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1. INTRODUCTION

In this paper, the biased nonparametric regression model is considered. It is formulated
as follows. Let (X1,Y1), (X2,Y2), ..., (X,,,Y,) be identically distributed random variables
defined on a probability space (€2, F,P) with the common density function

w(z,y) g(z,y
(11) o) = LI ) € o1,
where w stands for a known positive function, g denotes the density function of the unobserved
random variables (U, V) and p := E(w(X,Y)) < co. In this setup ¢ and f mean the target
density and weighted density, respectively, and the resulting data are biased data. We want
to estimate the dth derivative r(®(z) of regression function

(1.2) r(z) = E(p(V)|U=1z) :/RW@, z€0,1].

This above model arises in many applications. For example, in order to estimate the
change rate of agricultural output V when the input U increase (decrease) in a country.
We obtain data (X;,Y;) (i =1,2,...,n) from those regions where spend more in agriculture,
then X; and Y; stands for the agricultural input and output. Because it is more likely to
sample those special regions, the density f of (X;,Y;) satisfies f(z,y) = w with some
weight function w and the real density g of (U, V). Then we can estimate the change rate (@
of the country by the given data (X;,Y;). Hence, the work about this regression estimation

model is very important.

The former works have developed kernel or modified local polynomials estimators for
the problem of estimating r(x), i.e., 7 (z) with d = 0. See, for instance, [1], [20], [10], [21],
[11], [12] and [5]. In order to obtain theoretical results, as optimal rates of convergence, in
a general statistical setting or to reach the goal of adaptivity, wavelet methods have been
developed by [9], [4] and [6]. Always focusing on wavelet methods, the estimation of r(z) for
(strongly mixing) dependent (X7i,Y1), (X2, Y2),...,(Xp,Ys) has been explored by [7], [8] and
[17]. Also, for the prime goal, the estimation of the derivative r(d) (z) has been considered
by [3] and [14], but only for independent (X1, Y1), (X2,Y2), ..., (Xn,Ys). More precisely, [3]
provide an upper bound estimation over LP(R) (1 < p < c0) risk for the derivative (@ (z) of
regression function with a linear wavelet estimator. Because this linear wavelet estimator is
not adaptive, [14] construct a nonlinear wavelet estimator and study its convergence rate over
LP(R) (1 < p < o) risk.

In this paper, we investigate a generalization of these works by considering the estima-
tion of (4 (x) from dependent (X1,Y1),(Xa,Y2), ..., (X,, Yy); the negatively associated case
is considered. This kind of dependence naturally appear in many well-known multivariate
distributions involved in a wide variety of applications. We refer to [2] and [16]. In this
setting, a linear nonadaptive and nonlinear adaptive wavelet estimators are introduced.
We determine their rates of convergence under the LP risk with 1 < p < oo, assuming that
74 (z) belongs to Besov spaces B (R). We prove that, with mathematical efforts, the es-
tablished results in the independent case can be transposed to the negatively associated case,
showing the consistency of the wavelet methodology for this problem.
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The rest of this paper is the following. The mathematical assumptions on the model
are presented in Section 2. The necessary on the wavelets and Besov spaces are described in
Section 3. The linear wavelet estimation is performed in Section 4. The nonlinear wavelet
estimation is developed in Section 5. Some concluding remarks are postponed in Section 6.

2. ASUMPTIONS ON THE MODEL

In this section, we will introduce the definition and properties of negatively associated
sample. In addition, some other assumptions for the model (1.1)—(1.2) are proposed.

Definition 2.1 ([2]). A sequence of random variable X7, X», ..., X, is said to be neg-
atively associated, if for each pair of disjoint nonempty subsets A and B of {i = 1,2,...,n},

COV(f(Xi,iEA), g(vaj GB)) <0,

where f and g are real-valued coordinate-wise nondecreasing functions and the corresponding
covariances exist.

This definition can be extended to random vectors (see [16]). It is well known that
COV(XZ',X]') = 0 when the random variable X7, X, ..., X, is independent. Hence, the in-
dependence case is a special case of negatively associated case. Also, let X1, Xo,..., X, be

n
independent random variables with log concave densities. Then, if > X; = ¢ (¢ is a constant),
i=1
X1, Xo, ..., X, are negatively associated.

For examples of negatively associated case, [16] showed that many well-known multi-
variate distributions process the negatively associated property. Some examples include: the
multinomial distribution, the multivariate hypergeometric distribution, the Dirichlet com-
pound multinomial distribution, the permutation distribution and so on. Because of its
wide application in multivariate statistical analysis and system reliability, many research of
negatively associated has already considered, see, e.g., [19], [24], [18], [23]. In addition, an
important property of negative association is given in the following lemma. It will be at a
center of one of our main result.

Lemma 2.1 ([16]). Let X1, Xo, ..., X,, be a sequence of negatively associated random
variables and By, Ba, ..., By, be some pairwise disjoint nonempty subsets of {i = 1,2,...,n}.
If fi (i=1,2,...,m) are m coordinate-wise nondecreasing (nonincreasing) functions, then
f1 (Xi, 1 GBl), fo (Xi, 1 GBQ), vy fm (X,-, 1 EBm) are also negatively associated.

In this paper, A < B denotes A < ¢B with a positive constant ¢ which is independent
of A and B; A2 B means B S A; A ~ B stands for both A < B and B < A.

For the problem (1.1)—(1.2), in addition to assume that (X1, Y1), (X2,Y2), ..., (X,,Yy)
are negatively associated, we make the following other assumptions:

A1l. The density function h of the random variable U is nonincreasing, and has a
positive lower bound,

0<c <h(x), =x€][0,1].
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A2. The weight function w is coordinate-wise nonincreasing, and has both positive
upper and lower bounds, i.e., for (z,y) € [0,1] xR,

w(x,y) ~1.

A3. The function p is known, nondecreasing and p € L*°(R).
A4. We have ) (0) = r®)(1) = 0 for any u € {0, ...,d}.
AS5. There exists a constant co > 0 such that

sup ‘r(d)(:r)‘ <ecy.
z€[0,1]

These assumptions are quite standard for the considered problem (see [3] and [14]).
Only those involving the non monotonicity of some functions are deeply link with the neg-
atively associated dependence assumption. They will be used for technical purpose in the
proofs.

3. WAVELETS AND BESOV SPACES

Throughout this paper, we work with the wavelet basis described below. A wavelet func-
tion 7 can be constructed from the scaling function ¢ in a simple way such that {27 122z — k),
j € Z, k € Z} constitutes an orthonormal basis (wavelet basis) of L?(R). Then, each f € L*(R),

f= Z Qjo k Pjo.k T Z Z/Bj,k Vjk

kEZ j=jo k€Z

holds in LQ(R) sense, where ajo . = (f, ®jo.k), Bik = (f,¥jk) and

Gok(x) = 2% $(200 — k), Pyule) = 25 (2w — k).

Let P; be the orthogonal projection operator from L?(R) onto the space V; with the
orthonormal basis {¢;x(-) = 202¢(2 - —k), k€ Z}. Then, for f € L*(R),

Pif = Z Qg Djk -
keZ
A scaling function ¢ is called m regular, if ¢ € C™(R) and |D%¢(z)| < ¢(1 + 22)~! for each
l€Z (a«=0,1,...,m). In this paper, we choose Daubechies scaling function Dyy. Then,
¢ is m regular when N gets large enough. Furthermore, it can be shown that, for f € LP(R)
(1 <p<oo),

(3.1) Pif(z) =) aju k()

kEZ

holds almost everywhere on R ([15]).
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Lemma 3.1. Let a scaling function ¢ € L*(R) satisfy m regular and {ay} € 1,
(1 <p<o0). Then

S a2t o2z — )| ~ 273 (ay)

keZ

I -

p

The proof of lemma can be found in [15]. In addition, Lemma 3.1 holds if the scaling
function ¢ is replaced by the corresponding wavelet 1.

One advantage of wavelets is that it can characterize Besov spaces. Besov spaces are
important in theory and applications, which contain Holder and L? Sobolev spaces as special
examples. The next lemma provides equivalent definition for Besov space.

Lemma 3.2. Let ¢ be m regular, 1 be the corresponding wavelets and f € LP(R).
If aj, = (f, k) Bik = (fi¥jk), P.q € [1,00] and 0 < s < m, then the following assertions
are equivalent:

(1) e By, (R);
@ {2°UPf = fllp} € Lo
@ {25 D) e

The Besov norm of f can be defined by

(3.2) 1fllBs,, = [l(ego)llp +

)

q

(e D s,

J=>Jo

where [|8;][p = > [6;k[-
kEZ

In this paper, we will suppose the unknown function (%) () belong to Besov balls
Bs (H) with H > 0, which means f € Bs (H) := {f € B; ,(R?), || fllz;, < H}.

p,q —

4. LINEAR WAVELET ESTIMATION

This section will introduce a linear wavelet estimator and discuss its convergence rate
over LP (1 < p < 00) risk. Now our linear wavelet estimator is defined by

(4.1) P(@) =Y ok bjo.w(x)
keQ
In this definition, we have set
. fin ~— Y:) d
4.2 APV S . O N (N
(4.2) o,k (=1) n ;w(Xi,Yi) h(X;) ¢Jo’k( )
—1

(4.3) in = [711 3 W(Xl, -
i=1 bt

and = {k e Z, supp rnN supp Dok 7 @}. Then, it follows from the compactly supported
properties of the function 7@ and bjo.k that the cardinality of §) satisfies [Q2] ~ 270,
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On the other hand, some existing results on these estimators in the independent case
remain true. Indeed, according to the [14, Lemma 2.1], under Condition A4, we know that

(2}

and

45) = |l iy A0)] = on

These two equations mean that ji, and aj, , are unbiased estimators of x and «j, 1, respec-
tively. Furthermore, the linear estimator ?‘fld) (z) can also be as an unbiased estimator of
r(d)(x). In the following, we present an important lemma, which will be used to prove our

theorems.

Lemma 4.1. For the problem (1.1)—(1.2) with Conditions A1-A5 hold. If 270 < n,
then, for 1 < p < oo, we have

P .
~ d P
E’amk — k| S 2°%nT2.

Proof of Lemma 4.1: According to the definition of &, i, the following decomposi-

tion holds:
o~ n
. [in ik p(Y:) (d) ~ (1 1
.7A:7717§ ) X) — s - ).
a]()yk a]ka L [( ) n P W(Xzay;,)h(Xz) ¢]07k( l) a]()yk +a]07k Hn L Tin
Furthermore, one has
~ n p
. P Fin a p(Yi) (d)
E‘-—-’<E——1— 9 (X;) - a;
Oé.]ka a]O,k ~ L [( ) n P CU(X“}/;) h(XZ) ¢j07k( 'L) Oé]ka
(1 1\[?
(46) + Bl (5 - )
Hn

Then, it follows from Condition A5, Holder’s inequality and the orthonormality of {¢j, 1}
that |ajy x| = U[o 1 (D (2) ¢jox(2) dz| < 1. Moreover, Condition A2 and the definition of 7,
imply that |fi,| < 1. Hence, the inequality (4.6) reduces to

_ P B~ qya pY) () 11y
E’O‘jo,k - ijo,k‘ S E ﬁ ;(—1) m ¢jo,k(Xi) —ajok| + E|—— Tin
(4.7) = Q1+ Q2.

Let us now bound @)1 and @2 as sharp as possible.
e Upper bound of Q.

—1)dup(Y; d
Define &; := % ¢>§.O?k(XZ-) — i, k- Then, one gets

p p

Q1:=E

1Y I
- (3)2s
=1

1 n
nzlg
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Because ¢4 is a bounded variation function, one can assume
¢(d) = 5 - ;57

where ¢ and ¢ are bounded, nonnegative and nondecreasing functions ([22]). Then, we can
write

d . B ~
¢§'o?k = 2]Od(¢jo,k - (bjo,k) :

Moreover, one defines

Ty = / (1) 290G, (@) (@) de,  Fp = / (=) 2000 & (2) r(a) da

and

= (=D)7207pp(Yr) _ s () 20%up(Yr) ~

‘fi T (XZ,Y)h< ) ¢]o, ( ) a]o,k7 fz T (XZ,Y)h< ) gb]o7 ( ) a]o,k
Then, we have o, 1= @k —Qjo k> & = & — £~z and, by an elementary inequality of convexity,
one gets

1V &~ [y _ e
= — N o < — . )

(4.8) O <n> E Z;(g gz) < <n> B> & +E z_;g .

Using (1.1), (1.2) and Condition A4, one knows that E{; = 0. Note that % is a

nondecreasing function by the monotonicity of 53-0’ (z) and Conditions A1-A3. Furthermore,
we get that {&,,i=1,2,...,n} is negatively associated by Lemma 2.1. On the other hand,

d p
&b S (%ﬁ@ﬁ”%( Xp)| '+ (@ioulr and (@i ul = B[ SRRRA 650X |

d P
% }4o.5(Xi)| thanks to Jensen’s inequality. Then, one has

3 (1) 2 up(Yi) — g
P < . .
E|&P < E‘ Xﬂyz)h(x) ok (X0)
)4 2907 p(y) P
- ¢ f(z,y) dedy.
//01] w(z,y) h(x) Pjox(@)| f(2y)
Using Conditions A1-A3 and (1.1), one finds that
(49) BEP S 200 [ (B, u()de 5 20D,
[0,1]

In particular, E|;|? < 2%09, Recall Rosenthal’s inequality ([18]): If X1, Xa, ..., X,, are nega-
tively associated random variables such that EX; = 0 and E|X;|P < oo, then
P
n n 2
r | Erxes (Sexz). o2
| < )= i=1
b

n 2

<2EX§>, 1<p<2.
i=1

According to this inequality and (4.9), one gets

[2]’0[(d+%)1>1] 4 (n- 22j0d)g]7 p>2;

~

n p
E|>E
=1

2jodp pp/2 1<p<2.
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P
< 2004 /2 Similarly, E

p

This with 20 < n shows that E < dodp pp/2,

SE
=1

Combining those with (4.8), one knows that

S &
=1

(4.10) Q < 20 7P/2,

e Upper bound of Q5.

Using the definition of i,,, one has

1 1P 1 1 1
El-——| =E|=
‘:u‘ Hn n;w(XmY;) K
p
1 " 1 1
411 - _E S
() |2 Eemoli

Define 7;:= m - i Then, E(n;) =0 by (4.4). The monotonicity of w(z,y) in Condition A2

and Lemma 2.1 imply that 7y, ..., 7, are negatively associated. In addition, E|n;|P < 1 thanks
to Condition A2. According to Rosenthal’s inequality, one has

p

1 1
(4.12) E‘— <n”

[T

[NJ4S]

Now it is easy to see from (4.7), (4.10) and (4.12) that

p . P
TN Jjodp ,,— 5
E’O‘Jmk O‘]o,k‘ S 2 n z.

This completes the proof of Lemma 4.1. O

In this position, we will state our first theorem.

Theorem 4.1. For the problem (1.1)—(1.2) with Conditions A1-A5. Let (%) €B; (H)

(ﬁ, g€ [l,), s> O), andp>p>1,orp<p<ooand s> %. The linear wavelet estimator
. 1
7Y be defined in (4.1) with 270 ~ n27+2d+1 and s’ = s — (% - ;1)) . Then, for 1 < p < oo,
+
we have

/

IE/ ‘?ﬁbd)(a:) —T(d)(x))p dr < N R
(0,1]

Proof of Theorem 4.1: Note that

(4.13) E /
[0,1]

p
¢ oo,
p

n

7 () — Md)(;p)(pdx <E

> @jok — Vosk) Dok

keQ

p

It follows from Lemma 3.1 that

> @jok — ork) Dok

kel

P do_do P
o < 2”(2 P)ZE‘ajmk—ajO,k‘ .

ke

p
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: , 1
Using Lemma 4.1, |Q] ~ 270 and 270 ~ n2s'+24+1, one knows

p 2j0(1+2d) g  p
(4.14) E < | ——— | ~ n 2t

> @ik — ork) Biok

~Y
n
ke

p

Next, one estimates HPjOT(d) - r(d)Hz. When p <p and s > %, B (R) C B;:q(]R).
Then, (4 ¢ B;:q(R) and

(4.15) Hpjor(d) _ T(d)Hp S 2—j08'19
p

thanks to Lemma 3.2. When p > p, s’ =s. Using Hélder’s inequality and the compact
support of 74 and ¢, one gets

p

0], 5 - o]

Then, it is easy to see from Lemma 3.2 and 79 € B (H) that HPjor(d) - r(d)Hi < 97dosp,
This result with (4.15) shows that, for 1 < p < oo,

(4.16) H Pir@ _T,(d)Hp < gios'p,
P
. 1
Furthermore, by 270 ~ n2s'+2d+1, one gets

/

(4.17) HPjoT(d) _T(d)Hp < ik
p

Combining this with (4.13) and (4.14),
IE/ ’?,(Id)(x) - r(d)(:v)’pdm < n TR
[0,1]
This ends the proof of Theorem 4.1. ]

~(d)

Since jo depends on s’ which remains unknown, 7, (x) is not adaptive. Theorem 4.1
is however of interest to determine in a simple manner sharp rates of convergence in our
statistical setting. We do not however claim that they are optimal in the minimax sense; the
lower bounds in this case are not proved in this study. Also, Theorem 4.1 can be viewed as
generalization to the [3, Theorem 3.3] to the negatively associated case.

5. NONLINEAR WAVELET ESTIMATION

In this section, we will construct a adaptive nonlinear wavelet estimator and consider
its upper bound over L? (1 < p < +00) risk. Now, we define our nonlinear wavelet estimator

J1
(5.1) @) =D @ik bio k(@) + D D Bik 1|5, e} Yik(®)

keQ J=jo kEA;
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where t,, := 2jd\/ln7”,
p(Yi

5 i Fin 2 (d)

(5.2) Bigw = (1)~ ;W ¥ (Xi)

and [ 4 denotes the indicator function over a set A, i.e., [4 = 1 if A is satisfied and 0 otherwise.
The positive integers jo, 71 (depend on n) and the positive number s will be given later on.
The main difference between 7% and the linear wavelet estimator is the individual selection
of the Bj,k’s done by the hard thresholding rule (formalized by the indicator function over
{] Egk’ > ktp}). We refer to [13] and [15] for the deep link between this selection technique
and the intrinsic properties of the wavelets.

S
=

It should be pointed out that E [(—1)dw(X97% w](dk)(Xl)} = f; 1 thanks to [14,

Lemma 2.1] (which uses Condition A4).

Note that Lemma 4.1 is still true if &, 4, is replaced by BM, which leads to the following
lemma.

Lemma 5.1. For the problem (1.1)—(1.2) with Conditions A1-A5 hold. If 27 <mn,
then for 1 < p < oo, we have

~ p .
E‘ﬁj,k—ﬁm‘ < 2%nh

Lemma 5.2. For the problem (1.1)—(1.2) with Conditions A1-A5. Then, for j2/ <n
and each w > 0, there exists a constant x > 1 such that

P (‘ng — Bk

> mtn> < 9mwi

Proof of Lemma 5.2: Via similar arguments to those used in (4.7), we obtain

n

Y
7 ZE““M U X0) ~ B

‘1 1
+ |- — =
i b

<

~

‘@pk — Bjk

Hence, it suffices to prove

n 1\d .
(5.3) P ( Ly [w(( X”Y“)’;L((YX)) DX, - ﬂj,k]
and

> “tn) <27
- 2
=1

p(l
n

One shows the first inequality (5.3) only, the second one is similar and even simpler.

2wI |

v
o=
s
~
A

[ il

Define ~; := D) up(Yi) wj(:ik) (Xi) — Bjk- Then, one has

= B(X,Y,) A(X,)

L [LEDpp(Y)) @)
n Zz; L(XZ,YZ)h(Xl) ¥ (Xi) — ﬂj,k}
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Because 1@ is a bounded variation function, one can assume
sz)(d) = E - {Ev
where 1) and {bv are bounded, nonnegative and nondecreasing functions ([22]). Then,
d N ~
Wi = 24— i) -

Moreover, one defines

Bk = /(1)d2jd¢j,k(x)7"(ﬂﬁ) dv,  Bj = /(1)d2jd%,k(m)r($) dv,
and

(D2 up(Y;) (—1)4 204 4 p(Y)

L= ny X; _A. N = 1 .
Vi = oGy h(x) ) e 3 Din(Xs) — B
Then, Bjx = B — Bj,k; vi =7%; — 7 and

w(Xi,Y;) h(Xi)
(5.4) ( Z% tn> < P( >Ztn>+P<; >Ztn>.

According to (1.1), (1.2) and Condition A4, one gets E; = 3; .. Moreover, 7,7, .., 7,

n

=1

are negatively associated by Conditions A1-A3, Lemma 2.1 and the nondecreasing property
of @ k- On the other hand, by the bounded properties of functions in Conditions A1-A3,

(12 p(12) Gy(X )’ < 9id+3) and

w(X:,Y:) h(X;)
(—1)4 294 1 p(Y;)

_ (—1)4 274 (V)
il = ‘ w(X;, Y;) h(X;)

Qj(d—l—%).
w(Xi, Yi) h(X;)

Py (X5)

+E‘ TX0)|

~

Similar to the arguments of (4.9) with p =2, E(¥;)? < 2%9. Recall Bernstein’s inequality:
Let X1,..., X,, be negatively associated random variables such that EX; = 0, |X;| < M and

IEXi2 =2 Then, for each v > 0,
> < 9 nv?
l /l} * (}X .

1
p<
n

It follows from Bernstein’s inequality, t, = 27¢,/ IHT” and j27 < n that

1n
ﬂ»<
n
=1

Z%

Ktn 2 2
- 1
> %1, S expd - n(4), - < expl -t L
4 2(22ﬂ'd+ Eln 2J<d+é)) 32(1+ 75)

Inn &2

< 9-wj
32(1+%) } < 27", Hence,

Obviously, there exists sufficiently large x > 1 such that exp{

tn> < 27w,

n .
Similarly, P (‘ o7l > n> < 27", Those results with (5.4) show that
=1

1
n :
(A
]P’( z;tn> < gwi,

This ends the proof of Lemma 5.2. O

t
I~ [ (=D)%up(Y;)
HZ{ 06, v Ak Uk )_5””“}

1=
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Now we will give our last theorem in this position.

Theorem 5.1. For the problem (1.1)(1.2) with Conditions A1-A5. Let r(® ¢ B: (H)
(p,g€[l,0), s>0),andp>p>1,orp<p<oo and s> %. Then, the nonlinear wavelet

. 1 . 1
estimator 7y defined in (5.1) with 290 ~ n2m#2a¥1 (m > s) and 27" ~ ()27 satisfies

(5.5) E /[0 1]

3p

7D (z) — rd (:r)‘pdzn < (Inn)? n7°P,

n

where
s 7 5> p(2d + 1) 7
2s+2d+1 2s+2d+1
(5.6) o= ~
s—=1/p+1/p ~  p2d+1)

os—1/p)+2d+1" P 2s+2d+1°

Proof of Theorem 5.1: For the proof of Theorem 5.1, we will prove it under two
cases respectively.

(i) Upper bound estimation under p < p < co and s >

D=

In this case, (5.6) can be rewritten as

. S s—1/p+1/p
a = min , )
25+ 2d+ 1" 2(s—1/p) +2d + 1

By the definition of 7 (x),

p

B[ [0 - @) de £ B[S @ - ane) o] + @ = Prsar®]]
[0,1] keQ P g

J1 R P

(5.7) + E Z Z [ﬁj,k I{\Bj,klzmn} - Qj,k} ik
Jj=Jjo k€Aj
P
It follows from Lemma 3.1 that
p

. < #(%-%) ZE‘%,k — Oéjo,k)p-
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keQ
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. . 1
Using Lemma 4.1, |Q] ~ 270 and 270 ~ n2m+2d+1T (m > s), one knows

p
< ok — P —ap
S ono 2mA2dil < pp 2s+2d41 <n .

(5.8) E

> @jok — ook) Dok
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P

Similar to the arguments of (4.15), when p < p and s > %, one gets that

(5.9) HPJ'1+17”(d) _ 7n(d)H < 9—i1(s=1/P+1/p)
P
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On the other hand, s — %4— % > « thanks to p < p and s > Then, it follows from 271 ~

(L)ﬁ that

Inn

D=

(s=1/p+1/p)p

ST o/PTO/P)P ap
[pyar —o]! 5 () g ()
p n n

The main work for the proof of Theorem 5.1 is to show

. p
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~ 3
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=30 keng )

It is easy to see from Lemma 3.1 that
J1 L N p
2 5 Gr—dot 0 Y 20 SR B ey — |
Jj=jo keA;
Then, the classical technique ([13]) gives

(5.11) Z < (i—jo+ VPN (Zy 4 Zo + Z3),

~

where
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ji=jo keA;

J1 .
B p(i_i T
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ji=jo keA;

e Upper bound of Z;.

It follows from Hoélder’s inequality that

-~ p ~ 2p % ~ /‘Jtn %
=t = ol [ (-l 22
Furthermore, Lemmas 5.1 and 5.2 imply that

P o _wj
2 92 2,

~ p ‘
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. 1
where k > 1 is chosen for w > p 4 2dp in Lemma 5.2. This with the choice 270 ~ n2m+2d+1
(m > s) shows that
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. . mp
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J=jo
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e Upper bound of Zs.

Taking
1—2«
205 ( n )m
Inn '
. 1 . . 1 "
Because 0 < a < g5 and 20 ~ n2mi2dil (m > s), 200 <20 ~ (#)%+1 and 2% >
TS e5)
(#) 27+1 = (h:‘n)QSJerJrl > n27n+2d+1 ~ 2J0 Furthermore, it follows from Lemma 5.1
that
Jo (3
— p(3-1)
Zo = Y 24D Y BB 8l s e o)
J=Jjo keA;
Jo o
(5.13) < N 23 N oideys < 28 (BHd) o < per,
J=Jo keA;

On the other hand, by Lemmas 5.1 and 3.2, and t,, = 27dw/ , one has

f’jyk|2’“§"}]
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2
Then, € > 0 holds if and only if p > 5 ﬁ‘;ﬁr)l, and (5.14) can be rewritten as
(5.15) Zoy < (Inn)P%p Z 97J¢,
J ]0
Whene > 0,p > ;;(igji—i)l and o = g5 thanks to (5.6). Moreover, it can be easily checked

that 252 4 éd_icf [sﬁ— W%M} = ap. This with the choice of 27 leads to

1—2a

~ -5 ok 1 P +2,1+1
Zoy < (Inn) P/ n 'z 27 < (Inn) <)
n

[sﬁ, (p—ﬁ)ézdﬂ)]

(5.16) = (Inn)n™ .
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For the case ¢ <0, p < 5,577 and o = YO NI Define p; := (1 — 2a)p. Then,
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7 and p < 2’;(%;1_)1 < (1 —2a)p = p;. Similarly to (5.14), one has
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Zn S 2?(%*1 ‘ ‘ 3.l
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By the definitions of p; and «a, sp; — pl + 8 +dpy—dp—5+1=0and Zy» S (%)_Tp1 (Inn) =
(Inn) (£)*”. This with (5.13) and (5. 16) shows in both cases,

(5.17) Zy = Zog+ Zag < (lnn) n P,

e Upper bound of Zs.
It is easy to see that
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On the other hand, one has
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The same arguments as (5.15) shows that, for ¢ > 0,

Inn \*
(5.20) Zss < <r;"> .
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For the case of € < 0, one defines

2jfw(n>m

Inn
Note that ¢ <0 and s> L. Then, p< 2200 o — "5t da<s—141
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By the arguments of (5.15) and the choice of 271, one has
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It is easy to check that 2P p + = ap. Then,

5— 1/p+1/p

Inn\*?
g < | — ] .
ot ()
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Now, it follows that for £ < 0,
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Combining this with (5.18) and (5.20), one knows

Inn\*”
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Then, it follows from (5.11), (5.12), (5.17) and (5.21) that
Z < (lnn) n P

Hence,
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(i) Upper bound estimation under p > p.

From the above arguments, one finds that when p = p, the inequality (5.22) still holds
without the assumption s > %. It remains to conclude (5.22) for p > p > 1. By Holder’s
inequality,

SIS

[ 0@ -0 e [ / \%ﬁld><x>—r<d>(x>(”dx] .
[0,1] [0,1]

Using Jensen’s inequality and (5.22) with p = p, one gets

g
[0,1]

This completes the proof of Theorem 5.1. O

SIS

n n

7D (z) — r(d)(x)‘pd:n < [E/ () — r(d)(x)‘pdx] < (lnn)%p n~ P,
(0,1]

Contrary to the linear wavelet estimator given by (4.1), 7 (x) is fully adaptive; its
construction does not depend on s. The convergence rate of the nonlinear estimator keeps
the same as that of the linear one up to a logarithmic factor when p > p. However, it gets
better in the case of p < p. This aspect remains standard in nonlinear wavelet estimation in
the standard regression (or density) estimation framework (see [15]). Also, Theorem 5.1 can
be viewed as generalization to the [14, Theorem 1] to the negatively associated case.

6. CONCLUDING REMARKS

In this paper, the estimation of the derivatives of a regression function for biased data
is considered. The feature of the study is to investigate the negatively dependent assumption
on the data, beyond the independent assumption, opening new perspective of applications.
Two wavelet estimators are introduced. The first estimator is based on wavelet projection of
wavelet coefficient estimators only, the second estimator is nonlinear; a selection of the wavelet
coefficient estimators are applied according to their magnitude via a hard thresholding rule.
Sharp rates of convergence are obtained under the LP risk with 1 < p < oo, assuming that the
function of interest belongs to a ball of Besov spaces B} q(R). These rates correspond to those
obtained in the independent setting, showing that the wavelet methodology is consistent for
this problem. Perspectives of this work are to prove the optimal lower bounds in the minimax
sense, to relax some assumptions on the model, mainly the compact support of (% and explore
the practical aspects of the proposed estimators. These points needs further investigations
that we leave for a future work.
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