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Abstract:

e A central issue in the theory of extreme values focuses on suitable conditions such that the well-
known results for the limiting distributions of the maximum of i.i.d. sequences can be applied to
stationary ones. In this context, the extremal index appears as a key parameter to capture the effect
of temporal dependence on the limiting distribution of the maxima. The multivariate extremal
index corresponds to a generalization of this concept to a multivariate context and affects the tail
dependence structure within the marginal sequences and between them. As it is a function, the
inference becomes more difficult, and it is therefore important to obtain characterizations, namely
bounds based on the marginal dependence that are easier to estimate. In this work we present
two decompositions that emphasize different types of information contained in the multivariate
extremal index, an upper limit better than those found in the literature and we analyse its role in
dependence on the limiting model of the componentwise maxima of a stationary sequence. We will
illustrate the results with examples of recognized interest in applications.
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1. INTRODUCTION

Let F' be a multivariate distribution function (df), with continuous marginal dfs, in the
max-domain of attraction of a multivariate extreme values (MEV) df H having unit Fréchet
marginals, H;(z;) = ®;(z;) = exp(—xj_l), xj >0, j =1,...,d. Therefore, we have

~

(1.1) F”(unl(xl),...,und(a:d)) —>H(.%'1,...,.%’d),

where uy,;(x;) = anjx; for some sequence {a,; >0}, j =1,....d.

Consider {X,, = (Xp1,...,Xpnq)} a stationary sequence such that Fx,kK = F and let
{M,, = (Mp1,..., Mpq)} be the componentwise maxima sequence generated from Xy, ..., X,
and therefore M,; = \/7_; Xy, j=1,...,d. If

(12) lim P(Mnl < Unl(xl)a vy Mpg < und(xd)) = H(xla "'axd)a

n—oo

for some MEV df H, we can relate H(x1,...,x4) and ft\[(l‘l, ..., xq) through the so called
multivariate extremal index of {X,,}. This is possible, even if the marginals H ;j are not unit
Fréchet distributed, as considered for simplicity and without loss of generality. Indeed, to have
(1.1) or mutatis mutandis (1.2), it is sufficient that, as n — oo, the sequence of copulas C%,
with Cr(u1, ..., uq) = F(F7  (uy), ..., F{ *(uq)), converges to Cg, as well as, FJ'(up;(z;)) —
H j(xj), j =1,...,d, which can be reduced to the case of convergence to the Fréchet without
affecting the convergence of C.

We recall the definition of multivariate extremal index of {X,} and its role in the
relation between H and H (Nandagopalan [18], 1994). The sequence {X,} has multivariate

extremal index 6(7) € (0,1], 7 = (11, ..., 7q) € Ri, when for each T there is a sequence of real
(1)

levels {ugr) = (U s ees uT(:C’;))} satisfying

(1.3) nP(Xy; > u(?) =15, j € D={1,...d},
(1.4) P(M, <ul™) - 3(r) and

P(M,, < ul)) — () = (3(r)"7,

where M, = (]\/Zm, ...,]\//fnd), ]\/an =V, )/(:ij, j=1,...,d, and {in} is a sequence of inde-
pendent vectors such that F)A(n =Fx,.

Observe that

3(r) = exp (= lim nP(X1 £ u,)) = exp (~I(r).,
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with
d
()= nhlgonp( x> ul >
- Z (=) lim nP(ﬂ{XU > uTJ)}>
0#£JCD e jeJ
= > (=),
0#£JCD
where

jeJ
and, in particular, Fifj}(Tj) =1, j € D. So, to say that I'(T) exists is equivalent to say that
~(T) exists and we have

’y(T)zexp(—H(T)F(T)) =exp | —0(r) Y  (~DF(r)

P#JCD

In a one-dimensional setting, (1.3) and (1.4) are equivalent and {X,,;} has extremal in-
dex 6; € [0, 1] if, for all 7; >, there exists uiL] ), such that nP(Xy; > n ’)) — 15 and P(Mp; <
u)) = exp(~0;7;).

For the sake of simplicity, we will take upj(z;) =nxj, j=1,...,d. This assumption

leads to levels u( ") with T =T, Vand 4(1) = H(Tfl, ---77,;1)-

If {X,,} has multivariate extremal index (7) then any sequence of subvectors {(X,,) 4}
with indexes in A C {1,...,d} has multivariate extremal index 04 (7 4), with

0a(Ta) = lir% O(T1,...,74), TA € R'f‘ .
Ti—

igA
In particular, for each j =1, ...,d, {Xy;}n>1 has extremal index 6;.
If 0(1), T € R%, exists for {X,,} we have
(1.5) H(zy,...,1q) = f[(:rl, o :Ed)e(—logﬁl(m),...,—10gf1d($d))
and Hj(xj) = ﬁj(l‘j)ej, jeD.

From inequalities (Galambos [7], 1987; Marshall and Olkin[15], 1983)

d

~

ﬁj(l’j)ej S ﬁ({[}l, ...,:L‘d)e(n(xl) """ Td(md)) < min Hj(!l?j)ej,

= j=1,..d
=1 J

.

we obtain

d d
(1.6) Vi1 07 - - > =105
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Besides the relation between H and H, 0(t) also informs about the existence of clus-

(75)

tering of events “at least some exceedance of unjj by Xy, for some j7, since (Nandagopalan
[17], 1990)
1 Tn Tn
(1.7) 7] = lim E (z; NN Z;ﬂ{xizu%”} > 0) ,
i= i=

for sequences r,, = [n/ky] and k,, = o(n) provided that {X,, } satisfies condition strong-mixing.

The multivariate extremal index thus preserves, with the natural adaptations, the char-
acteristics that made famous the univariate extremal index. Additionally to these similar
characteristics to the univariate extremal index, it plays an unavoidable role in the tail de-
pendence characterization of H. If the tail dependence coefficients applied to F' remain
unchanged when applied to H (Li [14], 2009), we can not guarantee the same for H, as will
be seen in Section 3. The presence of serial dependence within each marginal sequence and
between marginal sequences, makes it impossible to approximate the dependence coefficients
in the tail of M,, to those of F'.

The dependence modeling between the marginals of F' has received considerably more
attention in literature than the dependence between the marginals of Fjy,, which differs from
Fﬁn = F" for being affected by 6(7). The need to characterize this dependence appears,
for instance, when we have a random field {X;,,i € Z? n > 1} and we consider random
vectors (X, n, ..., Xi, n) corresponding to locations (i1, ...,45) at time instant n. Sequence
{(Xims -, Xiyn)}n>1 presents in general a multivariate extremal index 6;, ; (7) encom-
passing information about dependence in the space of locations 41, ...,7s and when the time
n varies (Pereira et al. [21], 2017). Relation (1.5) applied to MEV distributions H and func-
tions 0(x1, ..., z4) compatible with the properties of a multivariate extremal index, provide a
means of constructing MEV distributions (Martins and Ferreira [16], 2005).

Notwithstanding all these challenges posed by and for the multivariate extremal index,
the literature proves that it remained on the theoretical shelves of the study of extreme values.

The main difficulty of applying the multivariate extremal index lies in the fact that it
is a function, unlike what happens with the marginal univariate extremal indexes, for which
we have several estimation methods in the literature (see, e.g.: Hsing [9], 1993; Gomes et al.
[8], 2008; Northrop [20], 2015; Ferreira and Ferreira [6], 2018; and references therein).

Since it remains present the need to estimate the tendency to form clusters in a context
of multivariate sequences, we propose in this work:
(a) decompose it, highlighting different types of information contained in it;

(b) bound it in order to obtain a better upper limit than those available in the liter-
ature;

(c) enhance its role in the dependence of the tail of H;

(d) apply it to models of recognized interest in applications.
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2. CO-MOVEMENTS POINT PROCESSES

Based on (1.7), the multivariate extremal index can be seen as the number of the
limiting mean dimension of clustering of events counted by the point process

n
No=3_ Lix,zu0y
=1

We are going to consider two point processes of more restricted events, corresponding
to joint exceedances for various marginals of X; and enhance the contribution of the extremal
indexes of these events in the value of 0(t).

Let, for each ) # J C D ={1,...,d},
n
N;:’J - ER{QJ‘GJ{XU>“M}}’ n =1,
=
and
n
Noy = Zl Lip ) XV unhs T 2 1
i—

where notations A and V stand for minimum and maximum, respectively.

We denote the respective limiting mean number of occurrences by
I(ry) = 71151010 nP ﬂ{XZ-j > Upj}
JjEJ
and
L5 (ry) = lim nP ({Xi >\ uns}
JjeJ jeJ
Observe that
I%(ry) = lim nP | ()4 Xy > 0 —
n—oo jeJ /\jEJ Tj
Thus
ryE) =7 N7
Jje€J

with 77" an increasing function in A ; 7; and homogeneous of order 1. Therefore, we have

)

(2.1) e (AJEJ Tj> _ Ty </\jeJ Tj)

S S

for all s # 0, a relation that will be fundamental for the independence of 8** from 7.
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In case J = D, we will omit the index J in notation.

For each of these processes, we can define an index of clustering of occurrences, which we
will also call extremal indexes, 0% (T7) and 6% (T 7), being the latter a constant independent
of 77, as we will see.

Let us assume that sequence {X,, },>1 satisfies the strong-mixing condition (Leadbetter
et al. [11], 1983) and, as consequence, we have, as n — 0o,

P (Ny.; = 0) = P (Nyyjp 1. =0) =0,

n,

P (N; ;=0) - P (N[Tm/kn],J :0) —0
and
P (Nyty = 0) = Phe (Njp, 1. = 0) =0,

for any integers sequence {k, }, such that, k, — oo, knan(l,) — 0 and ky,l,,/n — 0, as n — oo,
where a,(+) and [, are the sequences of the strong-mixing condition. Thus

P (N, ;=0)—exp(=0;(T;)Ts(11)),

P (Ny ;= 0) = exp (=05(r.)T5(r))

and
(2.2) P (N =0) —exp | 07T | N
jeJ
with
0,() = lim kP (N[n ot > o) JT(77),
03(rs) = lim kP (Njyp,5 > 0) /T5(r)),
0 () = lim p( e ]J>o) i | N\
jeJ
and

05 (r ) | N\ 7| <O05)T5(rs) <\ 0575 < 0,(r)T (1)
JjeJ jeJ

In the following we present relations between 0%*(1;), 6% (1) and 0 (), which will allow
us a detailed interpretation of the information contained in 6(7) and an upper bound better
than the one in (1.6). But first, we start by proving that 6%*(1;) = 0%, i.e., these extremal
indexes are independent of 7, which is already known for J = {j} (Leadbetter et al. [11],
1983), j =1,...,d, since Hf{‘;} = 0;. Indeed the proof runs along the same lines.
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Proposition 2.1. For stationary sequences {X,} satisfying the strong-mixing con-
dition, if there exists the limit (2.2) for some T, then it exists for any T > 0 and there exists
a constant 6% € [0, 1] such that

kk Kk __kk
P( oA = )—>exp —O0% T /\Tj
jeA
Proof: From the strong-mixing condition, we have

liminf P (N5 = 0) = Timinf P& (Ng, 1 4 =0)

n,

n—oo n—oo
kn
kon P <N** > 0)
— fiminf [ 1 — —\ [P/knbA
n—oo kn
k:"/ ok k’lL
o np (/\jeAle >\/jeA“nj) TA </\jeA>
> liminf | 1 — =11~
n—00 kn kn

Thus, if there exists W(73*) = limsup,,_ ., P (N;:"A = O), we have W (TZ* (AjeA>> >

exp (—7‘;‘1* (/\jeA>>, and so W(73") is a strictly positive function.

We also have that function W(7%") would have to satisfy W(r%*/k) = WY/F(r%), for all

. . A (Njea™))
7% >0and k=1,2, ..., since, representing > = ;1 by N u( A WNjeaT
x P g szl {/\jeA Xij>m//\je,q Tj} y IV, ( m

and applying (2.2), it holds

K% T**(/\' T') *% T**(/\' T)/k’ﬂ
P( fo/kal, A <u,(LA e )> = 0> - P( o /Ral, A (u[(nfkn] o )> = 0>

i [n/ky]
- [kj P JQXU>/\]‘€ATJ _p Jgle>/\j€ATj/kn
_ | /\jeATj 0 —M 0 -
=[] Pserm oy - Doty o] <ot

and thus we would have

1\ <7]_§) = limsup P (Nf:z*/kn],A (u[(;’;‘;{fz)) = 0) = lim supP( A (ugz)) = 0>

n—oo n—0o0

— W (75 R

On the other hand, ¥ (7}*) would have to be a non increasing function because if, for some
To = (70,1, .-, T0,d), We have

T0.A /\ 70, | = limp—oo nP (/\jeAle > /\jeAm,) > T (/\jeAT]>
JEA

= limy, .o nP (/\jEA X1 > ﬁ)
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and 73" (/\ jeA Tj) is increasing in /\;c 4 7, then for all n large,

/\ le C /\ le

jEA ]EATJ jeA /\jGATOJ

) )= (47)

and ¥ (7’6*2) < W (73%). If (7)) is a strictly positive function, non increasing and such

and thus

that W (73" /k) = ¥ (1 **)1/k then W (773") = exp (0% 74"), with 6% a non negative constant.
Since ¥ (73*) > exp (—74%), it also comes 6% < 1. For the lower limit, we can make the same
reasoning to obtain the result. O

Let us start by emphasizing that, to 6(7)I'(7), we have the contribution of the clustering
of the joint exceedances of all levels by the respective marginals, including the particular case
of the clustering of exceedances of the largest level by the lower marginal, as well as, the
clustering of exceedances of one or more levels by the respective marginals without joint
exceedances of all levels.

Proposition 2.2. Let {X,} be a stationary sequence satisfying the strong-mixing

condition and {u,(f) = (ugl), ...,ugd))} a sequence of normalized real levels for which there

exists I'(7). Then

d
(@) O0(r)I(r) =60"7" /\ )N+ Y (e (),
j=1 0#£JCD
where

A (1) = lim P (N;* = 0|N; >0)
and
©,(ry) = lim kP | ({N,, (;; > O}N;, =0];

jeJ

d
b) > ()6, <3

0£JCD

Proof: We have
knP (N;, > 0) = ky P (N > 0) + k, P (N, > 0,N* = 0)
+ kP (N, >0,N; =0)

= kP (N;* > 0) + k, P (N5, > 0) P (N} =0|N;: > 0)
+ kP U{ Gy > 0L N =0
= ko P (N} > 0) + k, P (N, > 0) P (N;* = 0[N} > 0)

+ > ()P [ (YN, 5 > 01N, =0
0£JCD jeJ
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In what concerns the last term, observe that

d d
;knP (N, 4y > 0.V, =0) = ;knP (N, >0)
d

—;knP (N, > 0N, > 0)

and since limy, .o P (N;; = 0) =1, we have the result in (a). O

Observe that 31 (1) reduces 6*(7) from the joint exceedances of \/;l:1 n/T; accounted
for 6**. We can say that in the last term of representation of §(7)I'(T) we are accounting
the tendency of one or more marginals to form clusters, without joint exceedances of all the
marginals.

We illustrate the previous result with a bivariate sequence with unit Fréchet marginals
and such that the joint tail is regularly varying at oo with index n € (0, 1] measuring a
penultimate tail dependence, as the (sub)model presented in Ledford and Tawn ([12], 1996).

Example 2.1. Suppose that d =2 and {(Xn1, Xn2)}n>1 is a strong-mixing station-
ary sequence, with unit Fréchet marginals and such that X,; and X,,» are asymptotically
independent, i.e.,

(2.3) nP(X,1 > nx, Xp2 > ny) — 0,

as n — oo, for x,y positive. Then

n n
0 = k,P(N™>0)<nP Xy >—r X2 >
" ( n )_n < nl 7'1/\7'27 n2 7'1/\7'2)

—1/n
(et )
T1 N\ T2 T1 N\ T2

9*(7'1,7'2) < nP <Xn1 > E,Xng > n)
T1 T2

IN

n n
nP Xy >——, Xpo > — 0.
T1 N\ T2 T1 N\ To

Therefore, regardless of additional conditions on the serial dependence, the validity of (2.3)
implies

or)(r) = > (=DYF lim k,P | ({3 > 0} Ny, =0

n—oo

0#£JC{1,2} jeJ

and I'(T) = 71 + 7. Since k,P (N} > 0) — 0 we can thus write in this model

1
(24) 0(r) = lim ko (P(Ns, 1 >0) + PNy, 2)>0) = P(Ny, 1) >0, Ny, (3 >0) ).

T1 -+ To n—oo
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We now consider several particular situations.

(a) In the case of independent vectors (X1, Xn2), n > 1, we have

9(7‘) = - 0171 + 0272

— lim k,P U Xi1 > E,Xa < ﬁ7Xz‘/1 < £7Xi’2 > E,
T1 T2 T1

n—oo N~ T2
1<i<i'<rp,

n n n n
U {Xi < —Xpp>—, X1 > —, Xinn < }}
T1 T2 T1 T2
B T + T2 -
T+ T2

It will then come P (M1 < n/m1, Mpa < n/m) — exp(—I'(1)) = exp(—71) exp(—72), that is,
M, and M,,5 are also asymptotically independent.

(b) Suppose that {(X,1, Xn2)}n>1, satisfies condition D(T) defined by

{12}
[n/kn]

lim n Y P (X1 >n/n, X2 >n/m) =0,
j=m+1

which extends Di{1,2} of Davis ([2], 1982), satisfied by i.i.d. sequences. Then

9(’7‘) = (917’1 +927’2 — lim nZP(XH > n/Tl,XiQ > n/Tz)) ,
T N—00 P

where the last part reflects the cross dependence.

(c) If we assume an analogous hypothesis of (2.3) for (X1, X;2) with different n;, we
will also obtain asymptotic independence between M,; and M,,», since the last term has null
limit. We have P (M,1 < n/71, Mp2 < n/72) — exp(—I'(7)0(1)) = exp(—0171) exp(—ba72).

(d) If 6(t) = 0, Y7 € RZ, then 6; = 6, = 6 and, from (2.4),

0=0— lim k,P (N,, 1y >0,N,, (23 >0),

n—od

which implies that this limit is null and thus P (M1 <n/11, My <n/79) — exp(—0(11+ 12))
= exp(—071) exp(—072).
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We present below a relation between 6(7) and the extremal indexes 91‘;‘ a} and

efj,..., ) (T{j’m,d}), j=1,...,d, which discriminates different informations contained in func-
tion §(7) and provides an upper bound for 6(7) better than the one in (1.6). In Example 2.2
we show that the proposed upper bound for the M4 processes, can be better than the one
presented in Ehlert and Schlather ([3], 2008). The new upper bound has also the advantage
of depending only on constant extremal indexes which can be estimated by known methods
of literature.

Proposition 2.3. Let {X,} be a stationary sequence satisfying the strong-mixing

@™, ...

condition and {ug) = (u
exists I'(T). Then

u,(fd))} a sequence of normalized real levels for which there

d
(@)  O(r)T(r) = lim k,P (N, >0) Zeq Ze{] aToa | N\

n—oo . )
=]

d—1
- Z:: 6>{kj,...,d} (T{j,...,d}) F?j,...,d} (”'{j,...,d}) 5](1) (T{j,...,d}>

—Z S 0HBE (ru)

=1 Jc{j+1....,d}

where we have ﬂ](.l) ( T }) = limy, oo P (N:* G- = 0|N*

Tn,

Gvoonsd) > 0) and

B{J}UJ (Tgj300) = limy oo kn P (nle{J}uj{ roy{i} = OHN Gy = 0), provided
that the limiting constants exist.

d

1
(b) =T 29% Z%, e | A7

=7

Proof: We have

d
knP (Ny,, >0) = ko P | [ J{N,, 1y >0}
j=1

U

-1

kP | N, 3y >0, ﬂ{ =0 +kP( Tm{d}>o)
1 1=j+1

<.
Il

I
M~

kP (N, g5y > 0) - ka Noiy > 0 U{ wtiy > 03

1 i=j+1

<.
I

Regarding the second term, we can also say that

d—1
> kP | N, (>0, U{ iy >0k =
j=1

1=7+1
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=Y mP (N, (>0, U{ wiiy > 0L NS Goay >0
7j=1 i=7+1

+anP N, iy >0, U{ iy > 0L Ny G =0

Jj=1 i=j+1

+ Dkl r{y}>0U{ iy > 0B NL gy =0
Jj=1 =741

d—1 d
+ knP N'f'n,{j} > 0, U {Nrn,{i} > 0}’N:n,{j,...,d} - 0
j=1 i=j+1
Therefore,
d
6(r)I(r) = lim kP (N,, >0) ZQT] Ze{] oo | A\
i=j
- Z 004y ("'{j,...,d}) L4y (T{j,...,d}) nlgr;()P(N Lreody =0 | N oL} >0>
=2 Jim kP U Ny > 0N iy > OHNy gy =0 |
j=1 i=j+1
smceP(Nrn{j }:0>—>1,asn—>oo. O

The above result means that the values 9%7.“@} (T{j’_“’d}), for each j € {1,...,d}, only

contribute to 6(7) if it is not asymptotically almost surely the local occurrence of some joint
exceedances of the largest level ugn , 1 €{1,...,d}, among the joint exceedances of these
levels. Otherwise, the joint exceedances clustering is considered only through the cluster-
ing of the joint exceedances of the largest level uy,;, i € {j,...,d}, and measured by GE )
disappearing the third term. Therefore, the second and third terms together account for
the clustering of two situations of joint exceedances. The fourth term measures the cluster-
ing of exceedances of u,; and of one or more uy;, i € {j +1,...,d}, in the absence of joint
exceedances of levels wuy;, i € {j,...,d}, not accounted within the second and third terms.

All these clustering situations were accounted by excess in the first term.
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The function 6(7) is homogeneous of order zero and thus 0(, ...,7) = 0(1,...,1), VT € R.
The constant 6(1, ..., 1) has been used as a dependence coefficient of the marginals of H (see,
e.g.: Martins and Ferreira [16], 2005; Ehlert and Schlather [3], 2008; Ferreira and Ferreira
[5], 2015; and references therein).

We are going to analyze the consequences of the decompositions presented for 6(T) in
the calculation of 6(1).

If T = =Tqg =T, then N:;*:Nn*, ﬁgl)(T):O, F*(T):T**(T) and F(T):
Z@#JCD(_l)‘J‘+1Tj*(TJ)'

The first decomposition

d
j=1

separates once again the contribution of the clustering of exceedances across all marginals
from the contribution of the clustering of exceedances of one or more marginals without
exceedances of all marginals.

In the next section, we will give an important utility to the boundary of 0(7)I'*(T).
It will serve to delimitate the difference between the tail dependence coefficients of H and H.

The second decomposition allow us to obtain an upper bound for #(1), which can be
better than the one presented in (1.6). From the previous result, we have

IS

-1

d
(2.5) Z

||M

0G...ay7(...ay(1):

From the proof of Proposition 2.3 we found that, instead of following the order 1,...,d to
decompose initially the event {U 7} > 0} in a reunion of disjoint events {N,. iy >0,

T'n,
ﬂz‘:j+1{Nrn,{%} >0}, i=1,...d— 1 and {N,,, 14y > 0}, we can consider any other permuta-
tion (i1, ...,iq) from (1,...,d) and repeat the process. Therefore the previous upper limit can
be improved in the following sense:

d ld—1
<= Vi@,
=

(91,..-,8q)EPg J=11

where P; denotes the set of all permutations of (1, ...,d).

Example 2.2. Consider the M4 process,

X =072,Vv0.3Z,_9
X =072,_1V01Z, 9V 0.5Z,_3,

with {Z,, = Z1,,}, where {Z; ,},1 > 1, n > 1, is an array of independent unit Fréchet random
variables. We have #; = 0.7, #2 = 0.5 and (1)I'(1) = 0.7. Since {X,,},>1 is 4-dependent,
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representing {X;; > n/7, X;o > n/7} by A;, and 11 A 7o = 7, we have that

9??2}7'%'?’2} (1) = lim nP (Asy N Ay N A5y N Asp)

n—oo

= hm nP ({O.1Z1 >n/TN A, N A5 N Zﬁ’n)

= hm nP ({0.12y > n/7} N Ayp)

= hm nP({O.1Z1 >n/7,0.5Z1 <n/7}U{0.1Z1 > n/1,0.5Z1 > n/T})

= 0.17 = 0.1(11 A 12).
Therefore, Proposition 2.3 indicates that (1)I'(1) < 0.7+ 0.5 — 0.1 = 1.1. The upper limit
in this type of processes has no great interest since we have the theoretical expression for
0(1). However, this example serves to show that our upper bound can be better than the

one presented in Ehlert and Schlather ([3], 2008) for M4 processes. Indeed, by applying their
Corollary 3, we obtain

2 d
o) < (T -\ (1-6;) | r> 6
Jj=1 j=1
= ((0.7+ 0.4+ 0.3+ 0.5) — (0.3 0.5)) A 1.2
=14AN12=12.

In the cases where the number of non null signatures o, [ > 1, —oo < k < 00, j =
1,...,d, of an M4 process (Smith and Weissman [23], 1996; Zhang [24], 2002) exceeds the
number d of marginals, examples are easily constructed in which the Ehlert and Schlather
([3], 2008) upper limit is reduced to Z;.lzl 6;, being in these cases the lower limit of (2.5)
below this. Our upper bound still has the advantage of being applied to processes outside
the max-stable class.

3. EFFECT OF THE EXTREMAL INDEX IN THE TAIL OF A BIVARIATE
EXTREME VALUES DISTRIBUTION

For each pair (j,j’), 7 < j' belonging to D, consider the bivariate (upper) tail depen-
dence coefficient ij, € [0,1] for random pair (X, X,;») with df Fj;

jj7» discussed in Sibuya
([22], 1960) and Joe ([10], 1997), defined by

and coefficient x%', € [=1,1] of Coles et al. ([1], 1999), defined by
3j

i 2log P (Fjr(Xyj0) > u)
1111

— 1.
” ul1+ log P ( §(Xij) > u, Fyr(Xy50) > “)

We can say that ijl corresponds to the probability of one variable being high given
that the other is high too. The case ijl > 0 means asymptotic dependence between X,
and X, ;; and whenever ij, = 0 the variables are said to be asymptotically independent.
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Assuming ij, > (0 within asymptotically independent data may carry to an over-estimation
of probabilities of extreme joint events (see, e.g., Ledford and Tawn [12, 13], 1996, 1997).
Asymptotically independent models, i.e., having ij, = 0, may exhibit a residual tail depen-
dence rendering different degrees of dependence at finite levels. Coefficient ij, is a suitable
tail measure within this class. Thus the pair (ij,,yfj/) is a useful tool in characterizing
the extremal dependence: under asymptotic dependence we have yfj, =1and 0 < ij, <1
quantifies the strength of dependence between the variables (X,,;, X,,;/) and, within the class
of asymptotic independence, we have X]Fj/ =0and —1< ij, < 1 measures the strength of
dependence of the random pair.

Observe that, both measures can be calculated from the copula C, (u,u)=
27

Fyg (F7 (), Fy (), with
h . log CFjj/ (u,u)
N IR T Togu

and

. 2log(l —u
ij/ = lim ( )

— 1.
ull* Jog (1 —2u + CFjj/ (u, u))

If ' belongs to the max-domain of attraction of H , then ij, = Xﬁv and ij, = Xg.,.

This results from the uniform convergence of C% to Cz and from C,, (u,u) =
3’

(ijj, (Ul/n, ul/”))n. We will then have

lim lim JJ = lim lim 77 =1

ullt n—oo CF. ” (uv u) n—ooullt CF y (u’ u) ’
ij 7

which guarantees the constancy of Xf; and Yf;, as n — 00.

The presence of dependence among the variables of {X,,} expressed by a function 6(7)
with values less than one, may affect the limiting behavior of Xfﬁ but not the limiting behavior

of XZE, where F}, denotes the df of M,,.

Proposition 3.1. For stationary sequences {X,,}, with multivariate extremal index
0(t), T € R%, for any choice j < j' in D, we have, Yg-, = Yg/.

Proof: Based on the spectral representation of MEV copulas (see, e.g., Falk et al. [4],
2010) and relation

6| —
1/6; 1/6./ ( % O
(31) CH, (U],U]/) = <Cﬁjj/ (u]/ .77uj/ J >> J J )

ji’

. 1 .
loguj OEUJI)

we have
= . 2log(1l —u
Yg, _ lgﬁ g( )
“ log <1 —2u—-C_ (u, u))

Ji

-1 =
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— lim 2log(1 —u) .
ull® Jog <1 — 2u — exp ( fo —logu) V (1 —w)(—logu)) dW(w)))
2log(1 —
= am i log - ey !

log (1 —2u—u it >

where W is the spectral measure of H. On the other hand
_ . 2log(l —u
-1 —1

log | 1 —2u— uejj/ (% ‘%) <_logcﬁja‘/ (exp(_gj >7exp(_0j/ )>)

Therefore,
(1 X]]’) = (1 X]j )A
with
log (1 — 2u — w1V
A= Im og (1= 2u —u ")
ullt g‘,,<L7L>F<L7L>
log [1—2u—u " \%"% 70y
log (1 — 2u — u®) o 24qurl 1 —2u+ub
= lim = lim 1mm =4,

utl+ log (1 — 2u —wb)  wp1t =2+ bub=1 up1+ 1 — 2u + u®

with a = T'(1,1) and b = 0, (9 ,;/)F(e%,ej%). O

Proposition 3.2. For stationary sequences {X,,}, with multivariate extremal index
0(t), 7 € R%, we have, for any choice j < j' in D,

1 1 1 1
H
=2—=0i | —,— | T | —,— |;
@) 2, o <9/9j’> a <'9j’9j'>’
73 1 1 1 1

H H _1.. —0.. = R
) Xz =Xy =Ly (b D) = 0y (ej’ejf>r”'<9j’9jf>'
Proof: Using the spectral representation of MEV copulas and relation (3.1), we have

log vw , logu(l-w) 17
2_0.. 11 lim fo < Z O )dW(w)
& 03 ’ 9]'/ ullt —logu

1 1 /7w 1-—w —~
‘”‘%(&w)l<%v@/VWW

=2 (—Ojj/ <01], é) IOgCﬁjj, (exp(—l/gj),eXP(—l/Qj/))>

1 1 1 1
— 20 (g5, (55;)

where W is the spectral measure of H. O

H
Xijh =
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The previous proposition can be rewritten in terms of the extremal coefficients 5%, and
o Eﬁ., el . . .
e;y» such that, C (u,u) =u4" and Cy (u,u)=wu 4/, since these satisfy the relations
33’ 77

Xﬁ/ =2 —eg-, and Xﬁ/ = 2—5%,. From (a) we conclude that z—:g, =0j; <%, 9—1/> Ljj (%, é)
Consequently, for the measure of asymptotic independence called madogram (Naveau et al.
[19], 2009), defined by

and satisfying

F
po_ L&y 1
JJ F ’
25jj/ +1

we have

Therefore, for large n, the madogram of (M,;, M,,;/) can not be taken by the madogram
of (Mnj, Mnj’)-

From relation (b) in Proposition 2.3, we conclude that

1
H *ok __kok

and we can establish the following consequence about the value of the difference between Xﬁ/

and xﬁ/-

Corollary 3.1. For stationary sequences {X,,} satisfying the strong-mixing condition,
with multivariate extremal index 0(t), T € R%, we have, for any choice j < j' in D,

(a) O(r) =0, vr € RY implies ng = Xg/;

7 1
H H Kk ko
(b) ‘ij/ ~Xjj| 2 maX{ i3 Tis" <9j y ej/> — 2+ Dy (1,1),1 = Ty (1, 1)}-

Proof: (a) If 6(7) is constant equal to 6, then #; = 6 = 6 and, since I is homogeneous
of order 1, from (b) of Proposition 3.2, we have Xg'/ — Xﬁv =Ty (1,1) =Ly (%, %) =0;
(b) The inequality follows from (b) of Proposition 3.2 and from (3.2). O

We emphasize that the quantity ;-‘j/ i

the previous proposition reflects a tendency to the appearance of clusters within X,; A X,/

through the extremal index 0;;, and

T (ﬁ) that we find in (3.2) and in (b) of

L1 .
i <«9j v 9]’/) = lim nP (Xp; > n(0; V 050), Xny > n(0; V 05)) .
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From this discussion we conclude that:

(i) The tail dependencies of (]\/an, J\/Zm) and of (My1, My2), for large n, evaluated
through coefficient y, can be considered equal when the multivariate extremal
index is constant, otherwise they differ in at least

)
max § 055775 [ ———— —2+F~/(1,1),1—F“’(1’1)}v
{” Y <9j\/‘9j’ ” .

where the previous quantities can be estimated from the existing methods in
literature.

(ii) If we estimate the dependence ij, on the tail of (an, an/), we do not obtain
the dependence on the tail of (M1, M,2), unless we correct the result with an
. 11 11
estimate of I';;» (1,1) — 6 (97—7 @> Ljjr (977 9
In cases where H has totally dependent marginals (XE, = 1) or has independent marginals

(XE, = 0), the previous lower limit loses interest by triviality. We underline the expression
of xﬁ-/ in these two cases in the next result, which is derived from (a) of Proposition 3.2.

Corollary 3.2. For stationary sequences {X,, }, with multivariate extremal index 6(T),
T € R%, we have, for any choice j < j' in D,

1 1 1 1
(a) If H has independent marginals, then Xﬁ'/ =2 < + ) 6,0 < );

0; " 0 0;" O
, . 1 1 11
(b) If H has totally dependent marginals, then x;5 =2 — ( —V — | 0 ( —, 7 |
9; 0y 6;" 0

Now we construct some examples that illustrate the cases Xﬁ/ > X%/ and X]Hj, < Xg‘/-

Example 3.1. We first consider the following bivariate M4 process with one moving
pattern,

{ an = %Zn—l \ %Zn \ an+1
Xn2 - %Zn—l \ %Zn \ %Zn—l—la

where Z,, = Z1,, Vn > 1. We have in this case
Gt ) = (s o) (43 o) (45 1 1)

and

Otherwise

67! Bay!
H(x1,x2) = exp <—< 81 \/82>>

Therefore, Cg(uy,us) = u1 Aup and x? =1 > Xﬁ.
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Example 3.2. Now consider a modification in the above example through the intro-

duction of one more pattern,

{ Xo1 = 3210V 8211 V £ 200
Xn2 = %Zl,n \ %Zl,n—i—l v %ng.

We have the same Cp and ! = % as in the previous example, but here

—1
62

e (~(552 52 (328

and therefore,

ThenXH:2—(

Cr(uy,ug) = (u?ﬁ A ugﬁ) <u}/7 A ugﬁ) .

o
+
b
|
o
AN
>
jad
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