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Abstract:

e In this work we derive the exact joint distribution of a linear combination of con-
comitants of order statistics and linear combinations of their order statistics in a
multivariate normal distribution. We also investigate a special case of related joint
distributions discussed by He and Nagaraja (2009).
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1. INTRODUCTION

Suppose that the joint distribution of two n-dimensional random vectors X
and Y follows a 2n dimensional multivariate normal vector with positive definite
covariance matrix, i.e.

o (3)emem(2) (B )

where iy, p,, are respectively the mean vectors and ), Zyy are the positive
definite variance matrices of X and Y, while ny is their covariance matrix. Let
Xy = (X1, Xoms s Xnn)T be the vector of order statistics obtained from X
and Y () = (Y1, Y2, o) Y,.n)T be the vector of order statistics obtained from
Y. Further, let Y7, = (Y[lzn], Yoy - Y[n:n])T be the vector of Y-variates paired
with the order statistics of X. The elements of Y7, are called the concomitants
of the order statistics of X.

Nagaraja (1982) has obtained the distribution of a linear combination of
order statistics from a bivariate normal random vector where the variables are
exchangeable. Loperfido (2008a) has extended the results of Nagaraja (1982) to
elliptical distributions. Arellano-Valle and Genton (2007) have expressed the ex-
act distribution of linear combinations of order statistics from dependent random
variables. Sheikhi and Jamalizadeh (2011) have showed that for arbitrary vectors
a and b, the distribution of (X, aTY(g), bTY(g))T is a singular skew-normal and
carried out a regression analysis. Yang (1981) has studied the linear combina-
tion of concomitants of order statistics. Tsukibayashi (1998) has obtained the
joint distribution of (Yj.,, ¥};.,]), while He and Nagaraja (2009) have obtained the
joint distribution of (Y., Y[j.y) for all 4, j =1, 2,..., n. Goel and Hall (1994)
have discussed the difference between concomitants and order statistics using the
sum Y " h(Yim — Yji)) for some smooth function h. Recently much attention
has been focused on the connection between order statistics and skew-normal
distributions (see e.g. Loperfido 2008a and 2008b and Sheikhi and Jamalizadeh
2011). In this article we shall obtain the joint distribution of aTY(n) and bTY[n],
where a = (a1, ag, ..., an)T and b = (b1, bo, ..., bn)T are arbitrary vectors in R".
Since we do not assume independence, our results are more general than those of
He and Nagaraja (2009). On the other hand, He and Nagaraja (2009) have not
assumed normality.

The concept of the skew-normal distribution was proposed independently
by Roberts (1966), Ainger et al. (1977), Andel et al. (1984) and Azzalini (1985).
The univariate random variable Y has a skew-normal distribution if its distribu-
tion can be written as

(1.2) fr) =20 (y; p, 0%) @ (Ay — “) yeR

o
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where ¢ (.; b 02) is the normal density with mean p and variance o and ®(.)
denotes the standard normal distribution function.

Following Arellano-Valle and Azzalini (2006), a d-dimensional random vec-
tor Y is said to have a unified multivariate skew-normal distribution (Y ~
SUNgm (&, 0, Q, I', A)), if it has a density function of the form
(1.3)

P, (6+ATQ (y—€); T —ATQIA)

yERd

where pq4(., &, Q) is the density function of a multivariate normal and ®,,,(.; ¥) is
the multivariate normal cumulative function with the covariance matrix .

T
If ¥ = ( 11; '/?2 ) is a singular matrix we say that the distribution of X is

singular unified skew-normal and write SSUNy (&, 6,2, I', A). For more de-
tails see Arellano-Valle and Azzalini (2006) and Sheikhi and Jamalizadeh (2011).

In Section 2, we show that for two vectors a and b, the joint distribution of
aTY(n) and bTY[n} belongs to the unified multivariate skew-normal family. We
also discuss special cases of these distributions under the setting of independent
normal random variables. Finally, in section 3 we present a numerical application
of our results.

2. MAIN RESULTS

Define S(X) as the class of all permutation of components of the ran-
dom vector X, i.e. S(X) = {X(i) =P;X;i=1, 2,..., nl}, where P; isann x n
permutation matrix. Also, suppose A is the difference matrix of dimension
(n — 1) x n such that the ith row of A is eg’iﬂ— ez’i,
e1, €z, ..., e,are n-dimensional unit basis vectors. Then AX = (X — X3, X3 —
Xo, ..., Xn— Xn_1)T. (See e.g. Crocetta and Loperfido 2005).

i=1,...,n—1, where

Further, let X® and Y be the ith permutation of the random vectors X
and Y respectively. We write G;;(t, &, > ) =P (AX(i) >0, AYY > 0) .

A

Theorem 2.1. Suppose the matrix | a’ | is of full rank. Then under

bT
the assumption of model (1.1) the cdf of the random vector (a’ Y ), bTY[n})T
is the mixture

n!  n!
Fary ), b7y, (Y1, 42) = Z ZFSUN(ybyQ; &ijs 0ij» Ligy Qij, Aij) Gis (2, €, Z)

i=1 j=1
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where Fsun(.; &;;, 0ij, Tij, Qij, Aij) is the cdf of unified multivariate skew-
normal with

%] bTHgll) Y Apé']) ’ J AZ]J AT

TN ) 5 4T S0 @\ 7T
Q= a'> Ma a Z( 3 and Ay = AZ(Z a Az?y)b
b7 U b AW 7) a AU

yy
are respectively the mean vectors of the ith permutation

(1)

where py’ and u,(])

of tbe random vector X and the jth permutatjpn of the random vector Y and
S0 = Var(X®), $29) = Var(YD) and 00 = Cov (XD, YO),

Proof: We have

Fary ., b7yp, W 42) = P (a7 Yy < g1, b7 Y < o)
n!  nl!
=33 r (aTY(i) <y, BTYWD < y2|A(ij)) P (A@j))
i=1 j=1
where A7) = {AX® >0, AY"Y > 0}. Since
AX0) A0 O (0
Ayl 0 A0 .
= ()
o) claae) ()
T
bTY() 2nx1 0b 0 2nx3n snxl

the full rank assumption implies nonsingularity of the matrix on the right hand
side of (2.1). Furthermore,

AX®
AY W
aly®
bTyY @)
Apd) AYIAT AVWAT A W a AP b
N A,u,g,j) Azm AT AZ ”)a AZ(]J)b
~ 2n i )
a” g a’ Zyy a a’ Zyy) b
b v

Now, similar to Sheikhi and Jamalizadeh (2011), we immediately conclude
that

. N\T . .
(aY®, bTYD) | AXD 20, AYD >0 ~ SUNy 5, 1) (€55, 81 Ty i M)

This proves the Theorem. O
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Remark 2.1. If the rank of the matrix (A, al, bT)T is at most n — 1, the

joint distribution of (aTY(n), bTY[n])T is a mixture of a unified skew-normals

and a singular unified skew-normals. In this section we assume that the matrix
T, . . . : .

(A, al, bT) is of full rank. A special case will be investigated later in the paper.

Let (X;,Y;),i=1, 2,..., n be a random sample of size n from a bivariate

2
Yo

e (3) e (um (M) 2 (P =)

where > = 021, Zyy = O'ZIn and ny = po’zaylnlg where p is the correla-
tion coefficient between X and Y.

normal Ny (ux, [y, 02, O p) , then the model (1.1) reduces to the following:

The following corollary describes the joint distribution of a linear combi-
nation of concomitants of order statistics and a linear combination of their order
statistics under the independence assumption.

Corollary 2.1. Suppose the matrix (A, al, bT)T is of full rank. Then
under the assumption of model (2.2) the distribution of the random vector
T .
(aTY(n), bTY[n]) 1S SUNQ’ 2(n—1) (E, Ogn_g, Q, F, A) where

T T T 2 T T
_( peatl, _ ofa'aa'b [ 0z AAT poyo,AA
o= (s ) o=t (V0 hn) m= (785 RS

A pozoyAa poyo,Ab
UZAa agAb '

Proof: We have

Fary ., b7y W1 42) = P (a7 Yy < g1, BT Y < o)
n!  n!
= Z Z p (aTY(i) <y, bTYD < y2|A(ij)) p (A(ij)) '
i=1 j=1

n!

Since P (AX(i) >0, AY) > 0) = ( 1 )2 , 1,7 =1,...,n!, by independence

we have

Fyry,, b7y, W 92) = P(aTY <y, BTY <yp|AX >0, AY >0).

Moreover, (AX, AY, a'Y, bTY)T follows an 2n dimensional multivari-
ate normal distribution with p = (On—1, 0,_1, uyaTln, ,ubeln)T and
o2AAT pawayAAT pogoyAa po,oyAb
- oI AAT U§Aa U§Ab
N ayaTa ayaTb

JZbTb
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So, as in Theorem 2.1 the proof is completed. O

We easily find that I' =[v;;], where

207 i jl=0
%ij = —0% i —jl =1
0 i—j| =2, 2(n—1)
Al O . T
and A = [ 01 A2:| with A1 = ()\11, ceey )‘(nfl)l) where A1 = 0920 {ak+1 — ak},

k=1,.on—1 and Az = M2,y A_1)2)’  where A = 02 {bpy1 — by},
k=1,...,n—1

Let the difference matrix Aj of dimension n — 1 x n be such that its first

2,1_ eik, k=2,3,...,1— 1 and the last n — i rows are ez,k—

1 — 1 rows are e
egy 1, k=1, ...n—1. Also, let the matrix Ay of dimension n — 1 x n be such that
its first j — 1 rows are 95,1_ eik, k=2,3,...,5 — 1 and the last n — j rows are
egyj— ea 1, k=jJ, ...n—1and 1,; be an — 1 dimensional vector with the first
1 elements equal to 1 and the rest —1. Further, let X; be a permutation of the

random vector X, such that its ¢th element is located in the first place.

Theorem 2.2. For a random sample of size n from a bivariate normal
random vector (X,Y'), the joint distribution of Y., Y[j. is

FYi:m Y[j;n](yla y2) = leSUN(min(ylﬂ y2)7 My 02(n—1)7 027 F7 A)
+ kQFSSUN(yh Y2 ;3 My]-Q 702(n—1)7 05127 1-‘7 A)

where Fsun(-; fly; 02(,-1), O'Z, T, A) is the cdf of a non-singular unified multi-
variate skew-normal distribution SUN1, 2,2 (uy, 0, 05, T, A) with

r— J%AlAip pazayAlAiF _ pPOLoyly;
UZAIA{ ’ Uzln,i

and Fssun(.; pylo, 05(n—1)> O'ZIQ, I', A) is the cdf of a singular unified multi-
variate skew-normal distribution SSU N3, op—2(fty1l2, 0501 UZIQ, I', A) where
I, is an identity matrix of dimension 2 and

r— J§A2A2T paxayAgAr{ A —poz0yIn_1 pozoyly ;
A AT ) oolni  —0ydn1 )’

ki =nl(3 + 5= sin~!(=2p))" and ks = n(n — 1)((n — 1))?(F + 5= sin~!(=2p))™.

Proof: Let B;; denote the event that Y; is the ith order statistic among
{¥1, Ys,..., Y} and Xj is the jth order statistic among {Xi, Xo,..., X, }. So,
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Bij = {A1Y;> 0, AyX; > 0} and we have

FYtizny Y'[j:n] (U, U)

= P (Yin <, V]ju) < 0)

n n
=Y > P(Yi<u, Y; <v|By) P(By)
i=1 j=1

=Y P(Yi<u, Y; <v|Byi)P(Bi)+ Y Y P(Yi<u, Y; <v|Bjj) P(Bi))
i=1 i=1 j=1
i#]
= nlP (Y1 S min(u,v)\BH)P(Bn)
+(n? =n)((n—1)N2P (Y] < u,Ys < v|Bia) P (Bia).

The last equality holds by the independence assumption. Since the distribution
of Y1| By is identical to the distribution of Y1|[{A;Y1> 0, A1X; > 0}, we have

A1 X4 0,-1 U%AlAr{ paxayAlA{ POy Ly
A1Y; | ~ Nopa 0p—1 |, ol ALAT o1y,
Yi fy 02

SO, Yl‘BH ~ SUNL 2n—2 (,uy, 02(n—1)a JZ, F, A) where

agAlA{ paxayAlA{ POy Ly
I‘-( aﬁAlAlT ) and A-( ' )

Also, the conditional distribution of Y7 and Y5 given Bis is the same as
the distribution of (Y7, Y2)T|{AsX5> 0, A;Y; > 0}. Moreover, (AsXs, A;Y7,
Yy, Y2)T follows a 2n multivariate singular normal distribution with rank 2n — 1,
n= (On—1, 0,,_1, ;Lylg)T and

agAgAZT pamayAgA{ —p0y0yIpn_1 poroyly

2 T 2 2
Z B ayAlAl oylni —O'an_l
= 2
ogy O2
Ty

where J,,_1 = (1, 0,,_2)7.

We note that the matrix (AsXz, A;Y1)7 is of full rank but (A Xy, A,Y7,
Yy, Y2)T is not. Hence, according to the case (3) of Arellano-Valle and Azzalini
(2006) we conclude that (Y1, Y2)T|{AsXs, A;Y; >0} ~ SSUN2 212 (fty12,
02(n—1); JZIQ, I', A) where

2 T T
02 DAL pogo,AsA —po0ydn_1 poroyly
r—(%% 2 Y 1 and A — zTydn z0yinj |
( ol A AT ool —02dn 1
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On the other hand, using the orthant probabilities (e.g. Kotz et al. 2000)
we easily obtain

P(BH) = P(XQ > X, Xg3>X1,..., Xg> X, o>V, V5>Y,..,Y,> Yl)

(P(X2 > X1, Yo >1))"
(i + —sin~ (—2p))".

So, ki = nl(3 + = sin ™' (—=2p))". Similarly, ko = n(n — 1)((n — )1)?(: +
5 sin 1 (=2p))".

This completes the proof. O

Remark 2.2. As a special case, we assume n = 2, (X, Y)T ~ BN(0, 0,
1, 1, p), i=1and j = 2. Then the joint pdf of Y1.2 and Y]y.9) is obtained as

FY1, Yigo (1, ¥2) = k1 Fsun(min(y1, y2) ) + k2Fssun(y1, y2)

where k; and kg are as in Theorem 2.2 with n = 2 and Fsyn(.)and Fssuyn(.,.)
are the cdfs of

D, ((Pa —1)" min(y1, y2); M1)
By ((o,o)T; MQ)

e((min(y1, y2))

and
Py ((Pa 1" (g1 — y2); Ms)

o, ((0, )7 M4>

o(y1)e(y2)

respectively where

— 2 —
= (1) (L)
p 1 —p 1

2
M3:<2 Op 8) and My = <;§>,

and their joint pdf is
(2.3)

Do ((p, —1)Ty; M ,
e(y) fp(Q p(o,o)T;yMQ)l) if m=1y=y

Plyn)plye) ORIl g < .

fY1:2, Y[z;z](yla y2) =
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Remark 2.3. When X and Y are independent, the joint density (2.3)
becomes

20()(1 =@ (y) if pi=y2=y

P, Yoo (415 42) :{ 2¢(y1)e(y2) if i<y

which is the same as the joint distribution (8) of He and Nagaraja (2009) under
these assumptions (see e.g. He, 2007, p. 35).

Furthermore, He and Nagaraja (2009) discussed some relations between Y;.,,
and Y;.,) in a bivariate setting. In particular, they showed that Corr(Yin, Y[j:n]) =
Corr(Yn—it1m, Yjn—jq1:m]). The following remark shows that, in addition, the
joint distribution of Y., Y[ and Yi—it1mn, Yjp—j41.m) belong to a same family
and differ only in one parameter. The relation (24) of He and Nagaraja (2009) is
a direct consequence.

Remark 2.4. Let B;j denote the event that Y; is the (n — i+ 1)th order
statistic among {Y7, Ya,..., Y;,} and X is the (n — j + 1)th order statistic among
{X1, Xy, ..., Xp}. Then Bj; = {A1Y;< 0, AxX; <0} ={-A,Y;>0, —AX;
> 0}. Hence, the joint distribution of Yy, i1, Yip—jy1:m] i

FYan’H»l:ru }/[n*j+1:n](y17 y2) = leSUN(mln(gl’ y2) ;/,Ly7 07 0—57 I" A,)
+k2FSSUN(?/17 Y2 ;Hy]-z 707 05127 ]-‘7 A/)

where A’= —A and the parameters as in Theorem 2.2.

3. NUMERICAL EXAMPLE

Loperfido (2008b), with the assumption of exchangeability, have estimated
the distribution of extreme values of vision of left eye (Y1) and vision of right eye
(Y2) and the conditional distribution of age (X), given these extreme values as a
skew-normal family. Johnson and Wichern (2002, p.24) provide data consisting
of mineral content measurements of three bones (radius, humerus, ulna) in two
arms (dominant and non dominant) for each of 25 old women. We consider the
following variables:

X7 : Dominant radius
X5 : Non dominant radius
Y7 : Dominant ulna

Y5: Non dominant ulna
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The sample data is presented in Table 1. We apply model (1.1) to this data
and obtain the unbiased estimates of the parameters of these models as

1084381 1 0.7044 $2 _ 0.0130 0.0103
~ | 0.8191 |7 7Y | 0.6938 | T T 0.0103 0.0114 |~

B {0.0115 0.0088] - [0.0091 0.0085}

™My
<o

0.0088 0.0105 | 4 2 =1 0 0085 0.0105

Table 1: Data of measurements of two bones in 25 old women.

Dominant radius Non dominant radius Dominant ulna Non dominant ulna,

1.103 1.052 0.873 0.872
0.842 0.859 0.590 0.744
0.925 0.873 0.767 0.713
0.857 0.744 0.706 0.674
0.795 0.809 0.549 0.654
0.787 0.799 0.782 0.571
0.933 0.880 0.737 0.803
0.799 0.851 0.618 0.682
0.945 0.876 0.853 0.777
0.921 0.906 0.823 0.765
0.792 0.825 0.686 0.668
0.815 0.751 0.678 0.546
0.755 0.724 0.662 0.595
0.880 0.866 0.810 0.819
0.900 0.838 0.723 0.677
0.764 0.757 0.586 0.541
0.733 0.748 0.672 0.752
0.932 0.898 0.836 0.805
0.856 0.786 0.578 0.610
0.890 0.950 0.758 0.718
0.688 0.532 0.533 0.482
0.940 0.850 0.757 0.731
0.493 0.616 0.546 0.615
0.835 0.752 0.618 0.664
0.915 0.936 0.869 0.868

Yang (1981) has considered general linear functions of the form

I~ i
L = - ; J(E)Y[z‘:n]
where J is a smooth function. He has established that L is asymptotically normal
and may be used to construct consistent estimator of various conditional quanti-
ties such as E(Y|X =), P(Y € A|X = z) and Var(Y|X = z). We assume that
J is a quadratic function and estimate the joint distribution of L and the sample
midrange of Y, ie. T = %23:1 Y;... The joint distribution of T" and L is as in

Theorem 2.1 with A =( =1 1 ),a=( 1/2 1/2 ) andb=( 1/8 1/2 )",
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In particular,

0.6991 0.6991
=t = ( 0.4345 ) and - £19=8 = ( 0.4389 ) '
Also, if
e _ /n) — Fp(x)
M, =n"1Y h(n)'K (Z/”)—”)Y,n
T

where F,(z) is the proportion of the X; less than or equal to z, K(x) is some
pdf on real line and h(n) — 0 as n — oo, then M, is a mean square consistent
estimator of the regression function E(Y|X = ). We assume that K(x) is the
pdf of the normal distribution with mean 0.8314 and variance 0.0108, i.e. K(x) is
the pdf of the radius. Moreover, we set h(n) = —L. At z = 0.8, we obtain M, =
0.012Y]1.9) + 0.515Y]2.9. Again, the joint distribution of 7" and M3 is as in Theo-

rem 2.1 with A=( =1 1 ),a=(1/2 1/2 )'and b=( 0.012 0515 ).

4. CONCLUSION

In this paper we model the joint distribution of a linear combination of con-
comitants of order statistics and linear combinations of their order statistics as
a unified skew-normal family assuming a multivariate normal distribution. How-
ever, there are many interesting further work which may be carried out. Viana
and Lee (2006) have studied the covariance structure of two random vectors X,
and Y[, in the presence of a random variable Z. We may generalize their work
by extending our results in the presence of one or more covariates. The results
of this paper may be extended to elliptical distributions or using exchangeability
assumption. Other results such as the regression analysis of concomitants using
their order statistics are also of interest.
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