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1. INTRODUCTION

Let &1,&2,. .., &, be n independent random variables concentrated on Z = {0, 1,2,...}
and

=1

their convolution of n independent random variables. The distribution of W, has received
special attention in the literature due to its applicability in many settings such as rare events,
the waiting time distributions, wireless communications, counts in nuclear decay, and business
situations, among many others. For large values of n, it is in practice hard to obtain the exact
distribution of W, in general, in fact, it becomes intractable if the underlying distribution
is complicated such as hyper-geometric and logarithmic series distribution, among many
others. It is therefore of interest to approximate the distribution of such W,, with some well-
known and easy to use distributions. Approximations to W, have been studied by several
authors such as, saddle point approximation (Lugannani and Rice [22] and Murakami [24]),
compound Poisson approximation (Barbour et al. [4], Serfozo [28], and Roos [25]), Poisson
approximation (Barbour et al. [7]), the centred Poisson approximation (Cekanavicius and
Vaitkus [8]), compound negative binomial approximation (Vellaisamy and Upadhye [33]),
and negative binomial approximation (Vellaisamy et al. [32] and Kumar and Upadhye [17]).
In this article, we consider Poisson and Poisson convoluted geometric approximation to W,.
Let X and Y follow Poisson and geometric distribution with parameter A and p = 1 — ¢ with
probability mass function (PMF)
e~k

(1.2) P(X =k)= o and PY =k)=¢"p, k=0,1,2,...,

respectively. Also, assume X and Y are independent. We use Stein’s method to obtain
bounds for the approximation of the law of W,, with that of X and X + Y. Stein’s method
(Stein [29]) requires identification of a Stein operator and there are several approaches to
obtain Stein operators (see Reinert [26]) such as density approach (Stein [29], Stein et al.
[30], Ley and Swan [19, 20]), generator approach (Barbour [2] and Gétze [12]), orthogonal
polynomial approach (Diaconis and Zabell [10]), and probability generating function (PGF)
approach (Upadhye et al. [31]). We use the PGF approach to obtain Stein operators.

This article is organized as follows. In Section 2, we introduce some notations to
simplify the presentation of the article. Also, we discuss some known results of Stein’s method.
In Section 3, Stein operators for W,, and X + Y are obtained as a perturbation of the Poisson
operator. In Section 4, the error bounds for X and X + Y approximation to W,, are derived
in total variation distance. In Section 5, we demonstrate the relevance of our results through
an application to the waiting time distribution of 2-runs. In Section 6, we point out some
relevant remarks.
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2. NOTATIONS AND PRELIMINARIES

Recall that W,, = > | &, where &, &2, ..., &, are n independent random variables con-
centrated on Z, . Throughout, we assume that ¢¢,, the PGF of ;, satisfies

Ue,(w) & :
(2.1) 1/’3(1”) = j;ogz‘,j—kle =: ¢, (w),

at all w € Z4. Note that this assumption is satisfied for the series (2.1) converges absolutely.
Also, one can show that the hyper-geometric and logarithmic series distribution do not satisfy
(2.1). See Yakshyavichus [34], and Kumar and Upadhye [17] for more details. Note that

Ai, for j =0,

L If& ~ Po(Xi) = gij+1 = { 0. forj > 1.

2. If fiNGe(pi) = Gij+1 zqu
3. If & ~ Bi(n,pi) = gijr1=n(=1) (p:/(1 —pi)) ™.

Next, let o and o2 be the mean and variance of W), respectively. Also, let uo and 3
denote the second and third factorial cumulant moments of W,,, respectively. Then, it can
be easily verified that

(2.2) = Zd’fl(l) Zzgl,]+1)0 = Z[Qbfz( + ¢§Z ZZ j+1) gz,j+17

=1 j=0 — i=1 j=0
n o0

Zd)s’ ZZ]QW“’ and ”3_Z¢ sz(j_l)gi,j-H-
=17=0 i=1 j=0

For more details, see Vellaisamy et al. [32], and Kumar and Upadhye [17].
Next, let H := {f|f : Z4+ — R is bounded} and

(2.3) Hg :={h € H|h(0) = 0, and h(j) = 0 for j ¢ Supp(X)}

for a random variable X and Supp(X) denotes the support of random variable X.
Now, we discuss Stein’s method which can be carried out in the following three steps.
We first identify a suitable operator Ay for a random variable X (known as Stein
operator) such that

E(Agh(X))=0, forhe H.
In the second step, we find a solution to the Stein equation
(2.4) Agh(j) = f(G) —~Ef(X), j € Zy and f € Hy

and obtain the bound for [|Ah||, where ||Ah|| = sup;ez, |AR(j)| and AR(j) = h(j + 1) — h(j)
denotes the first forward difference operator.

Finally, substitute a random variable Y for j in (2.4) and taking expectation and
supremum, the expression leads to

(2.5) dry (X,Y) := sup !Ef()?) ‘ = sup ‘E (Y)H
fen fen
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where H ={14 | AC Z;} and 14 is the indicator function of A. Equivalently, (2.5) can be
represented as

dTVX'Y Z|P (Y: )‘

For more details, we refer the reader to Barbour et al. [7], Chen et al. [9], Goldstein and
Reinert [11], and Ross [27]. For recent developments, see Barbour and Chen [3], Ley et al. [21],
Upadhye et al. [31], and references therein.

Next, it is known that a Stein operator for X ~ Po()), the Poisson random variable
with parameter A, is given by

(2.6) Axh(j) = Ah(j + 1) — jh(j), forje€Zy and h € H.
Also, from Section 5 of Barbour and Eagleson [6], the bound for the solution to the stein

equation (say hy) is given by

(2.7) |Ahs]] < for feH,he H.

I
max(1,\)’
In terms of || f||, we have the following bound

2||1]

. < ——W—
(23) Iahsl < oA

for f€H, heH.

See Section 3 of Upadhye et al. [31] for more details. Note that the condition h(0) =0 in
(2.3) is used while obtaining the bound (2.7), see Barbour and Eagleson [6] for more details.
Next, suppose we have three random variables X7, Xs, and X3 defined on some common
probability space. Define U = Ax, — Ax, then the upper bound for dry (X2, X3) can be
obtained by the following lemma which is given by Upadhye et al. [31].

Lemma 2.1 (Lemma 3.1, Upadhye et al. [31]). Let X; be a random variable with
support S, Stein operator Ax,, and hg be the solution to Stein equation (2.4) satisfying
|ARo|| < wi | fl|min(1,a™"),

where w1, o > 0. Also, let Xo be a random variable whose Stein operator can be written as
Ax, = Ax, + Uy and X3 be a random variable such that, for h € Hx, N Hx,,

[ULh|| < w2||AR|| and  [EAx,h(X3)| < e[| AR,
where wiwy < «. Then

dry(Xa, X3) < (5w1 min(1,a™!) + 2P(Xy € S¢) + 2P(X3 € SC)) ,

2(av — wiwg)

where 8¢ denote the complement of set S.
Finally, from Corollary 1.6 of Mattner and Roos [23], we have

2(1 & e
(2.9) dry (W, W, +1) < \/;<4 +) (1 —drv (& &+ 1))) :
=1

For more details about these results, we refer the reader to Barbour et al. [5], Upadhye et al.
[31], Vellaisamy et al. [32], Kumar and Upadhye [17], and references therein.
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3. STEIN OPERATOR FOR THE CONVOLUTION OF
RANDOM VARIABLES

In this section, we derive Stein operators for W,, and X 4+ Y as a perturbation of Poisson
operator which are used to obtain the main results in Section 4.

Proposition 3.1. Let &1, &, ...,&, be independent random variables satisfying (2.1)
and W, = >""" | &. Then, a Stein operator for Wy, is

Aw, h(j) = ph(j +1) = jh(j +ZZZgzk+1AhJ+Z)
=1 k=0 =1

where p is defined in (2.2).

Proof: It can be easily verified that the PGF of W,,, denoted by ¢w, , is

Yw,, (w H e, (w

as &1, &9, ...,&, are independent random variables. Differentiating with respect to w, we have

Uiy, (W) = Pw, (w Z g, (w

= Z Yw, (w) Z gijr1w’,
i=1 =0

where ¢, (-) is defined in (2.1). Using definition of the PGF, the above expression can be
expressed as

0 n J
ITRIIEED 3) ST SNREED S (33 s )
Jj=0 i=1 k=0 j=0 \i=1 k=0
where v; = P(W,, = j). Comparing the coefficients of w’, we get
noJ
Z Z'Ykgi,j—k-i-l = (J+ 141 =0.
i=1 k=0

Let h € Hyy, as defined in (2.3), then

D h(i+1)
j=0

n J
S iy - G+ mm] o

1=1 k=0

Therefore,

Z[ Zgzk+1h3+k+ 1) — jh(y )]
i=1 k=0

,]:
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Hence, a Stein operator for W, is given by

n [e.9]

(3.1) Aw, h(5) =D " gignrh(G + k+1) — jh(j).
=1 k=0

It is well known that

(3.2) h(j+k+1)=> Ah(j+1)+h(j+1).

||M»

Using (3.2) in (3.1), the proof follows. O

Proposition 3.2. Let X ~ Po(\) and Y ~ Ge(p) as defined in (1.2). Also, assume
X and Y are independent random variables. Then a Stein operator for X +Y is given by

(e 9]

k
Axsyh(j) = (A+%)h(y+1 — () + 305 ARG + ).
k

=0 [l=1

Proof: It is known that the PGF of X and Y are

Px(w) = e and - gyv(w) = 3

respectively. Then, the PGF of Z = X +Y is given by

Yz(w) = Px(w).y (w).

Differentiating with respect to w, we get

Uy = (A o) = (A4 qiqﬂ'wi)wz(m, wl < g

Let 4; = P(Z = j) be the PMF of Z. Then, using definition of the PGF, we have

oo
Y G+ D) = /\Z%w] +Zq’“wj Z%w
J=0 J=0 J=0 k=0

This implies

o] 00 J
Z 7+ D’ — )\Z%w’ Z (Z ¢ k“) =0.
Jj=0 j=0

Collecting the coefficients of w?, we get

J
G+ D =25 — Y wd " =0
k=0

Let h € Hy as defined in (2.3), then
J

> b+ 1) My = G+ D+ Y G = 0.
§=0 k=0
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Further simplification leads to

> MG+ 1) = () + 3 d G+ R+ )] 5 =0
§=0 k=0
Therefore,
Ax+yh(§) = Ah(G +1) = jh(j) + Y ¢ +k +1).
k=0
Using (3.2), the proof follows. O

4. APPROXIMATION RESULTS

In this section, we derive an error bound for the Poisson and Poisson convoluted
geometric approximation to W,,. The following theorem gives the bound for Poisson, with
parameter p, approximation.

Theorem 4.1. Let &1,&,...,&, be independent random variables satisfying (2.1)
and W, =>"" | &. Then
|2l
dry(W,, X) < ——=—
TV( 3] ) - maX(17/,L)7
where X ~ Po(u).

Proof: From Proposition 3.1, a Stein operator for W, is given by

n oo k
Aw, h(j) = ph(G +1) = () + Y Y Y gikr1Ar(G +1)
i=1 k=0 I=1
= Axh(j) + Uw, h(5),

where A x is a Stein operator for X as discussed in (2.6). Observe that Ay, is a Stein operator
for W, which can be seen as a perturbation of Poisson operator. Now, for h € Hy N Hyy,,,
taking expectation of perturbed operator Uy, with respect to W, and using (2.7), the result
follows. m

Next, we derive Z = X + Y approximation to W,,, where X ~ Po(\) and Y ~ Ge(p),

by matching first two moments, that is, E(Z) = E(W,,) and Var(Z) = Var(W,,) which give
the following choice of parameters

1
(4.1) A=p—+/oc2—pu and p=

14+ o2 —p

Theorem 4.2. Let &,&,...,&, be independent random variables satisfying (2.1)
and the mean and variance of Wy, = Y1, & satisfying (4.1). Also, assume that 0® > p and
ps —2(q/p)° ‘ (1+ 2 (T —drv(&,&+1)))

A > 2(q/p)?. Then
- (A 2(a/p)?) max(1,)

where Z = X +Y, X ~ Po()\) and Y ~ Ge(p).

~1/2

dTV(Wna Z)
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Remark 4.1. Note that, in Theorem 4.2, the choice of parameters are valid as

1
,u:)\+g>g:\/02—,u and p=——— <1,
p p

1++/o?—p

since 02 > .

Proof of Theorem 4.2: From (3.1), the Stein operator for W,, is given by

Aw, h(§) =D gik1h(G +k + 1) — jh(4).
i=1 k=0

Using (3.2), with >0 | >°7° 5 gik+1 = E(W,,) = E(Z) = A+ ¢/p, we get

oo k
Aw, h(j) = (/\+ )h(j+1 ) — jh(j Zqu+1Ahj+l)
01=1
oo k
+ZZZsz+1Ah3+l > d"MARG )
i=1 k=0 I=1 k=0 I=1

= Azh(j) + Uw, h(j).

This is a Stein operator for W,, which can be seen as perturbation of Z = X 4+ Y operator,
obtained in Proposition 3.2. Now, consider

oo k oo k
(4.2) Uy, (] ZZ DGk ARG D) =Y > ARG+ ).
=1 k=0 I=1 k=0 l=1

We know that l
-1

Ah(j+1) =Y A’h(j +m) + Ah(j +1).
m=1
Substituting in (4.2) and using Var(Z) = Var(W,,) with > " | 32 [ gi k41 = E(W,,) =E(Z) =
A+ q/p, we have

n oo k I-1 oo k I-1
U, h() =D D D giera ARG +m) =Y D> FFAK( +m).
i=1 k=0 I=1 m—1 k=0 I=1 m=1

Now, taking expectation with respect to W,,, we get

j=0 i=1 k=0 =1 m=1
oo k I-1
=30 ARG 4+ m) | PIW, = ]
k=0 [=1 m=1
Therefore,
|E [Uw, A(Wo)]| < 2dy (W, Woy + D[ AR 0 ( 5 )gz‘,k+1 3 ( ; ) ki1
i=1 k=0 k=0
3

< dpyv (Wi, Wi + 1)|| AR |u3 _2;’73 :
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Using (2.9), we have

n —-1/2 -

2 (1 7
4 )E h n‘< Ah\/> 1 — dpy (&, & + 1 Y
(4.3) (U, h(Wn)]| < [|AR] 7T<4+ZZ;( v (& i + ))) 13 p3‘
From Proposition 3.2, we have

¢

(4.4) [yl < 5| AR.
Using (2.8), (4.3), and (4.4) with Lemma 2.1, the proof follows. O

5. AN APPLICATION TO THE WAITING TIME DISTRIBUTION
OF 2-RUNS

The concept of runs and patterns is well-known in the literature due to its applicability
in many real-life applications such as reliability theory, machine maintenance, statistical
testing, and quality control, among many others. In this section, we consider the set up
discussed by Hirano [13] and generalized by Huang and Tsai [15] as follows:

Let N denote the number of two consecutive successes in n Bernoulli trials with success
probability p. Then, Huang and Tsai [15] (with k1 = 0 and k2 = 2 in their notation) have
shown that the waiting time for n-th occurrence of 2-runs can be written as the sum of n
independent and identical distributed (iid) random variables, say Uy, Us, . .., Uy, concentrated
on {2,3,...}. Here Uj; is 2 plus the number of trials between the (j — 1)-th and j-th occurrence
of 2-runs. The PGF of U; is given by

pZE

)= ——
¢U() 1——t4—p2ﬁV

where U is the iid copy of U;, i = 1,2,...,n (see Hung and Tsai [15] for more details).
Now, let V; = U; — 2 concentrated on Z;. Then, Kumar and Upadhye [17] have given
the PGF of V; and which is given by

9 o [li/2] ,. 00
p j—7 . )
sz(t) =T _ 2.0 — E E (_1)£p2(£+1) t) = E gi,j-i—lt],
1—t+p4t ; l ’
7=0 =0 7=0
where g; j11 = le:/gJ (jze) (—1)Ep2(£+1), foreachi =1,2,...,n. For more details, we refer the

reader to Huang and Tsai [15], Kumar and Upadhye [17], and Balakrishnan and Koutras [1],
and references therein.

Now, let W5 = Z?:l V; then Wj, denotes the number of failures before a'® occurrence
of 2-runs. Therefore, from Theorem 4.1, we have

|22
dry (Wa, Po < —=
TV( ny (H)) — maX(]_,,LL)’
where = ﬁz;’io Gij+1 and po = ﬁZ;’iO J9ij+1- In a similar manner, from Theorem 4.2,
we can also obtain the bound for the Poisson convoluted geometric approximation. For more
details, we refer the reader to Section 4 of Kumar and Upadhye [17].
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6. CONCLUDING REMARKS

1.

2.

Note that, if & ~ Po(\;), i =1,2,...,n then dry(W,, X) = 0 in Theorem 4.1, as
expected.

If & ~ Po(\) and & ~ Ge(p), for i = 1,2, and Wa = & + & then dpy (W2, Z) =0
in Theorem 4.2, as expected.

The bounds obtained in Theorems 4.1 and 4.2 are either comparable to or im-

provement over the existing bounds available in the literature. In particular, some
comparison can be seen as follows:

(a) If & ~ Ber(p;), fori =1,2,...,n then, from Theorem 4.1, we have

1 =L,
W P P — £
dTV( ns O(M)) = ax(l, /.L) ;:1 Y23

where =" | p;. The above bound is same as given by Barbour et al. [7]
and is an improvement over the bound dpy (Wi, Po(u)) < 3°% | p? given by
Khintchine [16] and Le Cam [18].

(b) If & ~ Ge(pi), i =1,2,...,n then, from Theorem 4.1, we have
1 (@)
v (Wa, X) < Sy 2 ()
This bound is an improvement over negative binomial approximation given
by Kumar and Upadhye [17] in Corollary 3.1.
(c) If& ~ NB(ag,pi), i =1,2,...,n then, from Theorems 4.1, we have

n

(6.1) dry (W, Po(n)) < 1)2% <q>2

max (1, p pa

where y1 = > ) % Vellaisamy and Upadhye [33] obtained bound for ,, =
>, & and is given by

. 1 N qig?
6.2 dry (Sp, Po(\)) < min | 1, L.
62) v (S o)) < min (1) 5%

where A =>"" | a;¢; = og. Under identical set up with o =5 and various
values of n and ¢, the numerical comparison of (6.1) and (6.2) as follows:

Table 1: Comparison of bounds.

’ n ‘ q ‘ From (6.1) From (6.2)

10 0.1111 0.3370
30 0.1 0.1111 1.0109
50 0.1111 1.6848
10 0.2500 1.0722
30 0.2 0.2500 3.2166
50 0.2500 5.3610
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Note that our bound (from (6.1)) is better than the bound given in (6.2).
In particular, graphically, the closeness of these two distributions can be seen

as follows:
o 0.10 R
0.15} s ! R 4
0.08- R
. .
o010l 1 0.06- f
. * Po(50/9) 3 * Po(50/3)
NB(50,0.9) 004l . NB(150,0.9)
0.05+ 1 T 3 H
s 0.02 H
é 4‘1 é é 16 1‘2 ) 14 5” 16 1‘5 2‘0 2‘5 '30 3‘5
Figure 1: n =10, ¢=0.1. Figure 2: n =30, ¢ =0.1.
0.08 -
.10} .
0.06
0.08 . ?
0.04] ! ! e Po(250/9) 0.0} : 3 * Po(2572)
NB(250,0.9) . NB(50,0.8)
0.04+
0.02+ H
0.02 . [4
. | | | . ® I I I R L Y
10 20 30 40 50 5 10 15 20 25
Figure 3: n =50, ¢ =0.1. Figure 4: n =10, ¢ =0.2.
0.05+
0.06
0.05F 0.04
0.04fF ' 1 t .

. Po(7512) 003 ' .« Po(125/2)
0.03p ' NB(150,0.8) 002 I " NB(250,0.8)
0.02F | [ i

0.01F
0.01F
A L] 1 1 1 *t850y A i 1 TR i
10 20 30 40 50 60 20 40 60 80 100
Figure 5: n =30, ¢ =0.2. Figure 6: n =50, ¢=0.2.

The above graphs are obtained by using the moment matching conditions.
Also, from the numerical table and graphs, observe that the distributions are
closer for sufficiently small values of ¢ and large values of n, as expected.
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(d) From Theorem 1 of Hung and Giang [14], it is given that, for A C Z,

k,—A
Ane

P(W, € A) — Z o

keA

(63) < Z min {)\51(1 - e_An)Tn,i(l - pn,i)u 1-— pn,i} (1 - pn,i)p;é’
i=1

sup
A

where W, =30 | Xy, Xpni~ NB(rpi,pn,i) with X\, = E(W,,). Note that
if min {)\,_Ll(l — e_)‘")rm(l — Pnyi)s 1 _pn,i} =1—pp,, for all i =1,2,...,n,
then
Af{e"\”
PW,eA) = T
keA

(6.4) sup
A

which is of order O(n). Clearly, for large values of n, Theorem 4.1 is an
improvement over (6.4).
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