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Abstract:

e In this paper we propose an iteratively reweighted adaptive elastic net estimation method for
conditional heteroscedastic time series models. The sign consistency and the asymptotic normality
of the estimator are investigated. Compared with the Lasso method, the elastic net is more efficient
for autoregressive time series models, because it benefits not only from the selection of the Lasso
but also from the grouping effect inherited from the ridge penalty. The Monte Carlo simulation
studies based on an AR-ARCH model are reported to assess the finite-sample performance of the
proposed elastic net method.
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1. INTRODUCTION

The Lasso introduced in [10] is a shrinkage and selection method for linear regression
models. As variable selection is of increasing importance in big data analysis, the lasso is
much more appealing owing to its sparse representation. However, the literature about the
penalization techniques mainly deals with homoscedastic linear regression models, see, e.g.,
[2], [5], [9], [15], [16], and [18], among others. The investigation of the Lasso type estimator for
heteroscedastic models started relatively late. Recently, [11] and [12] analysed the weighted
lasso type estimators in a linear heteroscedastic regression model setting. [17] derived an
iteratively reweighted adaptive lasso algorithm for time series models under conditional het-
eroscedasticity, and proved that the resulting estimator has sign consistency and asymptotic
normality. The proposed method can be applied to various AR-ARCH type processes.

In this paper, we generalize the results of [17] to the adaptive elastic net method.
That is, we consider the model similar to the one used by [17], but suggest the use of an
iteratively reweighted adaptive elastic net algorithm. The elastic net introduced by [19] is a
convex combination of the Lasso and ridge penalty. The ridge part of the penalty shrinks the
estimated coefficients of all the variables and induces coefficients of correlated variables to be
close to one another. The Lasso part of the penalty shrinks and selects the coefficients of the
variables. As discussed in [4], the elastic net benefits from the selection of the Lasso, as well
as from the finite-sample grouping effect inherited from the ridge penalty. This makes the
elastic net particularly useful for estimating the autoregressive time series models, since this
estimation procedure leaves out irrelevant variables but does not exclude correlated variables
that may be relevant as part of a group.

In the next section, we introduce the iteratively reweighted adaptive elastic net algo-
rithm for high-dimensional sparse linear regression models under conditional heteroscedas-
ticity. The sign consistency and the asymptotic normality of the weighted adaptive elastic
net estimators of the parameters are also addressed. Section 3 gives the Monte Carlo simu-
lations based on a specific AR-ARCH model, evaluating and comparing the performance of
the proposed adaptive elastic net algorithm and the adaptive Lasso method. The proof of
the theorem is given in Appendix.

Throughout the paper, all limits are taken as n — oo, unless specified otherwise. The
symbol C denotes an absolute positive constant whose value may vary at each occurrence.
L. denotes convergence in distribution, P, denotes convergence in probability, Z stands
for a standard normal random variable. For any two real sequences {a,} and {b,}, an ~ by,
means that there are constants ¢ > 0 and C' < oo such that ¢ < a, /b, < C for all sufficiently
large n.
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2. THEITERATIVELY REWEIGHTED ADAPTIVE ELASTIC NET ALGO-
RITHM

We now introduce the model and the basic ideas of the algorithm. The model discussed
here is similar to the one used by [14] and [17]. We consider a stationary random process Y; € R
and a possibly infinite vector of covariates of stationary processes, X;oo = (X1, Xt 2,...),
teZ,7Z:={0,£1,£2,...}, obeying the model

(2.1) V= X[ 8% +e, tEL,

where 8%, = (89,89, ...) satisfying > o0, |8Y]? < +00, & is zero mean and independent of the
covariates X; o, and

et = 012y, or = g(ago;Loo,t) , teZ,

where Z;, t € Z, are i.i.d. standardized r.v.’s, g is a positive function, Lot = (L1, Loy, ...) isa
possibly infinite vector of covariates of stationary processes L;;, t € Z, and a2 = (af,ay,...)
is a parameter vector. Here the covariates X; o, and L., ; can contain lagged versions of Y;
and (g, 0y), respectively, which allows flexible modelling of autoregressive processes and a

class of conditional variance models such as GARCH type models.
The observed data consists of (X,,, Y,), where

Y; X1 - Xip, By
Yo=| |, Xa=| : . 1 |, Ba=]| i |, en=Y.,-X.8,
Yn Xn 1 Xn,pn /Bon

)

where p,, is the number of possible parameters which increases with sample size n, 32 is the

restriction of 3% to its first p, coordinates, €0 = (9,...,€%)".

The fact Y 52, |8?]* < +oo implies that there is a positive sequence a,, decreasing to
zero such that lim,, . P(maxi<i<p |Y — &¢| < an) — 1 holds. Thus, for a sufficiently large n
we can approximately write

(2.2) &) = 0,7, ot = gn(a; L%,t) , 1<t<n,

0

n.t are the restrictions of a2 and L ¢ to their first p, coordinates, respectively,

here ! and L
and gy is the restriction of g that corresponds to a and L%t. Without loss of generality we
assume that only g, of the p, parameters are non-zero. That is, B0 = (5?, - gn, 0,...,0) =
(B(1),0")Y. In a similar manner, X, = (X,(1),X,(2)) and X, = (X¢,(1), X¢.0(2)'),

where Xy ,, is the t-th row of X,,.

We now introduce the adaptive elastic net algorithm based on an iteratively reweighted
technique which is similar to the approaches in [7], [8], and [17]. Rewrite Model (2.1) as

(2.3) Y, =X,,080+ %, 1<t<n,

where }7,5 = U%Yt, Xt,n = U%Xt,n- It is obvious that the error Z; is homoscedastic.
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Since we have no a priori information about the conditional standard deviation oy, at
first step we assume homoscedasticity. Then we use a weighted adaptive elastic net algorithm
to estimate B2 in each iteration step. That is,

Bn,elastic()\ny Ty wn)
(2.4 = argmin(Yo = XoB) Wi(Yo = Xaf) + MnlZ18]1 + 055 B3

where A, > 0, v, > 0, £1 = diag(vn), vn = (Un,1, s Unp, ) = |Br,init1| ™7, Do = diag(uy), up =

(Un1s s Unp, ) = |Bninit2] "™, Brn,init1 and By init2 are two initial estimators of BY for some
. A1

71 > 0 and 75 > 0, and W), = diag(wy,), wy, = (W1, ..., Wn1n) = (O'n’l, .

able estimator of oy. Moreover, let &, (B clastic; Xn, Yn) and Ly, ¢(By, clastic; Xn, Yr) be the

0
n,t»

estimation methods for the conditional variance part, see e.g. [7], [8], [17], and the references

A1 A . .
o Opn)s Oyt is a suit-

suitable known plug-in estimators for a® and LY ,, respectively. For relevant literature on

therein. For example, if the error process is an ARCH(p) model as in the simulation studies
of Section 3, the usual maximum likelihood methods can be applied to estimate the unknown
parameters of the conditional variance part based on the residuals from step 2 of the following
algorithm.

The iteratively reweighted adaptive elastic net algorithm:

[0]

1. Let k=1, wyp' = 1. Determine the initial values of vy, un, A, and v,.

2. Calculate the estimator ,Br[f] = B elastic(An, Tn; w,[f_l]) of B for Model (2.3) using
the weighted adaptive elastic net algorithm (2.4), compute the residuals s%ﬂ =
Y, — X85

3. Estimate the conditional variances agf]t = gn(aw;Lm), 1 <t <mn, where agﬂ =

dn(ﬁgd; X0, Y5), Lq[f]t = I:n’t(,@,[@k]; X, Y,) based on Model (2.2) and the residuals
from step 2.

4. Calculate new weights ka]t = gn(agc]; Lgﬁ}t)_l. Let ka] = (wllk]l, ,wlf]n)

Let k =k + 1 and back to step 2 until a specified stopping criterion is satisfied.
Return estimate 57[5].

As stated in [17], a plausible stopping criterion should measure the convergence of
ol where o1 = (ar[ff}l, . 07[5}71)’ . One can stop the algorithm if ||0Lk} P |l < ¢ for some
small ¢ > 0. It is suggested that, under certain conditions, k = 2 is sufficient to get an optimal

estimator if n is large.

For the two initial estimators By init1 and By init2, as stated in [17], there are several
options available. When p,, < n, one can simply choose the OLS estimator. Alternatively,
one can select the lasso estimator as By, init1, the ridge regression estimator as By, init2, or set
both By, init1 and By, init2 equal the elastic net estimator.

Next we show the sign comnsistency and asymptotic normality of the non-vanishing
components of ,[37[{{]. Let b, = min{|3%(1)|}, wiH = diag(wg{]), XM = VV#“HXTL7 Y =

Wq[lk_l}Yn, T = %()N(Lf])/f(%], r, =T0 = 1X!X,,. Let W and 'Y be the true matrices,
and the submatrices to 3%(1) are denoted as T (1), T9(1), Tn(1), (1) and $o(1). Similarly
to [12] and [17], we require the following assumptions.
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Assumption (A):

(A1)

(A5)

(A6)

(AT)

(A8)

(A9)

{Ye, Xt 1, ..., Xt.m, 0t }rez is weakly stationary for all m > 1, {Z;}1ez is an i.i.d.
standardized random sequence and E(Z}!) < oo, Z; is independent of X; o for
any t € Z, and E(o) < oo.

E(Xfl) =1foranyi>1andtecZ.
There is a positive sequence {vy,} such that maxi<;<y, || X¢n(1)|ly = Op(vUn+/qn)-
There are constants a; > 0 and as > 0 such that
lim P(al min{]ﬁn’iniﬂ(l)\n} < bn) =0,
n—oo
JLIEOP(CLQ min{]ﬁn,initg(l)VQ} < bn) =0.
There exists a positive sequence {r,} with r,, — oo such that

lim P(max{\ﬂminitl(Q)]”} > ’I“n_1> =0.

There are positive constants Ao min < Ao,max and A1 min such that the eigenvalues
satisfy

lim P(AO,min < )\min(rn(l)) < )\max(rn(l)) < )\O,max) =1,

n—oo

and

lim P(Al,min < Amin (T2 (1)) < Amax(fgu))) ~1.

n—oo

There are constants 0 < A min and A3 min > 0 such that the eigenvalues satisfy

lim P()\Qymin < )\min(Dn) < )\max(D’VZ)) = 17

and
lim P()\?),min < )\min<En) < /\max(En)> =1,
where

D, = (P9 + ) B (B9 + )

By = (Ta(1) + %22(1))_1 Ta(1) (Tu(1) + %”22“))_1

There is a positive constant o, such that

0 < omin < gn (dn(;@n;XnaYn)a i‘n,t(/BnSXnaYn)) s 1<t<n,

for all large enough n and 3, in an open neighbourhood of 39.

0

For all n and any 1 <t < n, the estimators &, and lzm are consistent for o,

and LY

n.t» and there is a sequence {h,} with hnn~1/2 — 0 such that

max
1<t<n

_ ~ —2
g(ago§Loo,t> Z*Qn (dn(ﬁg;XmYn)» Ln,t(ﬁg;XmYn)) ‘ = Op(hn/\/ﬁ)
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(A10) There are positive constants Cq, Cy and d with 1 < d < 2 such that, for any

te Z,
P(let| > ) < Cyexp(—Cha?).
(A11)
log n){d=1}(] )/ d .
D (log n) \/(ﬁg;gl(hrq DAY @ \/hﬁbn 0,
@ 2t 0, @ Ylon) = ok L) V2 ¢
® 5t =0, © L 0,
@ =5 0, ® T,
Wn((logn)l{d:1}+hn)
@ \/ﬁbn - O.

Similar assumptions as in (A1)-(All) are also imposed in [17] to study the asymp-
totic behaviour of the iteratively reweighted adaptive lasso algorithm. Assumption (Al) is
standard for variable selection in a time series setting. Assumption (A2) is the usual scale
standardization required in a lasso setting without loss of generality (see e.g. [6]), because
{X4,} is stationary and hence its mean and variance are constants. Assumption (A3) charac-
terises the structure of regressors. For instance, if {X;, (1)} is stationary and BY contains a
finite number of non-zero components, then we can choose v, = Op(1) for Assumption (A3)
to hold. Assumptions (A4) and (A5) actually assume that the weights v, and u,, are not too
large for 6? # 0 and not too small for ﬂ? = 0. They also mean that the initial estimators
can distinguish between zero and non-zero components of the parameter vector well. For the
Lasso initial estimators, Assumptions (A4) and (A5) can be derived from sharp thresholds
and sign consistency of the Lasso estimate under some additional mild assumptions (see, e.g.,
[13] and [16]). Assumption (A6) is needed to address heteroscedasticity in high-dimensional
regression models (see, for example, [3]). Since we deal with the weighted adaptive elastic
net algorithm, additional similar assumptions such as (A7) are also needed here. It is worth
mentioning that, under certain conditions, D, —I'%(1) — 0 and E,, — I';,(1) — 0 as n — oo.
Assumptions (A8) and (A9) are standard in heteroscedastic regression and Assumption (A10)
excludes heavy-tailed errors.

Assumption (A11l) postulate properties required for deriving the asymptotics of the
proposed estimator. As a simple example, to better understand Assumption (All) assume
by to be fixed and d = 1, O) and @) permit h,, ~ 1 and ¢, ~ n'/?*% for any 0 < § < 1/4. With
these choices we can choose A, ~ n*/4=9 1, ~nt/20 4~ 1 and v, ~ /49 by @, @, @
and 9, and p, can grow with every polynomial order. Obviously these selections satisfy
Assumption (Al1l), and also Assumptions (A3)-(A5) and (A9). Moreover, by @ and @), we

obtain —2— — 0 as n — oo.
bnAn""n

The following theorem shows the sign consistency and asymptotic normality of the
estimator. The proof will be given in the Appendix. The sign consistency introduced by [16]
is stronger than the usual selection consistency which only requires the zeros to be matched,
but not the signs. The reason for using sign consistency is to avoid dealing with situations
where a model is estimated with matching zeros but reversed signs.
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Theorem 2.1. Under Assumption (A), it holds for all k > 1 that:

(1) (Sign consistency)
lim P (sign(Bl]) = sign(8))) = 1,

n—oo

where sign(-) maps positive entry to 1, negative entry to —1 and zero to zero,

that is, @[Lk] asymptotically matches the zeros and signs of 3° with probability one.

(2) (Asymptotic normality)
D

Va(sa(k) 7 €, (B ) - B 1)) 2 2,
where &, € RI with ||&, ], = 1, s2(1) = &, E,&,, and s2(k) = &, D&, for k > 2.

3. SIMULATION STUDIES

In this section, we provide simulation studies to check the finite sample performance of
the iteratively reweighted adaptive elastic net algorithm (IRAEN) for an AR-ARCH model.
The comparison with the iteratively reweighted adaptive Lasso algorithm (IRAL) introduced
in [17] is also considered.

We consider the following AR-ARCH model
Yi=> icr i Vi-i +ét,

and

_ _ 2 2
€ = 01hy,  Op= \/ao+0416t,1+a26t,2,

where the true values of the parameters are oy = 0.02 and a3 = ag = 0.49, Z; ~ N(0,1),
¢ = 0.95(¢7 1 —1)pV7, ¢ = 0.85, I = {1,4,9,16,...}. Tt is casy to see that 3, |¢i] = 0.95 < 1
and ), ; gf)? < oo which imply the stationarity of Y;. Note that, by the properties of the AR-
ARCH model, EY? = Eo? = ap/(1 — a1 — ag) = 1. This implies that Assumption (A2) is
satisfied.

Let p, = [24/n] and g, = [\/pn], where n is the sample size. For example, when n =
500, pp = 44, go = 6 and T = {1,4,9,16,25,36}. If n = 1000, then p, = 63, g, = 7 and [ =
{1,4,9,16,25, 36, 49}.

After generating data from the above AR-ARCH model with sample size n = 500 and
n = 1000, respectively, we use two methods, IRAEN and IRAL, to estimate the parameters
¢; and to check the sign consistency of the estimators. In the simulations, we use the C),
criterion to choose the appropriate \,, and 7y,. The two initial estimators By, init1 and B, init2
are chosen to be the OLS estimator.

3.1. The iteratively reweighted adaptive elastic net algorithm

To apply the proposed iteratively reweighted elastic net algorithm, we consider two
cases: the homoscedastic case (k = 1) and the heteroscedastic case with one additional repli-
cation (k = 2).
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For the k = 1 case, Table 1 reports the estimation results for two sample sizes n = 500
and n = 1000 based on 1000 replications. We hope that the covariates with non-zero coeffi-
cients (relevant parameters) can be selected from the estimation procedure, but the covariates
with zero coefficients (irrelevant parameters) shouldn’t be included. Table 1 shows the pro-
portions of both the relevant and irrelevant included parameters of all estimated parameters
for the homoscedastic case. Proportion 1 (the accuracy rate) denotes the proportion of the
relevant included parameters and Proportion 2 (the error rate) is the proportion of the irrel-
evant included parameters. The number of times each parameter has been selected during
1000 simulations are also reported.

Table 1: Proportions of relevant included parameters and irrelevant included parameters
for the case of k = 1 using IRAEN.

Sag;gle b1 b2 b3 X b5 o foxe ¢s b9 ... | Proportion 1 | Proportion 2
n=>500 866 | 691 | 622 | 834 | 568 | 506 | 454 | 482 | 864 | ... 81.25% 33.61%
n=1000 | 932 | 721 | 668 | 902 | 575 | 542 | 502 | 502 | 927 | ... 89.41% 29.66%

It is seen from Table 1 that the accuracy rate increases with larger sample size n, while
the error rate decreases in n. This is consistent with the theoretical results in Theorem 2.1.

In a similar way, we apply the proposed iteratively reweighted elastic net algorithm with
k =2. Proportions of both the relevant and irrelevant included parameters of all estimated pa-
rameters and the number of times each parameter has been selected during 1000 simulations
for the heteroscedastic case are given in Table 2. Inspection of Table 2 reveals that, as in the
k=1case, theaccuracy rateincreases with larger sample size n, while the error rate decreasesinn.
Comparing two tables, we conclude that the heteroscedastic case with k = 2 has better selec-
tion properties than the homoscedastic case k = 1 for the conditional heteroscedastic models.

Table 2: Proportions of relevant included parameters and irrelevant included parameters
for the case of k = 2 using IRAEN.

Sag;gle o | d2 | d3 | b0 | &5 | S | &7 | és | do | ... | Proportion 1 | Proportion 2
n=500 | 938 | 415 | 395 | 969 | 383 | 363 | 322 | 345 | 979 | ... 94.92% 29.54%
n=1000 | 992 | 407 | 371 | 999 | 377 | 287 | 316 | 294 | 999 | ... 98.77% 21.98%

Moreover, the plots in Figure 1 show the selection results for both the k =1 and k = 2
cases from one simulation with n = 500. For each plot, the vertical axis represents the values
of the estimated coefficients, the horizontal axis (bottom) represents the values of In A,
and the top shows the numbers of the non-zero coefficients selected for different values of
In\,. The 44 curves illustrate the change of the values of 44 estimated coefficients with
In A\, changing. Note that there are only six non-zero positive coefficients in the true model.
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It can be seen that, when k = 2, these six coefficients tend to zero from positive side, while
when k = 1, there exist some coefficients tending to zero from negative side, which means
that no matter what value In A\, takes, the sign consistency may not be satisfied. This is
consistent with the conclusions drawn from the comparison of Tables 1 and 2. Figure 1 again
visually displays that the heteroscedastic algorithm with k = 2 outperforms its homoscedastic
counterpart.

43 41 36 k)| 20 8
w
T = 7
[T —
o o
o =
S
< T T T T T T
-10 -9 -8 T -6 -5
Log Lambda
44 43 42 35 25 7
in (=]
C — -
L o
2 7
T g
0 2

Log Lambda

Figure 1: Estimated coefficients for different \,, values with n = 500 and
k =1 (upper) or k = 2 (lower) using IRAEN.

3.2. The iteratively reweighted adaptive Lasso algorithm

Next we report the estimation results using the iteratively reweighted adaptive Lasso
algorithm. Proportions of both the relevant and irrelevant included parameters and the num-
ber of times each parameter has been selected during 1000 simulations for the homoscedastic
case and the heteroscedastic case with n = 500 and n = 1000 are given in Tables 3 and 4,
respectively. Figure 2 shows the selection results for both the £ = 1 and k = 2 cases from one
simulation with n = 500. Similarly to the IRAEN algorithm, Tables 3—4 and Figure 2 indicate
that the heteroscedastic algorithm with & = 2 outperforms its homoscedastic counterpart.

Comparing Tables 1 and 2 with Tables 3 and 4, it is clear that the IRAEN algorithm pro-
posed in this paper uniformly improves the accuracy rate as compared to the IRAL method,
while the error rate is increased as a price to pay for using IRAEN algorithm. This implies
that the IRAL method excludes irrelevant variables more thoroughly. It is also consistent
with the conclusions of [19]. That is, if the covariates have grouping effect (a group of vari-
ables among which the pairwise correlations are very high), then the IRAL algorithm tends
to arbitrarily select only one variable from the group, while the IRAEN algorithm has the ca-
pacity of selecting groups of correlated variables. Generally speaking, the IRAEN algorithm
produces a sparse model with good estimation accuracy, while encouraging a grouping effect.
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This makes the IRAEN algorithm particularly useful for estimating the models containing
several correlated variables such as the AR-ARCH type processes.

Table 3: Proportions of relevant included parameters and irrelevant included parameters
for the case of k = 1 using IRAL.

SabIII;Igle ¢1 (]52 ¢3 (;54 ¢5 ¢6 q57 qf)g ¢9 PI‘OpOI‘tiOn 1 PI‘OpOI‘tiOH 2
n =500 871 | 682 | 619 | 863 | 515 | 501 | 481 | 452 | 827 | ... 80.20% 31.95%
n=1000 | 927 | 710 | 612 | 893 | 555 | 519 | 506 | 471 | 931 | ... 88.37% 27.80%

Table 4: Proportions of relevant included parameters and irrelevant included parameters
for the case of k = 2 using IRAL.

Sagir;gle b1 b2 b3 Pa b5 ol foxe s b9 ... | Proportion 1 | Proportion 2
n =500 930 | 399 | 358 | 971 | 338 | 296 | 327 | 313 974 | ... 93.40% 26.35%
n=1000 | 995 | 349 | 325 | 997 | 305 | 277 | 253 | 252 | 1000 | ... 98.66% 19.98%
44 44 42 37 29 1 3
_‘g - —
L o 7
g
[s] o™
O o 1
T T T T T T T T
-9 -8 -7 B -5 -4 -3
Log Lambda
43 43 42 38 29 9 4
£ w©
2 o
5 . — ———u -
g 8 e
< T T T T T T \
-7 -6 -5 -4 -3 -2 -1
Log Lambda

Figure 2: Estimated coefficients for different \,, values with n = 500 and
k =1 (upper) or k = 2 (lower) using IRAL.
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A. APPENDIX

Proof of Theorem 2.1: The basic ideas of the proof are mainly from [12] and [17].
Since we are dealing with the elastic net algorithm, we need some extra steps to achieve our
goal.

Let || X ||, = inf {C > 0] E[¢4(]X|/C)] <1} be the Orlicz norm of a random variable X,
where ¥4(z) = exp(z?) — 1, 1 < d < 2. Denote e,, ; the j-th unit vector in R%. For any vector
a and b, a =4 b means that sign(a) = sign(b). Let k > 2, the case k =1 can be proved in a
similar way.

(I) The sign consistency

The Karush-Kuhn-Tucker (KK T) conditions yield that (Y,,—X,3)’ dia 12 (Y, —X,.0)
+ AnlIZ18l; + 1l Z528]1? is minimised by 8 = (8(1),0) if and only if

/ _ An ) .
(A1) X? (W,[f 1])2 (Y, = X,8) — Yntn,; Bj = > Un,j sign(f;), if B;#0,
A 0’ k 1] An i -
(A.2) X (W12 (Y, - X,8)| < 5 Ungs B; =0,

where X? is the j-th column of X,,. Let

(1) = ) + (T + 22 m5(1)) K1) ()2

2 (T + 2 m() )
and
B = (T + 2 myn) T g2
(T + Zma()) X, (1) (Ve
(A3) o () + ()00,

where 59(1) = £ (1) sign(89(1)). In addition, let 4 = (8 (1)",0')" and 81 = (817(1), 0)".

First we show

(A.4) lim P<B2 £ 57[5]) = 0.

n—oo

Let 115 = e}, (T (1) + 25(1) T X (1) (Wi )28, oy = €, ; (T (1) + 2 3(1))~'s9,0),
and let A = {%|771,j| > %\ﬂﬂ, for some j < qn} and Ay = {/\Tﬂnz] > |ﬂj|, for some j < qn}.
Thus, to prove (A.4), it is enough to show that P(A;) — 0 as n — oo for j =1,2.
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For P(A;), we obtain

1 b,
< —
P(41) < P(mg;gx e 2)
<P L | ] O > bn
< (Gt = ) P (5 masims = ohid 2 5
1 by,
(A.5) +P(n 121%);’”1 = N

-~ n — 0,00 n _
where = (F (1) 355 (1)1, (1) ()25 and 157 =, (B4 1)+ 2 55(1) X, (1)
(W2 eY and € . is the restriction of the true error €2, = ( 0 €9,...) in Model (2.1).

'I’LOO7 n,00

Regarding the first term of (A.5), Assumptions (A6), (A8) and (A9) imply that Wlly <
and [|Ta(D)l; < Aomax. Note thathrum < ATR(L) and 0 < A(3Z(1), then Aruin <
and hence [|(I)(1)+2255(1)) 7 <

ATfIé( 1)+ 25, (1)). That is, A(TO(1)+ 2 55(1) ") < ALy,
-

Thus we arrive at

1,min"
| e (B2 + Z2mam)) X0y w2
(A.6) = H<f2<l>+'j;‘zz<1>)1 2 ;ﬁxnu)‘QH W lly < Ain v/ Aomax o0t

This implies that, as n — oo,

2

1 ~ n -1 — _
g <H \/> eslj <F2(1) + %22<1)> Xn(l)/(WT?)Q < )\1 Ilmn )\O,max Umi2n> — 1.
n 2.
This, together with Lemma 1(i) of [6] and Assumption (A10), yields that

< C(logn)Hd=1},
Ya

N P 25 (0) X 1) (WPl

Combining this with Equation (16) of [17], we obtain

1 bn — n\/>
A8 P~ > ) <y '
(A.8) < 12% \77 i1z 4) < ¥ <4C(log(1+qn)) He (log”)l{d:1}>

Now it follows from Assumption (A11) that

1 by
pl= > 0 .
<mr<r;g>;\m |4>—>0

For the second term of (A.5), Assumptions (A8) and (A9) ensure that HW[k 1 llo=0,(1)
and [[(W)2 = (Wi )|, = 0,(%2). Furthermore, we notice that [le5], < €5 — €5 o, +

1€9 sollo; while |9 — €8 I, 2, 0, and Assumption (Al) and the weak law of large numbers

yield that [|€)) |l = Op(y/n). This bound implies that ||e} ||, = Op(v/n).

On the other hand, since

H (P00 + 22 25(1)) — (T (1) + 2 251))

2

= I, v - ov=12], = 0, (),
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we obtain

a7 =+ < a7 - @B A BATY 4 |laBATY),

. hy
< 0,(1812) + |47 2], = 0522 ).

where A = T0(1) + 22%5(1) and B = (TW(1) + 2255(1)) — (T9(1) + 225,(1)). That is,

(A.9) H(fgu) 4 %”22(1))_1_ (F) + ':;‘22(1))_1" - op@%).

We conclude that, for all 1 < j < gy,

so

s (P + 2(1)) X1 (0207 = (W92 e
+w@(@%n+ﬁ&un—@Wm+ﬁ@x®)xmwm¢”P%

0
M — M,

< [y [1€8]1, {H<w,?>2 — w2 () + o)
n 2
+ [y (fg(1)+l”22(1))_1— (ﬂf}uwl’lm(l))_l }
n n 2
= 0,(vi) 0,(v) 0,( 1) 0,01
= O (hav/n).

Thus it follows from Assumption (A11) that P (1 maxi<j<q,|m,; — 7} ]\ > bg) < P(L=>0)
— 0 as n — oo.

We proceed to deal with the third term of (A.5). By (A.6),

1

\/> ‘771,] - 7717]

~ 71
ey (200 + 22 5a0)) 3,0 (V2 (e~ 8.
S >‘1_m1n \% )\Oamax Urmn HE - En oo||2 L 0.

Hence, by Assumption (All), we have

1 0 0,00 bn 0 o 1
= Y > =) < > — .
P<n 1£njz)én’n1"7 Th’] - 8 B \/>b 1<]<Qn\/>‘n1’j Lj -8 -0

Then (A.5) implies that P(A;) — 0 as n — oo. In order to prove P(A2) — 0 as n — oo, we
examine the bound of ||(F[f](1) + 22555(1)) 7 !|l2. By (A.9) and Weyl’s perturbation theorem
for eigenvalues of the matrices, for all 1 < 7 < g,

by <(f2(1) + 77?22(1))1) — N <(ﬂ5](1) * 3;122(1))1>

< H(fgu)#j@”zz(l))_l— (W]“H%E?(l))_l

ol)
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Therefore H (ﬂf" ](1) + %22(1))71H2 < A7l 4 C with probability arbitrarily close to 1 for

1,min

sufficiently large n. It follows from Assumptions (A4), (A6) and (A11) that

IN

An
P(Ay) P( max |72, > bn>

n 1<j<qn

p(An <ﬂ{ﬂ(1)+7:22(1)>_1

An dn
P >C| — 0

2
nbi

IN

Y n
s, = 5.)

IN

due to the fact that [|s9(1)]| < [|Z1(1)]|2 || sign(8I(1)]l2 < 2™ = 0, (%)

This completes the proof of (A.4). We now turn to show that
(A.10) Tim. P(&L’d £, 3@) = 0.
Observe that
A1) ([0 + 2 5,m) = (F0) = ([0 + 2m0) 7 25,0 ()

Then, by Assumptions (A4) and (Al1),

o = s, = [ (E0+ 2 2) " B - 1| e

= |- @@+ ) 2w s

2
In
n

~ —1
(F0 + 25 | 0l 82l
2
_ o('yb) 7.0,
This implies (A.10). Combining (A.4) and (A.10) leads to
(A.12) lim p(ﬁg £ 1{“]) = 0.
n—odo

Hence, to prove the sign consistency of the iteratively reweighted adaptive elastic net esti-
mator, it suffices to show that, as n — oo, Bq[lk} satisfies the KKT conditions (A.1) and (A.2),
so that 67[{9 ] is indeed the solution of (2.4).

The above arguments for proving (A.4) and (A.10) imply that

I{d=1} A
k] _ 3o _ Yn , (logn) +hy  Aan/Gn
(a13) ||Bl - B op(nbn+ Nl |
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From (A.3), (A.11)—(A.13) and Assumption (A11), for 1 < j < gy,

X (W) (Y~ X, B0 e 8

= X§ (Wi)e) +X°’(W““ X, ( (1) +2255(1) 2 55(1) B
- X;?’(W“f—”) X, (1) (F) + 25,1)) X, oy (Wh=1)%eh
¥ x?’(W,L’f 92X (1) 22 (F90) + 22551) ) 91) — 3t 01

= Yuting B + 5 Vg sign(8;) = Ynn, BL’“]] +0 ( jﬁ"b)

— % Unj Sign(ﬁlzk,]j) +0p <\/%nbn + ol n)\/;{(ll)nl} L) * 771:2?) '

This means that ﬁ;k] satisfies the first KKT condition (A.1) as n — oc.

Let 113, = X?/( 7[Zk—1])2[

X, ()W) + 255 (1) 71X, (1) (W )2] % and =
2 XY (W2, (1) (1 >+%22< ))~ts
>

0(1)+XY (Wi )X, (1) (T (1) + 225y (1))

k
i Any n,j> for some j > g } andA4—{’774]]> 205,

Tn'(1) — I,,]85(1). Denote Az = {|n3|
for some j > qn}.

Then, to show that BLM satisfies the second KKT condition (A.2), we only need to
prove that P(”I73’j —naj| < %”vn,j) — 0 as n — oo for any ¢, < j < pn. So it is enough to
show that P(A;) — 0 as n — oo for j = 3,4.

Let 1, = XY (W)?[L, — 1X, (1) ([0(1) + 25(1) 71X, (1) (W0)?] el and 15° =
XY (W0)? (I — X, (1)(TY(1) + 22 85(1)) K (1) (W2)?] €9, o Then

n,oo"

P(43) < ( max | 3°°| > )\nrn> —|—P< max |ns; —n3;| > )\n?”n)

Gn<j<pn 8 Gn<j<pn 16
T
+ P a 9 AnTn
<an£j<xpn’773’] 773,] ’ =
1
A.14 P mien ] > — ),
(A.14) + (q max |0jmic1| m)

where fjinit1 is the j-th element of B, init1.

n

For estimating the first term of (A.14), let HO = X?/(WS)Q[IH - %Xn(l)(fo(l) +

1n35(1)) ! X5 (1) (W2)?]. Thus we have 77;2,’]' = H,?] n.co- Note that
1 - " -1
sl < IS B 1+ [ (B + 2 o] v,

= Op(\/ﬁ)~

In the same way as in (A.7) and (A.8), by Assumption (11), we obtain

(A.15) P( max | 300‘ >)\n7’n> < ot Antn T — 0
an <J=pn 8 crv/n(log (14 pp—qn)) " (log n)1d=1}
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Since
g — 3, = X?'{(WS)Z [fn 2 X, () (B + () Xn<1>'<w£>2}
- 0 [ D (8 2] o] b
< (XL | vz = | sl + 1%, Gl €91,
where Gy, = L(W2)2X, (1)(T9(1) + 223 (1)) 71X, (1) (WD) — LW )2, (1) (T2 (1) +
22 3(1)) 7 X (1) (Wh )2, and

|Gull, < W2y - (W-WH ITa()

; (f2<1>+’jjzg<1>)‘1]
[+ 22 o) - (ﬂiﬂ(n ()

2+ Zem) | v oy,

I

) [T () NE,

vz - <W7L'f—”>2H2 [P

- o,(22)omo,mo, - 0(%)

then we have

hin, hy,
M35 — ng,j| = Op(\/ﬁ) Op <\/ﬁ> Op(\/ﬁ) + Op(\/;l) Op (\/ﬁ) Op(\/ﬁ) = Op(hn\/ﬁ) .
This, together with Assumption (A11), yields that
AnTn h f
(A.16) P(aniljaé(p 9, — s = T ) ( W ) — 0.

Moreover, since ﬁmgu‘ - ng;m] < ﬁHHgJHgHs% —ep solla = Op(1), it follows from Assump-
tion (A11) that

(A.17) P( max |n9; — n9°°| > ”r”> < P( v zc) —~ 0

Gn<j<pn AnTn

By (A.14)-(A.17) and Assumption (A5), we arrive at P(A3) — 0 as n — oo.

For A4, notice that

2 W82 X

P ) X (D]

74,4

[ (F + 22200) | st

(ﬂz](l)Jr%Ez(l)) ) - 1,

M,

_ %op(ﬁ) Op(1) Op (V) Op(*@> +0p(Vn) Op ( )

by
Anr/n Tn
:op< N >+o,,<bn>.

Then Assumption (A11) implies that

P< max |ng;| > A’Z") < P<\/q»"20>+P< In >C> — 0.

Gn<j<pn
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Assumption (A5) yields that

AnT: 1
P(AL) < nTn p 1 > 0
( 4) > (q rgfgp ‘774j‘ =7 > + <q rgjaé( ‘ﬁ] 1n1t1| T'n -

as n — oQo.

This concludes the proof of the sign consistency of the estimator ,Br[lk}. Next we proceed
: . %]
to show the asymptotic normality of 3y".

(IT) The asymptotic normality

From (A.3), we have

\/ﬁ ; = 1 (T Tn -1 / 1\ 2
sn (k) En(@f](l) _/62(1)> = m £H(Fg€](1)—|—;22(1)) X, (1) (WT[Lk 1]) &0
-1
2\/ﬁAsn( k) E”( na H%H&(l)) sn(1)
\/ﬁ ! Yn -1~
S T ) 5”[(1%](1) + 322(1)) (1) —an]ggm.

For the first term of (A.18), similarly to the proof of part (I), we have the decomposition

~ —1
(F90) + 25(0)) "X, (1) (WE) = By + B+ By,

where
- -1
By = (T0) + 25,(1)) Xa(1) (W2)?,
- -1
By = | (80 + 2 2) = (0 + 2 5a0) | X000 (92)"
Tn -1 2
By = (D) + 225(1)) X (1) (Wl = (W)
Note that
.- &, Biey, = L &, Brey o + L &, B1(en — €no)
Vnsn(k) Vnsn(k) Vnsn(k) 7
while
1 / 0 _ .
m EnBlé“moo = tzlatZta
with a; = mé’ (TO(1)+ 1 %9(1)) " Xy n(1). Tt is easy to see that {ayZy, Fny, 1<t<n}

is a martingale difference array, where F,; = 0{Z;, Xty 00, 1 <ta <m, 1 <t; <t} is the
o-field. Moreover, E(3"1 a1 Z;) = 0 and E(Y}, arZ)? = E(ZZ) E(3 1, a?) = 1.

In addition, Assumption (A7) implies that 1/s,(k) < 1/y/A2min. Then it follows from
Assumptions (A3), (A8), (A9) and (A11) that

IN

th( )

max |at]
Ot

NEwe (Fom) + 22 my))”

C Gn Un P
< LRl = 0,(YE) oo,

max
2 1<t<n

1€n]l,

2




196 Y. Liao and L. Wang

So the conditional Lindeberg condition is satisfied and the martingale central limit theorem
(see, e.g. Theorem 2 of [1]) yields that

(A.19) \/ﬁsln(k) & Bl 2 7.
On the other hand,
Lan - )
< oo Nl | (P20 + 2220) || 1R 10771 2 el
< CHen—sanQ 2. 0.
By Slutsky’s Theorem,
(A.20) \/ﬁsln(k) ¢ Bl 2 7.
For By, we know that
\/ﬁsln &, By,
<= H (R + 2 y0)) = (R0 + Z2ma1 H el [0y 92)2e8)|
and
ety (wiy?en], < [nay (93" — enac), o0y ()" b
Il 0, He e s [y e |
< Op(ﬁ) Op(1) Op(1) + || K1) (W2)* el o,
- o) (3,

Markov’s inequality and Assumptions (A1), (A2) and (A8) give

2
1 dn n Z
P HX 0y2 0 ‘ < E(S x,, 2t
< W ~C) = CanZz: Z Yo
q"L

2
1
= o nZE<ZX“gmm> = 0o

This means that || X,,(1)'(W,))%e) . ll2 = Op(y/Gn72). These bounds together with Assumption
(A11) imply that

(A.21) &, Baey,

st ene]-o( Lo avm =0

Along similar lines for By, we obtain

&, Bse)

Vnsn (k)

< S |00+ 550l o (12— )

2
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and

|xay (W)= (wl=)) b

< Hxnu)'((wg)? _ (Wyf—ﬂ)Z) (€0 — sgm)H2+ HXn(l)’ ((W:g)% (quk—ﬂ)Q)egmHQ.

Moreover,

a0y (w2 (Wl=1)%) (6~ 6 )|,

<meﬂM®“ﬂW”ﬂU@—%ab<%W@%<

From Markov’s inequality and Assumptions (A1), (A2) and (A9):

1
P
<Qn h%

w02 (rl-1y2) 0 ||
07 (o= e et > )
2 2
1 dn n 1 1 1 h2 an
< WZE<ZXt’i<o'2_A[’€_1]> €t> < Canh? E(g that> )
nme =1 t=1 t o n

t

That is || X, (1) ((W2)? (W[k 1]) )s Op(y/Qn hn). Therefore we have

(A.22) &, Bse,,

RCrn(s - 0(%) 0,1 Oy (v hn) 2= 0

By (A.20)—(A.22) and Slutsky’s Theorem,

1
V' sn (k)

(A.23) & (B + Ba+ B3) el 2 7.

Now it suffices to show that the last two terms of (A.18) converge to zero in probability.
By Assumption (A11),
An Tn -1
) s
s &0 ) )

_Qﬁs 5 el (T +Z;‘22(1))_1H2H82(1>H2
-o5E) o

For the last term of (A.18), by (A.11), we obtain

g 6| (B« L) i) - 1| sty

_ W\ P,
- o) T

This completes the proof of Theorem 2.1. O
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