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1. INTRODUCTION

The increasing availability of high-dimensional datasets in macroeconomics and finance,
combined with restricted computational capabilities, has posed a central methodological chal-
lenge: how can we effectively select relevant variables in dynamic environments? While tra-
ditional variable selection techniques have played a pivotal role in reducing model complexity
and improving forecasting performance, their static nature often limits their ability to adapt
to time-varying data structures and changing economic regimes.

Macroeconomic and financial datasets are particularly prone to structural changes and
exhibit features such as parameter instability, regime shifts, and varying signal strength across
time. These characteristics motivate the need for shrinkage methods that not only regularize
models but also adapt their structure dynamically. Classical shrinkage techniques, such as
Ridge (Hoerl and Kennard, 2000), Lasso (Tibshirani, 1996), Elastic Net (Zou and Hastie,
2005) and Bayesians structures like Spike-and-Slab priors (George and McCulloch, 1993) or
horseshoe priors (Carvalho et al., 2010) have laid the foundation for controlling overfitting
and enhancing interpretability by shrinking or excluding irrelevant variables. However, these
approaches are inherently static and do not account for the temporal evolution of variable
relevance.

The literature has progressively advanced toward dynamic shrinkage models that allow
for time-varying sparsity, where coefficients can enter and exit the model over time depend-
ing on their predictive contribution. This extension is particularly relevant in forecasting
applications where the set of relevant predictors is not constant across different periods, as
demonstrated in seminal contributions such as Stock and Watson (2007) and Cogley and
Sargent (2005). These works show that economic relationships evolve over time, and fixed-
parameter models fail to capture the dynamic nature of macroeconomic systems.

Recent developments in Bayesian econometrics have introduced flexible frameworks
that embed shrinkage priors into state-space models, enabling dynamic variable selection and
temporal shrinkage. Methods such as the Dynamic Spike-and-Slab (DSS) priors (Rockova
and McAlinn, 2021; Bai et al., 2021; Koop and Korobilis, 2023) or dynamic horseshoe pri-
ors (Hauzenberger et al., 2024) integrate hierarchical priors and latent indicators to regulate
the inclusion of variables over time. These models are capable of inducing vertical sparsity
(activation or deactivation of coefficients across time) and horizontal shrinkage (global regu-
larization across variables), offering a principled approach managing large dimensional time
series models under structural change.

This paper is primarily intended as a methodological survey of recent developments in
dynamic shrinkage for time-varying parameter regression models. Our goal is to synthesize
the rapidly growing literature on dynamic sparsity priors, discuss the main computational
strategies used for their estimation, and highlight their relative advantages and limitations.
The numerical examples included in the paper are meant to illustrate the qualitative behavior
of these methods rather than to provide a comprehensive empirical comparison.

The remainder of this paper is structured as follows. Section 2 reviews classical static
shrinkage methods, covering both their traditional formulations and Bayesian interpreta-
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tions. Section 3 extends the discussion to dynamic frameworks, with a focus on state-space
representations and dynamic sparsity priors. This section is divided into four parts: Part
1 presents the Expectation-Maximization algorithm of Rockova and McAlinn (2021); Part
2 introduces the Variational Bayes model proposed by Koop and Korobilis (2023); Part 3
discusses a more advanced formulation of Variational Bayes developed by Bernardi et al.
(2023); and Part 4 compares the forecasting performance of these models. Section 4 presents
the scalable MCMC algorithm proposed by Hauzenberger et al. (2024). Finally, Section 5
concludes with a critical assessment of current limitations and outlines directions for future
research.

2. STATIC SHRINKAGE

The concept of shrinkage in statistics traces its formal origins to the groundbreaking
work of James and Stein in 1961 (Stein, 1956; James and Stein, 1961). In their seminal paper,
they demonstrated that, under a quadratic loss function, the traditional maximum likelihood
estimator for the mean of a multivariate normal distribution is inadmissible when the di-
mension is three or greater. They proposed a class of estimators, now known as James-Stein
estimators, which "shrink" (James and Stein, 1961) the sample mean toward a fixed point,
typically the zero, resulting in uniformly lower expected squared error. This counterintuitive
result challenged conventional statistical thinking and laid the theoretical foundation for a
wide range of shrinkage and regularization techniques developed in subsequent decades.

Pioneering works such as those by George and McCulloch (1993), Tibshirani (1996),
and Hoerl and Kennard (2000) introduced methods like Spike-and-Slab, Lasso, and Ridge
for variable selection. Today, these methods are well known, extensively discussed in the
literature, and widely used in both academic and non-academic applications.

In this section, we provide a brief introduction to both frequentist and Bayesian ap-
proaches to static shrinkage. These introductions will serve as a foundation for understanding
the dynamic variants discussed in the next section.

We can generalize shrinkage solutions as follows. Suppose a linear model of the form
y = X[ +e. In problems where the number of covariates exceeds the number of observations,
the covariance matrix becomes singular and the OLS estimator becomes non-identifiable,
and we cannot obtain a solution using the standard linear model. To address such cases, we
introduce a penalization structure into the parameter estimation:

2

n p p
(2.1) B = argmﬁin Z Yi — Bo — Z rijB; | + )\Z 185
j=1

i=1 j=1

As shown by Hastie et al. (2009), this formulation essentially reduces to choosing the
type of £, penalization applied to the coefficients.
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2.1. Ridge

In 1970, Hoerl and Kennard (2000) introduced the Ridge Regression, a quadratic type of
penalization, which allows estimation of ill-conditioned or nearly singular models. Basically,
the Ridge regression aims to solve the problem,

Y =08X+e¢
we aim to estimate 3 as
2
. n p p 5
(2.2) Bridge = arg min S lwi—Bo=D B | +AD_ 6
i=1 j=1 j=1

where the penalty follows a f3-norm structure,
oy
(2.3) Penridge(ﬁ) =A Z 5;‘ )
j=1

A > 0 is a parameter that controls the amount of shrinkage applied to the coefficients. In
the limit as A — 0, we recover the standard linear model, and as A — oo, all coefficients
are shrunk toward zero. However, with £, penalties where p > 1-—as is the case with Ridge
regression—the function is differentiable at zero, and the coefficients 3; are not shrunk exactly
to zero. Ridge regression can be interpreted as a mazimum a posteriori (MAP) estimate in
a Bayesian linear regression framework. In this setting, the regression coefficients 3 are
assumed to have independent Gaussian priors:

Bj ~ N(077_2)'

This prior leads to a log-posterior that combines the usual squared error loss with
a penalty term proportional to ||3|?. Maximizing the posterior is therefore equivalent to
minimizing:
ly — X BI1* + A BII?
where A = ¢2/72, linking the ridge penalty to the ratio of noise variance to prior variance.
Thus, ridge regression reflects the prior belief that the coefficients should be small, effectively
shrinking them toward zero.

As presented by Hastie et al. (2009), the Ridge model is not equivariant under scaling
of the inputs, so it is common practice to standardize the covariates before estimating the
model.

2.2. Lasso

The Least Absolute Shrinkage and Selection Operator (Lasso), introduced by Tibshirani
(1996), is a penalized regression method closely related to Ridge regression. However, instead
of using an fo-norm penalty, Lasso employs an ¢;-norm penalty, which allows for variable
selection by shrinking some coefficients exactly to zero.
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2

n p P
(2.4) Blasso = argmin{ > (i — Bo— Y _xiB; | +AD_ 1Bl ¢,
o=t j=1 j=1
where the penalty follows,
P
(25) penLasso(B) =A Z |B]’
j=1

This ¢; type penalty make the soluctions non-linear in y; and then there is no closed-
form solution and requires numerical optimizations methods to solve (Hastie et al., 2009).

2.3. Elastic-Net

Zou and Hastie (2005) proposed a penalization approach that combines the strengths of
both Ridge and Lasso methods. The goal is to merge the computational stability and solution
tractability of Ridge regression with the variable selection property of Lasso, which can shrink
coefficients exactly to zero. The resulting Elastic Net penalty is a convex combination of the
¢1 and ¢5 norms:

iS]

(26) Pengastic-Net = A Z (Oéﬁ? + (1 - a)‘ﬁjo :
j=1

It is straightforward to observe that when a = 0, the Elastic Net reduces to the Lasso
penalty, and when o = 1, it becomes equivalent to the Ridge penalty. As noted by Hastie et al.
(2009), the Elastic Net retains the ability of Lasso to perform variable selection, while also
encouraging grouped shrinkage of correlated predictors, a property characteristic of Ridge
regression.

2.4. Bayesian priors

In Bayesian statistics, shrinkage is typically achieved through the specification of in-
formative priors within a hierarchical model structure. By imposing prior beliefs that favor
small or zero coefficients, the model can effectively regularize parameter estimates and induce
sparsity. This approach is particularly powerful in large or high-dimensional settings, where
the number of predictors may exceed the number of observations.

Hierarchical priors allow for flexible modeling of uncertainty by introducing global
and local shrinkage parameters. Global shrinkage parameters control the overall level of
regularization across all coefficients, while local parameters allow individual coefficients to
deviate from the global trend when supported by the data. This framework underlies several
popular Bayesian shrinkage priors, such as the Bayesian Lasso, Horseshoe, and Spike-and-
Slab, each offering distinct trade-offs between sparsity, bias, and computational complexity.
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The choice of prior plays a fundamental role in shaping the behavior of the posterior
distribution and, consequently, the model’s ability to perform variable selection and predic-
tion. In the following subsections, we present and compare several Bayesian priors designed
to achieve shrinkage under different structural assumptions.

2.4.1. Bayesian lasso and ridge

The Bayesian Lasso, proposed by Park and Casella (2008), can be viewed as a Bayesian
formulation of the classical Lasso estimator introduced by Tibshirani (1996). As pointed out
by both Park and Casella (2008) and Tibshirani (1996), Lasso estimates can be interpreted as
posterior mode estimates when the regression coefficients are assigned independent Laplace
(double-exponential) priors.

This formulation can be equivalently expressed using a hierarchical representation as
a scale mixture of normal distributions, where the Laplace prior arises from integrating out
an exponential mixing distribution over the local variances. The full Bayesian hierarchical
model is:

(2.7) B | TJ-2,0'2 ~ N(O,JQTJ-Q),

)\2
sz | A2 ~ Exponential <2> ., j=1,...,p,

A ~ half-Cauchy (0, 1).

By integrating out the local variance components Tj2, we recover the marginal Laplace
distribution for §;:

(2.8) Bj | A,o ~ Laplace (0, i) .

Note that, in the Bayesian paradigm, it is straightforward to treat A as a random
variable by incorporating it into the hierarchical structure as a hyperprior, allowing it to be
simultaneously estimated from the data.

As shown by van Erp et al. (2018), using a similar hierarchical construction we can
obtain a Bayesian representation of the Ridge regression. In this case, each coefficient follows
a normal distribution with a common variance governed by a global shrinkage parameter A:

2
(2'9) 6]|A70-2NN<070$\>7 j:]‘7"'7p7
A ~ half-Cauchy™ (0, 1).
Hsiang (1975) and van Erp et al. (2018) demonstrate that the posterior mean obtained
from this hierarchical Ridge model leads to an f>-type penalty, consistent with the form used

in classical Ridge regression. In this interpretation, the half-Cauchy prior effectively induces
a penalty of the form |3;|P with p = 2.
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The Elastic Net estimator also can be understood in a Bayesian framework as a maxi-
mum a posteriori (MAP) estimate where the prior on the coefficients 3; combines properties
of both the Laplace and Gaussian distributions. The Elastic Net optimization problem is
equivalent to MAP estimation under the following prior:

(2.10) p(,@j) X exp (—)\1|5j’ — )\25?) .

This prior is a product of a Laplace component, which encourages sparsity, and a Gaus-
sian component, which encourages shrinkage. Although this is not a standard probability
distribution, it effectively captures the regularization behavior of both LASSO and ridge re-
gression. Thus, the Elastic Net provides a Bayesian compromise between variable selection
and coefficient stabilization.

2.4.2. HorseShoe prior

The Horseshoe prior, introduced by Carvalho et al. (2010), is one of the most widely
used shrinkage priors in the Bayesian literature. A key property of this prior is its global-local
adaptability. Unlike the shrinkage methods previously discussed, the Horseshoe prior induces
sparsity through a hierarchical structure involving two levels of shrinkage: a global parameter
that controls overall shrinkage across all coefficients, and local parameters that act individ-
ually on each regression coefficient.

As discussed by Carvalho et al. (2010), this structure allows the Horseshoe prior to cap-
ture many of the benefits of discrete mixture models (such as spike-and-slab) while avoiding
their computational complexity.

The hierarchical form of the Horseshoe prior is given by:
(2.11) Bi | Mg, ~ N(0,X572),

Aj~C*(0,1),
T ~C%(0,1),

where C* (0, 1) denotes the standard half-Cauchy distribution. Here, 7 is the global shrinkage
parameter, shared across all coefficients, while each \; serves as a local shrinkage parameter
specific to coefficient 3;.

According to Carvalho et al. (2009), this configuration allows the model to strongly
shrink coeflicients associated with noise (i.e., values of f3; close to zero), while permitting
large coefficients to escape shrinkage due to the heavy-tailed nature of the half-Cauchy dis-
tribution. In other words, the Horseshoe prior provides strong shrinkage near the origin and
weak shrinkage in the tails, thereby offering an effective and robust mechanism for handling
sparsity.
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2.4.3. Spike-and-Slab priors

The stochastic search variable selection (SSVS), which uses Spike-and-Slab priors, as
proposed by George and McCulloch (1993), introduces a Bayesian variable selection strategy
through a hierarchical prior structure that combines a point-mass "spike" with a more dis-
persed "slab" distribution into a mixture. Rather than fixing the model size or selecting a
subset directly, their approach introduces a latent binary indicator vector v = (y1,...,7p),
where each 7; € {0,1} determines whether the j-th regressor is included in the model.

The regression model is given by:
y=XB+e, e~N(0,0%l,),
with a prior on 8 conditional on v defined as:

(2.12) Bl7.0" ~N(0.0°D,).

where D, = diag(dy,...,dp), with:

g — 2 ify;=1 (slab)
T it v; =0 (spike)

and typically, Tg < 7'12 (the spike variance smaller than the slab variance), enforcing strong
shrinkage toward zero when ~; = 0.

The indicator variables «; follow independent Bernoulli priors:
v; ~ Bernoulli(7), for j=1,...,p,

with 7 either fixed or assigned a prior distribution (e.g., uniform or beta), depending on
modeling choice. With this approach when v; = 0, the prior variance of ; is very small (7'02),
concentrating the prior mass near zero and when v; = 1, §; is allowed to vary freely under
the broader variance 77.

This structure facilitates automatic variable selection via posterior inference on «, and
allows efficient computation via Gibbs sampling, as the conditional distributions are standard.
Importantly, George and McCulloch (1993) show that this formulation performs Bayesian
model averaging across different subsets defined by -, without requiring explicit enumeration
of all 2P models.

The spike-and-slab prior thus combines model uncertainty and regularization in a coher-
ent Bayesian framework, and forms the basis for many modern extensions in high-dimensional
inference and sparse modeling.

Bai et al. (2021) demonstrate that the mixture-based structure of spike-and-slab priors
yields shrinkage behavior that is less sensitive to the strength of the penalization. Unlike
continuous shrinkage priors such as the Lasso or Ridge, where the penalization is uniformly
applied to all coefficients, spike-and-slab priors apply shrinkage through a latent mixture
mechanism.
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In particular, when the spike variance becomes sufficiently small (or equivalently, when
the slab variance increases), the posterior distribution selectively shrinks only the inactive
coefficients. As a result, active coefficients that are not shrunk by the spike component tend to
exhibit reduced bias compared to estimators based on global penalties, such as those induced
by Lasso or Ridge regression.

As discussed by George and Rockova (2020), the concept of Bayesian penalty mixing
arises from viewing classical regularization methods, such as ridge regression and the Lasso,
through a Bayesian lens. In this framework, each penalty function corresponds to the log-prior
of a particular distribution over the regression coefficients. For instance, the ridge penalty

p
(2.13) penridge(ﬁ) = /\25]2
j=1

is equivalent to placing an independent Gaussian prior 3; ~ N(0, 1/A) on each coefficient,
while the Lasso penalty

p
(2.14) Pelllso(B) = A |61
j=1

corresponds to independent Laplace priors 3; ~ Laplace(0, 1/X) As shown in earlier sections
of this paper.

A key insight is that these classical penalties are separable sums over j, reflecting an
implicit assumption that all 3; are a-priori independent and identically distributed (George
and Rockova, 2020).

Bayesian penalty mixing induced by the spike and slab specification, generalizes this
idea by constructing a penalty function from a probabilistic mixture of two or more underlying
priors. Concretely, let my,(3;) and 7y, (/;) denote two candidate priors (e.g., a “spike” prior
highly concentrated at zero, and a “slab” prior more diffuse). For a fixed mixing weight
0 € [0, 1], one defines the mixture prior

(2.15) Tmix,6(8) = [[[0mx (8) + (1 —0) 7 (85)],

=1
and the associated penalty function

T'mix 9(6)
pen, i o(8) = log[’i}.
mlx,e( Wmix,@(o)
By mixing in the space of priors rather than directly combining penalty values, the
resulting pen,;, ¢ inherits adaptive shrinkage properties from both components.

When 7y, is chosen to be a “spike” distribution (very tightly concentrated near zero)
and 7y, a “slab” distribution (more diffuse), the mixture prior mpyix ¢ encodes prior belief
that some coefficients are effectively zero while others may be large. In practice, one often
sets my, and my, to be either two Gaussian priors (yielding the original “Gaussian spike-and-
slab”) or two Laplace priors (yielding the Spike-and-Slab Lasso, or SSL). For example, in the
Spike-and-Slab LASSO of Bai et al. (2021) takes

Ao , A v
™o (B5) = 706 MlBil o, (85) = 316 MBI g > AL
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The score function for the mixed penalty pen,;, p admits an enlightening interpretation.

mix,
Denote

pens () = o[22 ]s pens ) = o[ 2]

Then, for each coordinate j, the partial derivative of pen,,;, o with respect to j3; is

6penmix,9(6) 8pen)\0 (/8)

TR+ (i) e,

where

97T/\1(Bj)
O (B5) + (1 —0)mx(5;5)

is the posterior probability (under the mixture prior) that 5; was drawn from the slab com-

(2.16) pp(B) =

ponent. In words, the shrinkage applied to (; is an adaptive convex combination of the two
component shrinkages: when |3;| is small, pj(5;) is close to zero and the spike penalty domi-
nates, but when || is large, pj(3;) is near one and the slab penalty takes over (Rockova and
George, 2018). Works such as George and McCulloch (1993), Bai et al. (2021) and George
and Rockova (2020) shows that this mechanism preserves strong thresholding of negligible
coefficients while protecting large coefficients from excessive shrinkage.

The simulation experiment presented below is designed to illustrate the qualitative
behavior of different shrinkage mechanisms rather than to represent a fully high-dimensional
setting. In particular, we use a relatively small number of predictors in order to visualize the
coefficient trajectories and clearly highlight the shrinkage patterns induced by each method.

Our primary focus in this paper is on reviewing methodological developments for high-
dimensional time-varying parameter models, while the numerical illustrations serve only as
pedagogical examples of how these priors behave in practice.

To make a comparison of these methods, and its properties, we begin by generating a
synthetic dataset with n observations and p = 12 covariates. Of these twelve predictors, eight
are truly irrelevant (coefficient exactly zero), while four carry nonzero signal. Concretely, we
set

Birue = (0, 0, 1.05, 0, 0, 0.55, 0, 0, 0, —0.75, —1.25, 0),

so that only 83 = 1.05, Bg = 0.55, S19 = —0.75 and (17 = —1.25 are nonzero. The response
vector y is then formed as y = X 8,0 +¢, with ¢ ~ AV(0,I). All covariates X are drawn i.i.d.
from N(0, 1), and we standardize X to have mean zero and unit variance as well as center y.
This setup allows us to compare how different shrinkage and spike-and-slab methods recover
the four true signals while driving the remaining eight coefficients to zero. We detail the
implementation details in the Appendix A.

In Figure 1, we illustrate how each method shrinks coefficients on a dataset of size
n = 50. Because the sample is small, the spike component forces most coefficients very close
to zero until the penalty weakens sufficiently for true signals to emerge. Notice how Lasso
and Elastic Net gradually drive some coefficients exactly to zero, while Ridge merely shrinks
them continuously. The EMVS and SSLASSO panels demonstrate that, as vy or \g increase,
the posterior mean transitions from near-zero (spike) to the slab level only when there is
enough evidence in the data.
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Figure 1: Coefficient trajectories (B]) versus log(penalty) on a simulated dataset with n = 50.
True coefficient values are marked by horizontal dashed lines.

In Figure 2, we repeat the same experiment with n = 500. With a larger sample, the
mixture-type penalties clearly distinguish true signals from noise: the spike distribution no
longer pulls strong coefficients to zero once there is substantial evidence, whereas the slab
component allows those coefficients to remain near their true values. Thus, as data size
increases, the posterior mean under EMVS and SSLASSO escapes spike-induced bias more
rapidly, illustrating desirable asymptotic properties of spike-and-slab-mixture priors.

SSLASSO

Figure 2: Coefficient trajectories (B]) versus log(penalty) on a simulated dataset with n = 500.
Horizontal dashed lines again mark the true coefficient values.

In addition to visual inspection of coefficient paths, several studies in the variable
selection literature evaluate the performance of shrinkage methods using explicit selection
criteria. For instance, Yiizbas: et al. (2021) propose metrics such as the median model error,
the average number of true zero coefficients correctly estimated as zero, and the average
number of nonzero coefficients incorrectly estimated as zero. These criteria provide a more
formal way of evaluating the variable selection ability of shrinkage methods and are frequently
used in simulation studies involving high-dimensional regression. Although our numerical
examples focus on illustrating shrinkage behavior rather than conducting a full performance
comparison, these metrics represent useful tools for assessing variable selection accuracy in
future empirical work.

3. DYNAMIC SHRINKAGE

Time-varying parameter (TVP) models are widely used in econometrics and time series
analysis due to their ability to adapt to structural changes, regime shifts, and unexpected
shocks. These models are particularly valuable for forecasting and inference in dynamic
environments. However, a key limitation of TVP models is their tendency to overfit, especially
when applied to high-dimensional datasets where the number of predictors may exceed the
number of observations.
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To address this challenge, a range of sparse modeling techniques has been developed.
One major concern in high-dimensional settings is computational efficiency. While estimating
TVP models via Gibbs sampling or other Markov Chain Monte Carlo (MCMC) methods is
relatively straightforward for low-dimensional problems, their scalability is severely limited
as the number of predictors grows. As noted by Hauzenberger et al. (2024), MCMC methods
become computationally burdensome in high-dimensional settings, restricting their practical
applicability.

In response to these challenges, a growing body of literature has focused on developing
efficient estimation techniques for dynamic shrinkage. For example, Rockovd and McAlinn
(2021) propose an Expectation-Maximization (EM) algorithm for dynamic spike-and-slab
priors, offering a scalable alternative to full Bayesian sampling. Koop and Korobilis (2023)
and Bernardi et al. (2023) introduce a Variational Bayes (VB) approach that provides fast
and approximate inference for dynamic shrinkage models.

Although significantly more challenging than in low-dimensional problems, it is also
possible to employ the Markov Chain Monte Carlo (MCMC) algorithm for the estimation
of dynamic sparsity models, albeit with certain caveats. Hauzenberger et al. (2024) address
this by proposing dynamic horseshoe priors. This approach facilitates the temporal evolution
of only a subset of coefficients, with changes occurring exclusively at specific, selected time
points. In this section, we review recent contributions that propose innovative approaches
for modeling dynamic sparsity, with a focus on both computational efficiency and inferential
performance.

3.1. Dynamic spike-and-slab

3.1.1. Expectation maximization approach

The framework proposed by Rockova and McAlinn (2021), based on an Expectation-
Maximization (EM) algorithm, can be described as follows. Consider a regression model that
adopts a dynamic spike-and-slab structure, such that:

(3.1) Ye = BejTi—n + €,

where
Et N(O, 0'),

Brj ~ N(vejpej, A+ (1 =)o),
pej = ¢o + ope—15 +v, v~ N(0,0,),

- JO if spike,
T i slab.

Here, A\; and )\ represent the variances of each component of the mixture of the Dy-
namic Spike-and-Slab, the Spike and The Slab, respectively. Throughout the paper we use
v;+ = 1 to denote inclusion (slab) and 7;; = 0 to denote exclusion (spike).
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The choice of ¢ is made such that |¢| < 1, ensuring stationarity of the parameters. This
allows for a structure such that u; becomes a stationary process with mean ¢y and variance
A1
1—¢2"

The inference procedure employed in this study is based on Mazimum a Posteriori
(MAP) estimation, a Bayesian approach to parameter inference. MAP estimation identifies
the parameter 6 that maximizes the posterior probability P(6 | X), given the observed data
X. Formally, it is defined as:

Oniap = argm{sxxP(H | X).

Using Bayes’ theorem:
P(X | 9)P(0)
P(X)

Since P(X) is a constant with respect to 8, MAP estimation simplifies to:

PO X)=

Oriap = arg max P(X | 0)P(0)

where P(X | 0) is the likelihood of the data given the parameter and P(f) is the prior
distribution of the parameter.

MAP estimation incorporates prior knowledge, which helps in regularization and pre-
vents overfitting. Unlike Maximum Likelihood Estimation (MLE), which only considers the
likelihood function, MAP includes prior information, making it more robust, particularly in
small-sample settings. The prior acts as a form of regularization, ensuring that the esti-
mates remain stable. This makes MAP especially useful when data is limited or when MLE
produces ill-posed solutions.

To derive the MAP (Maximum A Posteriori) estimator for 8.7 j, Rockova and McAlinn
(2021) maximize the posterior distribution:

(32) Bl:T,j = argénaxﬂ'(ﬂl;T,jD/l;T),

1:T,j5

where 7(81.7,;|Y1.7) is proportional to the product of the likelihood and the prior:

(3.3) m(Br1,i|Y1r) o< L(Yr.r|Brrj) - ©(Brrj)-

The prior for B; ; is defined as a mixture of the spike and slab distributions:
(3.4) (Bt gl Be—1.5) = (1 = 41.5)%0(Be.1M0) + veb1 (Be il e, A1),
where:

o o(B¢|Ao) is the spike distribution with variance Ao and mean zero,
. 01 (B¢l e, A1) is the slab distribution with mean p; and variance Aq,
e 7 €{0,1} is the binary indicator for spike/slab membership.
Roc¢kova and McAlinn (2021) assume Gaussian distributions for the slab and spike

components, denoted by 1 and vy, respectively. They define the inclusion parameter v,
according to the following structure:

(3.5) Py =11B-1) = b,
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where 7, = 1 denotes a slab (included), so 6; represents the prior probability of inclusion.

The specification given by Rockova and McAlinn (2021) for 6, involves introducing an
interpretable parameter called the marginal importance weight ©, where 0 < © < 1 controls
the overall balance between the spike and slab distributions.

Given (0, A\, A1, ¢, ¢1), the conditional inclusion probability ; (or a transition func-
tion 0(f;—1)) is defined as:

quz)igT(ﬁt—l |)\17 ¢07 ¢1)
OULT (Bi—1|A1, do, ¢1) + (1 — ©)o(Be-1|ho)”

(3.6) 0, =0(B_1) =

It is important to note that the values of © correspond to two limiting cases of the
model. When © = 1, the model reduces to a standard dynamic linear model (DLM) without
any shrinkage. In contrast, when © = 0, the model relies exclusively on the spike distribution,
resulting in all parameters being shrunk toward zero.

3.1.2. Variational Bayes approach

Koop and Korobilis (2023) propose a novel Variational Bayes algorithm for dynamic
variable selection in time-varying parameter regression models with a large number of pre-
dictors. The method identifies, at each point in time, which covariates are relevant for
forecasting the dependent variable. Applied to the problem of forecasting inflation using
over 400 macroeconomic, financial, and global indicators, many of which may be irrelevant
or short-lived, the approach delivers sparse, parsimonious solutions and demonstrates strong
predictive performance in a high-dimensional setting.

A different approach is adopted compared to Rockova and McAlinn (2021). Instead
of using the Expectation-Maximization (EM) algorithm, the variational Bayes method seeks
to approximate the true posterior distribution by minimizing the Kullback—Leibler (KL)
divergence between the variational density and the posterior (Koop and Korobilis, 2023).
The KL divergence is defined as:

(3.7) KL(q|lp) z/q(&@ | y)log{%

The goal is to find the optimal variational density ¢*(s,6 | y) that minimizes the KL
divergence:

(3.8) ¢*(s,0|y) =arg min _KL(ql|p),

q(s,0ly)er
with F denoting the family of admissible variational densities. This optimization yields a
tractable approximation to the posterior, balancing computational efficiency and accuracy in
complex dynamic models.

As shown by Nakajima et al. (2019) and Koop and Korobilis (2023), the mean-field
factorization of the variational distribution, given by ¢(s,0 | y) = q(€ | y)q(s | y), enables
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an efficient iterative optimization scheme. By conditioning on one set of variables while
optimizing over the other, the algorithm alternates between the latent parameter blocks,
simplifying the overall computation.

Since the Kullback—Leibler divergence K L(q || p) is always non-negative and equals zero
only when the variational distribution exactly matches the true posterior, i.e., q(s,0 | y) =
p(s,0 | y) (Koop and Korobilis, 2023), the algorithm is considered to have converged once
changes in the objective function (Evidence Lower Bound, ELBO) falls below a pre-specified
threshold.

The model proposed by Koop and Korobilis (2023) adopts a dynamic extension of
the stochastic search variable selection (SSVS) framework originally introduced by George
and McCulloch (1993). In this specification, the regression coefficients follow a mixture
of two normal distributions, where a binary indicator changing in time governs whether
each coeflicient is drawn from a narrow “spike” distribution or a wider time varying “slab”
distribution. The hierarchical prior structure is defined as follows:

Biw | Vi3 ~ (1= 7500 N (O’C X TjQ,t) + N (0,@) ;

vit | m0+ ~ Bernoulli(mg ),

1
—~ ~ Gamma(go, ho),

it
mo,t ~ Beta(1,1),

where ;4 € {0,1} is the dynamic inclusion indicator, Tj%t is a local variance parameter, c
is a small constant (typically ¢ < 1) controlling the spike’s tightness, and m; governs the
inclusion probability across time. This formulation allows the degree of shrinkage and variable
inclusion to vary dynamically over time, promoting sparsity in a flexible and time-adaptive

manner.

An important feature of the dynamic variable selection prior used by Koop and Koro-
bilis (2023), as in the Roc¢kova and McAlinn (2021) model, is that it produces time-varying
posterior inclusion probabilities (PIPs). Under their specification, the prior mean inclusion
probability at time ¢ is given by E(p(m)) = %, while the posterior mean of the inclusion
indicator v;;, denoted 7;; = E(vj¢+ | y1.7), reflects the time-specific PIP for predictor j.
This formulation generalizes the fixed PIP concept from George and McCulloch (1993) to a

dynamic setting by allowing the hyperparameters 7, th, and v to evolve over time.

The full prior distribution of the model is given by:

T

p(Brr, 0%, Wi, v Tips mor) = [ [ p(Be | Be—1, we) p(wy) p(o7)
=1

x p(Be | v, 70) p(2) Pt | o) p(o,e)

(3.9)

where the first term is a Gaussian TVP prior for 5¢, wy governs state equation variances with

an inverse gamma prior, o7 is a stochastic volatility parameter, the remaining terms follow

the dynamic variable selection (DVS) structure introduced earlier.
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To simplify inference, the mixture prior p(3; | 7, 77) is re-expressed as a single-
component normal distribution:

p

(3.10) p(Be | Vi) ~ H (0,v51),

Jj=1
where each variance component is defined as:
v = (1 _'7j,t) CXT; t+7]t ]t?
and V; = diag(vi,...,vps) is a diagonal matrix, and ¢ controls the spike component.

This reparameterization allows the posterior for 5.7 to be efficiently computed within
the variational inference framework, exploiting the conditional independence and hierarchical
structure of the DVS prior.

By applying this formulation, Koop and Korobilis (2023) derive the variational Bayes
posterior distribution for the time-varying coefficients 1.7, conditional on the observed data
y1.7. The variational Bayes posterior approximation takes the following form:

T
EQ(”%TWI:T) (; log p(ye | B, 0?))

Q(BLT | yl;T) X exp

T
(3]‘1) +Eq(w1:T|y1:T) (Z logp(ﬁt ’ Bt_l,wt)>
t=1

T
FE (Vi lyrr) (Z log p(B; | Vt)) ]
=1

Following the application of variational Bayes (VB) updates to the transformed state-
space model, Koop and Korobilis (2023) derive smoothed posterior estimates for the state
vector my.r. These estimates are then used to update the dynamic variable selection (DVS)
prior parameters 7, t, Vjts Vi, and mo ¢, based on conditional expectations with respect to
the variational posterior ¢(81.7 | y1.7). The update steps are as follows:

(83) 2 =E[g( | 9)| = [ho+ (m2yr + Pigar) /2] /loo +1/2),

N( jt\T|07 jt)ﬂ—ot

34 Vit = Elq(v; =
( ) PY']’t [q(’y']’t | y)] N( ] t|T ‘ 0; ] t) 7T07t + N( j tlT ’ O CXT ) (]' - 7T0 t)
(35) 0= Elq(uie | 9)] = (1 — 350)%c 72, + 42,72,

(36) for = Elg(moy | y)] = [ 1+ Z%,t /(2+Dp).

These updates are computed for each t =1,...,T and j = 1,...,p, where all expecta-
tions [E[-] are taken with respect to the variational posterior distributions of the corresponding
parameters.
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3.1.3. Advances in variational Bayes for variable selection

Bernardi et al. (2023) propose a dynamic Bernoulli-Gaussian (BG) regression model
for time-varying parameter estimation with dynamic variable selection in high-dimensional
settings. The model adopts a variational Bayes approach and extends the foundational work
of Koop and Korobilis (2023) by introducing several methodological innovations to address
limitations such as temporal independence in inclusion decisions and noisy posterior inclusion
probabilities.

The central idea is to model both the regression coefficients and their inclusion indica-
tors as time-varying processes. The observation equation is specified as:

p
(3.12) Yy = Zﬁj,t%’,t—l +e1, & ~N(0, eht)7
j=1

where N is a latent log-volatility process and x;;_1 denotes the j-th predictor.

Each time-varying coefficient 3;; is modeled as the product of a latent state b;; and a
binary inclusion indicator v;:

(3.13) Bjt = bje Vit bjt=bjs—1+vj, v~ N(O, ﬁ?)-

The inclusion indicators v € {0,1} are Bernoulli-distributed with time-varying inclu-
sion probabilities governed by a latent process:

(3.14) Vit | wje ~ Bernoulli(expit(wj)), wj~ N(O,sz@_l),

where expit(w;;) = L and @ is a tridiagonal precision matrix that encodes temporal

1
1+exp(—wj ¢
dependence via a Gaussian Markov Random Field (GMRF) prior.

A key contribution of the model lies in the structured factorization of the variational
posterior distribution. The authors allow predictors to be grouped into K latent clusters
based on shared characteristics, enabling flexible modeling of inter-variable dependence. The
variational distribution over the latent coefficients is factorized as:

K
g(b) = T a(bs),
k=1

where by is the vector of latent states for group k. This framework spans from the fully
correlated case (K = 1) to the fully independent case (K = p), with intermediate block-
correlation structures.

The full variational approximation is expressed as:

K n

q(¥) = q(h)q(v®) T atbr) ] alw;i)am)a(€) ] a(vie)a(zje),
k j=1

=1 t=1

where h is the log-volatility process, w; the latent logits for inclusion, 17]2 and 5]2 the local
scale parameters, and z;; auxiliary variables introduced via data augmentation.
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This grouped factorization improves the balance between flexibility and computational
tractability: it permits correlation among predictors within a group, while maintaining the
scalability advantages of variational inference. Moreover, it allows one to incorporate domain
knowledge to define meaningful predictor groupings.

To mitigate the noisiness of posterior inclusion probabilities fi4(7;,¢), the authors intro-
duce a smoothing step using B-spline basis functions. Specifically, the smoothed posterior
inclusion probability is modeled as:

(3.15) fig(vj) = expit(w, f;),

where wy is the B-spline basis vector and f; the coefficient vector for variable j. The smoothed
version is obtained by minimizing the Kullback—Leibler divergence between the smoothed and
original variational distributions. Bernardi et al. (2023) show that this procedure reduces
noise in parameter estimates and mitigates erratic behavior in the inclusion trajectories.

Finally, the authors distinguish three versions of the BG model based on the structure
of the factorization:

. BG: independent inclusion processes for each predictor (K = p);
. BG joint: a single inclusion process shared by all predictors (K = 1);

. BG group: block-wise inclusion processes shared within K < p groups.

These variants differ only in the way the latent states b; are grouped in the varia-
tional factorization, allowing the modeler to control the degree of sparsity correlation across
variables.

3.1.4. Models comparison

In Bernardi et al. (2023) empirical application, alternative models are compared by
evaluating the out-of-sample forecast! performance for U.S. inflation. The comparison is
based on the Root Mean Squared Forecast Error (RMSFE) across multiple forecast horizons
and inflation measures, including CPI, core CPI, PCE, and the GDP deflator. The authors
estimate the following three variants of their model and compares with other dynamic spec-
ifications:

o TVI (Stock and Watson, 2007): Local-level model with stochastic volatility.

I The authors use the following specification for forecasting each variable:

_ 00 (P
Yt+h = A P, )

It is worth noting that, as h increases, the variance of the target variable y;45 decreases. This reduction in
variance can create the appearance of better forecast accuracy at longer horizons, but it is actually a feature of
the target’s construction rather than a genuine improvement in model performance. Nevertheless, comparing
models on this common target remains useful for assessing relative forecasting ability.




Dynamic shrinkage in regression 19

. AR(2): autoregressive model with two lags and no time-varying parameters.

« TVAR(2): AR(2) model with time-varying coefficients and stochastic volatility (Koop
and Korobilis, 2023).

. BG (independent): Each predictor has its own independent latent inclusion proba-
bility process.

. BG joint: All predictors share a common inclusion probability process, implying com-
plete pooling.

. BG group: The predictors are grouped and each group shares a common inclusion
process, allowing for correlation within the groups but independence between groups.

. DVS: Dynamic Variable Selection with dynamic spike-and-slab prior Koop and Koro-
bilis (2023), estimated via variational Bayes.

o  DSS: Dynamic Spike-and-Slab model (Rockova and McAlinn, 2021), using a dynamic
prior with MCMC-based inference.

. DEMYVS?: Dynamic Expectation-Maximization Variable Selection Rockova and McAlinn
(2021), spike-and-slab prior estimated via EM-algorithm.

Following the same empirical setup, we include forecasting results for the dynamic variant of
the Expectation Maximization algorithm proposed by Rockova and McAlinn (2021), which
serves as another contender for assessing the forecasting performance from structured dynamic
sparsity.

At the one-step-ahead horizon, the simple time-varying intercept model (TVI) yields an
average RMSFE of 1.59, while an AR(2) specification and a time-varying AR(2) (TVAR(2))
achieve averages of 1.61 and 1.62, respectively. Among Bayesian group-shrinkage priors,
the Bayesian Grouped Spike-and-Slab (BG group) attains the lowest average error (1.54),
closely followed by the basic Bayesian Spike-and-Slab (BGS) at 1.56. Our Dynamic EMVS
(DEMVS) procedure posts an average RMSFE of 1.74; although this is marginally higher than
BG group at h = 1, DEMVS still produces the smallest one-step-ahead error for GDPCTPI
(1.50) and one of the two lowest errors for PCECTPI (1.73). These results suggest that, even
on the shortest horizon, BG group is the best overall, while DEMVS’s mixture-type prior
successfully isolates the four true predictive signals (e.g., GDPCTPI and CPIAUSCL) and
remains highly competitive.

Moving to the two-step-ahead horizon, one observes a similar pattern. The AR(2)
and TVAR(2) models report average RMSFEs of 1.46 and 1.26, respectively, whereas BGS
and BG group reduce errors to around 1.00-1.05. DEMVS achieves an average RMSFE of
1.11, tying for the lowest error on CPTAUSCL (1.45) and CPILFESL (0.95), and yielding the
smallest RMSFE on GDPCTPI (0.93). In this case, BG group slightly outperforms DEMVS
overall at h = 2, but DEMVS remains the top model for GDPCTPI.

For h = 4, DEMVS attains an average RMSFE of 0.64, outperforming TVI (0.70),
AR(2) (1.32), and even the best Bayesian group method (BGS at 0.66). In particular,

2Parameters used in the DEMVS model were ¢o = 0, ¢1 = 0.98, Ao = 10 - (1 — 0.98%), A\; = 0.9, and
© = 0.96.
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DEMVS’s RMSFEs for GDPCTPI (0.59) and CPILFESL (0.60) are less than half of those
from static or simpler dynamic priors. At h = 8 DEMVS’s average RMSFE falls to 0.35,
compared to 0.37 for TVAR(2) and 0.36 for BGH. The error on GDPCTPI (0.32) is espe-
cially notable—roughly half of that achieved by Lasso-type dynamic shrinkage, the DSS(5)
or DSS(9). Thus, DEMVS emerges as the best-performing model at longer horizons (h > 4),
illustrating that its spike-and-slab mixture prior allows the posterior mean to escape spike-
induced bias and concentrate on true signals as more data accumulate.

Overall, the BG group model delivers the best forecasting accuracy at short and medium
horizons (h = 1,2), suggesting that modeling structured sparsity through groupwise depen-
dence effectively balances flexibility and parsimony. At longer horizons (h = 4, 8), however,
DEMVS takes the lead. Consequently, DEMVS and BG models perform competitively across
all horizons and stand out among the methods compared.

3.2. Scalable markov chain monte carlo

The computational demands of Markov Chain Monte Carlo (MCMC) methods limit
their applicability to cases where the number of predictors is not too large (Hauzenberger
et al., 2024). Nonetheless, MCMC (with some adaptations) remains viable up to a certain
scale. In light of these challenges, Hauzenberger et al. (2024) propose a new dynamic shrink-
age prior that captures the empirical regularity that time-varying parameters (TVPs) are
typically sparse, in the case where time variation occurs only sporadically and only for a
subset, of coefficients.

The dynamic horseshoe approach of Hauzenberger et al. (2024) is motivated by the
empirical observation that time variation in regression coefficients is often sparse: only a
small subset of predictors experiences meaningful changes over time, while most coefficients
remain approximately constant. Instead of allowing each coefficient to evolve freely at every
time step, the model introduces shrinkage through a hierarchical horseshoe prior that strongly
penalizes unnecessary time variation. By allowing the global shrinkage parameter to vary over
time while keeping local shrinkage parameters static, the model captures occasional bursts
of parameter instability while maintaining computational tractability in high-dimensional
settings.

The authors consider a static representation of a TVP regression model involving a
T-dimensional dependent variable, y, and a T' x K matrix of predictors, X:

(3.16) y =Xa+ Wp + Le

e~N(.Ir), B=(B1....B7)"

Here, o is a K-dimensional vector of time-invariant coefficients, 3, is a K x 1 vector
of time-varying coefficients, and L = diag(o1,...,o07), where o; denotes time-varying error
volatilities. The TVP structure arises from the term W3, where W is a T' x k matrix.

To handle the high-dimensional nature of this model, the authors adopt the scalable
MCMC strategy proposed by Johndrow et al. (2018). An exact MCMC algorithm is used for
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o, while an approximation is employed for the typically sparse and high-dimensional 8,. The
core idea is to approximate the high-dimensional matrix I' by dropping irrelevant columns of
W, thereby improving computational efficiency.

The algorithm proceeds as follows:

1.  Draw a k-dimensional vector v ~ N (0, Dy),

2. Sample a T-dimensional vector ¢ ~ N (0, Ir),

3. Define w = Wu + q,

4. Solve (¥ — w) = (I + D')u for u, with I' = WgDg s W',

5 Set 8= DQSW’SU + 0.

In this setting, WS denotes the T x s submatrix of W composed of columns indexed
by the set S, and D g is the corresponding submatrix of Dy. The set S = {j : §; = 1}
is defined by a binary selection vector d, with §; = 1 with probability p; and d; = 0 with
probability 1 —p;. Hauzenberger et al. (2024) employ the Signal Adaptive Variable Selection
(SAVS) method to approximate &, which is then used in the MCMC scheme.

The authors specify a horseshoe prior for 8, as follows:
K
(3.17) p(B) = [INBje | 0,7M0%,),  dj ~C(0,1),
j=1

where 8, = (bit,...,0kt) is the vector of time-varying coefficients at time ¢, 7 is a global
shrinkage parameter, ); is a time-specific global shrinkage factor, and ¢;; are local shrinkage
parameters with half-Cauchy priors.

Importantly, the Hauzenberger et al. (2024) introduce temporal dynamics only in the
common global shrinkage factor Ay, which simplifies the model and reduces computational
costs. By omitting the time evolution of each individual local shrinkage parameter ¢;;,
the model leverages cross-sectional information to perform shrinkage more efficiently while
retaining flexibility.

To estimate A, under an AR(1) process, the authors propose an approximation that
renders the hierarchical model linear and conditionally Gaussian. They define the transformed
coefficients as:

_ A
t Qsjt\/F’
T

and construct the scalar quantity b, = BA; Bt = At, where vy = v, vy ~ X%« Since sampling
from the Y% distribution is computationally costly in high-dimensional contexts, the authors
use the Gaussian approximation v ~ V2K¢q + K, where ¢; ~ N (0,1). This leads to a
Gaussian approximation for logb; = log Ay + log v;.

(3.18) 6

For large values of K (K > 50), the approximation is highly accurate and enables
the use of standard Gaussian linear state-space methods to sample log A;. Additionally,
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the algorithm constructs the variance matrix as Dy = diag(€q,...,Qr) and samples the

remaining parameters using standard Bayesian updating techniques.?

4. CONCLUSION

This survey has reviewed recent advances in dynamic shrinkage models for time-varying
parameter estimation and variable selection, with a focus on macroeconomic and financial
time series. Building on the foundational work in static regularization—such as Ridge (Hoerl
and Kennard, 2000), Lasso (Tibshirani, 1996), and Bayesian priors like the horseshoe (Car-
valho et al., 2010) and spike-and-slab (George and McCulloch, 1993), we examined how these
ideas extend to dynamic frameworks that accommodate structural change and time-varying
sparsity. These innovations are essential in modern forecasting settings where economic re-
lationships evolve, and the set of relevant predictors is not static.

We highlighted several methodological approaches, including Expectation Maximiza-
tion (Roc¢kova and McAlinn, 2021) and Variational Bayes algorithms for dynamic spike-and-
slab models (Koop and Korobilis, 2023; Bernardi et al., 2023), as well as scalable MCMC
strategies for dynamic horseshoe priors (Hauzenberger et al., 2024). Each method addresses
the twin challenges of flexibility and scalability in distinct ways. The comparison of em-
pirical results in Bernardi et al. (2023) in augmented by our application on the dynamic
version of the EMVS algorithm of Roc¢kova and McAlinn (2021), particularly in the context
of U.S. inflation forecasting, illustrates that structured priors—such as those used in the BG
group model and the dynamic horseshoe—yield significant performance gains by effectively
balancing sparsity and adaptiveness.

Despite these developments, several open questions remain. Future research should
explore unified frameworks that combine global-local shrinkage, time-varying inclusion prob-
abilities, and model-based grouping strategies in a computationally efficient manner. In ad-
dition, more work is needed to evaluate the robustness of dynamic shrinkage methods under
model misspecification. Overall, the growing body of literature of dynamic shrinkage tech-
niques offers promising paths forward for high-dimensional inference in evolving economic,
financial, and time series environments.
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A. Software and implementation details for static selection examples

In our analysis, we employed the glmnet package (Friedman et al., 2010) to fit Ridge,
Lasso, and Elastic Net models. Specifically, the Lasso model was run with alpha = 1 and
nlambda = 50, producing a sequence of penalty values {\jas50} Over which the coefficients Bj
were estimated. The Ridge model used alpha = 0 and nlambda = 50, yielding {Arigge} and
enforcing continuous shrinkage of all coefficients. The Elastic Net combined both ¢; and /s
penalties by setting alpha = 0.5 and nlambda = 50, thereby balancing sparsity (Lasso) and
ridge-type regularization across {Aeinet }-

For Bayesian spike-and-slab approaches, we utilized in the R software the EMVS package
(Roc¢kova and George, 2014) with {vo} specified on a logarithmic grid between 10~* and 1
(50 points, vO = vO_grid) and a slab variance of v1 = 50. We set type = "fixed" to fix
the prior inclusion probability # and direction = "backward" to control the EM trajectory.
Additionally, we fitted a Spike-and-Slab LASSO via the SSLASSO package (Rockova and
George, 2018), specifying penalty = "adaptive", variance = "fixed", lambdal = 0.1,
and a spike grid lambda0 = seq(0.1,50,length.out=50) with nlambda = 50 to trace the
coefficient paths Ej()\o).
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