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1. INTRODUCTION

Nonlinear time series have attracted much attention in the last four decades. Many
classes of models have been proposed and applied with great success in many important
real-life problems; such as economics (Granger and Andersen [12]), demography (Subba Rao
and Gabr [32]), environmental studies (Guegan [14]), etc. One of the most popular was the
bilinear time series models BL(p, q, P,Q)'. In the first time, these models were proposed and
developed by Granger and Andersen [12]; then becomes Phan and Tran [27], Subba Rao [31],
Guegan [13], Liu and Brockwell [25]. Particularly to those models, we quote the first-order
superdiagonal bilinear models BL(0,0,2,1), who also recognized applications in many fields
(see, for example, [26, 36, 5]).

This paper deals with the presence of a first-order superdiagonal bilinear model in
panel data (a series of T observations made through time over a number n of individuals),
denoted by BLP(0,0,2,1) and defined, for i = 1,2,...,n and t = 1,2, ..., T, as:

(1.1) Xit =bX; 10811+ €it,

where X;; is a panel observation (for individual ¢ at time ¢) described by a nonlinear stochas-
tic difference in time equation; (&) is a white noise process, i.e. a sequence of independent,
identically distributed random variables with mean zero, finite variance o and density dis-
tribution € — f(e) := (1/0) fi(¢/o) (where f; € Fy, see (2.1)) and b is a constant in R. The
probabilistic properties of a first-order superdiagonal time series model BL(0, 0,2, 1) processes
(such as invertibility and stationarity) have been studied by several references [28, 13]. These
properties also remain valid under a first-order superdiagonal panel model BLP(0,0,2,1). Let
us denote by F;(¢) and F;(X) the o-algebras generated by {e;s|s <t} and {X;|s <t},
respectively. Then:

1. Equation (1.1) admits a unique stationary solution (Xj;) (i.e., F;+(e)-measurable)
iff 202 < 1, in this case, one can write

00 J
(1.2) Xit = Z beiiaj H Eit—2kt1 T+ Eits
=1 k=1

2. Equation (1.1) is invertible (i.e., g;¢ is J; (X )-measurable) iff 2b%02 < 1, in this
case, one can write

oo J
(1.3) ein=Xig+ > (=Y Xig—j [ [ Xir.
j=1 k=1

! These models are defined as:

P q P Q
X = Zantfj + chgt—j + Zzbjkgtijt—k + €.
j=1 j=1

j=1k=1
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Several methods — such as the method of moments, the least squares method and
the repeated residual method — have been established in the literature for estimating the
parameters of bilinear models, see, for example, Pham and Tran [28], Sesay and Subba Rao
[30], Grahn [11], Bouzaachane [5] and Tan and Wang [34].

Before turning to the problem of estimating the parameters of model (1.1), it is very
important to know if it is indeed a BLP(0,0,2,1), and how the test proposed for testing
randomness against first-order superdiagonal bilinear panel dependence is efficient. Note that
if b = 0, X;; reduces to white noise (X;; =€), else b # 0, panel data follows a BLP(0,0,2,1)
(alternative hypothesis) — such a test is bilateral.

To start with, locally and asymptotically optimal parametric tests are constructed
using the Local Asymptotic Normality LAN property. Then, the special case of the pseudo-
Gaussian tests (optimal under Gaussian densities and valid under finite-variance non-Gaussian
ones) is derived. Unfortunately, their local asymptotic power, under non-Gaussian g; (es-
pecially the skew and heavy-tailed ones), can be extremely poor. Which leads us to the
construction of rank-based optimal tests (van der Waerden, Wilcoxon, Laplace, data-driven
scores, etc.).

Asymptotic relative efficiencies with respect to the pseudo-Gaussian procedure show
that the van der Waerden version of our rank-based tests uniformly dominates its pseudo-
Gaussian countepart.

The paper is organized as follow: Section 2.1 provides the main definitions and assump-
tions. The local asymptotic normality, with respect to b and o2, in the vicinity of b = 0, of the
family of distributions associated with (1.1) (with specified fi), is established in Section 2.2.
In Section 3.1, we propose (still, for specified f;) the optimal parametric test. The particular
case of the pseudo-Gaussian test is proposed in Section 3.2. Section 4 proposes rank-based
procedures that remain valid irrespective of f;. Particular cases (van der Warden, Wilcoxon,
Laplace scores, ...) are considered in Section 4.3. Asymptotic relative efficiencies with respect
to the pseudo-Gaussian test is derived in Section 5. Section 6 provides some simulation re-
sults assessing the finite-sample performance of the various tests proposed. Finally, Section 7
concludes.

2. LOCAL ASYMPTOTIC NORMALITY

2.1. Notations and main technical assumptions

Denote by PL(:;) the probability distribution under the null X;; = €; ;. Under the al-

,0;3f1
ternative, the probability distribution is denoted by P((Tg)b‘ h (b # 0), the observations X () .=

(XM XM XY with X = (X1, ..., Xip)' is generated by (1.1).

We suppose that the vector X(()n) = {(Xgl_)lai,o, XZ%)),i =1,2,...,n} is observable for
each individual ¢, and admits a density hg(.) continuous in 6. The influence of these starting
values is asymptotically negligible (see Hallin and Werker (1999) [20] for a detailed discussion).
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Throughout, we consider the class of standardized densities

(2.1) Fo = {fl : /_OOO fu(w)du = 05 — /_11 fl(u)du} .

Under f; € Fy, the median and median absolute deviation are 0 and o respectively; this
standardization avoids all moment assumptions and has no impact on subsequent results.

Our derivation of locally asymptotically optimal tests at density f; will be based on
the local asymptotic normality, with respect to (2,b)’, of the families of distributions

() _ [pn)
(2.2) Pl = {P

05|02 0) €RL xR and 2207 < 1}

at any 0 := (02,0)’.

This LAN property requires some technical assumptions on the innovation density fi.
Denote by F4 the class of all densities f; satisfying the following technical assumptions:

(A.1) f1 € Fo;
(A.2) fi(u) >0, Yu€eR;

(A.3) fi is absolutely continuous on bounded intervals, i.e., there exists fi such that

b
Fb) = fi(a) = / Fl(u)du for all a < b,

and, letting ®; = —f{/f1, assume that

I(f1) ::/Rq)?cl(u)fl(u)du and J(f1) ::/Ru2<1>21(u)f1(u)du

are finite.

For instance, interesting special cases of f; are obtained:

e The double-exponential or Laplace distribution, with standardized density

filw) = fe(u) = (1/2d) exp(=|ul/d),
with I(f1) = 1/d? and J(f1) = 2; the normalizing constant d := 1/In(2) ~ 1.4426
is such that f; € Fa.

e The logistic distribution, with standardized density
fi(u) = frog(u) == \/Bexp(—\/gu)/(l + exp(—\/l;u))Q,

with I(f1) =b/3 and J(f1) = (12 + 72)/9; the normalizing constant b := (In 3)?) ~
1.2069 is such that f; € Fa4.

e The Student distributions (with v > 2 degrees of freedom), with standardized den-
sity

filw) = fi () = WW@ +ayu? fr) "D/,

with I(f1) = a,(v+1)/(v +3) and J(f1) = 3(v + 1)/(v + 3); the normalizing con-
stant a, > 0 is such that f;, € Fg4.

e The Gaussian distribution, with standardized density (with mean zero and variance
1/a)
filw) = fa(w) := /a/27 exp(—au?®/2),
with I(f1) = a ~ 0.4549 and J(f1) = 3.
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2.2. LAN

Let us denote by 0™ the local sequences of perturbations of 6 = (02,0)’, where
o) = g + n%7 with 7= (Tl,TQ)/ € R2.

The bilateral test is equivalent to:

(n) . _
Pyt 12 =0,

(n) .
PG(">;f1 ] 7§ 0.

Under the null, the likelihood function for (X{™, X)) is

n T

(2.3) Lop (X5, X ™) = hg (X T T/ (Xi)-

i=1t=1

If 7 # 0, the likelihood function for (X(()n), X ™) in this case is

L@(n);f(Xén),X(n)) = hyo (X5") ) TTTT #( zt+z 7 ) X jHXZt k1)
(2‘4) i=1t=1

N

3
Sl

= ngo (X$) TT T £ (X + Tl72)),
i=1t=1
WhereT Z jXZt JHth k—1-
j=1 k=1

Denote by Aé(z) e the logarithm of the likelihood ratio (conditional on X (n )) for Pg(lz) "
(n)

against PG, £

(2.5) A(S@)/g,c log <L9(n)f(X( M, X ™)/ Lo, (X§" ),X(”))).

It can be expressed as follows:

n T
AS o = D3 (108 £(Xia + Tu(m2)) — log £(Xi)) +0p(1).
i=1 t=1
The op,(1) term (under ng}, as n — 00) corresponds to the influence of the starting value
(n)
XM,

Write Z;; for the standardized residual

) J
Zis(0%,b) =0~ <X1L,t + Z(—b)]XM,j H Xi,t—k—1>7
=1

k=1

(n)

and note that, under P, o these residuals coincide with aileiyt. The local asymptotic nor-
mality result, with respect to o2 and the parameter of interest b for a fixed density fi, is
established in the next proposition.
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Proposition 2.1. Let f; € Fs. Then the family 'PJ(C?) is LAN at any 6 = (02,0)’, with
central sequence

n T
1 =
A% (9) 5317 D) [2n(Zi)Zis— 1]
@6 ARO= (L, )= o3 ,
Af1;2(6) -1
n=ao Z(I)fl(zi,t)zi,tflzi,t72
i=1 t=3
and information matrix
T
—(J -1 0
(2.7) Ty (0) = (Ffl;ij(e))lgi,jSQ =\ 4o ( (f1) )

0 o*(T = 2)I(f1)o},
More precisely, for any T = (11, 72)" € R%, under Pg’.‘}l, asn — oo and fixed T, we have

n n 1
(28) A o = 7AE0) — ST O)7 + 0y(0),

and A;?)(Q) is asymptotically normal, with mean zero under Pg?}l, mean I'y (0)7 under

o). fy and variance Iy, () under both.

Proof: The proof relies on Swensen’s conditions 1.2 to 1.7 of lemma 1 in [33]. More
precisely, the only delicate one is the condition 1.2. The main point consists in showing that

L °© (_Ni. TTY 1
(027 b) QEz b f (2) := {1]”1 (Z + ZJ=1( b)]mj Hk:1 xk1>]
;05 J1 o o

is differentiable in mean quadratic. It is established in the following lemma.

Lemma 2.1. Let fi € Fa. Define, for z € R,

1 1 1
Ds2g2 0.4, (2) = @qﬁao;fl(z)(i@h(g) - 1),

1

1 1
Dvqga ., (D))o = %qa22,o;f1 ()@, (£)7120.

Then, as s and | — 0,

2
1 1 1
1. /IR q;2+s,l;f1 (z) - q;2+s,0;f1 (Z) - lqu§2+s,b;f1 (Z)|b_0:| dz = O(l2),

2
1 1 1
2 [ |00 ) = iy ()~ 5Dt ()] = o)

1

1 1 D,2q% , , (2) 2
3 / qﬁ?—i—s,l;fl (2) = q;Q,O;h (2) = (s,1) U% T dz = o(]| (Svl), HZ)
RL quaz,b;fl (z)|b:0
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Proof of Lemma 2.1:

0 J
1. Let T(b) = Z(—b)jxj H xp—1. Then 1 takes the form
j=1 k=1

e (28) - ()
wlVer s \Voits)  Volas ! Vot ts
1 1 5 2 ,
- lmq;2+5:0§fl(z)q)f1(\/0.27_*_5)1‘11"0:| dz = o(l*),

is equivalent to

()~ 57

N
[NIES

( )q)f( )xlmo] dz:o(ZQ)7

/R {fé(ﬁr(z)) —f

which is equivalent to
FE+T0) - f2() 1 F() 1P
/Rl?[ z + 2 /3 ) xlwo] dz = o(I?),

hence, for proving that, it is sufficient to prove that

N

[ [LEXTO L6 LG, Y
-0 Jr l 2f§ (z)
We have
i LCHTO) = 12() o F2E+TO) = 13() | YO
o : o T(0) l
= (£2(2)) x (~z120)
= _52((2)) 2170
% z — % z 2 . /Z 2
And just show that/R{f ( +T(ll)) f ( )] dzg/R[;J{;((z))mxo} dz < 0.
z+Y (1) 1

We know that f2 (z+ 7)) — f%(z) =

[ [fé(z”(?)_f e - / - 1[ [ srortow e
l / /tsz l) [;f/(t)f;(t)]zdt d
gTz/m/zm 50 2 (t)]zdtdz
) [ l ] /t_ [zf“)f?(t)] "

N[

N

This completes the proof of part 1 of Lemma 2.1.
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2. The problem here is reduced to the classical case of linear models considered by
Swensen (1985) [33].

3. The result here follows from 1 and 2 above. This completes the proof of
Lemma 2.1. [

The diagonal form of the information matrix confirms that o2 and b are not related, in
the parametric family (2.2). They play distinct and well separated roles.

The Gaussian versions (f; = fy) of (2.6) and (2.7) are

1 . n T
5oz ? 22 [aZi 1] x
A (0) = oo and Ty(0) = [ 20" , ,
nzoa Z ZitZit-1Zit—2 0 ;(T —2)
i=1 t=3
respectively.

The result of Proposition 2.1, implies that, under assumptions F4, as n — oo, the
family of first-order superdiagonal panel models BLP(0,0,2,1) possesses the LAN property
in a neighbourhood of white noise. This result leads us to construct asymptotically optimal
parametric tests under a specified fi. Note that these tests are valid under a specified fi,
and thereafter we will propose more general tests such as Pseudo-Gaussian and Rank-based
procedures which are valid under general densities.

3. OPTIMAL PARAMETRIC AND PSEUDO-GAUSSIAN TESTS

As mentioned above, the Le Cam theory of LAN experiments allows for constructing
tests which are locally asymptotically optimal (namely, most stringent). The basic idea is
the weak convergence concept of the sequence of local experiments to the Gaussian shift two-
dimensional model A ~ N (I‘T, I‘). For a general theory on locally asymptotically optimal
testing in LAN families, the reader is referred to Le Cam (1986) [23] and van der Vaart (1998)
[35].

We are interested in testing the null hypothesis b = 0 of randomness in (1.1), with
unspecified standardized error density in Fy. To do, let us start with the case when f; € Fy
is specified, i.e., the null hypothesis is such that

Hy (1) = U (PU, 0

02>0

and parametric alternatives take the form

TL) fl U U{ O’Qbfl}.

02>0beR
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3.1. Optimal parametric tests

Since 0 = (02,0)" = (1,0)'0? =: Qo?, then § € M(Q), where M(Q) is the linear sub-
space of dimension 1 of R? generated by the vector Q := (1,0)’. Recall that we are testing
79 = 0 against 7 # 0, which is equivalent to testing 7 € M(2) against 7 ¢ M (). Such tests
should be based on the asymptotically chi-square distribution (see S. Ghosh (1999) [10]) and
therefore the test statistic takes the form

n)’ — -1 n
(3.) Q0 (0) = A1 (0)[T510) ~ (T, (000) | Af0)
By algebra calculations, one can write

(3.2) Qn(0) = T3 (0)A55(0) = AV (T~ 2)I(f)oh) = Q, .

Withégff):n2 qu)fl Zit)Zi 112 2.
i=1 t=3

The test based on (3.2) is locally asymptotically most stringent for the problem of
detecting the BLP(0,0,2,1) dependance in white noise process. The application of Le Cam’s

Third Lemma provides the asymptotic law of () Q under P

pin). 0 SO We have the following

proposition.

Proposition 3.1. Let f; € Fa. Then, for any 7 = (11,72)" € R?,

i) @ n is asymptotically central chi-square with 1 degree of freedom under Pg,l;l,

and asymptotically noncentral chi-square, still with 1 degrees of freedom and with

noncentrality parameter \g, := (T — 2)I(f1)o? O'f 74 under Pé(,)l) 1
(ii) The sequence of tests rejecting the null hypothesis P(gn} whenever Q > X% I—as 2

is locally asymptotically most stringent, at asymptotic level «, for L_J{P(2 o fl}

against U U{ 2 bfl}

o2€R’ beR

o2

(iii) The asymptotic power under P(g()) o is1— F(X%’l_a, Mg ). 3

Proof:

(i) From Proposition 2.1, one can write

’I’l2
(3.3) Qp(0) =T, (AT, (0),
with
Agﬁ, _n_21022<bf1 it) L1251 2—0A()
i=1 t=3

2 xil_a is the (1 — «)-quantile of the central chi-square distribution with one degree of freedom.
3 F(.,\p,) is the noncentral chi-square distribution function with one degree of freedom and noncentrality
parameter Ag, .
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n

T
WhereA = _TZZ Zit)Zit—12it—2, then
i=1 t=3

Q1 (0) = [T = 21(f)oh] [l = AW /(T -2 1(f)oh) =@,

n n n 2
(i) Under Py} : AV~ N (0,(T=2)I(f1)od,), then AV /(T=2)I(f1)o},) = @, ~x3-

Under P((,)L) gy

from Le Cam’s Third Lemma, we have

éyf) ~N((T =2)I(fr)oo} 2, (T = 2)I(f1)o},),

hence A;T)Q/((T - 2)I(f1)a;%1) = Qh ~ x3(A,): noncentral chi-square of one degree of free-
dom and non-centrality parameter

A= (\/(T = DI(R)o}om)” = (T = 2)1(f)o%a},75.

(iii) We know that the power of the test is defined by

1— /3 := Prob [rejectmg Hf ( ) /Hf (6¢ ))] = Prob [Qf1> Xil,a / T2 #0

where [ is the second species risk and defined by
Prob |:Qf1< X%,l—oa / T2 7é 0:| - F(X%,l—oﬂ)\fl)'

Hence, the power of the test is 1 — F(x3,_,,Ap). O

The Gaussian versions of @) 5
—J1

3 n T

2
(3.4) Q= % [n; Z Z Zz’,tZi,t—IZi,t—Q] :
i=1 t=3
Unfortunately, this test statistic needs f; to be specified as a standardized Gaussian one,
so the parameter a also has to be given. In the next, we will show that an appropriate
version remains asymptotically valid under arbitrary f; with finite variance and optimal
under Gaussian one (pseudo-Gaussian test).

3.2. Pseudo-Gaussian tests

The Gaussian central sequence A(Nn,)Q(H) allows obtaining asymptotically optimal tests

under f1 = fur, as well as efficient detection of panel bilinear models, in the parametric Gaus-
sian model characterized by Gaussian disturbances. Extending the validity of the Gaussian
optimal test to general densities g1 in a broad class of densities is of course highly desirable.
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Let us show that this is indeed possible and that a slight modification, A}k\%), say, of the

()

efficient central sequence A/, leads to a pseudo-Gaussian test which remaining valid when

the actual density g; belongs to the class .7-"1(42) of all densities in F4 with finite variance.
Define

-1 n
A/\§2 =n? U“ZZ it — ) (Zigor = i) (Zigmn — m),
i=1 t=3

T
1 n
where mgn): = ; tz; Z;+ is a y/n-consistent estimator, under Pé?;l, of p1(g1) ::/Rzg1 (2)dz.
Decomposing Z; ; — mgn) into (Z; 1 — p1(g1)) + (n1(91) — mgn)), then, it is easy to check that

under P™ asn — 0,

0;91°
. n T
ANHO) =7 0a >3 (Zie = m(90) (Ziar — p(90)(Ziss — (1)) + 0p(1).
i=1 t=3

Then, still under Pén; , A*(n) (0) is asymptotically normal with zero mean and variance

F/\/,g1 22—@ g (T 2) gl’

where 021 = /R(Z — Ml(gl))le(Z)dz-

On the other hand, it is easy to see that, under Pé(2> Aj\%) (#) and the log-likelihood

% J0.g, OT€ jointly binormal; the desired result then follows from a routine application of

Le Cam’s Third Lemma.

A pseudo-Gaussian test may then be based on a statistic of the form
*(n)?2
Qj\f;gl <6) = (Fj\/;gl;ﬂ(e))ilA/\s';Q) 9)
o = a Zn:i(zt ) G ) (Zogs - )]
(T'-2) ; B 1 Gl 1 it— 1

In practice, the pseudo-Gaussian test will be based on

2
-1 n n
SR B P55 o5 o PR TP P

=1 t=3

n T
. o . . n
where 2 = g Zit — m1 2 is the empirical variance of the (Z;; — mg ))’s.
n
i=1 t=1

Showing that, under Pe g QN Q. gl( ) = 0p(1)., as n — oo, we thus have the fol-
lowing result.

Proposition 3.2. Let g1 € .7:/(‘2). Then,

(i) Qj\/ is asymptotically central chi-square with 1 degree of freedom under Pglg)l,
and asymptotically noncentral chi-square, still with 1 degree of freedom and with

noncentrality parameter Ay := (T' — 2)o;75 under P‘(W)L)
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(ii) The sequence of tests rejecting the null hypothesis U U {P(n)

02,091

} when-

geF® oeRy

ever Qj\/ > X%’l_a, is locally asymptotically most stringent, at asymptotic level

o, against alternatives of the form U U {Pg)b, f,/\/’} ;
o€R? bER

(iii) The asymptotic power under P((;Q);gl is1— F(Xika, AN)-

4. OPTIMAL RANK TESTS

We start by describing the group invariance structure of the testing problem considered.
Then we introduce (and study the properties of) rank-based versions of the central sequences.
This will allow us to develop the resulting (optimal) rank tests and to derive their asymptotic
properties. The general results of Hallin and Werker (2003) indicate that semiparametrically
efficient and rank-based procedures have been established in relation with ranks that are being
maximal invariants under model-generating groups of transformations. It is clearly that the
null hypothesis H(()n) is invariant under the group (Q(”T),*), such as for any transformation
G, of R"" we define Gy (Y11, ..., Yor) := (R(Y11), ..., M(Yn1)), Where y — h(y) is continuous

and monotone increasing and ligl h(y) = £oo. The invariance principle therefore suggests
y—too

restricting to tests that are invariant with respect to this group. The maximal invariant

associated with (G"T), %) is the rank R(") := (Rgnl) yeees Rfln:)p), where R denotes the rank of

it
A

t) among (Zﬁ), vy qu"%) It is easy to check that (G("T) %) is actually a generating group

for the null hypothesis H[()n). As a direct corollary, rank tests are distribution-free under the
whole null hypothesis. This explains why rank tests will be validity-robust.

4.1. Rank-based versions of central sequences

According to Hallin and Werker (2003) [21] and under the LAN property with efficient

central sequence AS‘?')Z’ an efficient semiparametric inference obtained conditioning AS‘T')Q by

the rank vector R(™, under the null hypothesis

(n) ._ (n) (n)
(4.1) %m = E[A7, | R™].
The conditional definition (4.1) of A;T?Q gives a statistic based on the ranks of exact scores,
thus Hajek’s projection theorem establishes the asymptotic equivalence between a non-para-
metric statistic and its parametric counterpart (for more details, consult the book of Héjek,

Siddk and Sen (1999) [16]).

To combine validity-robustness/invariance with Le Cam optimality at density f1, we
introduce rank-based versions of the central sequence that appear in the LAN property above
(Proposition 2.1).

(n)
R,

B n T R(n) Rn)
(TL) — = 5 -1 Z7t_1 —1 Z,t—2 =
) S ‘_MJ;;{%(NH)E (N () mﬁ}
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with N =n(T - 2), ¢f = <I>f1 o Fy ' and

__ — to -1 t3
my = ZZZ SOf 1 1(7)F1 ( )
YO N(N 1<t1#2#3<N ! N+1 N+1 N+1
Let
o 5 X el e |
= f 1 1 \'nr1
fi N(N 1<t1#2#3<N ! N+1 N+1 N+1
2
+

N(N—l)(N—Q)(N—?,)
t2 —1 t3 2 -1 t4
X SD 1 SD 1 F F 7) F
Y355 el e (D E ) [ )| B )

2
N(N=1)(N=2)(N=3)(N—4)

S S e ) ) e ()

1<ty #taFtsFtaFts <N

_l’_

t q
Nj—l)Fll(Nj-l
N-5
N(N=1)(N—2)(N=3)(N-4)(N-5)
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ta N1 ts —1(_ts 2
Sofl(N+1)F1 (N+1)F1 (N+1) _Nmfl‘
Define the cross-information coefficients Z(f1,g1) and o(f1,91) as
1

R ! —1 —1 L —1 —1
T(frg1) = /O B, (F7 (), (G (u))du and o(fy,g1) := /0 FrL ()G (v)dv,

we then have, for the rank-based A , the following asymptotic representation result.
~ f1;2

Proposition 4.1. Let f; and g1 € F4. Then, as n — oo and fixed T,

(i) Under Pég) ,

43 AW = B A | A B 02 (1)
= Afpa+ o),

with (denoting by G the distribution function associated with gi)
T

(4.4) A?Eflg)lﬂ = n_TlUZZsOfl (G1(Zin)) FT H (G1(Zig—1)) Fy H(G1(Ziy—2));

i=1 t=3

(ii) Still under Pé?g)l, %;’:)2 has zero mean and variance I‘;E”2)2 = o%(T — 2)55{5)2 =

Lo +0(1), where T oy = (T = 2)I(f1)o%0;;
(n )

(iii) A *(n g) . is asymptotically normal, with zero mean under P | mean

(T —2)Z(f1,91)02(f1, g1)0%m2 under P( ) | and variance Ff1;22 under both.
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Proof: The proof of Part (i) of the proposition follows along the same lines as in
Hallin et al. (1985) [18], and therefore is omitted. Part (ii) is obtained by direct computation.
As for Part (iii), under Pén) the result straightforwardly follows from classical central limit

theorem. On the other hand, it is easy to see that, still under p™ A*(n) 5 and the

0(n);gq f1,91;5
log-likelihood Aé<2) o0, are jointly binormal; the desired result then follows from a routine

application of Le Cam’s Third Lemma. ]

4.2. Optimal rank tests

The rank-based version of the quadratic statistic is given by

o *(n) \—1 A (n)?

= (T A

9T Tam) 2

(4.5) 1 T
IRCECRT [n XAty

(T—2 i=1 t=3

R

(n) (n)
Rz — — — Rz — __
it FII(N,Jrl)Fll(N,jri)_mfl}] ,

we then have the following general result.

Proposition 4.2. Let f; and g, € Fa. Then, for any 7 = (11,72) € R?, as n — oo
and for all fixed T,

(i) @ is asymptotically central chi-square with 1 degree of freedom under Pg,lg)l,
~h ’
and asymptotically noncentral chi-square, still with 1 degree of freedom and with

noncentrality parameter
— 2 4 2.2 4
Moo = (T =2)I7(f1,91)0" (f1, 91)0773 /1(f1)o™ (f1)

(n)
under P¢9<n)

(ii) The sequence of tests rejecting the null hypothesis U U {ng)’o;gl} when-
g1€EFA o2
ever ) > X% 1—a» 18 locally asymptotically most stringent, at asymptotic level «,
~fi
against alternatives of the form U U { 2 b f1}
o€RY bER

(iii) The asymptotic power under Pé(z) g, 51— F(XT1 0 M)

4.3. Examples of non-parametric statistics

The quadratic statistic () is a non-parametric statistic that depends only on the

~

1
determining of the score function f; and provides general form for the optimal rank tests of
the null hypothesis of randomness.
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The three most important particular cases for the rank test statistic presented are the
van der Waerden (normal score), the Wilcozon (logistic score) and the Laplace (double-
exponential score) test statistics, which are respectively optimal at normal, logistic and
double-exponential distributions.

(i) The van der Waerden’s test statistic is given by

Q = ai(n)zA(n)?,
~vdW (T_Q)SfN ~vdW
with
n T (n) (n) (n)
_ R! R! R!
4, AW — T Pol(B gLy g (L2
S N izl;{ ()Y )Y () e
and
My = 5222 JO () ()
T NN - N+1 N+1 N+1”
1<t1#t2#s<N

where W is the standard normal distribution function.

(ii) The Wilcoxon’s test statistic is given by
1

Q =—" g A
W (T —2)bs"
with
(4.7)
n T (n) (n) (n)
_ R R R
o S P o )
W z;tz:; N+1 N+1-R", N+1-R,
and
= 2t b B
NN -1 ZZZ< 1>10g<N+1—t2>1g<N+1—t3>

1 Lt FAtaFta <N

(iii) The Laplace’s test statistic is given by
2
@ = : (n)? A(H)Qv
~oo (T —2)sp) ~£
with
n)
t

(n) R R| Ry}, Ry},
n) _ .= . —1 7, -1 1,t— —1 1,0— =
18 2 =n7 ZZ. < 3{82‘(]“(}?1 (N+1))F1 (N (57 mm}

and

L DD szgn( 1 NL))Ffl(Nti1)F1‘1(Ntf;1>,

2) | Criarine

where F7j is the distribution function of the double-exponential and

{ dlog(2u) if 0<u<3
< 1.

F N u) =
T —dlog(2 — 2u) if } <
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5. ASYMPTOTIC RELATIVE EFFICIENCIES

In order to compare the performance of the parametric and non-parametric tests pre-
sented, we calculate the Asymptotic Relative Efficiencies (AREs) of rank based tests with
respect to the Pseudo-Gaussian one. The results obtained are satisfactory. Hence, under

P‘(g?z)_gl, for any g1 and for different scores f7, the asymptotic relative efficiencies of () with
’ ~fi

respect to @ v are

2
AREgl(gf /Qy) = (W)
(5.1) B (z?(fl,gl)a4(f1,gl)>2

05,01, 1(f1) '

Table 1 gives the numerical values of (5.1) for @ =@ ,Q ,Q ,Q ,Q and
~f1 ~odW ~W ~La ~ts ~sN(2)
Q under densities g; that are normal, Logistic, Double exponential, Student-t5, Skew-
Nst5(2)
normal sA(2) and Skew-Student st5(2).

Note that for f; = vdW these values are always greater than one, i.e., the van der
Waerden test (vdW) always has an efficiency greater than or equal to one, the equality being
realized only if the density underlying g is itself a Gaussian density (A), which means that
rank based tests are asymptotically more powerful than Gaussian tests (this result is proved in
many cases, see for example, Chernoff and Savage (1958) [7] and Hallin (1993) [17] for ARMA
models). Note also that each value is maximum in its corresponding column. Thus, at each
of the densities, non-parametric tests perform better, compared to the Pseudo-Gaussian test.

Table 1: Asymptotic relative efficiencies of some rank tests
compared to their Pseudo-Gaussian counterpart.

Scores Actual density g1 N ! De s SN(2) sts(2)
Van der Waerden 1.0000 1.1723 1.5244 1.3435 1.6328 1.7262
Wilcoxon 0.9347 1.2026 2.3421 1.5002 1.9782 1.7822
Laplace 0.4275 | 1.1337 | 4.0000 | 1.0349 | 1.5433 | 1.6889
Student-ts 0.8160 1.1569 2.7812 1.5625 1.8922 1.9501
Skew-normal sN(2) 0.9520 | 1.0989 | 1.5633 | 1.1490 | 2.2301 | 2.3301
Skew-Student st5(2) 0.5179 | 0.9734 | 1.9331 | 1.2150 | 1.7325 | 3.0133

6. SIMULATION

To enhance the interpretation and validity of the theoretical results of the previous
sections, we present a simulation experiment using R-programming. The purpose of this
section is to evaluate the performance of the proposed tests, at asymptotic level o = 5%.
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We simulated several BLP(0,0,2,1) panel data described by
(61) Xiﬂg = in,t—Zgi,t—l + €it 1=1,2,...,100, t=1,2,...,12,
where:

e b =0 for null hypothesis, and b = 0.05,0.1,0.15,0.2 for increasingly severe alterna-
tives;

e The (g;4)’s are i.i.d. with a symmetric density - Gaussian (N), logistic (1), double
exponential (De), Student with v = 5 degrees of freedom (t5) — or with an asym-
metric density — the skew-normal sN(§) and skew-Student st5(8) densities * (both
with skewness parameter value § = 2).

We performed the simulations for n = 100 and 7= 12. In each case we generated 2500
independent samples of size N = n(7T" — 2) = 1000 from (6.1).

For each replication, we performed the following tests at asymptotic level a« = 5%: the
pseudo-Gaussian test based on Q/Tv, the van der Waerden test based on ) , the Wilcoxon
~odW
test based on () , the Laplace test based on ) , the rank tests base(f on Student with
~W ~L
5 degrees of freedom and data-driven skew-Student st;(0) scores.

Rejection frequencies are reported in Table 2 and they amply confirm the excellent
overall performances of our rank-based procedure with data-driven scores. It also appears
from the skew-normal and skew-Student simulations that asymmetry significantly improves
the superiority of rank tests over the pseudo-Gaussian one.

7. CONCLUSION

The problem of testing the null hypothesis of a randomness against first-order super-
diagonal panel model BLP(0,0,2,1) (in large n and small T") is considered for specified and
unspecified error density. Optimal parametric and pseudo-Gaussian procedures are derived
based on the Local Asymptotic Normality property. Moreover, the pseudo-Gaussian test ap-
pears to have quite poor performances under skewed and heavy-tailed distributions. There-
fore a rank-based version of the test is considered. Particular cases such as van der Waerden,
Wilcoxon, Laplace and data-driven scores are given. These tests exhibit remarkably high
ARE values with respect to their pseudo-Gaussian counterpart. Simulations confirm the
excellent overall performances of the proposed tests.

4 See, for instance, Azzalini and Capitanio (2003) [2] for a definition of skew-normal and skew-Student
densities.
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Table 2: Rejection frequencies (out of 2500 replications), for b = 0 (null hypothesis) and
various non-zero values of b (alternative hypotheses), with error density g; that
is Gaussian (N), logistic (1), double exponential (De), Student (¢5), skew-normal
(sN'(2)) and skew-Student t5 (st5(2)) of the pseudo-Gaussian and rank based
(based on van der Waerden, Wilcoxon, Laplace, Student-¢5 and data-driven scores)

procedures.
b
Underlying densities g1 Test
0 0.05 0.1 0.15 0.2
Pseudo Gaussien 0.0520 0.2236  0.7224 0.9680 0.9996
Van der Waerden 0.0512 0.2448 0.6844 0.9564 1.0000
Normal Wilcozon 0.0508 0.2280 0.7400 0.9640 1.0000
Laplace 0.0512 0.2160 0.6928 0.8840 0.9992
Student-ts 0.0496 0.2360 0.6560 0.9760 1.0000
Data-Driven 0.0524 0.2800 0.7400 0.9760  1.0000
Pseudo Gaussien 0.0464 0.2400 0.7144 0.9632 0.9992
Van der Waerden 0.0488 0.2688 0.7204 0.9844  0.9996
Logistic Wilcozon 0.0520 0.3044 0.7880 0.9620  0.9980
Laplace 0.0496 0.2960 0.7320 0.9840  0.9980
Student-ts 0.0560 0.2488 0.7640 0.9840  0.9996
Data-Driven 0.0500 0.3240 0.8360 0.9920 1.0000

Pseudo Gaussien 0.0524 0.2236  0.6908 0.9544 0.9972
Van der Waerden 0.0476 0.2324 0.7820 0.9956  0.9888

Double exponential Wilcoxon 0.0492 0.3720 0.8412 0.9884 0.9992
Laplace 0.0520 0.4924  0.9080 0.9960 1.0000

Student-ts 0.0484 0.3920 0.8800 0.9920 1.0000

Data-Driven 0.0480 0.3760 0.8760 0.9520  1.0000

Pseudo Gaussien 0.0496 0.3248 0.8768 0.9932 0.9996
Van der Waerden 0.0488 0.3044 0.8660 0.9924  1.0000

St Wilcoxon 0.0492 0.4964 0.9248 0.9732 0.9989
udent-t5

Laplace 0.0488 0.4560 0.8840 0.9880  0.9996

Student-ts 0.0476 0.4640 0.9560 0.9960 1.0000

Data-Driven 0.0540 0.4960 0.9720 1.0000  1.0000

Pseudo Gaussien 0.0496 0.1264 0.4572 0.7900 0.9612
Van der Waerden 0.0464 0.1328 0.4112 0.8084 0.9488

Skew-normal sA(2) Wilcozon 0.0468 0.1440 0.4560 0.8240 0.9440
Laplace 0.0492 0.2120 0.4824 0.7244 0.8680

Student-ts 0.0432 0.1760 0.4120 0.7360 0.9240

Data-Driven 0.0460 0.2080  0.5360 0.8080 0.9400

Pseudo Gaussien 0.0480 0.2240  0.6800 0.9392 0.9904
Van der Waerden 0.0524 0.2368 0.7200 0.9240 0.9888

Skew-Student sts(2) Wilcozon 0.0488 0.3120 0.7284 0.9688  0.9992
Laplace 0.0540 0.3160 0.6800 0.9124 0.9640

Student-ts 0.0504 0.2840 0.7280 0.9440 0.9920

Data-Driven 0.0484 0.3480  0.8360 0.9720 0.9960
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