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1. INTRODUCTION

In many practical situations, it is neither feasible nor economical to completely enu-

merate an entire population prior to making inferences about its characteristics. To address

this limitation, sampling theory plays a crucial role in statistical analysis. When estimating

population parameters using a subset of population units, it is essential that the selected

sample is representative and that the corresponding estimator exhibits high efficiency. It is

well established in the sampling literature that the incorporation of auxiliary information

significantly reduces the variability of estimators. This principle has motivated the develop-

ment of classical estimators such as ratio, product, and regression estimators. To see more

about importance of auxiliary characteristic in the estimation refer to Sisodia and Dwivedi

(1981), Singh and Tailor (2003), Upadhyaya et al. (2011), Özel Kadilar (2016), Prasad (2020),

Ali et al. (2025) and Alimi et al. (2025).

Ranked set sampling (RSS) was originally introduced by McIntyre (1952) as an efficient

sampling design for estimating the population mean, particularly in studies involving pasture

and forage yields. This sampling framework is especially advantageous in situations where

units can be readily ranked using an auxiliary variable that exhibits a strong association with

the study variable, or through other cost-effective ranking procedures. Ranked set sampling

(RSS) is a carefully structured, cost-efficient, and statistically effective sampling design that

has been widely applied across diverse fields, including agriculture, ecology, biology, engi-

neering, physical sciences, medical sciences, social sciences, and environmental studies. This

sampling approach is especially beneficial in situations where obtaining accurate measure-

ments for selected units is difficult, time consuming, or expensive in terms of resources such

as labor and cost. By incorporating ranking information prior to measurement, RSS enhances

estimation efficiency without requiring additional measurement effort.

Takahasi and Wakimoto (1968) emerged as an independent contributor who showed

that under ranked set sampling (RSS) mean is unbiased and has smaller variance than sim-

ple random sampling. McIntyre (1952) and Takahasi and Wakimoto (1968) developed RSS

under the assumption of perfect ranking. Moreover, Dell and Clutter (1972) demonstrated

that error in ranking doesn’t affect the efficiency of the RSS and showed that sample mean

unbiased for population mean even if there is error involved in ranking of units. Samawi and

Muttlak (1996) employed RSS in the estimation of population mean using ratio estimator.

Vishwakarma et al. (2017) proposed a ratio and product exponential type estimator under

ranked set sampling. To further delve into development of efficient estimator under RSS, one

may refer to Khalid et al. (2022), Bhushan et al. (2022a), Khalid et al. (2024) and Eisa et al.

(2024).

In practical situations, achieving error-free ranking of units, even within small samples,

is often challenging. To address this limitation, HA (1997) introduced the concept of Median

ranked set Sampling (MRSS). Two variants of MRSS were proposed, both of which perform

effectively even when complete ranking of units is not feasible. It was shown that, under

MRSS, the sample mean serves as an unbiased estimator of the population mean and attains

a lower variance than estimators based on Ranked Set Sampling (RSS) and Simple Random

Sampling (SRS), provided that the underlying population distribution is symmetric.
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Subsequently, Samawi and Muttlak (2001) proposed a ratio estimator under the MRSS

framework and examined its efficiency relative to estimators based on RSS and SRS. Further

extending this line of research, Samawi and Tawalbeh (2002) introduced double ranked set

sampling and studied both mean and ratio estimators under this scheme. A comprehensive

review of the various developments and extensions of ranked set sampling was later presented

by Al-Omari and Bouza (2014). More recently, Zamanzade and Al-Omari (2016) proposed a

new variant of ranked set sampling, termed neoteric ranked set sampling, for the estimation

of population mean and variance. For additional developments and recent contributions to

ranked set sampling and its variants, readers may refer to Kumari et al. (2024), Yadav et al.

(2025), and Shukla et al. (2025).

Inspired by advances in ratio, exponential, and logarithmic estimators, this study un-

veils a fresh approach for estimating the finite population mean using the MRSS method.

The new estimator cleverly blends an exponential adjustment with a logarithmic correction,

both powered by auxiliary data, to better reflect complex, nonlinear links between variables.

With the addition of tuning parameters, it adapts to strike the right balance between bias

and variance, leading to a notable drop in mean squared error. This innovative design shines

especially when variables are strongly correlated, outperforming traditional methods and of-

fering a robust, efficient solution within the MRSS framework.The proposed methodology

assumes that ranking is carried out using an auxiliary variable that is reasonably correlated

with the study variable, enabling meaningful, though not necessarily perfect, ranking of units.

While the validity of the estimator does not require strict distributional assumptions such

as symmetry, its efficiency may be influenced by the quality of ranking and the underly-

ing population characteristics. In particular, departures from symmetry or the presence of

ranking errors may affect the relative performance of MRSS-based estimators. A detailed

investigation of these effects is beyond the scope of the present study and is left for future

research.

The structure of the article is organized as follows. Section 2 presents a comprehensive

review of the existing estimators available in the literature. Section 3 is devoted to the theo-

retical development of the proposed estimator. A comparative study is discussed in Section 4,

where theoretical conditions are established under which the proposed estimator outperforms

the existing estimators. Sections 5 and 6 present detailed empirical and simulation studies,

respectively, to numerically demonstrate the superiority of the proposed estimator. Section 7

discusses the results in detail and provides a comprehensive discussion highlighting the key

findings of the study. Finally, Section 8 concludes the article.

1.1. Notation

As per the study of Samawi and Muttlak (1996), ranking the observations on auxiliary

characteristic is more efficient than ranking the observations on study characteristic. Hence,

in this study we have ranked observations on study variable Y based on the ranking on aux-

iliary variable X.

The procedure for taking a sample of size n(= mr) using median ranked set sampling
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is as follows (HA, 1997):

(1) Select m samples each of size m using simple random sampling without replacement

scheme from the population of interest.

(2) Units in the each set of size m are ranked based on auxiliary characteristic using any

cost effective method.

(3) If m id odd, select m+1
2

th
smallest ranked unit X along with the associated value on Y

from each set. If m is even, from the first m
2 sets m

2
th ranked unit X is selected along

with the associated Y and from other m
2 sets m+2

2

th
ranked units X are selected along

with associated units on Y.

(4) All the previous steps are repeated r times to select a sample of size mr(= n).

Start

Select m samples each of size m
using SRSWOR

Rank units in each set
using auxiliary variable X

Is m odd?

Select
(
m+1
2

)th
smallest ranked unit X

with its associated Y

From first m
2 sets select

(
m
2

)th
unit

From remaining m
2 sets select

(
m+2
2

)th
unit

along with Y

Repeat Steps 1–3
r times

Final sample size
n = mr

Yes No

Figure 1: Flowchart of Median Ranked Set Sampling Procedure

Suppose from a population of size N we have to select a sample of size n by using the

median ranked set sampling.
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Define

yi[m
2
]j :

m
2
th ordered value in the ith set for the jth cycle, xi(m

2
)j :

m
2
th ordered value in the ith

set for the jth cycle, where, (.) and [.] indicate the ordering of the observations with no error

and with some error (ordering may be based on judgment of individual) respectively.

Under median ranked sampling when m takes odd values, then for the jth cycle, the

observed sample pairs on auxiliary variable and associated study variable are (x1(m+1
2

)j ,

y1(m+1
2

)j), (x2(m+1
2

)j , y2(m+1
2

)j), (x3(m+1
2

)j , y3(m+1
2

)j),. . . , (xm(m+1
2

)j , ym(m+1
2

)j); j = 1, 2, 3, 4, . . . , r.

Expressions for sample mean and variance are given as follows:

x̄o =
1

mr

r∑
j=1

m∑
i=1

xi(m+1
2

)j(1.1)

ȳo =
1

mr

r∑
j=1

m∑
i=1

yi[m+1
2

]j(1.2)

V ar(x̄o) = V ar

(
1

mr

r∑
j=1

m∑
i=1

xi(m+1
2

)j

)
=

1

mr
σ2
x(m+1

2
)

(1.3)

V ar(ȳo) = V ar

(
1

mr

r∑
j=1

m∑
i=1

yi[m+1
2

]j

)
=

1

mr
σ2
y[m+1

2
]
.(1.4)

Similarly, when m takes even values, then for the jth cycle, the observed sample pairs

on auxiliary variable and associated study variable are (x1(m
2
)j , y1(m

2
)j), (x2(m

2
)j , y2(m

2
)j),

(x3(m
2
)j , y3(m

2
)j),. . . , (xm

2
(m
2
)j , ym

2
(m
2
)j), (xm

2
+1(m+2

2
)j , ym

2
+1(m+2

2
)j),. . . , (xm(m+2

2
)j , ym(m+2

2
)j);

j = 1, 2, 3, 4, . . . , r.

The expressions for mean and variance under median ranked sampling, when set size

(m) takes even values, are given as follows:

x̄e =
1

mr

r∑
j=1

(m/2∑
i=1

xi(m
2
)j +

m∑
i= m

2
+1

xi(m+2
2

)j

)
(1.5)

ȳe =
1

mr

r∑
j=1

(m/2∑
i=1

yi[m
2
]j +

m∑
i= m

2
+1

yi[m+2
2

]j

)
(1.6)

V ar(x̄e) = V ar

(
1

mr

r∑
j=1

(m/2∑
i=1

xi(m
2
)j +

m∑
i= m

2
+1

xi(m+2
2

)j

))
=

1

2rm

(
σ2
x(m

2
) + σ2

x(m+2
2

)

)(1.7)
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V ar(ȳe) = V ar

(
1

mr

r∑
j=1

(m/2∑
i=1

yi[m
2
]j +

m∑
i= m

2
+1

yi[m+2
2

]j

))
=

1

2rm

(
σ2
y[m

2
] + σ2

y[m+2
2

]

)
.(1.8)

Let (U1, U2, U3, . . . , UN ) be N population units out of which a sample of size n (= mr)

is taken by using median ranked set sampling. Let x(n) and y[n] are the sample means

corresponding to auxiliary variable and study variable respectively. Let ϵ0 and ϵ1 are relative

errors corresponding to study variable and auxiliary variable respectively, such that

ȳ[n] =Ȳ (1 + ϵ0)(1.9)

x̄(n) =X̄(1 + ϵ1)(1.10)

E(ϵ0) =E(ϵ1) = 0,(1.11)

E(ϵ20) =
V ar(ȳ[n])

Ȳ 2
= V0,(1.12)

E(ϵ21) =
V ar(x̄(n))

X̄2
= V1,(1.13)

E(ϵ0ϵ1) =
Cov(ȳ[n], x̄(n))

X̄Ȳ
= V01.(1.14)

2. REVIEW OF ESTIMATORS FOR POPULATION MEAN

There are several well known estimators which have been discussed under the realm of

median ranked set sampling in this section. These estimators motivate us in developing a

novel idea of our proposed estimator.

The usual estimator under MRSS is given as,

T1 =
1

n

n∑
i=1

yi,(2.1)

where, yi; i = 1(1)n are n ranked sample observations taken under the MRSS.

V ar(T1) = Ȳ 2V0.(2.2)

The ratio estimator under MRSS is represented as,

T2 =ȳ[n]

(
X̄

x̄(n)

)
,(2.3)

MSE(T2) =Ȳ 2(V0 + V1 − 2V01).(2.4)

The product estimation under MRSS is expressed as,

T3 =ȳ[n]

(
x̄(n)

X̄

)
,(2.5)

MSE(T3) =Ȳ 2(V0 + V1 + 2V01).(2.6)

The expression of the regression estimator under MRSS is given as,

T4 =ȳ[n] + β(X̄ − x̄(n)),(2.7)

MSE(T4) =Ȳ 2

(
V0 −

V 2
01

V1

)
,(2.8)
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where, β is the regression coefficient. The value of β can be obtained by using past experience

or pilot surveys.

The exponential ratio estimator under MRSS is given as,

T5 =ȳ[n]exp

(
X̄ − x̄(n)

X̄ + x̄(n)

)
,(2.9)

MSE(T5) =Ȳ 2

(
V0 +

V1

4
− V01

)
.(2.10)

The expression of the exponential product estimator under MRSS is given as,

T6 =ȳ[n]exp

(
x̄(n) − X̄

x̄(n) + X̄

)
,(2.11)

MSE(T6) =Ȳ 2

(
V0 +

V1

4
+ V01

)
.(2.12)

Following the estimator proposed by Singh et al. (2009), an improved exponential ratio esti-

mator under MRSS is given by,

T7 =ȳ[n]exp

(
a(X̄ − x̄(n))

a(X̄ + x̄(n)) + 2b

)
,(2.13)

MSE(T7) =Ȳ 2

(
V0 −

V 2
01

V1

)
.(2.14)

3. PROPOSED ESTIMATOR

Taking the insights from reviewed estimators, we have proposed a novel estimator under

MRSS for the estimation of the finite population mean.

TPro = ηȳ[n] exp

[
X̄ − x̄(n)

X̄ + x̄(n)

][
1 + log

(
x̄(n)

X̄

)]ϕ
(3.1)

where, η, and ϕ are real constants which are employed in finding the optimal value of the

MSE. Table 1 shows different forms of the proposed estimator for selected values of η and ϕ.

To derive the expressions for bias and MSE up to first order of approximation, we expand

our proposed estimator in terms of relative errors explained in the sub-section 1.1.

TPro = ηȲ (1 + ϵ0) exp

(
X̄ − X̄(1 + ϵ1)

X̄ + X̄(1 + ϵ1)

)[
1 + log(1 + ϵ1)

]ϕ
.(3.2)

Employing the taylor series expansions, exp(x) = 1+x+
x2

2!
+
x3

3!
+ · · · and log(1+x) =

x− x2

2
+

x3

3
+ · · · , we further expand the equation (3.2) as follows

TPro =ηȲ (1 + ϵ0) exp

[
− ϵ1

2

(
1 +

ϵ1
2

)−1][
1 + ϕ

(
ϵ1 −

ϵ21
2

)
+ ϕ(ϕ− 1)

ϵ21
2!

]
(3.3)

=ηȲ (1 + ϵ0) exp

[
− ϵ1

2

(
1− ϵ1

2
+

ϵ21
4

)][
1 + ϕϵ1 − ϕϵ1 −

ϕϵ21
2

+
ϕ2ϵ21
2!

− ϕϵ21
2!

]
.(3.4)
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After further expanding equation (3.4), we get

TPro ≈ ηȲ

{
1 + ϵ0 + ϕϵ1 − ϕϵ21 +

ϕ2ϵ21
2

+ ϕϵ0ϵ1

}{
1− ϵ1

2
+

3

8
ϵ21

}
(3.5)

which implies,

TPro ≈ ηȲ

[
1 + ϵ0 + ϕϵ1 −

3

2
ϕϵ21 +

ϕ2ϵ21
2

+ ϕϵ0ϵ1 −
ϵ0ϵ1
2

− ϵ1
2

+
3

8
ϵ21

]
.(3.6)

After subtracting Ȳ on the both side of the equation (3.6), we get

TPro − Ȳ ≈ Ȳ

[
ηȲ

(
1 + ϵ0 + ϕϵ1 −

3

2
ϕϵ21 +

ϕ2ϵ21
2

+ ϕϵ0ϵ1 −
ϵ0ϵ1
2

− ϵ1
2

+
3

8
ϵ21

)
− 1

]
.(3.7)

Taking the expectation of both the sides of equation (3.7), We get

Bias(TPro) = Ȳ

[
η

(
1− 3

2
ϕV1 +

ϕ2V1

2
+ ϕV01 −

V01

2
+

3

8
V1

)
− 1

]
.(3.8)

After squaring both side of the equation (3.7) and taking expectation, we get

MSE(TPro) = E(TPro − Ȳ )2 = Ȳ 2

(
η2A+ 1− 2ηB

)
(3.9)

where,

A = 1 + V0 + 2ϕ2V1 + 4ϕV01 + V1 − 2V01 − 4ϕV1,(3.10)

B = 1 +
3

8
V1 −

3

2
ϕV1 +

ϕ2

2
V1 −

1

2
V01 + ϕV01.(3.11)

Now to optimize the MSE(TPro), we take the first derivative of it with respect to η

and equate it to zero. However, the resulting expression for the optimum value of η involves

the parameter ϕ (Bhushan et al., 2023).

∂MSE(TPro)

∂η
= 0.(3.12)

From equation (3.12), we get

ηopt =
B

A
(3.13)

putting the value of ηopt in the equation (3.9), we get the minimum MSE of the estimator

TPro as

minMSE(TPro) = Ȳ 2

(
1− B2

A

)
.(3.14)

It is obvious that the simultaneous optimization of ηopt and ϕ for the MSE equation may not

be derived easily. So for minimum MSE, The value of B and A may approaches to 1 and
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then value of ϕ may be best suited the population mean Ȳ when ηopt ≈ 1. Now, putting the

value of ηopt ≈ 1 in the equation (3.9), we get

minMSE(TPro) = Ȳ 2

(
A+ 1− 2B

)
.(3.15)

The equation (3.15) proposes that MSE depends only on the ϕ. Now, to obtain optimum

value of ϕ, We proceed

dMSE(TPro)

dϕ
|ηopt≈1 = 0(3.16)

which provides,

ϕopt =
1

3

[
1− 2

V01

V1

]
.(3.17)

Now, the expression for the optimum value of the mean squared error is given as follows:

MSE(TPro)opt = Ȳ 2

(
η2optAopt + 1− 2ηoptBopt

)
(3.18)

where,

Aopt = 1 + V0 + 2ϕ2
optV1 + 4ϕoptV01 + V1 − 2V01 − 4ϕoptV1,(3.19)

Bopt = 1 +
3

8
V1 −

3

2
ϕoptV1 +

ϕ2
opt

2
V1 −

1

2
V01 + ϕoptV01.(3.20)

Table 1: Different forms of the proposed estimator for selected values of
η and ϕ

Case (η, ϕ) Resulting Estimator

1 (1, 0) ȳ[n] exp

[
x̄(n) − X̄

x̄(n) + X̄

]

2 (1, 1) ȳ[n] exp

[
x̄(n) − X̄

x̄(n) + X̄

] [
1 + log

(
x̄(n)

X̄

)]
3 (η, 0) η ȳ[n] exp

[
x̄(n) − X̄

x̄(n) + X̄

]

4 (η, 1) ηȳ[n] exp

[
x̄(n) − X̄

x̄(n) + X̄

] [
1 + log

(
x̄(n)

X̄

)]
5 (1, ϕ) ȳ[n] exp

[
x̄(n) − X̄

x̄(n) + X̄

] [
1 + log

(
x̄(n)

X̄

)]ϕ
6 (η, ϕ) η ȳ[n] exp

[
x̄(n) − X̄

x̄(n) + X̄

] [
1 + log

(
x̄(n)

X̄

)]ϕ

4. COMPARISON STUDY

This section compares the performance of the proposed estimator with existing estima-

tors under the MRSS scheme. The main criterion for evaluating efficiency is the MSE.
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(i) The proposed estimator performs better than the usual estimator under MRSS if and

only if MSE(Tpro)opt < MSE(T1), i.e.,

Ȳ 2

(
η2optAopt + 1− 2ηoptBopt

)
< Ȳ 2V0

which implies that, (
η2optAopt + 1− 2ηoptBopt

)
< V0.

(ii) The proposed estimator performs more efficiently than the ratio estimator if and only

if MSE(Tpro)opt < MSE(T2), i.e.,

Ȳ 2

(
η2optAopt + 1− 2ηoptBopt

)
< Ȳ 2(V0 + V1 − 2V01)

which implies that,(
η2optAopt + 1− 2ηoptBopt

)
< (V0 + V1 − 2V01).

(iii) The product estimator performs less efficiently than the proposed estimator if and only

if MSE(Tpro)opt < MSE(T3), i.e,

Ȳ 2

(
η2optAopt + 1− 2ηoptBopt

)
< Ȳ 2(V0 + V1 + 2V01)

which implies that,(
η2optAopt + 1− 2ηoptBopt

)
< (V0 + V1 + 2V01).

(iv) The proposed estimator performs better than the regression estimator if and only if

MSE(Tpro)opt < MSE(T4), i.e.,

Ȳ 2

(
η2optAopt + 1− 2ηoptBopt

)
< Ȳ 2

(
V0 −

V 2
01

V1

)
which implies that (

η2optAopt + 1− 2ηoptBopt

)
<

(
V0 −

V 2
01

V1

)
.

(v) The proposed estimator performs better than the exponential ratio estimator if and

only if MSE(Tpro)opt < MSE(T5), i.e.,

Ȳ 2

(
η2optAopt + 1− 2ηoptBopt

)
< Ȳ 2

(
V0 +

V1

4
− V01

)
which is equivalent to(

η2optAopt + 1− 2ηoptBopt

)
<

(
V0 +

V1

4
− V01

)
.
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(vi) The proposed estimator performs better than the exponential product estimator if and

only if MSE(Tpro)opt < MSE(T6), i.e.,

Ȳ 2

(
η2optAopt + 1− 2ηoptBopt

)
< Ȳ 2

(
V0 +

V1

4
+ V01

)
which is equivalent to(

η2optAopt + 1− 2ηoptBopt

)
<

(
V0 +

V1

4
+ V01

)
.

(vii) The proposed estimator performs better than the estimator developed by Singh et al.

(2009) under MRSS if and only if MSE(Tpro)opt < MSE(T7), i.e.,

Ȳ 2

(
η2optAopt + 1− 2ηoptBopt

)
< Ȳ 2

(
V0 −

V 2
01

V1

)
which is equivalent to(

η2optAopt + 1− 2ηoptBopt

)
<

(
V0 −

V 2
01

V1

)
.

5. EMPIRICAL STUDY

To put the proposed estimators to the test, this study draws on a real-world dataset.

By working with genuine population data, we gain valuable insight into how these estimators

perform and adapt in practical sampling scenarios.

The key features of the population are outlined below. This study looks at two related

variables: Real Estate Farm Loans and Non-Real Estate Farm State Loans. Real Estate Farm

Loans is the main focus, while Non-Real Estate Farm State Loans serves as an auxiliary

variable because it is closely linked to the main one. Using reliable auxiliary information

helps improve the accuracy of estimates in the MRSS framework. The data for this analysis

comes from Singh (2003), a source often used in sampling research for comparing methods.

The descriptive statistics for the population are provided in the Table 2.

Table 2: Descriptive statistics of the population under study

Ȳ 555.43 SY X 509910.4
X̄ 878.16 ρY X 0.8038
S2
X 1176526 β 0.4334

S2
Y 342021.5 N 50
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Table 3: MSE and PRE of the estimators when m takes odd value under
empirical study

Estimator
n = 6 n = 9 n = 12 n = 15

(m = 3, r = 2) (m = 3, r = 3) (m = 3, r = 4) (m = 3, r = 5)
MSE PRE MSE PRE MSE PRE MSE PRE

T1 10546.75 100 10144.80 100 9943.70 100 8561.60 100
T2 7797.12 135.26 7321.67 138.56 7086.76 140.31 6546.76 130.78
T3 11535.17 91.43 10376.55 97.77 10176.55 97.71 9373.34 91.34
T4 5443.56 193.75 5167.26 196.33 4863.57 204.45 4162.70 205.67
T5 6142.08 171.71 5682.08 178.54 5241.74 189.70 4941.40 173.26
T6 11011.11 95.78 10511.11 96.52 10011.11 99.33 9011.11 95.01
T7 5443.56 193.75 5167.26 196.33 4863.57 204.45 4162.70 205.67
TPro 4786.81 220.33 4080.89 248.59 3890.92 255.56 3290.92 260.16

Table 4: MSE and PRE of the estimators when m takes even value under
empirical study

Estimator
n = 8 n = 12 n = 16 n = 20

(m = 4, r = 2) (m = 4, r = 3) (m = 4, r = 4) (m = 4, r = 5)
MSE PRE MSE PRE MSE PRE MSE PRE

T1 9646.75 100 9244.80 100 8963.60 100 8382.70 100
T2 7096.68 135.93 6836.05 135.24 6278.58 142.76 5632.80 148.82
T3 10756.55 89.68 10455.33 88.42 10093.40 88.81 9260.44 90.52
T4 5273.20 182.94 5078.22 182.05 4751.60 188.64 4111.61 203.88
T5 5850.88 164.88 5323.80 173.65 5038.20 177.91 4582.30 182.94
T6 10271.11 93.92 10131.54 91.25 9851.41 90.99 9050.92 92.62
T7 5273.20 182.94 5078.22 182.05 4751.60 188.64 4111.61 203.88
TPro 4186.81 230.41 3866.81 239.08 3348.91 267.66 3148.91 266.21

Table 5: MSE and PRE of estimators for varying values of m and r under
empirical study

Estimator
m = 3, r = 2 m = 5, r = 2 m = 3, r = 3 m = 5, r = 3 m = 3, r = 4 m = 5, r = 4

MSE PRE MSE PRE MSE PRE MSE PRE MSE PRE MSE PRE

T1 10546.75 100 9384.80 100 10143.30 100 9172.70 100 9943.70 100 9115.10 100

T2 7797.12 135.26 7011.05 133.86 7321.67 138.54 6943.47 132.11 7086.76 140.31 6584.16 138.44

T3 11535.17 91.43 11181.66 83.93 10376.55 97.75 10176.55 90.14 10116.55 98.29 10035.33 90.83

T4 5443.56 193.75 5124.26 183.14 5167.26 196.30 5041.26 181.95 4863.57 204.45 4365.70 208.79

T5 6142.08 171.71 6040.80 155.36 5682.08 178.51 6600.31 138.97 5241.74 189.70 5137.40 177.43

T6 11011.11 95.78 10810.92 86.81 10331.11 98.18 10070.92 91.08 10011.11 99.33 9813.11 92.89

T7 5443.56 193.75 5124.26 183.14 5167.26 196.30 5041.26 181.95 4863.57 204.45 4365.70 208.79

TPro 4786.81 220.33 4288.91 218.82 4080.89 248.56 3790.92 241.97 3890.92 255.56 3399.20 268.15

6. SIMULATION STUDY

To evaluate the performance of the proposed methodology under a more flexible and

controlled setting, a simulation study was conducted. An artificial population was generated

using the following variable transformations. Similar transformation techniques have been

employed in previous studies, including Singh and Horn (1998) and Bhushan et al. (2022b).
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The transformation is as follows

Y = 37.9 +
√
1− ρ2Y ∗ + ρ

SY

SX
X∗(6.1)

X = 10.2 +X∗.(6.2)

Here, variables X∗ and Y ∗ are linearly independent and are taken from two normal popula-

tion with parameters (µX∗ = 13, σ2
X∗ = 15), (µY ∗ = 10, σ2

Y ∗ = 9).

Steps under simulation study:

(1) Generate a finite population of size 1000 from normal distribution under study variable

and associated auxiliary variable using the transformation discussed.

(2) Draw a sample of size n by employing procedure discussed under median ranked sam-

pling.

(3) Calculate the values of estimators for this sample.

(4) Repeat the steps 2 and 3, 5000 times and obtain the MSE by employing all 5000

estimates using the expression given in the equation (6.3).

MSE(T ) =
1

5000

5000∑
i=1

(ti − Ȳ )2(6.3)

where, ti is the ith estimate of the finite population mean under simulation study.

Table 6: MSE and PRE of the estimators when m takes odd value and
ρyx = 0.75 under simulation study

Estimator
m = 3, r = 3 m = 3, r = 4 m = 3, r = 5

n = 9 n = 12 n = 15
MSE PRE MSE PRE MSE PRE

T1 212.13 100 205.37 100 198.62 100
T2 130.63 162.39 117.13 175.33 113.41 175.13
T3 246.82 85.95 231.43 88.74 225.44 88.10
T4 73.46 288.76 61.27 335.20 51.66 384.46
T5 128.31 165.32 116.18 176.77 100.96 196.72
T6 231.16 91.77 225.14 91.22 222.32 89.34
T7 73.46 288.76 61.27 335.20 51.66 384.46
TPro 62.48 339.50 56.73 362.01 47.57 417.50
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Table 7: MSE and PRE of the estimators when m takes odd value and
ρyx = 0.85 under simulation study

Estimator
m = 3, r = 3 m = 3, r = 4 m = 3, r = 5

n = 9 n = 12 n = 15
MSE PRE MSE PRE MSE PRE

T1 226.13 100 215.25 100 196.38 100
T2 117.63 192.23 112.63 191.10 108.63 180.77
T3 239.37 94.47 223.71 96.22 217.44 90.31
T4 62.21 363.48 56.12 383.57 51.66 380.31
T5 111.66 202.51 106.96 201.24 100.96 194.50
T6 231.92 97.50 219.64 98.00 219.42 89.50
T7 62.21 363.48 56.12 383.57 51.66 380.12
TPro 57.48 393.39 48.86 440.57 30.12 652.07

Table 8: MSE and PRE of the estimators when m takes odd value and
ρyx = 0.95 under simulation study

Estimator
m = 3, r = 3 m = 3, r = 4 m = 3, r = 5

n = 9 n = 12 n = 15
MSE PRE MSE PRE MSE PRE

T1 196.13 100 185.73 100 180.38 100
T2 109.63 178.90 100.16 185.44 96.63 186.66
T3 212.37 92.35 194.13 95.67 187.71 96.09
T4 45.86 427.65 42.42 437.82 39.21 460.01
T5 97.66 200.82 92.14 201.57 88.96 202.75
T6 208.03 94.28 189.03 98.25 186.03 96.96
T7 45.86 427.65 42.42 437.82 39.21 460.01
TPro 35.48 552.76 31.42 591.19 30.18 597.64

Table 9: MSE and PRE of the estimators when m takes odd value and
ρyx = 0.75 under simulation study

Estimator
m = 4, r = 3 m = 4, r = 4 m = 4, r = 5

n = 12 n = 16 n = 20
MSE PRE MSE PRE MSE PRE

T1 210.36 100 203.23 100 196.55 100
T2 129.10 162.94 115.66 175.71 111.64 176.06
T3 245.22 85.79 230.25 88.26 222.13 88.49
T4 72.21 291.31 59.27 342.90 50.34 390.44
T5 126.88 165.79 114.95 176.80 98.48 199.58
T6 229.45 91.68 222.91 91.17 220.51 89.13
T7 72.21 291.31 59.27 342.90 50.34 390.44
TPro 60.77 346.16 55.61 365.45 46.57 422.03
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Table 10: MSE and PRE of the estimators when m takes odd value and
ρyx = 0.85 under simulation study

Estimator
m = 4, r = 3 m = 4, r = 4 m = 4, r = 5

n = 12 n = 16 n = 20
MSE PRE MSE PRE MSE PRE

T1 224.72 100 213.34 100 195.12 100
T2 116.26 193.29 110.38 193.27 107.56 181.40
T3 236.95 94.84 220.09 96.93 215.08 90.72
T4 61.07 367.97 55.35 385.46 49.37 395.24
T5 110.10 204.10 105.67 201.88 98.83 197.42
T6 229.42 97.95 217.54 98.07 214.38 91.01
T7 61.07 367.97 55.35 385.46 49.37 395.24
TPro 55.32 406.25 47.44 449.73 29.05 671.76

Table 11: MSE and PRE of the estimators when m takes odd value and
ρyx = 0.95 under simulation study

Estimator
m = 4, r = 3 m = 4, r = 4 m = 4, r = 5

n = 12 n = 16 n = 20
MSE PRE MSE PRE MSE PRE

T1 192.61 100 185.73 100 179.14 100
T2 103.15 186.73 95.31 194.86 96.13 186.34
T3 210.87 91.34 190.71 97.39 186.29 96.16
T4 43.26 445.22 41.12 451.70 38.83 461.31
T5 96.35 199.91 88.96 208.77 87.36 205.05
T6 206.13 93.44 186.29 99.70 184.35 97.17
T7 43.26 445.22 41.12 451.70 38.83 461.31
TPro 34.32 561.20 30.46 609.79 29.22 613.15

7. RESULTS AND DISCUSSION

To evaluate the performance of the proposed estimators under realistic conditions, this

study employs a real-world dataset, allowing for an empirical assessment of estimator effi-

ciency within the MRSS framework. The population comprises two closely related variables:

Real Estate Farm Loans, which is the study variable, and Non-Real Estate Farm State Loans,

used as an auxiliary variable due to its strong association with the study variable. The effec-

tive use of auxiliary information contributes to improved estimation accuracy. The empirical

results reported in Table 3 are obtained by fixing the set size at three and evaluating the mean

squared error (MSE) for increasing numbers of repetitions (r = 2, 3, 4, 5, 6). Accordingly, the

sample sizes increase as n = 6, 9, 12, 15, and 18. For all estimators under consideration,

the MSE decreases monotonically as either the sample size or the number of repetitions

increases, indicating improved estimation accuracy with larger samples. Furthermore, all es-

timators yield smaller MSE values than the usual estimator under the MRSS scheme. Among

them, the proposed estimator consistently outperforms the others, exhibiting the lowest MSE

values (37868.0891, . . . , 34519.4523) for the population under study.
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In Table 4, the analysis is extended to an even set size (m = 4), and MSE values are

computed for increasing numbers of repetitions. The comparative results again demonstrate

that the proposed estimator is the most efficient among all competing estimators. Notably,

this superior performance is maintained as the sample size increases, confirming the robust-

ness and consistency of the estimator.

Table 5 further examines estimator performance by simultaneously varying both the set

size and the number of repetitions. A row-wise comparison of the MSE values clearly indicates

that the proposed estimator consistently achieves the lowest MSE across all configurations,

highlighting its improved efficiency and reliability relative to existing alternatives.

In addition to the empirical analysis, a simulation study is conducted using an artifi-

cially generated population. Tables 6, 7, and 8 present results for an odd set size (m = 3),

while Tables 9, 10, and 11 correspond to an even set size (m = 4). In both scenarios, MSE

values are evaluated for different levels of the correlation coefficient (ρyx = 0.75, 0.85, 0.95).

A comparative assessment of Tables 6, 7, and 8 reveals a consistent decline in MSE as

the correlation coefficient increases, indicating enhanced estimator performance with stronger

association between the study and auxiliary variables. Similar patterns are observed in

Tables 9, 10, and 11. Across all simulation results, the proposed estimator uniformly exhibits

the smallest MSE values, thereby establishing its superior efficiency compared to all other

estimators considered.

8. CONCLUSION

This study introduces a new and efficient estimator based on Median Ranked Set Sam-

pling (MRSS) to improve estimation accuracy when auxiliary information is available. The

estimator’s statistical properties are explored through detailed theoretical analysis, including

closed-form expressions for its bias and MSE. An efficiency comparison shows the specific con-

ditions where this estimator outperforms existing methods, highlighting its theoretical advan-

tages. The theoretical results are substantiated by a comprehensive numerical investigation

utilizing both real-world and simulated datasets. Across diverse sampling configurations, set

sizes, repetitions, and correlation levels, the proposed estimator consistently achieves the low-

est MSE values, thereby demonstrating robustness and reliability. These results underscore

the estimator’s practical benefits in terms of precision and stability, especially in large-scale,

data-intensive contexts where efficient sampling and accurate estimation are essential.

Looking more broadly, the proposed method fits well with current computational ap-

proaches used in clustered and distributed data settings. Its greater efficiency with MRSS

makes it useful for situations with large populations, limited measurement resources, or ex-

pensive data collection. Future studies could build on this work by exploring multivariate

settings, adaptive sampling, or using distributed computing frameworks, which would make

it even more relevant for today’s data-driven and cluster computing environments.
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