolz.h) N N —atm
- <nG9($,hn)> (’I”LGg(x’hn)> X€($7hn) ve s

C xy (@,hn) 6n
n Gg(x,hy)

where
Cé,

M, = ——"
n Gg(x,hy,)

and K, =

n
It remains to calculate Var (Z £z> :
i=1

Var (i 31> =
i=1
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Now, under the assumption (Hs), we obtain for the first term:

= Var(Z:) = E(VPK3 (@) — (BT Ki(2)))
< E(Y? K7 (x))
< B(K} (@) B(YZ| X))
< CE(Ki(z))
For all j > 1, we have
(7.3) E(K](z)) = O(Gg(z,hn)),

and

We readily obtain that

1 C’XI/Q(x,hn)
—_—5 1 > ———, > -
n (E(K1(:C)))2 nGj(z,hy)

For the second term, we have the following decomposition

Ty =Y Y Cov(Zi,Z;) +>. > Cov(Z,Z;) = Ji+ s,

i 0<|i—j|<un i Ji—j|>un

(7.4)

where (u,,) is a sequence of positive integer and

lim wu, = 0.
n—aoo0o

Now, under the assumptions (Hs), we have

|J1] Z Z |Cov ( 2 2 | < nuy [maX‘E )KJ(:C))‘ + (E(Kl(x)))z}

i 0<i—j|<un
< Cnuy xp(z,hy) .

Making use of the condition (Hs)(i), we infer that

5= Y ez z)] < o () s

i Ji—j|>un i |i—jl>un

IN

< CH(SQ 2 7aun

This implies that

1Tl < anZ |Cov(Zi, Z)| < C(nunxa(az,h )+ ndg hy,? *aw),
i=1 ]

Next, taking
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Observe that (Hs) insure that

X@(x,hn) log(dn) — 0,

which allows to write that

(7.5) T = o<nxé/2(x,hn)> — 0.

n 1/2
N Xo (l’,hn)
Vi Al =0 —=4—"=|.
<Z ) (nezww

The conditions of Lemma 4.1 are verified for

It follows that

o Ox@h)s, o C
" nGg(a:,hn) ’ " nGg(x,hn) ’
2
" nGhlahy)’

B 16 n K2 y1)(2E VM) On
" \94,(1 —eh) l—e? ) nGy(zhy)

So, we apply the inequality in [22] to the random variables 31 to infer that

n

REY

=1

—e2 x*(w,hn) logn
ex
PTG, Lon) )

xg > (2, ) logn
nG3(z,hy)

x¢ (2, ) logn

— P
n Gy (x, )

P ‘7:972(;6) - E(?Q,Q(x))\ > e > e

IA

where

xé/2(:v,hn)

5
(O Y[ xi (@) logn Y’
nG3(x,hy,) n G (x,hy) n G (x,hy)

Then we finally obtain that

Lg (n) =

Xéﬂ(:n,hn) logn exp —£2 logn
X
G2(x,hy - _
n Gy, fin) C+ (5% Xg 1/2($,hn) log® n)

Cy exp(—52 log(n)) .

P ?9,2(33) — E(?@g) > ¢

D=

IN

The proof is achieved by a suitable choice of €. O

Proof of Lemma 4.3

The proof of this lemma is similar to the proof of the previous Lemma 4.2. Since }/}1 =1,
it suffices to replace A; by
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Thus we obtain, under (H;)—(Hs),

Xg () ogm
n G2(x,hy)

~ logn
P -1 — | =P
<‘T07O(x) ‘ € nG@(x7hTZ) )

< Cf exp(—s2 log(n)) .

Thus the proof is complete. O

Proof of Lemma 4.4

Notice that we have
N 1 = 1
{|T9,0($)} < 2} C {!?“0,0(?5) —1] > 2},

P(\?e,o(ff)\ < ;) < P(Ve,o(fﬂ) -1 > ;) :

Under the hypothesis (H;)—(Hs) and by applying Lemma 4.3, we deduce that

> IP’<|?970($)} < ;) <y p(\a,,o(a:) —1] > ;) < .

n n

that implies that

Then, for n = %, we have Z ]P’(‘?g,g(:c)‘ < n) < 0o. Thus the proof is complete. O
n

Proof of Lemma 4.5

One can easily see that we have

’T@(l’) - E(?971(w))‘ =

—E@L”Ehmm—mmmﬁwm]<c%

This readily implies that we have
ro(x) — E(rp1) = O(hg) .

Thus the proof is complete. O
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Proof of Lemma 4.6

We first observe that we have

|E(Ty,2) — E(Tg1)| =

(Z i yis6,y Ki(x )>‘

=1

’TLEKl

E(mumaﬂ K@) (B(K()))

IN

The Hélder’s inequality allows to write that, for o = £ and § such that é + % =1,

~ ~ 1 (0% (0%
[E(Foa(@)) - B ()| < oo B L przs] VKT
1 «[ly?|] G/

co;t Ggl‘ﬁ)/ﬁ(x,hn) .

IN

Hence, we obtain from (Hs) that

xéﬂ(w,hn) logn
nGg(:E,hn)

‘E(?&?(w)) _E(?GJ(%))‘ =0

Thus the proof is complete. O

Proof of Lemma 4.7

By (Hs) and we apply the Markov’s inequality to show that, Ve > 0,

ZY1{|Y\>6 y Ki(@)| >

=1

P(m,l@;) — Falx)] > e) - IP’(nEIlﬁ( e>

nP(|Yi|>6,) < né,PE(|]Y]P) < Cné,”.

IN

Since

Zné;p < 00,

n>1

then there exists ¢y > 0, such that

(7.6) 3P| |7 z)| > i/ (,hn) logn <
. T, 1 7"9 2 €0 G(, (x,hn) oo,

n>1

which completes the proof of the lemma. O
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Proof of Lemma 4.8

n
Let us introduce the following sum .S, = Z Ly;, where
i=1

L = Wf;{[(fgi) ((2« —19(2)) Ki(w) — B( (Vi = ro(a) K,.@))) -

Therefore
Sy = /nGy(z,hn) ((?972(:5) — rp(x)) Foo(x) — E(Foa(x) — ro()) ?9,0(3;)) .
Thus, our claimed result is now
(7.7) Sn — N(0,05(z)) .
To do that, we use the basic technique of [9] for which we split S, into

Sn:Tn+T7I1+Ck7

with
k k
Tn:an and T;L:ij,
j=1 J=1
where
n
M= Lni, &= Ln, Ce= Lni,
i€l i€Jj i=k(p+q)+1
with

Ij = {(j—l)(ZH‘Q)‘f‘la (j—l)(p+Q)+p},

Jj = {(j—l)(p+q)+p+1, j(p+(J)},

and p = pn, ¢ = ¢, two sequences of natural numbers tending to oo, such that

-1 n
p=0(G, (z,hy)), g=o(p) and k—{J,
(G5 ) _
where |-| stands for the integer part. Firstly, observe that we have % — 0, and kn—p — 1,
4 — 0, which imply that 2 — 0 as n — co. Now, our asymptotic normality results are a
consequence of the following statements:

(7.8) E(T;)* + E(G)* — 0
and
(7.9) T, — N(0,05(z)).

For (7.8), we write

E(T})? = k Var(&) +2 ) [Cov(&i, &)

1<i<j<k
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and

Var(&1) < g Var(Ly1) + 2 Z |C0V(Lm, Lnj)‘ .
1<i<j<q

Similarly to (7.4), we infer that
Var(Ly1) = O(n_l) ,

which implies that
k
kq Var(L,1) = O (q

>—>O, as n — 00.
n

On the other hand, we use the same arguments as those used in (7.5) to conclude that

(7.10) k Z ‘Cov(Lm-,Lnj)} = 0(?) — 0, as n — 00.

1<i<j<q

627

Thus, the limit of the first term of E(77,)? is equal to 0. Next, by using stationarity, we can

write
k—1
> |Cov(&, &) = D (k—1)|Cov(&r, &41)
1<i<j<k =1
k—1
< kZ |Cov(&1,&14)|
=1
k—1
S k Z Z COV(Lm, Ln]) .

=1 (i,j)eJixJi41
It is clear that, for all (i, ) € Jy x Jj, we have |[i — j| > p+ 1 > p, and then

k(p+q)

Crn
Z‘COV(&’@” = knhQGQT:::h Z ZA’]
1<i<j<k i=1j |2p—i‘—q>+1

Ckpya | e
= nh2Gy(z,hy) "

C 2 —ap

——n e 0.

= Gi(z,hy) ¢ -

Finally, we get
E(T])? -0 as n— oo.

Since (n —k(p+ q)) < p, we have by the same manner

E(G)® < (n—k(p+q) Var(Ln) +2 > |Cov(Lni, Ln;)|

1<i<j<n
< pVar(Lpi) +2 Y |Cov(Lni, Lnj)|
1<i<j<n
p
< 22401
- +o(1)

Hence,
E(¢)? —0, as n— oco.
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So, it remains to proof the asymptotic normality (7.9). The proof is standard. Indeed, it is
based in the following assertions

k
(7.11) E(e" T )~ ()| -0,
j=1
and
(7'12) k Val"(ﬁl) - Ug(x) ) k E(U% 1{771>6O'9(x)}) —0
To prove (7.11), notice that
i k
E(eith:1 77j> _ HE(eit”j)
j=1
k—1
< ‘E(eitzy—l’“) —E(eitzﬁll”j) E(e™)| + E( it 35 11%) - HE( i)
j=1
k-1 . k-1 kol
(7.13) = Cov(eltzi:l i, elt"’“)‘ + IE( 35 777) - HE(@””J)
j=1

and, successively, we have

k
E(eit i ﬂj) — H E(eitm)
j=1

(7.14) < ’COV (eilt izt B eit"’f)

+ COV(G“Z?;% 77]" 61’&%-1)‘ 4o )COV(eitm,eitm) ]

The use of the quasi-associated propriety permits to write that

Ct? it
= TLG3 ”yn ZZAJ

i€l jels

‘ Cov (eit772 , ettm )

Applying this inequality to each term on the right-hand side of (7.14) in order to obtain

k
E(eitz?:l 77]') _ H E (')
j=1
C
= nG;va ZZ)\’J+Z ZA’J+"'+Z Z)‘M

i€l jels i€Ulp jeI3 i€jU---Ul_q jel

Observe that for every 2 <1< k—1, (i,7) € I; x I;11, we have |i — j| > g+ 1 > ¢, then

Z Z)\i,j < pAg-

iel1U---Ul 4 jeI;
Therefore, inequality (7.13) becomes

k
E(eit PO 773') _ H E(eitnj)
j=1

Ct?~2
~ nGj(x,hy)

Ct*

ko), < ————2—
PAq = nGg(x,hn)

kpe® — 0.
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Concerning (7.12), we use the same arguments as in to conclude that

lim k Var(m) = lim kpVar(Ly).

n—oo

On the other hand

Var(Lp1) = Gg((E,hn)) Var((?l—rg(x)) Kl(x)>

nE2(K(x)

It can be written as

m {E(K%(ac) (¥i = ro())”) = B[K3(@) (Vi = ro(2))* Ly o }
- m <E<K1(CU) (Y1—7g(z)) 1|Y1<7n)> :

By combining the same ideas used in the proof of Lemma 4.6 to those used by [14], we show
that

(7.15) Var(Ln) = "3:”) 4 OCL) |

Var(Lp1) =

Therefore,
kpo? k
k Var(n;) = pif(z) —|—0<f> — o3(z).

For the second part of (7.12), we use the fact that

CYnp

< Cpl|Lpi| £ —(/——,
Im| < Cp|Lnl G )

and Tchebychev inequality to get

Cyapk
KE(0F Lin>cop@)}) < Gl ) P(m1 > eop())

Crip*k  Var(m) 0 V2 p?
~ nGy(x,hy) 620'3(1') o n Go(x,hy,) ’

which completes the proof. O
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