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Abstract:

e Let X,, , be the r-th largest of a random sample of size n from a distribution function
oo

Flx)=1- Z ;7 % for & >0 and > 0. An inversion theorem is proved and
i=0

used to derive an expansion for the quantile F~!(u) and powers of it. From this

an expansion in powers of (nil, n=P/ 0‘) is given for the multivariate moments of the

extremes {X,, s, 1 <i < k}/n'/® for fixed s = (s1,..., 5), where k > 1. Examples

include the Cauchy, Student’s ¢, F', second extreme distributions and stable laws of

index a < 1.
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1. INTRODUCTION

For 1 <r <mn, let X,,, be the r-th largest of a random sample of size n
from a continuous distribution function F' on R, the real numbers. Let f denote
the density function of F' when it exists.

The study of the asymptotes of the moments of X, , has been of consider-
able interest. McCord [12] gave a first approximation to the moments of X, ; for
three classes. This showed that a moment of X, ; can behave like any positive
power of n or n; = logn. (Here, log is to the base e.) Pickands [15] explored the
conditions under which various moments of (X, 1 — by) /a, converge to the cor-
responding moments of the extreme value distribution. It was proved that this is
indeed true for all F' in the domain of attraction of an extreme value distribution
provided that the moments are finite for sufficiently large n. Nair [13] investi-
gated the limiting behavior of the distribution and the moments of X, 1 for large
n when F' is the standard normal distribution function. The results provided
rates of convergence of the distribution and the moments of X, ;. Downey [4]
derived explicit bounds for E [X}, ;] in terms of the moments associated with F'.

The bounds were given up to the order o (nI/P), where / |z|? dF (x) is defined,

so E [ X, 1] grows slowly with the sample size. For other Wo}k, we refer the readers
to Ramachandran [16], Hill and Spruill [9] and Hiisler et al. [10].

The main aim of this paper is to study multivariate moments of {X,, »,—s,,
1 <i <k} for fixed s = (s1,..., Sg), where k > 1. We suppose F' is heavy tailed,
ie.,

(1.1) 1—F(z) ~ Cx™®

as x — oo for some C > 0 and « > 0. For a nonparametric estimate of «, see
Novak and Utev [14].

There are many practical examples giving rise to { X, n—s,, 1 <1 < k} for
heavy tailed F'. Perhaps the most prominent example is the Hill’s estimator
(Hill [8]) for the extremal index given by

k
- IOg Xn,n—k =+ k_l Z log Xn,n—i—l—l .
i=1
Clearly, this is a function of X,, ,,—s;, 1 <7 < k. Real life applications of the Hill’s
estimator are far too many to list.

Since Hill [8], many other estimators have been proposed for the extremal
index, see Gomes and Guillou [6] for an excellent review of such estimators. Each
of these estimators is a function of X,, ,—s,, 1 < ¢ < k. No doubt that many more
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estimators taking the form of a function of X, ,—s,, 1 <14 < k will be proposed in
the future.

A possible application of the results in this paper is to assess optimality of
these estimators. Suppose we can write the general form of the estimators as

(12) W = W(Xn,nfsNXn,nfsga ---aXn,nfsk;”) s

where p contains some parameters, which include k itself. The optimum values
of u can be based on criteria like bias and mean squared error. For example, u
could be chosen as the value minimizing the bias of w or the value minimizing
the mean squared error of w. If (1.2) can be expanded as

k
w = Z a(91,92,...,0k;u) HX’erfn—si
i=1

01,02,...,0

then the bias and mean squared error of w can be expressed as

k

0;
HXn,n—si - W
=1

Bias(w) = Z a(91,92,...,9k;u) E
01,02,....0k

and

MSEw) = > > a(61,02, ..., 0k; ) a(V1, 2, ..., 0p; p) E
01,02,....0, 91,92,...,0k

k
0;+9;
H Xn,n—si
=1

2

_ Z a(01,92,...,9k;u) E + [Bias(w)]z,

01,02,...,0k

k
9.
H X"infsi
i=1

respectively. Both involve multivariate moments of X,, ,_,,, 1 < i < k. Expres-
sions for the latter are given in Section 2, in particular, Theorem 2.2. Hence,
general estimators can be developed for g which minimize bias, mean squared
error, etc. Such developments could apply to any future estimator (also to any
past estimator) of the extremal index taking the form of (1.2).

Note that U,, = F'(X,,) is the r-th order statistics from U(0,1). For
1<ri<rg<--<rg<msetUpy ={Unr,,1 <i<k}. BySection 14.2 of Stuart
and Ord [17], U, has the multivariate beta density function

k

(1.3) Upr ~ Bu:r) =[] (wip1 — )77 /By(r)
=0

on0<u; < - <up <1, where ug =0, up+1 =1, 70 =0, rp41 =n+ 1 and

k

(1.4) Bu(r) = [[ B (ri,rig1 —mi) -
i=1
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David and Johnson [3] expanded X, ,, = F~! (U,,,) about u,; =E[U,,,] =
ri/(n+1): Xy, = ZGU) (tn,i) (Un;i — um)] /3!, where G(u) = F~(u) and
§=0

GY)(u) = dG(u)/du?, and using the properties of (1.3) showed that if r de-
pends on n in such a ways that r/n — p € (0,1) as n — oo then the m-th order
cumulants of X, » = {X,,,,,1 < i <k} have magnitude O (nl_m) — at least for
n < 4, so that the distribution function of X, , has a multivariate Edgeworth
expansion in powers of n~/2. (Alternatively one can use James and Mayne [11]
to derive the cumulants of X, , from those of U, y.) The method requires the
derivatives of F at {F‘1 (pi),1<i< k} so breaks down if p; =0 or pp, =1
— which is the situation we study here.

In Withers and Nadarajah [18], we showed that for fixed r when (1.1)
holds the distribution of X, ,1_r (where 1 is the vector of ones in R¥), suitably
normalized tends to a certain multivariate extreme value distribution as n — oo,
and so obtained the leading terms of the expansions of its moments in inverse
powers of n. Here, we show how to extend those expansions when

(1.5) FMu) =) bi(l—w)™
=0

with ag < a1 < ---, that is, {1 — F(x)} 2~/ has a power series in {z=%: §; =
(ovi — ) /ap}. Hall [7] considered (1.5) with a; =i — 1/, but did not give
the corresponding expansion for F(z) or expansions in inverse powers of n.
He applied it to the Cauchy. In Section 2, we demonstrate the method when

(1.6) 1-F(z) =2 ¢ Zc,- P
=0

where @ >0 and > 0. In this case, (1.5) holds with o; = (i3 —1) /. In Section 3,
we apply it to the Student’s ¢, F' and second extreme value distributions and to
stable laws of exponent o < 1. The appendix gives the inverse theorem needed
to pass from (1.6) to (1.5), and expansions for powers and logs of series.

We use the following notation and terminology. Let (x); = I'(z +1)/T'(z)
and (z); = T'(z + 1)/T(z — i 4+ 1). An inequality in R consists of k inequalities.
For example, for x in C¥, where C is the set of complex numbers, Re(x) < 0
means that Re (z;) < 0for 1 <i < k. Also let [(A) = 1if A is true and I(A) =0

T
if A is false. For @ € C* let 8 denote the vector with ; = Z 0;.
j=1
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2.  MAIN RESULTS

For 1<ri<---<rp<nsets;=n—r;. Here, we show how to obtain
expansions in inverse powers of n for the moments of the X, ¢ for fixed r when
(1.5) holds, and in particular when the upper tail of F' satisfies (1.6).

Theorem 2.1. Suppose (1.6) holds with cy, a, 3> 0. Then F~1(u) is
given by (1.5) with o; =ia—1/a, a=f/a and b; = C;,/,, where Cj, =
cf)b@ (=1, co,x*) of (A.3) and x} =z (a,1,c) of (A.4). In particular,

Coy = ¢},

Cl,z/, = wcg_a_lcl s
Coyp = 11)03’72%2 {0062 + (¢ —2a—-1) c%/2} ,
Ca = Ve [Ber + (¥ —3a—1) cocres + {(+1)a/6( + 3a/2)(a+1)} ¢

and so on. Also for any 6 in R,

e}

(2.1) (FYw} =Y (1 —wioCiy

=0

at v = 0/a.

On those rate occasions, where the coefficients d; = C;;/, in F~Yu) =
o0

Z(l — 1) Y/%d; are known from some alternative formula then one can use
1=0
Ciy = d2C; (8,1/dg, d) of (A.3).

Proof of Theorem 2.1: By Theorem A.1 with k=1, we have 7% =
Zaz u)'T at u = F(z), where

—1
Tp=C
-2
i =¢ " a1,
2
xQ—coa?’{ coca + (a+ 1)c }

xh =g 4{ ches + (24 3a) cocrea — (2 + 3a) (1 +a) i /2}

and so on. So, for S of (A.1), 27 = ¢y v [l + oS (v2,x*)] at v =1 —u. Now
apply (A.2). O
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Lemma 2.1. For 6 in C*,

k
(2.2) E|J]Q-Un)%| = bu(r:0),
i=1
where
k
(2.3) bn, (r:@) = Hb(rifri,l,nfriqtlzgi)
i=1

and b(a, 3 :0) = B(a, 5+ 0)/B(av, 3). Also in (1.4),

k
(2.4) B, (r) = HB(ri—ri_l,n—ri—i—l) .

i=1

Since B(a, 3) = oo for Ref < 0, for (2.2) to be finite we need n —r; + 1 +
Re §; >0 for 1 <i <k,

Proof of Lemma 2.1: Let I;, denote the left hand side of (2.2). Then
k

I = /Bn(u 1) [T (1 = w)? duy---duy, integrated over 0 < uy < --- < ug < 1 by

i=1
(1.3). So, (2.2), (2.4) hold for k = 1. Set s; = (u; —u;—1) /(1 —uij—1). Then

1 1
I, = / w1 — ) / (ug —u1)™ " (1 = u2)™ 2 quy /By (r)
0 u

1

which is the the right hand side of (2.2) with denominator replaced by the right
hand side of (2.3). Putting 8 = 0 gives (2.2), (2.4) for k = 2. Now use induction.
O

Lemma 2.2. In Lemma 2.1, the restriction

(2.5) 1<r<--<rp<n may be relaxed to 1<r;<--<rp<n.

Proof: For k =2, the second factor in the right hand side of (2.3) is
b(?"g —ry, n—ro+1: 92) =f ((92) /f(O), where f(02) = F(’I’L—’I“Q + 1+92) /
F(n—rl + 1+§2) = 1 if ro = r1 and the first factor is b(rl,n—rl +1 :?1) =
E [(1 — Unm)el] . Similarly, if r; = r;_1, the i-th factor is 1 and the product of the

k
others is E H (1 — Un’r]_)ej , where H;f =0, for j #i—1 and 9; =0;—1+0;
=1
for j =14 —1. O

Corollary 2.1. In any formulas for E [g (X, +)] for some function g, (2.5)
holds. In particular it holds for the moments and cumulants of X, ;.
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This result is very important as it means we can dispense with treating the
2k=1 cases r; < 141 or 15 = 1441, 1 < i < k — 1 separately. For example, Hall [7]
treats the two cases for cos (X, r, Xy ) separately and David and Johnson [3]

treat the 2~1 cases for the k-th order cumulants of Xn,r separately for k < 4.
Theorem 2.2. Under the conditions of Theorem 2.1,

k
0;
H Xn’Ti
=1

= Z Cirpn - Cip b (v ia — /)

il,...,ik:()

(2.6) E

with by, as in (2.3), where 1 = 0 /a. All terms are finite if Re@ < (s + 1) a,, where

S =N —T;.

Lemma 2.3. For «, 8 positive integers and 0 in C,

a+p—1
(2.7) bla,3:0) = [] A+6/)7".
=5
So, for @ in CF,
- k  si—1 B 1
(2.8) bo(r:0) =] T] 0 +0:/5)
i=1 j=s;+1

where s; = n — r; and rg = 0.

Proof: The left hand side of (2.7) is equal to T'(B+0)'(a+(3)/
{T(B+60+a)(B)}. But I'a+ z)/T'(x) = (2)a, so (2.7) holds, and hence (2.8).
0

k—1
From (2.3) we have, interpreting H b; as 1,
i=2
Lemma 2.4. For s; =n —1;,
(2.9) by (r:0) = B(s:0)n! /T (n+1+61),
where
— — k —
B (S : 0) =T (81 + 1+ 91) (81!)_1 Hb (Si,1 — 8§, S + 1: 02)
i=2

does not depend on n for fixed s.
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Lemma 2.5. We have

oo
n!/T(n+14+0) = GZeZ
1=0

eo(d) =1, e(0) =—(0)2/2, e2) =(0)3(30+1)/24,

(0) = —(0)a(0)2/ (4!-2) ,  ea(0) = (0)5 (156° + 300> + 50 —2) / (5! - 48) ,
es(0) = —(0)6 ()2 (30* + 70 —2) /(6! - 16) ,

(0) = (0)7 (630° + 3150 + 3156° — 916% — 420 + 16) / (7! - 576) ,

(0) = —(0)3(0)2 (90" + 546° + 5167 — 580 + 16) / (8! - 144) .

Proof: Apply equation (6.1.47) of Abramowitz and Stegun [1]. O

So, (2.6), (2.9) yield the joint moments of X, ,n /¢ for fixed s as a power
series in (1/n,n™%):

Corollary 2.2. Under the conditions of Theorem 2.1,

|| TLTLS

where ¥ = 0/a and

Cj(s:v) = Z{Ch,wl'”cik#’kB (s:ia—1): i1+"'+ik:j}-

— S T (n414ja—3) " Cils:9),

=0

(2.10)

So, if s, 8 are fixed as n — oo and Re (0) < (s + 1) @, then the left hand
side of (2.10) is equal to

(2.11) WS m e (ja ) O (s )

1,7=0

If @ is rational, say a = M/N then the left hand side of (2.10) is equal to
(2.12) n1 i n""Nd,, (s )
m=0
where
dn (50 9) = Y {ei (ja— 1) Gy (s 9): iN +jM =m}
= Y {em-ia (ja— 1) Ci(s:9): 0<j<mfa}

if N =1; so for d,;, to depend on ¢; and not just ¢y we need m < M.
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The leading term in (2.11) does not involve ¢; so may be deduced from
the multivariate extreme value distribution that the law of X, ,_s,, suitably
normalized, tends to. The same is true of the leading terms of its cumulants.
See Withers and Nadarajah [18] for details.

The leading terms in (2.11) are
n¥1 [{1 — 7 )2/2} Co (s ) + nCy (s : ) + O (n—2ao)] ,
where
ap = min(a, 1) ,
Co(s:%) = coB (s '—E) ;
O (s:) = o 2012% (s:al, - )

and I, = I(m < j). For k =1,
Co(s: ) = (s + 1)y = ¢/ (s)y
Ci(s: ) = e ™ ler(s + Day = tcf " Ler/(s)y-
Set
Ta(A) = b(s1—sp, s+ 1:A) = [] 1/(1+/4)
j=s2+1

for A\ an integer. For example, ms(1) = (s2+1)/(s1+ 1) and 7s(—1) = s1/s9.
Then for k = 2,

Co(s: A1) = c2Ms1)qy ms(—N)
=c2(s1—1)"tsy for A=1
= A(sg—2)5 (s9)5 1 for A =2
and
Ci(s: A1) = A er(s1)gn Ams(=A) + ms(a— N}
= )\c(l)_“cl Yo a{31/32+7rs( 1)} for N=1
= Aeger(s1) it {(s1)2(s2)5  +ms(a—2)}  for A=2.
Set A\=1/a, Y, s = Xpn—s/ (nco)A and B, = )\ca“_lcl. Then for s > A —1
(213)  E[Yas] = {1-n7"(N)2/2} ()1 + 07 Ee(s)y], + O (n72)
and for s1 > 2\ —1, s9 > A — 1, 51 > s9,

(214)  E[YpsYas,) = {1—n"12))2/2} Bag+n “EcDy + O (n72%)
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where Bag = (s1)5y Ts(=A), Do = (s1)55_, {7s(—=\) + 7s(a — \)} and
(2.15) Cov (Yns1, Yyss) = Fo+ Fi/n+ EcFa/n+ O (n=2%)

where FO = 3270 — <81>;\1<82>;1, F1 = <)\>2<81>;1<82>;1 — <2)\>2B2’0/2 and F2 =
D, — <81>;1<82>)_\ia — <81>;ia<82>;1. Similarly, we may use (2.11) to approxi-
mate higher order cumulants. If @ = 1 this gives E[Y;, 5] and Cov (Y, 5,,Yns,) to
O (n‘Q).

Example 2.1. Suppose a = 1. ThenY,, s = X, ,,—s/ (nco), Ec = caa_lcl,

Byo=—F1=(s1— 1)_1 52_1, = <31)2_152_1, D, = <81>2__1aGa, where G, = 8182_1 +
ms(a —1) for s1 > s9, G, = 2 for 51 = s9 and F» = D, — 31_1<32>1__1a — 32_1<31>1__1a.
So,

(2.16) E[Yns] = s ' +n Ee(s);t, + O (n72%)

)

for s > 0 and (2.14)—(2.15) hold if
(2.17) st >1, 50 >0, S1 > 89

A little calculation shows that Co (s : 1) = cfBro, C1 (s: 1) = ci=*"l¢; By ., and

k
= {14+ n""(k)2/2} Bro+n “EcBy.+ O (n %)

= mo(s) +n"tmi(s) + n"%ma(s) + O (n=2)

say for s; >k —i,1 <i<kand sy > - > s, where

k
By, = ZBk,j ;
i=1

k
Bio = []1/(s1—k+1i),

=1

i-1 K
Bij=[[Gi—k+a+i) (sj—k+j+Lar J[ (si—k+i)7",

i=1 i=j+1

k—1
Bng = H (Si —k+a+ i)_l <5k>f_1a

i=1

for s; >k —i and 1 <j <k. For example, By g =s1, Bomo = (51 — 1)71 551
and Bz g = (51 —2) ' (sp —1)7" 531 S0, kn(s) = & (YVnss -y Y5, ), the joint cu-
mulant of (Y, s,y Yos, ), 18 given by rn(s) = ko(s) + n 1 k() + n %q(s) +
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0 (nfzao), where, for example,

ko (81,82,53) = mo (51, 52,53) — mg (s1) Mo (2, 83) — Mo (52) Mo (51, 53)
3

—mg (s3) mo (s1, $2) + 2 HmO (s4)
=1
= 2(s1+s2—2)D(s1,82,83) ,

k1 (1, 82,83) = mq (s1,s2,83) —mg (s1) m (s2,53) — mo (s2) my (s1,53)
—myg (s3) m1 (51, 52)

= 2{s2(1—251) + 81 — s%} /D (s1,82,83) since mq(s1) =0,

Ka (81,82,83) = Mq (81,82,83) —mo (51) Ma (82, 83) — ma (1) Mo (s2, 83)
—mg (52) Ma (51,83) —mq (s2) Mo (51, 83) — Mo (83) Ma (51, 52)
—mg (83) mo (81, 52) +2mg (s1) mo (s2) Mg (83)
+2mo (s3) mo (1) ma (s2) + 2mo (s2) mo (s3) Ma (s1)

Where D (81,82,53) = <51>3 <52>283.

Consider the case a = 1. Then K, (s1, s2,53) = 0 so
Rn (81,82783) = 2{81 + S9 — 2 + nil (82 (1 — 281) + 51 — 8%)}/D (81,82, 83)

(2.18) +0(n7?).
k

Set s. = Zsj. Then
j=1

Bi.=Bi1—1, Bys=1/sy, Baas=1/so, Byo =51,
By. = sfl + 551 = (514 s2)/(s152) ,
B371 = <82 — 1)_1 551 s B3’2 = (81 — 1)_1 851 s Bg}g = (81 — 1)_1 82_1 N
Bs. = {sy(s. —2) — s3} (s1 — 1)t (s2)5's3t,
B471 = (82 — 2)_1 (83 — 1)_1 Szl 5 B4,2 = (81 — 2)_1 (83 — 1)_1 SZl s
Big=(s1—2) " (s2—1)""s;',  Baa=(s1—2)"'(s2-1)""s5",
B47. = {8.83 (SQ — 2) + S3 (82 — 482 + 4) — 8284} {(81 — 2) <82 — 2)2 <83>2 84}_1 .
Also B, = 06201, D, = 51_1 + 52_1, F5, =0, and
(219) EY,,] =s'+n'E,+0(n?) for s>0,
(220) E[VnYns = (1—n"') By, +n 'EcDe+ O (n™%) if (2.17) holds,
(2.21) Cov (Yos,, Yos) = (s1)5 85" (s2—n"'s1) +O (n7%) if (2.17) holds.
In the case a > 2, (2.19)—(2.21) hold with E. replaced by 0. In the case a <1,

(2.14)—(2.16) with ag = a give terms O (n™2*) with the n~! terms disposable if
a<1/2.
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We now investigate what extra terms are needed to make (2.19)—(2.21)
depend on ¢ when a =1 or 2.

Example 2.2. « = 3 = 1. Here, we find the coefficients of n=2. By (2.12),

2
dy(s: ) = Zeg—j (J—41) Cj(s: )
=0

= e (—@1) Co(s:v)+er (1 —E1) Ci(s:¢)+Ca(s: )

= Co(s:ep) if ;=1 or 2.
For k=1, Cao(s:9) = Coy(s+1)a—y, where Co y, = @00374 {C[)CQ + (¢ — 3)0%/2},
so da(s: 1) = (s + 1)Fe, where Fe = ¢ > (cocz — ¢}), so in (2.19) we may replace
O (n2?) by n (s + )Fecg' +0 (n™3). For k = 2,

Co(s:1) = Z{Ci716’~71B(s:O,j—1): i+j:2}

= C01C2,1{B(s:0,1)+ B(s:0,—-1)} + C} B (s : 0,0) ,
where B(s:0,\) =b(s1 —s2,52+1: ) =ms(A), so da(s:1)=Ca(s:1)—
Dy ¢He + 6626%, where Dy = (s2+ 1) (s1 + 1)_1 + 31351, H, = 662 (6002 — C%)

and in (2.20) we may replace O (n™2) by n~2?d (s : 1) g2+ 0 (n=3). Upon sim-
plifying this gives

Cov (Yn,s1, Yosy) = <31>2_132_1 (1 — nilsl) — 652Hc F3q n 240 (nfz) ,

where Fyg = (s2 4+ 1) /(s1)2 + 55 "
Example 2.3. a=1,3=2. So,a=2, A\=1,% =6. By (2.12),

da(s:1) = e2-2j (2j — ) Cj (s : 9)

1
=0
= es (—@1)CO(S:Q/J)+C’1(S:'¢)

= Cy(s:v) if ;=0,1 or 2.

<

For k =1,

cglei(s+1), ifyp=1,

Ci(s: — ¥ B ls) L =
18 9) = Ve Terls)y {2(:51(;1, it =2,

s0 E[Yys) =5 4+ cpei(s+1)n 2+ 0 (n=3) for s >0. For k=2, C(s:1) =
CaICIDQ’S for Dy s above, so

EY, s Yns] = (1 — n_l) (s1 — 1)_1 82_1 + n_2ca3ch2,S +0 (n_3)
and

Cov (Y sy, Yns,) = <31)2_132_1 (1 - n_lsl) —n72 05301 F56+0 (n_3) .
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3. EXAMPLES

Example 3.1. For Student’s ¢ distribution, X = t; has density function

(1+2%/N) gy = idi N
i=0

where 7 = (N +1)/2, gn =T()/ {VN7 T(N/2)} and d; = <§7>Aw+wN.
So, (1.6) holds with & = N, =2 and ¢; = d;/(N + 2i). In particular,

co=N"gy,

= —y NN +2)7 gy = =N (N + 1) (N +2) gy /2,
2 = (72 NN +4) " gn /2,

s = (5N (N +6)7/6

and so on. So, a = 2/N and (2.12) gives an expression in powers of n~%?2 if N is

odd or n= if N is even. The first term in (2.12) to involve ¢1, not just co, is the

coefficient of n=9.

Putting N = 1 we obtain

Example 3.2. For the Cauchy distribution, (1.6) holds with « =1, =2
and ¢; = (—1)'(2i +1)"'n71. So,a=2,¢ =0, Coy = ¥, Ciy =—9¢ n2¥/3,
Coy =mt™¥{1/54+ (¢ —5)/a} and  Csyp = —p70¥{1/105 — 2¢/15 +
(1 +1)2/162}. By Example 2.3, Y;, s = (7/n) X,, 5, satisfies
(3.1) E[Y,s = s ' —n 27 (s+1)+0 (n?)
for s > 0 and when (2.17) holds
(32) E[Y,sYns = (1—n71)(s1 — D7 syt = n 272Dy /34 O (n™?)
for D27s = (52 + 1) / (81 + 1) + 51/82 and

Cov (Yns1, Yns,) = (81>51551 (1 — n_lsl) +n"2p? F54/34+0 (n_3)

for F3s = (s2 + 1) /{s1)2 + 5. Page 274 of Hall [7] gave the first term in (3.1)
and (3.2) when s; = sg but his version of (3.2) for s; > s9 replaces (s1 — 1)_1 32_1
and Dy ¢ by complicated expressions each with s — sy terms. The joint order of

order three for {Y;, 5,,1 < i < 3} is given by (2.18). Hall points out that F'~1(u) =
[ee)

cot (m — mu), so F~1(u) = Z(l —u)?71C; 1, where C; ; = (—47r2)i 7 1By /(2i)\.
=0
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Example 3.3. Consider the F' distribution. For N, M > 1, set v = M/N,
y=(M+N)/2 and gy = v™/2/B(M/2,N/2). Then X = Fy;y has density

function

o
xM/2 1+ve) " gun = v g N/2 (1 + V_lx_l)_w IM,N = dev_N/Q_i ,
=0

where d; = harn <_,7> V' and hvN =gunv Y = I/_N/z/B(M/Q,N/Q). So, for
7

N > 2, (2.1) holds with a = N/2— 1, B =1 and ¢; = d;/(N/2 +i—1). f N =4
then o =1 and Examples 2.1-2.2 apply. Otherwise (2.13)-(2.15) give E[Y}, ],
E [Y,.s,Yns,) and Cov (Y, 5, Y5 s,) to O (n_QaO), where Y, s = Xy n—s/ (nco) A,
A=1/a, a=2/(N —2), ap =min(a,1) =a if N >4 and ap = min(a,1) =1 if
N < 4.

Example 3.4. Consider the stable laws. Page 549 of Feller [5] proves that
the general stable law of index o € (0, 1) has density function

o0

>l ag(any)

k=1

where ag(a,7) = (1/7) D(ka + 1) {(=1)F/k!} sin{km(y — a)/2} and |y| < o
So, for x > 0 its distribution function F' satisfies (2.1) with f =« and ¢; =
ai+1(a, )y 1(i+1)7L. Since a =1 the first two moments of Y, s = X, s/ (nco))‘,
where A = 1/a are O (n™2) by (2.13)—(2.15).

Example 3.5. Finally, consider the second extreme value distribution.
Suppose F(z) = exp (—z~%) for > 0, where a > 0. Then (1.6) holds with 8 = «
and ¢; = (—1)*/(i +1)!. Since a = 1 the first two moments of Y, s = X, ,_s/n'/®
are given to O (n™?) by (2.13)—(2.15).
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APPENDIX: AN INVERSION THEOREM

Given z; = y;/j! for j > 1 set
(A.1) :§tx Zx]tszty Zy]tj/]!.

The partial ordinary and exponential Bell polynomials B?m-(x) and B, ;(y) are
defined for r = 0,1, ... by

= itrﬁm = ’L'Ztr ri(y)/r!.
r=t

S0, Bro(x) = Bro(y) = 1(r = 0), Bri(Ax) = N'Byi(x) and Byi(Ay) = X'Bri(y).
They are tabled on pages 307-309 of Comtet [2] for < 10 and 12. Note that

(A.2) (14 A8)2 Zt"c - Ztrc /rl

where

(A.3) Cr = Cr(a,\,x) = g By.i(x) ((;) \i
=0

and

¢ =G, (a7A7Y) = ZBT,Z(Y) <a>2)‘l :

So, @o =1, Cy = alry, Cy = alzs + () \222 /2, 63 = adxg + {a)eN?z119 +
(a)3A323/6 and Cp = 1, C1 = aly1, Cy = adys + (a)2A?yF. Similarly,

log(1 + \S) Ztr ,ﬂfzt" D, /r!

and
exp(AS) = 1+ "B, = 1+ t"B,/rl,
r=1 r=1

where

o)
3
Il
.
i
}/
NeJ
Il
|
ing
os)}
S
~
-~
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B, = B,(\,x) = ZBM YA/l

and

Br = Br()‘7Y) = ZBr,i(Y) !
=1

Here, B,(1,x) and B,(1,y) are known as the complete ordinary and exponential
oo

Bell polynomials. If z; = y; = 0 for j even, then S = ¢! ZthQj, where X; =

Jj=1
x25—1, SO

St =t ZtQTBM(X) and exp(AS) =1+ Ztkék ,
' k=1

where
By = Z {B\r,i(X))\i/i!: i=2r—k, k/2<r< k:} .

The following derives from Lagrange’s inversion formula.

Theorem A.l. Let k be a positive integer and a any real number.
Suppose

o0 o0
v/u = g riu't = g y; v /i
i=0 =0

with xg # 0. Then

o
i = Yot = 3 G
=0

where x} =z (a,k,x) and y} =y (a, k,y) are given by

(Ad4) 2] = kn'Ci(—n,1/mo,x) = kag™ Y (n+1);-1Bi;(x) (—z0) 7 /!
§=0

and

(A5)  yf = kn 'Ci(—n,1/yo,y) = kyg™ Y (n+1);-1Bi;(y) (—y0) ™7,
3=0

respectively, where n = k + ai.

Proof: u/v has a power series in v so that (u/v)¥ does also. A little work
shows that (A.4)—(A.5) are correct for i = 0,1, 2,3 and so by induction that =}z
and y;yi® are polynomials in a of degree i — 1. Hence, (A.4)—(A.5) will hold true
for all a if they hold true for all positive integers a. Suppose then a is a positive
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integer. Since v/u =z (1+ xEIS) for S = §(ua, x) = S (u®,y), the coefficient
of u® in (v/u)™" is xS”CA’Z (—n,1/z0,%x) =y, "Ci (—n,1/y0,y) /(n — k). Now
set n =k + ai and apply Theorem A in page 148 of Comtet [2] to v = f(u) =

o
E ziut T, O
i=0

Theorem F in page 15 of Comtet [2] proves (A.4) for the case k =1 and a
a positive integer.
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